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Abstract: We review recent results on the low-temperature behaviors of the Casimir-Polder and
Casimir free energy an entropy for a polarizable atom interacting with a graphene sheet and for two
graphene sheets, respectively. These results are discussed in the wide context of problems arising in
the Lifshitz theory of van der Waals and Casimir forces when it is applied to metallic and dielectric
bodies. After a brief treatment of different approaches to theoretical description of the electromagnetic
response of graphene, we concentrate on the derivation of response function in the framework
of thermal quantum field theory in the Matsubara formulation using the polarization tensor in
(2 + 1)-dimensional space—time. The asymptotic expressions for the Casimir-Polder and Casimir free
energy and entropy at low temperature, obtained with the polarization tensor, are presented for a
pristine graphene as well as for graphene sheets possessing some nonzero energy gap A and chemical
potential p under different relationships between the values of A and p. Along with reviewing
the results obtained in the literature, we present some new findings concerning the case y # 0,
A = 0. The conclusion is made that the Lifshitz theory of the Casimir and Casimir-Polder forces in
graphene systems using the quantum field theoretical description of a pristine graphene, as well as
real graphene sheets with A > 2y or A < 2y, is consistent with the requirements of thermodynamics.
The case of graphene with A = 2y # 0 leads to an entropic anomaly, but is argued to be physically
unrealistic. The way to a resolution of thermodynamic problems in the Lifshitz theory based on the
results obtained for graphene is discussed.

Keywords: quantum field theory; Casimir free energy; Casimir-Polder free energy; polarization
tensor; entropy; thermal correction; Nernst heat theorem

1. Introduction

The attractive Casimir-Polder and Casimir forces act between an atom and an uncharged ideal
metal plane and between two parallel ideal metal planes, respectively, in vacuum at zero temperature.
These forces are entirely caused by the zero-point oscillations of quantized electromagnetic field and
depend on the Planck constant i, speed of light ¢, atom—plane or plane—plane separation a, and (in the
case of the Casimir-Polder force) on the static atomic polarizability a, = a(0) [1,2]
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where S is the plane area satisfying a condition a < V/S.
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The Casimir-Polder and Casimir forces generalize the familiar van der Waals force for larger
separations between interacting bodies where the retardation of electromagnetic field becomes
influential. Because of this, the forces in (1) depend on ¢, whereas the van der Waals force depends on
i, rather than on c.

A unified theory of the van der Waals and Casimir forces between two plates made of metallic
or dielectric materials at any temperature was developed by Lifshitz [3-5]. In the framework of the
Lifshitz theory, the electromagnetic field is considered using the thermal quantum field theory in
the Matsubara formulation whereas the material properties are described classically by means of the
frequency-dependent dielectric permittivity. The van der Waals and Casimir forces are obtained from
the Lifshitz theory in the limiting cases of short and large separations, respectively. The Casimir-Polder
force follows from the general expression derived for two plates by rarefying the material of one of
them. At nonzero temperature both the zero-point and thermal fluctuations of the electromagnetic field
contribute to the Casimir force. It is important to remember, however, that the dielectric permittivities
of typical dielectric and metallic materials are usually found [6] using the Kubo formula or kinetic
theory under many assumptions with uncertain areas of application. This may be considered as a
source of potential problems when comparing the Lifshitz theory with other fundamental theories
and with the measurement data. In recent years, the Lifshitz theory was generalized for the bodies of
arbitrary geometrical shape using the method of functional determinants developed earlier in quantum
field theory [7-10]. The developed formalism allows computation of the Casimir force between two
arbitrary bodies if the reflection amplitudes on their surfaces are available. The latter in its turn
depends on the material properties.

Although the Lifshitz theory was successfully used for many years in a more or less qualitative
manner, a comparison with precise measurements of the Casimir interaction performed during the last
20 years revealed a problem. The measurement data of many experiments on measuring the Casimir
interaction between metallic test bodies at room temperature excluded the theoretical predictions if the
dissipation of free electrons was taken into account in computations (see [11-22] and reviews in [23-25]).
For dielectric test bodies, the theoretical predictions of the Lifshitz theory were excluded by the data if
computations were made with account of the conductivity of dielectric materials at a constant current,
i.e., the dc conductivity [26-29]. If, alternatively, computations have been performed with omitted
dissipation of free electrons for metals and dc conductivity for dielectrics, the theoretical predictions
were found in good agreement with the measurement data [11-30]. If to take into account that the
dissipation of free electrons in metals and the dc conductivity in dielectrics are the actually observed
and well studied physical effects, the experimental situation described above can be considered as
puzzling [31].

An agreement between the Lifshitz theory and some other fundamental physical knowledge is
also problematic. It turned out [32-38] that if the relaxation properties of free electrons in metals with
perfect crystal lattices are taken into account, the Casimir entropy calculated using the Lifshitz theory
does not vanish at zero temperature and depends on the parameters of a system, i.e., the third law
of thermodynamics (the Nernst heat theorem) is violated [39,40]. This unwanted conclusion can be
avoided if to take into account the residual relaxation at zero temperature [41-43], but for a perfect
crystal lattice, which is the basic model of condensed matter physics, the problem remains unresolved.
In a similar way, for dielectric materials the Casimir entropy violates the Nernst heat theorem if the dc
conductivity is taken into account in calculations using the Lifshitz theory [44—49]. For both metals
and dielectrics, the Nernst heat theorem is satisfied if the relaxation properties of free electrons for
metals [32-38] and the dc conductivity for dielectrics [44—49] are omitted in calculations which is
again puzzling.

All the preceding places strong emphasis on graphene which is a two-dimensional monolayer of
carbon atoms possessing the hexagonal crystal structure [50]. It has been shown [50-52] that at energies
below 1-2 eV graphene possesses the linear dispersion relation and is well described as a set of massless
or very light electronic quasiparticles. The respective field satisfies the Dirac equation where the speed
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of light c is replaced with the Fermi velocity vr ~ ¢/300. This was used to investigate many quantum
field theoretical effects arising in graphene interacting with external electromagnetic field like the Klein
paradox, particle creation from vacuum, the relativistic quantum Hall effect, etc. [53-60]. There is also
an extensive literature on modeling the response functions of graphene to the electromagnetic field
using the Kubo formula, the transport theory, the two-dimensional Drude model, the hydrodynamic
model, etc., and application of the obtained results for calculation of the Casimir and Casimir-Polder
forces [61-85].

A distinguishing feature of graphene is, however, that its exact response function can be found
on the basis of first principles of thermal quantum field theory by calculating the polarization
tensor in (2 + 1)-dimensional space—time. This can be done by using the methods of planar
quantum electrodynamics developed earlier [86-89]. Although several important results on the
polarization tensor have been obtained over many years [90-93], the exact expressions adapted
for graphene at zero temperature, as well as applications to calculation of the Casimir force were
elaborated rather recently [94]. The exact expressions for the polarization tensor of graphene with
nonzero energy gap A (i.e., accounting for a nonzero mass of quasiparticles) and chemical potential
(i.e., admitting the presence of some doping concentration) at nonzero temperature valid at all discrete
Matsubara frequencies were derived before long [95] and applied in computations of the Casimir
and Casimir-Polder forces in different graphene systems [95-105]. Another representation for the
polarization tensor of graphene with nonzero A valid over the entire plane of complex frequencies,
including the real frequency axis, was found somewhat later [106]. This representation was generalized
for the case of graphene with nonzero u [107]. The results of [106,107] have also been used in
investigation of the Casimir effect [108-113], electrical conductivity [114-117] and reflectivity [118-123]
in graphene systems. The polarization tensor for a strained graphene was also derived [124].

Taking into account that the electromagnetic response of graphene is found exactly from the
first principles of thermal quantum field theory, the question arises on whether the theoretical
predictions for the Casimir interaction in graphene systems are in agreement with the measurement
data and with the requirements of thermodynamics. The first part of this question was answered
positively. The measurement data of the experiment [125] were found in good agreement with
theoretical predictions of the Lifshitz theory [126] where the reflection coefficients were expressed via
the polarization tensor of graphene. To answer the second part of this question, one should investigate
the analytic behavior of the Casimir-Polder and Casimir free energy and entropy at arbitrarily low
temperature for both the pristine graphene and real graphene sheets characterized by some nonzero
values of the energy gap and chemical potential. This is a complicated problem when it is considered
that the polarization tensor of graphene is a nontrivial complex-valued expression of the frequency,
wave vector, temperature, and, for the gapped and doped graphene, of the parameters A and p.

Below we review the results for the analytic low-temperature behavior of both the Casimir-Polder
and Casimir free energy obtained in the literature. We also derive several new results for some specific
relationships between A and y, which have not been investigated so far. By and large we show that
the Lifshitz theory of the Casimir-Polder and Casimir interaction in graphene systems using the
polarization tensor is consistent with the requirements of thermodynamics. It is also demonstrated that
there is an entropic anomaly in the case of graphene whose energy gap and chemical potential satisfy
the exact equality A = 2p. According to our argumentation, this case, however, does not meet any
physical situation. The results obtained for graphene are discussed in the context of the unresolved
problems arising in the Lifshitz theory for metallic and dielectric materials and point the possible way
to their resolution.

The structure of the review is as follows. In Section 2, we briefly present the main expressions
obtained in the Lifshitz theory and its generalizations for the Casimir and Casimir-Polder free energy.
Section 3 summarizes the experimental and thermodynamic problems arising in the Lifshitz theory
when applied to metallic and dielectric materials. In Section 4, we list different approaches to theoretical
description of the electromagnetic response of graphene. The quantum field theoretical description
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of this response by means of the polarization tensor is presented in Section 5. The low-temperature
behaviors of the Casimir-Polder free energy and entropy for an atom interacting with a pristine
graphene and with graphene sheet possessing nonzero A and y are contained in Sections 6 and 8,
respectively. Sections 7 and 9 present similar results for the Casimir free energy and entropy in the
configuration of two parallel graphene sheets. In Section 10 the reader will find a discussion on how
graphene may help to resolve thermodynamic problems of the Lifshitz theory. Section 11 contains
our conclusions.

2. The Lifshitz Theory of the Casimir and Casimir-Polder Forces and Its Generalizations

A unified theory of the van der Waals and Casimir forces was created by Lifshits [3] and then
elaborated in more detail [4,5]. In the original formulation [3-5], the free energy of two parallel material
semispaces at temperature T separated by the vacuum gap of width a in thermal equilibrium with the
environment was expressed as some functional of the frequency-dependent dielectric permittivities of
semispace materials. In more recent times, it was understood [127] that the Casimir free energy given
by the Lifshitz formula for both nonmagnetic and magnetic materials is nothing more nor less than
the functional of reflection coefficients of both propagating (on the mass shell) and evanescent (off the
mass shell) electromagnetic waves on the boundary surfaces. An explicit expression for the Casimir
free energy per unit area of the semispace outer boundary is given by [3-5,23-25]

Fela,T) = 2T Z’/O Kudk, Yo In 17 (igy ko )em2m] . b))
=0 A

27rl

Here, kp is the Boltzmann constant, k| is the magnitude of the wave vector projection on the planar
structure, §; = 27tkpTI /A with [ =0, 1, 2, ... are the Matsubara frequencies, qlz = kﬁ_ + é‘lz /c2, the sum
in A is over the two independent polarizations of the electromagnetic field, transverse magnetic
(A = TM) and transverse electric (A = TE), and the prime on the sum in / divides the term with [ = 0
by two.

The reflection coefficients r, coincide with the familiar amplitude Fresnel reflection coefficients
but are calculated at the pure imaginary Matsubara frequencies. They are expressed via the dielectric
permittivity e(w) and magnetic permeability y(w) of the semispace material in the following way:

: _eié)q —k - _ g —k
D) = g ke ) T gk ©
where 5
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It was also understood that the Lifshitz formula for two plates of finite thickness or for an arbitrary
number of planar material layers in place of each plate also has the form (2) if the reflection coefficients
(3) are replaced with with their generalizations. For instance, for the plates consisting of any number of
material layers the coefficients 7, are expressed via the Fresnel coefficients (3) by a more complicated
recursion formulas [128,129]. In all these cases, however, the reflection coefficients are eventually
expressed via the frequency-dependent dielectric permittivities of plate materials.

As mentioned in Section 1, by now the Lifshitz formula for the Casimir free energy is generalized
for the case of two compact bodies of arbitrary shape [7-10]. Specifically, for two parallel planar
structures of sufficiently large area S separated by a distance a < /S kept in thermal equilibrium
at temperature T, it is again given by (2) where the reflection coefficients depend on the physical
nature of a planar structure. These coefficients may have little in common with the Fresnel reflection
coefficients (3) if the planar structure is not at all characterized by the concept of a dielectric permittivity
or is described by a spatially nonlocal permittivity.
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The Lifshitz formula for the Casimir-Polder free energy between an atom above a planar structure
can be obtained by considering the Casimir free energy of this planar structure interacting with
a semispace described by the frequency-dependent dielectric permittivity and Fresnel reflection
coefficients (3). For this purpose, the semispace matter should be rarified and its dielectric permittivity
and reflection coefficients expanded in powers of a small number of atoms per unit volume. Such a
procedure was first performed for the case of two semispaces [4,5] and resulted in the following
formula for the Casimir-Polder free energy:

[=S) 0 2 2
Fep(a, T) = —kpT Y 'a(id) /0 Ky dk | g2 KZ - qglcz> rom (i€, k1) — qglcz re(iEL k)|, )
=0 Il !

where a(w) is the dynamic polarizability of an atom in its ground state and the reflection coefficients
are now not necessarily the Fresnel ones but associated with the planar structure. The alternative
approaches to a derivation of the Casimir-Polder free energy are based on the models of a harmonic
oscillator [130] and point dipoles interacting through the electromagnetic field [131].

3. Experimental and Thermodynamic Problems of the Lifshitz Theory

Experiments on measuring the Casimir force are usually performed in the sphere-plate
configuration. As an illustration of disagreement between the measurement data and theoretical
predictions of the Lifshitz theory, mentioned in Section 1, we present two examples from the
experiments using metallic test bodies.

The Casimir force acting between a sphere of radius R and a plate, both coated with metallic films,
can be calculated in the proximity force approximation [24] as

F¥(a, T) = 2nRFc(a, T), (6)

where the Casimir free energy for two parallel plates is defined in (2). Note that at 2 < R the exact
expression for F’, obtained using generalizations of the Lifshitz theory, deviate from (6) by only a
fraction of a percent [132-136].

In Figure 1, we present typical results from the most recent experiment [22], where the gradient
ng " of the force (6) was measured between the Au-coated test bodies.

4 1 1 1 1 1 1 1
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a (nm)

Figure 1. The mean measured gradients of the Casimir force between an Au-coated sphere and an
Au-coated plate are shown by crosses as a function of separations. For clarity only each third experimental
data point is plotted. The bottom and top lines demonstrate theoretical predictions of the Lifshitz theory
obtained with inclusion and neglect of the relaxation of conduction electrons, respectively.

In this figure, the experimental data with their errors are shown as crosses. The bottom line
shows the predictions of the Lifshitz theory obtained by using the seemingly most reliable dielectric
permittivity of Au. Its behavior at relatively high frequency is found from the available optical data
for the complex index of refraction of Au, which is extrapolated to lower frequencies by the well
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tested Drude model taking into account the dissipation of free electrons. The behavior of ¢ along
the imaginary frequency axis is obtained using the Kramers-Kronig relation (see in [23,24] for more
details). The top line in Figure 1 shows the predictions of the Lifshitz theory obtained if the dielectric
permittivity of Au given by the optical data is extrapolated to lower frequencies by the plasma model
which completely disregards the relaxation properties of free electrons. From Figure 1 it is clearly
seen that the top line is in a good agreement with the measurement data, whereas the bottom line is
excluded by them. This result is puzzling because the plasma model is in fact applicable only at high
frequencies in the region of infrared optics, where the dissipation of free electrons does not play any
role. So, in our case it was used outside of its validity region. All sets of data in the experiment [22]
excluded the Lifshitz theory taking the dissipation of free electrons into account over the separation
range from 250 nm to 1.1 pm.

One more representative example on the disagreement of a literally understood Lifshitz theory
with the measurement data is shown in Figure 2.

*M
++++++++
H
< 35 iy
Ath

iy P

290 300 310 320 330 340 350
a (nm)

Figure 2. The mean measured gradients of the Casimir force between a Ni-coated sphere and a
Ni-coated plate are shown by crosses as a function of separations. The top and bottom lines demonstrate
theoretical predictions of the Lifshitz theory obtained with inclusion and neglect of the relaxation of
conduction electrons, respectively.

Here, the gradient of the Casimir force between a sphere and a plate coated with the films
of a magnetic metal Ni was measured [17,18]. The theoretical predictions obtained with included
dissipation of free electrons (i.e., using the Drude model at low frequencies) are shown by the top
line, whereas the predictions found with this dissipation omitted (i.e., using the plasma model at low
frequencies) are shown by the bottom line. We emphasize that for magnetic metals these lines exchange
their places as compared to the nonmagnetic ones in Figure 1. As is seen in Figure 2, the theoretical
predictions with taken into account dissipation of free electrons are excluded by the data. At the
same time, the predictions of the Lifshitz theory disregarding this dissipation are in a good agreement
with the data. We recall that similar results have been obtained in a number of experiments for
metallic [11-22] and dielectric [26-30] test bodies with up to a factor of 1000 differences between two
alternative theoretical predictions in the experiment [19] using the differential force measurement
scheme [137-139].

Now we briefly discuss the thermodynamic problems faced by the Lifshitz theory.
From Equation (2) one can easily find the Casimir entropy per unit area of the plates defined as

. afc(ﬂ, T)

SC(a/ T) = oT

@)
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For two semispaces made of a nonmagnetic metal with perfect crystal lattices it was proven that
the Casimir entropy at zero temperature calculated using the Drude model with account of dissipation
of free electrons takes the following value [32-34]:

Sc(a,0) = k860G [1 4 412 (C)Z —.. ] <0, ®)

2
167ta awp awp

where {(z) is the Riemann zeta function and w), is the plasma frequency.

It is seen that this value depends on the parameters of a system, such as a and w), and, thus,
the third law of thermodynamics (the Nernst heat theorem) is violated in this case [39,40]. If, however,
the dielectric permittivity of the plasma model is used, which disregards the dissipation of free
electrons, one obtains [32-34]

Sc(a,0) =0, )

i.e., the Nernst heat theorem is satisfied. Similar results hold for other Casimir configurations containing
metallic test bodies made of both nonmagnetic and magnetic metals [35-37].
For dielectric semispaces the Casimir entropy at zero temperature calculated with taken into
account conductivity at a constant current has the form [44—47]
} >0, (10)

o 2
Sc(a,T) = 16k7fa2 {€(3) ~ s [(iggi +1)

where Li,(z) is the polylogarithm function and ¢(0) is the static value of the dielectric permittivity.
The right-hand side of this equation again depends on the parameters of a system which means
a violation of the Nernst heat theorem. If, however, the dc conductivity is omitted in calculation,
one obtains the zero value (9) of the Casimir entropy at zero temperature, i.e., the Nernst heat theorem
is satisfied.

For the Casimir-Polder entropy, defined as

_9Fcp(a,T)

Scp(a,T) = T

(11)
where Fcp is given in Equation (5), the situation is somewhat different. The point is that both
contradictions of the Lifshitz theory with the measurement data and thermodynamics for metallic test
bodies are caused by the TE contribution to the Matsubara terms with | = 0 in Equation (2). In the
Casimir-Polder free energy (5), however, the reflection coefficient r1g (0, k| ) enters with a factor §% =0
and, thus, does not contribute to the result. That is why the Lifshitz theory of the Casimir-Polder
interaction of a polarizable atom with a metallic plate is in agreement with thermodynamics even if
the low-frequency electromagnetic response of a metal is described by the Drude model.

A different situation arises for an atom interacting with a dielectric plate. In this case the
Casimir-Polder entropy at zero temperature calculated with taken into account conductivity of a
plate material at a constant current (dc conductivity) is given by [45,48]

kg
Scr(a,0) = 1 5u(0) T (12
where «(0) is the static atomic polarizability. Thus, the Nernst heat theorem is violated. Later this
result was generalized for a magnetizable atom and a ferromagnetic dielectric plate [49]. If, however,

the dc conductivity of a plate material is omitted in calculations, one obtains in place of (12)

Scp(ﬂ,O) = 0, (13)
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i.e., the Nernst heat theorem is satisfied [45,48,49]. We emphasize that in the single precise experiment
on measuring the Casimir-Polder force at separations of a few micrometers [30], where the difference
between alternative theoretical predictions of the Lifshitz theory is relatively large, the measurement
data were found in agreement with theory disregarding the dc conductivity [30] and exclude the
theory taking the dc conductivity into account [27]. This situation again presents a puzzle or, as it is
also called, a conundrum [113] because the dc conductivity of dielectrics at nonzero temperature is an
observable and well studied physical effect, so that there is no reason why one should omit it when
comparing experiment with theory.

In the end of this section, we note that the violation of the Nernst heat theorem and the
disagreement between the measured Casimir and Casimir-Polder forces and predictions of the Lifshitz
theory with included dc conductivity of a dielectric plate are again caused by the term with / = 0 in
Equations (2) and (5). Here, however, this happens due to the TM contribution to Equations (2) and (5)
as opposed to the case of Casimir interaction between two metallic plates where similar effects are
caused by the TE contribution to Equation (2).

4. Different Approaches to Theoretical Description of the Electromagnetic Response of Graphene

As was explained in Section 2, the Casimir interaction between two planar structures, as well as
between an atom and a planar structure, can be described by Equations (2) and (5), respectively, if the
reflection coefficients on a planar structure are defined appropriately. Thus, Equations (2) and (5) are
applicable for theoretical description of the Casimir interaction between two graphene sheets, as well
as of the Casimir-Polder interaction between an atom and a graphene sheet. This raises a question
of what is the form of the reflection coefficients on a graphene sheet. The point is that the standard
Fresnel coefficients (3) or their generalizations for the plates of finite thickness [24] are expressed
via the frequency-dependent dielectric permittivity which is well defined only for volumetric bodies
containing sufficiently large number of atomic layers. This condition is not satisfied for graphene
which is a one-atom thick layer of carbon atoms [50-52].

As a first approximation, graphene was treated as a two-dimensional free-electron gas
characterized by some typical wave number K = 6.75 x 10° m~!, which is determined by the hexagonal
structure of graphite [68,69]. The reflection coefficients of the electromagnetic waves on such a sheet
take the form [68,69,140]

c2qK K
5 1, . =07 i /k = - .
oK+ T rre(ig, k1) K+ a

rrv(id k1) = (14)

Equations (2) and (5) with the reflection coefficients (14) were used to calculate the Casimir and
Casimir-Polder interactions in various carbon nanostructures [66,68-71,140,141]. It should be taken
into account, however, that the plasma-sheet approach, which is also often called “the hydrodynamic
model”, fails to account for a linearity of the dispersion relation for graphene. Finally, it was
demonstrated that the theoretical predictions of this approach are in contradiction [142] with the
experimental data on measuring the Casimir force in graphene systems [125].

In the widely used approach, the reflection coefficients on a graphene sheet are expressed via
the longitudinal, )(H (i&,k ), and transverse, x*(i&, k), density-density correlation functions of
graphene [83,143,144]

2me?qux (181, kL) . 2me*Ex (18, kL)
2 . 2/ rTE(lgllkL) = - 222 1 (: 572 .
2me?qux(igy kL) — k4 2me2E2x - (i8p, k1) — c2k3 g

rem(iG k1) = (15)

The density-density correlation functions are connected with the nonlocal electric susceptibilities
(polarizabilities) of graphene by x!- = —k | all-- /(27¢?). The density-density correlation functions
have been used in computations of the Casimir force [64,77,80,81,83]. It should be noted, however,
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that although the formulas (15) are exact, the exact expressions for the correlation functions x /- at
nonzero temperature remain unknown with exception of only some particular cases.

In a similar way, the reflection coefficients on a graphene sheet were expressed via the in-plane,
ol (i¢;,k | ), and out-of-plane, o+ (i&}, k| ), electrical conductivities of graphene [80,83]

_2rgot(ig kL)
2780t (i8p, k) 4 c2q

2requol(igy, k)
2rquoll (ig, k) + &

rre(id ki) =

rom(i8y k1) = (16)
These expressions are also exact because the conductivities are expressed via the density—density
correlation functions as ¢+ = —e2&xl+/k 2 [83]. In doing so, the exact expressions for the
conductivities of graphene at nonzero temperature also remained unknown. Thus, the Casimir force
between two graphene sheets was computed under an assumption that the graphene conductivity can
be modeled by the in-plane optical conductivity of graphite with no account [78] or with account [82]
of spatial dispersion. This modeling includes the two-dimensional Drude term and a series of
Lorentz oscillators.

By and large several approximate methods for calculation of the Casimir interaction have been
elaborated but their accuracy and the region of applicability remained uncertain.

5. Quantum Field Theoretical Description of the Electromagnetic Response of Graphene via the
Polarization Tensor

As mentioned in Section 1, the field of massless or having some small mass m electronic excitations
in graphene satisfy the three-dimensional Dirac equation where the speed of light c is replaced with
the Fermi velocity vr. For graphene possessing the chemical potential y this equation takes the

form [95,145] .
Y (0 i 1 9 29 ) _ -
[UF <lh8t ;4) + ik <'y 551 + 522 mog| P(x) =0, (17)

where the Dirac matrices satisfy the conditions (7°)? = —(9'?)2 = 1.
Multiplying this equation by the dimensionless Fermi velocity or = vr/c ~ 1/300, we can rewrite

~0
T (inl ) win (120 4529 _ e _
[ : <1hat ;4) +ih <’y 3l + 9 552 mceor | P(x) =0, (18)
where 7° = 70 and 412 = oy, Note that 2mov? = A, where A is the energy gap, so that mco% =
A/(2c). Then, an interaction with the electromagnetic field Ag(x) is introduced by the replacement

it in the form

., 0 . d0 e

where xf = (ct, x!,x?). As a result, the Dirac Equation (18) is given by

] 0 0 A
~0 (- ~1(: ~2 | _
|:’)’ (lhat — EA() - ]/l) +5 (lhcaxl — eA1> + ¥ (lhcaxz — eA2> — 2:| l/)(x) =0. (20)

In the one-loop approximation, an interaction of the graphene quasiparticles with the
electromagnetic field is described by the diagram consisting of an electronic quasiparticle loop with
two photon legs. At zero temperature this corresponds to the following expression for the polarization
tensor [95,146]

% [ dqgod? - -
¥k ki) =i [ S [S(0.0.)3 50 o a0 — k07 @)
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where (g0,9 1 ) and (ko, k_ ) are the three-dimensional wave vectors of a loop electronic excitation and
an external photon, respectively, and the propagator of the quasiparticles takes the form [95]

Vlgo+p/ (he)] = ¥'q1 — 722 = A/ (2he)
[q0 + 1/ (hc) +iesigngo]? — 0245 — A2 / (41%c2)

S(q0,9L) = — (22)

For taking into account nonzero temperature in the framework of the Matsubara formalism, one
should replace an integration with respect to qg in (21) with a summation over the pure imaginary
fermionic Matsubara frequencies given by

. 1\ kgT
cqon = 2mi <n + 2) BT' (23)
where n = £1, 2, .... One should also put ky; = i¢;/c, where ¢§; are the bosonic Matsubara

frequencies. Taking into account that there are four fermionic species for graphene, the polarization
tensor (21) is expressed as

o 1 d? 3 .
117 (kop, k1 ) = —8makpT ) (” + 2) / (22;5’“ [S(ququ)ryﬁS(qu —kor, g1 — kL)’Yﬂ . (29

n=-—oo

Explicit expressions for this tensor which can be analytically continued over the entire plane of
complex frequencies were found in [106,107]. They are the functions of the Matsubara frequencies,
magnitude of the photon wave vector, temperature, energy gap, and chemical potential. In fact the
polarization tensor in a medium is completely defined by the two independent quantities, e.g., I1y
and I ;53 [95]. For our purposes, instead of a trace, it is more convenient to exploit

T1(igy, k1) = KA XIS (i8) k1) — qF oo (idy, k1) (25)
as the second quantity. Below we use the abbreviate notations
Moo (i, k1) = ooy, TI(iG;, k1) =11, (26)

and write out all or some of the arguments i¢;,k;,T,A and u where it is helpful for better
understanding.
We present the explicit expressions for the following two contributions to I'lyy; and IT;:

Tloo(idy, ko, T, A, ) = TIO) (i, ky, A) + 118 (i, ko, T, A, ),
1GE, ko, T, A, 1) = 1O e, ko, A) + TV (e, ko, T, A, ). 27)

Here, the quantities H(()%) and T1(9) describe the undoped graphene with u = 0 but, generally speaking,
A # 0 at zero temperature. They are given by [94]

ahck?
Hg)(())?l = L¥(Dy), HI(O) = “hki%T(Dl), (28)

where p? = v3k3 +¢7, D = A/ (hp;) and

Y(x)=2 {x +(1—x%) arctan(xil)} . (29)



Universe 2020, 6, 150 11 of 32

The quantities Hé%]) and TT1( in (27) describe both the thermal effect and the dependence on .
They can be presented in the form [106,107,111]

4ah 0 1 1
=45 [ (s s )
U D, e kT 11 e " kgT +1

_ 2 x4l
1—u +21qu

X [1—Re

7

2ot s )
pi p? 1

dahp &2 oo 1 1
/1) [ du — t+——
folog D, gBllH_kBiT +1 eBlu—kB—T +1

212
vk

2
g D

/P
'312u +21§1”+

x |1—Re , (30)

2ot s )
Pi p7 1

where B; = hp;/(2kpT).

In order to investigate one specific case, which was not considered in the literature so far, we also
need the expressions for Iy ; and I; at T = 0 calculated under the condition A < 2u. They were
obtained in [111] by using Equations (27)-(29) and (30) taken at T = 0. The result is

) 8ac achk?
Moo (g1, k1,0,A, 1) = 02}4 T = {2M11m(yl\/ 1+y7)
F

+(2- M) {2Imln(yz + M) - n} }

) 8af?u  ahpk®
(g, k1, 0,8, 1) = — w;”+ ’JC’ L {ZM,Im(y, 1+y?)
F

—(2-M) [21m1n(yl +y/14) - n} } , (31)

where the following notations are introduced

h¢p + 2ip
M, =1+ D?, =y (A ) = ———F 32
(=100 w=nlAe) = A (32)
The reflection coefficients on a graphene sheet can be expressed in terms of the polarization tensor
given by Equations (27)-(30) [95]

g1 oo (ig1, k1)
qilTo0 (i1, k1 ) + 2hk3

H(iél/ kJ_) )
i1,k 1) + 21k3 qp

rv(iG ki) = rre(ig, ki) = T (33)

Taking into account a connection between the polarization tensor and density-density correlation
functions [105]

2

. . c
oo (i1, k1 ), x*(ig k) ) = —W
]

xIGe k) = -

1
I1(ig;, k 4
47f€2h (lgll L)/ (3 )
the reflection coefficients (33) become equivalent to (15). Thus, calculation of explicit expressions
(27)—(30) for the polarization tensor of graphene at any T and with any values of A and u on the
basis of first principles of thermal quantum field theory resulted in respective expressions for the
density-density correlation functions which were previously available only in some specific cases.
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Equations (27)—(30) have been used in calculations of the Casimir interaction in graphene
systems [108-113]. After an analytic continuation to the real frequency axis, they were also applied
for investigation of the electrical conductivity [114-117] and reflectances of graphene [118-123].
This allows us to compare the longitudinal and transverse dielectric permittivities of graphene ell-+,
which are directly expressed via the respective conductivities ol-L, with the dielectric permittivity of
the Drude model . As shown in [116], for fiw < A it holds Recl-t = 0. This results in Imell+ = 0
unlike the Drude model for which Imep ~ 1/w when w goes to zero, but similar to the plasma model
for which Ime, = 0. The imaginary part of ol-L for graphene is contained in Equation (47) of [116].
In the asymptotic limit w — 0, for both cases A > 2y and A < 2y it was shown that Im ol ~ 1/w
(see Equations (50) and (54) in [116]) which results in Re el ~ —1/w?. This is again unlike the Drude
model for which Reep takes a finite value at w = 0, but in direct analogy to the plasma model which
does not take into account the relaxation properties of free electrons (see Section 3). Thus, the dielectric
properties of graphene, expressed via the polarization tensor, provide reason enough to guess that the
Casimir entropy calculated using the reflection coefficients (33) satisfies the Nernst heat theorem like it
holds for the reflection coefficients (3) and the dielectric permittivity of the plasma model.

Below we discuss an application of the polarization tensor for a treatment of thermodynamic
properties of the Casimir-Polder and Casimir interactions in graphene systems and make sure that
this guess is correct.

6. Low-Temperature Behavior of the Casimir-Polder Free Energy and Entropy for an Atom and a
Pristine Graphene Sheet

The asymptotic behavior of the free energy for an atom interacting with a sheet of ideal graphene
possessing A = u = 0 at low T was investigated using the formalism of the polarization tensor [147].
The Casimir-Polder free energy was expressed according to (5) and the reflection coefficients presented
in (33). In this case, the polarization tensor was significantly simplified by putting A = 4 = 0 in
Equations (27)—(32).

The main idea of the perturbation approach used in [147] is to present the polarization tensor as

a sum of two contributions (27), where for a pristine graphene with A = u = 0 the quantities H((J%))l

and Hl(l) have the meaning of the thermal corrections, and to make an expansion in powers of the
small parameters

H(()%))l Hl( Y
o<1, <t (35)
oo, I

The smallness of these parameters is guaranteed by the fact that their numerators go to zero with
vanishing temperature, whereas denominators are equal to the nonvanishing quantities I'loy (i}, k ,0)
and I1(i¢;, k, ,0) in the case of a pristine graphene.

As a result, the reflection coefficients (33) are presented as a sum of the contributions at zero
temperature and the thermal corrections to them

reme (8 k1) = g re (&, k1) + e (i€, k1) (36)

Here, the first contributions on the right-hand side are given by (33) where, instead Ily,; and IT,

we substitute Hég)l and HZ(O) defined in (28) but with A = 0:

armeq) (0)

. . Déﬂpl
7‘”1_&11 T 2p, ’ 'TE (lgl/ kJ_) =

_ 37
x7Tp; + 2cq; (37)

(i kL) =
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The second contributions to (36) are expressed as

(1)
2ateqip - ooy

areq +2p1)* 110 1

2areqpr 11}
(areps +200))% 110

drrre(iCr ki) = — (38)

drrrm(iGy k1) = (

where TT}), and T1\") are defined by (30) with A = i = 0.
Now we note that the temperature-dependent part of the Casimir-Polder free energy can be
presented as

drFcp(a,T) = Fcp(a, T) — Ecp(a), (39)

where F¢p is presented in (5) and the Casimir-Polder energy at T = 0 is given by

Ecp(a) = — - [“dza(ie) [ kodk,qe 2 E N HO k) — gk 40
cp(a) = —5— A ga(ig) , Kdkige T 22 rem (6, k1) — P2TE (ig, k)|,  (40)
where q2 = k2l + §2/c2.
Substituting Equation (36) in the Casimir-Polder free energy (5), the thermal correction to the
Casimir-Polder energy Ecp can be identically presented as

5rFcp(a, T) = 65 Fep(a, T) + 65% Fep(a, T), (41)

where the contributions to the right-hand side of this equation are defined as

5iTmplfcp(ﬂ, T) = —kgT lex(iél)/o ki dk e
)

2 2
x [(2 - g’) k) = ooy (iChkL)] ~ Ecr(a) @)

22
qrc I
and

5P Fep(a, T) = —kgT Z/“(iél)/o k dk | qe” 2"
i=0

5 . S
x || 2= 55 | drrmm(ig kL) — <5 0rrre(id k) | - (43)
qrc qrc

Here, 5¥nplfc p contains the reflection coefficients at T = 0, so that its dependence on T originates
from only the Matsubara summation. This is the reason why it is called “implicit”. The contribution
5;pr Fcp would be equal to zero for the reflection coefficients independent on T as a parameter.
Because of this it called “explicit”.

It is convenient also to split 5§Xpl Fecp in two parts

1 1 1
5;")(}) ‘/_-.CP (ﬂ, T) = 5%le:0 ‘FCP (11, T) + 5(;([1;1 ‘/_-.CP (ﬂ, T)/ (44)

where the first part is equal to the term of (43) with [ = 0 and the second part is equal to the sum of all
remaining terms with [ > 1.

As is seen from Equations (40) and (42), the implicit thermal correction 5?1191}% p is represented
by a difference between the sum and the integral which can be calculated by using the Abel-Plana
formula [24,148]

l;)’F(l) _ /OOOF(t)dt _ i/oooww, 45)
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which is valid for a function F(z) analytic in the right half-plane.
Using this approach, it was shown that at sufficiently low temperature satisfying the condition
kpT < hop/(2a) the implicit thermal correction decreases with temperature as (see [147] for details)

ag(kpT)*

impl
5T fCP(ar T) ~ = (FlC)s ’

(46)
where ag = «(0) is the static atomic polarizability. Here and below we preserve only dimensional
parameters in the asymptotic formulas. This behavior is determined by the TM contribution to the
Casimir-Polder free energy. The result (46) is similar to that for an atom interacting with a dielectric
plate [24,45].

Now we deal with the first part of the explicit thermal correction, (5%)(]13:10 Fecp, given by the term
with | = 01in (43). It is determined by only the TM mode because {p = 0. In this case the derivation of
the asymptotic expression at low T results in [147]

ao(kBT)4 In {IlkBT

expl -~
0 FCP(“/ T) (hC)3 th

S (47)

One can see that (47) becomes greater in magnitude than the magnitude of (46) with decreasing T.
The last contribution to the thermal correction is the second part of (44), (5;)(1};11 Fcp, which is

equal to the sum of all terms of (43) with [ > 1. The asymptotic behavior of this part at low T can be

found taking into account that the major contribution to the integral with respect to k, in (43) is given

by k| satisfying the condition g; ~ 1/(2a). Then at sufficiently low temperature kT < hovr/(2a),

one arrives at [147]

__wo(kT)?

6P F (e, T
CP( ) v%hza

TI>1 (48)

This goes to zero slower than (46) and (47) and is again determined by the TM reflection coefficient.
One can conclude that for an atom interacting with a pristine graphene sheet the thermal correction
(39) to the Casimir-Polder energy behaves at low temperature as

__ao(kpT)?

I
rFcp(a, T) ~ o7 1oy Fep(a, T) 21
F

(49)

The resulting Casimir-Polder entropy vanishes with vanishing temperature by the power law

aokp(kpT)?

Scp(a, T) ~
CP( ) U%hzﬁl

(50)

This means that the Lifshitz theory of atom—graphene interaction using the reflection coefficients
expressed via the polarization tensor satisfies the requirements of thermodynamics for a
pristine graphene.

The asymptotic results (49) and (50) obtained for a pristine graphene are presented in column 2 of
Table 1 (lines 2 and 3, respectively).
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Table 1. Up to an order of magnitude asymptotic behaviors at arbitrarily low temperature of the
thermal corrections to the Casimir-Polder energy (line 2) and of the Casimir-Polder entropy (line 3)
under different relationships between the energy gap A and chemical potential y (line 1).

A=u=0 A>2u>0 A=2u#0 0< A< 2u

kpT) ag(kpT)3 agkpT wop? (kpT)>
aT _ wo(kgT)® _ %0 _ okp ___“op\kpl)”
orFcp(a, T) v’ (ic)3A a> (he)2ar/4p2 =02
kg (kpT)2 agkp (kpT)* agk aop?ky T
T XoKB(KB 0rB 0B __VF 'B-
Scp(a,T) ia (he)°A a3 (e)2a /42—

7. Low-Temperature Behavior of the Casimir Free Energy and Entropy for Two Pristine
Graphene Sheets

Two parallel graphene sheets separated by some distance 2 most closely resemble the original
Casimir configuration of two ideal metal planes [1]. An investigation of the thermodynamic properties
of the Casimir interaction between two graphene sheets is a more complicated problem than for
an atom interacting with graphene because the Lifshitz formula (2) is a nonlinear function of the
reflection coefficients in contrast to the Lifshitz formula (5) describing the Casimir-Polder interaction.
Nevertheless, this problem has been solved [149] following the same approach as presented in
Section 6 for an atom interacting with a pristine graphene sheet. Below we briefly summarize the
obtained results.

Similar to Equation (39), we define the thermal correction to the Casimir energy Ec(a) per unit
area of two graphene sheets at zero temperature

5T.Fc(a, T) = .7:(:({1, T) — Ec(a), (51)
where the Casimir free energy F¢ is defined in (2) and E¢ is given by

Ec(a) = 4Z2/d§/ dekLZm {l—r/\ (ic, k| e 2 (52)

Here, the reflection coefficients at T = 0, r/(\o), are presented in (37).

By adding and subtracting from (51) the quantity having the same form as the Casimir free energy
(0)

(2), but containing the zero-temperature reflection coefficients r,” in place of r,, one rearrange (51) to
the following equivalent form:

5rFc(a,T) = 6P Fe(a, T) + 65% Fe(a, T), (53)
where
lmpl]-"c(a T) kBTZ / delen [1—7A (i, k| e 2%} — Ec(a). (54)
and k
x T
(SETPIJ-"C(Q,T):J-"C(Q, B Z / kldkLZIn [1—rA (i¢y, k| e 2“‘71}. (55)

In doing so, one obtains for two graphene sheets the same separation of the thermal correction in two
contributions as was obtained in (41) for the Casimir-Polder interaction. According to (54), the implicit
contribution (SiTmpl]-" depends on temperature only through the Matsubara summation, whereas the
contribution 5;pr F, defined in (55), vanishes if there is no explicit dependence of the reflection
coefficients on temperature as a parameter.

The implicit contribution (54) to the thermal correction is defined as a difference between the sum
and the integral and can be calculated using the Abel-Plana formula (45) similar to the case of the
Casimir-Polder interaction considered in Section 6. Calculations were performed under the condition
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kpT < hvp/(2a) and taking into account that the major contribution to the integral (45) is given by
t ~1/(2m). According to the obtained results (see [149] for details),

(kT)?

impl o _
5T .7-'(;(11, T) 7(7;101:)2 .

(56)

This low-temperature behavior is determined by the TM contribution to Equation (54). Note that the
TE contribution is of the same form as (56) and has an opposite sign, but is much smaller than the
magnitude of (56).

In order to find the low-temperature behavior of the explicit thermal correction, we substitute (36)
in (55) and use the following evident identity:

In {1 — [7‘/(\0) (id, k) + 5T7/\(i(:1,kl)}2€_2aql} In [1 — 7‘/\ (161, 1)e —2aq;

ZVA (1'51, k¢)5rm(1§lr ki) 4+ [6rra(i&r k1)) e

1 (i, ko2

=In<1-—

(57)

Taking into account that 77, goes to zero with vanishing T, one can expand the logarithm in (57) up
to the first order in this small quantity. Then, at sufficiently low temperature, Equation (55) can be
rewritten as

CkgT & Jk1)é ,k
expl Fe (u T KBl E / dekLe‘quq, E 1’)\ 161 L TYA (161 L) (58)
0% igy, ke 2
The reflection coefficients rg\o) at T = 0 entering this equation are defined in (37) and the thermal
corrections to them in (38). Note that, similar to (44), the explicit thermal correction is conveniently
presented as

07 Fo(a,T) = 658 Fela, T) + 658 Fe(a, T), (59)

where ‘STZ o Fc is equal to the term of (58) with /| = 0 and (5?};11 Fc—to the sum of all terms in (58)
with [ >

A derivation of the asymptotic behavior of both 5eT,XF10 Fc and (5T 1>1 Fc at arbitrarily low
temperature was performed in [149]. Here we present only the main results. Thus, under the condition
kgT < hop/(2a) one finds
_ (kpT)°
(hop)?’
i.e., the same behavior as in (56), which is determined by the TM contribution to (58). The TE
contribution is again positive and much smaller than the magnitude of (60).

For the sum of all Matsubara terms with [ > 1 in (58), similar analytic derivation results in the
following behavior at arbitrarily low temperature (see [149] for details):

1
07 =g Fc(a,T) ~

(60)

| kgT)3 . akgT
Sp oy Fela,T) ~ (<hc)2 In =~ (61)

This up to an order of magnitude estimation is valid for both the TM and TE contributions; however,
the numerical coefficient in front of the TE contribution is by the factor of 108 smaller than in front
of the TM one [149]. Thus, the correction (5
electromagnetic field.

l>1 Fc is again determined by the TM mode of the



Universe 2020, 6, 150 17 of 32

By comparing Equations (56), (60) and (61), one concludes that the major contribution to the total
thermal correction (53) at low temperature is given by 5eTXf>11 Fc,ie.,

(kBT)3 In akBT

~ expl ~
5T]:C(a/ T) 0 ]:C(a/ T) (hc>2 he

T,1>1

(62)

Similar to the case of the Casimir-Polder interaction in (49), this correction is negative. The respective
Casimir entropy per unit area of graphene sheet

SC (Ll, T) = (63)

oT he hic

_aJT.Fc(a, T) ~ —kg (kBT>2ln akgT
fic

is positive and goes to zero with vanishing temperature. Thus, the Lifshitz theory of the
Casimir interaction between two pristine graphene sheets is thermodynamically consistent if the
electromagnetic response of graphene is described by the polarization tensor.

In Table 2, the asymptotic results (62) and (63) obtained for a pristine graphene are included in
column 2 (lines 2 and 3, respectively).

Table 2. Up to an order of magnitude asymptotic behaviors at arbitrarily low temperature of the
thermal corrections to the Casimir energy (line 2) and of the Casimir entropy (line 3) under different
relationships between the energy gap A and chemical potential y (line 1).

A=pu=0 A>2u>0 A=2u#0 0<A< 21
kgT)3 k kgT)> k 412 —A?)(kpT)?
orFc(a,T) ((Sc)% lnathT *((hf)Z)AZ 7% 7%
2 4 2 A2Vi2
k k kn(knT k 4uc— A ks T
Sc(a,T)  —kp (%T) In it (Bh(c)%A)z o %

8. Low-Temperature Behavior of the Casimir-Polder Free Energy and Entropy for an Atom and a
Graphene Sheet Possessing the Energy Gap and Chemical Potential

Now we consider the free energy for an atom interacting with real graphene sheet characterized
by some values of A and . In this case one should use the full expressions (27)—(30) for the polarization
tensor valid for any A and y. Moreover, in this case, depending on the relationship between the values

(1)

of A and 2y, the quantities HO%),I and Hl(l) may not have a meaning of the thermal corrections to the
polarization tensor at zero temperature. Below we present the results obtained in the literature [150]
and consider one more case, which was not investigated so far.

We start with graphene possessing a relatively small chemical potential satisfying the condition

(0)

A > 2p. This case is somewhat similar to that of a pristine graphene because the quantities I'l,; and

HZ(O) defined in (28) have the meaning of the polarization tensor components at T = 0

Iy, = oo (i1, k1,0,A), T\ =T1(ig;, k1, 0,A), (64)

whereas the quantities HE)(()))I and HI(O) defined in (30) are the thermal corrections to them

In accordance with this, under the condition A > 2y the polarization tensor at T = 0 does not depend
on y, the quantities (65) defined in (28) do not vanish, and the perturbation theory in the parameters
(35) is applicable.

The thermal correction to the Casimir-Polder energy at T = 0 is again presented by
Equations (41)—(43) as a sum of the implicit and explicit contributions. The low-temperature behavior of
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an implicit contribution is found using the Abel-Plana formula (45) under an assumption A/ (hw.) > 1,
which is applicable at sufficiently large atom-graphene separations. The result is (see [150] for details)

ag(kpT)?

impl o _
5T ]:CP(Q,T) 7(hc)3A .

(66)

From this equation it is seen that (5;{“131}'(; p for a real graphene sheet vanishes with temperature faster
than the respective result (46) obtained for a pristine graphene.

The explicit contribution to the thermal correction in (41) is given by (43) and is again presented
as the sum of two parts (44). Under the conditions A > 2y, kgT < A — 2y, and A/ (hw.) > 1 the first

part is estimated as [150]

ag(kpT)* —42
BT . 67
2hc © (67)

Under the same conditions, the low-temperature behavior of the second part of explicit thermal

1
0o Fer(a, T) ~

correction is given by [150]

1 aokpT -5 2%
‘;Xf>1 Fep(a, T) ~ —— 5 2%pT (68)

As aresult, for a real graphene sheet with A > 2y the total thermal correction to the Casimir-Polder
energy decreases with T by the following law:

impl ao(kpT)°
srFcp(a,T) ~ 65" Fep(a, T) ~ ~hoph (69)
The respective Casimir-Polder entropy behaves as
wokp(kpT)*
Scp(a,T) ~ ok (kpT)” (70)

(hc)3A

and goes to zero with vanishing temperature in accordance to the Nernst heat theorem.
The asymptotic results (69) and (70) for graphene with A > 2 are obtained using the expansions
in three small parameters
4rtkgTa hof Ay

bt AT
Fie <1, 2A<<1 e BT < 1. (71)

These results are included in column 3 of Table 1 (lines 2 and 3, respectively).

As shown in [150], the results obtained for the case A > 2y can be analytically continued for
graphene with A = 2u. Because of this, Equations (66)—(68) are also applicable in this case leading to
quite a different conclusion. Although (66) remains unchanged for A = 2y, Equations (67) and (68)

reduce to

1 ag(kpT)? 1
eTle OfCP(a T) T 2Zhe eTle>1 Fep(a, T) ~ =

Thus, for graphene with A = 2y the leading behavior of the thermal correction at low T is given not
by (66), but by the second equation in (72):

DéokBT
N

(72)

1 aokpT
orFep(a, T) ~ 67 R Fep(a, T) ~ == 3= (73)
The respective Casimir-Polder entropy
wok
Scp(a,T) ~ =5 (74)
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does not vanish at zero temperature and depends on the parameters of a system which means a
violation of the Nernst heat theorem. The physical meaning of this violation is discussed in Section 10.

The results for graphene with A = 2u were obtained using the asymptotic expansions in only the
first two small parameters indicated in (71). In Table 1, these results are included in column 4 (lines 2
and 3, respectively).

We note that Equations (66)—(70) are applicable to graphene with any chemical potential satisfying
the condition A > 2y and, specifically, for graphene with y = 0. In so doing the energy gap A is not
equal to zero. As to Equations (72)—(74), they are valid for graphene with A = 2y # 0 because the
condition A # 0 was assumed in the derivation of the low-temperature behavior. Hence, the limiting
transition to the case of a pristine graphene in these equations is impossible.

The last case to consider is the Casimir-Polder interaction between an atom and doped graphene
sheet with relatively large chemical potential satisfying the condition A < 2u. This case is the
most complicated because the quantities H(()(()J?l and HI(O) in (28) are no longer the components of the
polarization tensor at T = 0 (the latter depend on y and are defined in Equation (31)). In a similar way,

(1)

the quantities 1_[0%] ; and Hl(l) in (30) are no longer the thermal corrections to them.
The thermal correction 51;“})1]-"(; p can be calculated by using its definition (42) where the reflection

coefficients are defined by (33) taken at T = 0 and expressed via the polarization tensor (31) depending
on

qilToo, (k 1, 0,8, 1)
qilToo, (k,0,A, ) 4 20k3
T (k. ,0,A, 1)
(k1,0,0, 1) +20K% q;

7%(1)\)/[(i51/kl) =

k) =~

(75)

Then, the low-temperature behavior of (SiTmpl]-"c p can be found by using the Abel-Plana formula (45)
under the conditions \/4u? — A% > hw,, which is valid at sufficiently large atom—graphene separations,
and kgT < hw,. The result is (see [150] for details)

aop®(kpT)?

(hc)2a\/4u2 — A2

The explicit thermal correction to the Casimir-Polder energy is given by (43), where the thermal
correction to the reflection coefficient é7r1\ can be obtained in the first order of the parameter

S Fep(a, T) ~ — (76)

Orlgo, (ki T, A, 1)
HOO,Z (kL/ O/ A/ ,'I/l)

< 1. (77)

Here, in accordance to (31), ITyo;(k ,0,A, i) # 0 at any I. Substituting (36) in the first equation of (33),

one obtains
2hq;k? 6110go, (k 1, T, A, 1)

2 7
(a1 X001 (k 1,0, A, pt) + 27K3 |

drrrm(igy k1) = (78)
where
1
Orgo(ky, T, A p) = H(()o?l (ki,T,A )~ H(%?,(MIO, A ) (79)

and H(()%))l is defined in (30).
For finding 5;)(1}):10 Fecp(a, T), there is no need in d7r1g (0, k | ) because in accordance to (43) it does
not contribute to this part of the thermal correction. As a result, under the conditions kpT < fiw, and
A > hw, the asymptotic behavior of our interest takes the form [150]

DéokBT - Ll

5;,le=10 ‘FCP (ﬂ, T) ~ e 2kgT . (80)
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The part of the thermal correction (5;)(11;11 Fcp, in accordance to (43), depends on both dr1y and
drrre. By coincidence, just for I > 1 it holds IT;(k,0,A, u) # 0 and the perturbation theory in the
small parameter

orlly(k, T, A, )
I (k., 0,8, 1)

<1 (81)
is applicable, where, similar to (79),
SrIT (ko T, A u) =TIV (ko , T, A, 1) — TV (k 1, 0,4, 1) (82)

and Hl(l) is defined in (30).
Substituting (36) in the second equality in (33), we have
2hqk% 6711 (ko , T, A, )

orrre(ig k) = — 2"
[Hl(kll 0, A, }l) + thlkij

(83)

Note that for I = 0 one has ITy(k,0,A, ) = 0 and the perturbation theory in the parameter (81)
becomes inapplicable. This case, however, is irrelevant to the Casimir-Polder interaction due to the
factor ¢Z = 0 in front of 67rrE(0,k, ) in (43) but is of importance for two doped graphene sheets
considered in Section 9.

Using the formulas outlined above, the low-temperature behavior of the last contribution to the
thermal correction can be found under the conditions kpT < 2u — A, \/4pu? — A% > hwe and A > hw,
with the result [150]

DC()hC _2u—A
- e

62P Fep(a, T) ~ %y (84)

T,1>1

By comparing Equations (76), (80) and (84), one concludes that the low-temperature behavior of
the total thermal correction to the Casimir-Polder energy for an atom and graphene with A < 2y is
given by

. 2(k T)Z
51 Fcp(a,T) ~ 6™ Fep(a, T) ~ — 200 (ke . 85
T CP( ) T CP( ) (hc)za\/m ( )
The respective Casimir-Polder entropy at low temperature behaves as
k5T
Scp(a,T) ~ —— 0B (86)

(he)2av/4u2 — N2’

i.e., vanishes when t goes to zero in accordance to the Nernst heat theorem.
Equations (85) and (86) were obtained by using the first two small parameters presented in (71),
whereas the third one was replaced with

2u—A

e T & 1, (87)

The asymptotic results (85) and (86) valid for A < 2y (including A = 0, see below) are presented in
column 5 of Table 1 (lines 2 and 3, respectively).

In the end of this section, we consider the interaction of an atom and graphene with A < 2y in the
limiting case of A = 0. This case was not investigated in the literature so far because Equations (80)
and (84) were derived [150] under a condition A > fw.

From the first formula of (31) we have

8ac
Igo,0(k1,0,0,1) ~ UTV =Qo- (88)
F
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Then, from Equations (78) and (83), one finds

20k 0rTTgop(k, T,0, 1)

5 H k /T/ 0/
(STT’TM(O,kJ_) ~ Qz , T 0( 1 ]/l)
0

20k3

orrre(0,k)) =~ — (89)

Here, 111g00(k,, T,0, 1) and dr1Iy(k,, T,0, u) are defined by Equations (79) and (82), respectively,
with [ =0and A = 0.
Using these definitions, we obtain

3 B
vmklhce_ ocrwpklhe_ki

_®
OrTlgoo(ky, T,0, 1) = T, OorIlg(k,, T,0,u) =~ BT, (90)

UF
Substituting these expressions to the term of Equation (43) with I = 0 and integrating with respect to
k|, one arrives at

kgT _ 1t
S Fep(a, T) ~ —"‘(]Tfe R5T 91)

From the comparison with (80), it is seen that, although this thermal correction has the same functional
form as (80) obtained for A > fiw,, it has the opposite sign.

Next, we substitute Equations (75), (78), (79), (82) and (83) in the sum of all terms of (43) with
I > 1. In this case the integration with respect of k| and a summation with respect to I result in

aghc —

09 Fep(a,T) ~ — 2R, (92)

T,1>1 a

This is the same functional dependence on T as in Equation (84) obtained for A > fiw,, but again of the
opposite sign. The results (91) and (92) are quite expected because for A < 2u the low-temperature
dependence of the thermal correction (5;pr Fcp is mostly determined by the chemical potential.

The implicit thermal correction (SiTmpl}"Cp in the case y # 0, A = 0 is given by (76) because the
condition A > fiw, was not used in the derivation of this equation. By comparing Equations (76), (91)
and (92), we conclude that in the case y # 0, A = 0 the low-temperature behavior of the total thermal
correction to the Casimir-Polder energy is given by

_ simpl _wop(kpT)?
orFcp(a,T) ~ o Fcp(a,T) “(hoa (93)
The respective Casimir-Polder entropy
aouk3T
SCP(a/ T) (hC)ZH (94)

vanishes with vanishing temperature, i.e., the Nernst heat theorem is satisfied.

9. Low-Temperature Behavior of the Casimir-Polder Free Energy and Entropy for Two Graphene
Sheets Possessing the Energy Gap and Chemical Potential

In this section, we consider the same configuration as in Section 7, i.e., two parallel graphene
sheets, but assume that they are characterized by some values of A and y. The Casimir free energy
per unit area of the graphene sheets is given by Equation (2), the reflection coefficients are expressed
by (33), and the explicit expressions for the polarization tensor entering (33) are presented in (27)—(30).
A behavior of the Casimir free energy at low T is derived along the same lines as in Sections 7
and 8. Specifically, the asymptotic expansions are made using the small parameters presented in
Equations (71) and (87). For this reason, below we concentrate only on the main results and consider
one new case.
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As usual, we start from graphene satisfying the condition A > 2u. Under this condition the
quantities H(()((]))l and H;O) in (28) have the meaning of the polarization tensor components at T = 0

whereas H(()%)?l and Hl(l) in (30) are the thermal corrections to them. The thermal correction to the
Casimir energy is defined in (51) and (52). It is again presented as a sum of the implicit and explicit
contributions in (53)—(55).

The low-temperature behavior of the implicit contribution is found under the condition A > ficw,.
It is determined by the TE mode of the electromagnetic field and is given by (see [151] for details)

(kgT)°

impl
(5T .FC(Q,T)N_W

(95)
This is a different behavior from a pristine graphene where the result in (56) is determined by the
TM mode.

To calculate the explicit thermal correction one can again use the identity (57) and in the first

perturbation order in Jr7, represent 5§Xpl Fc(a, T) by Equation (58). Then this correction is presented
in (59) as a sum of the term of (58) with | = 0 and of all other terms of (58) with [ > 1. It should be
taken into account however, that we can restrict ourselves by the first perturbation order only in

the case when ' )\ 7& 0. This is just the case of a pristine graphene considered in Section 7 and for
a real graphene sheets with A > 2y under consideration now. As for graphene with A < 2 where
r%) (0,k ) =0, the special care is needed in that case (see below).

Using the term of (58) with I = 0, under the condition kgT < A — 2y it was obtained (see [151]
for details) )

A2y

;lelo ]:C( ) (kaBZZ) e 2T | (96)
This result is determined by the contribution of the TM mode.

The behavior of the sum of all terms of (58) with [ > 1 at low temperature was found under the
conditions A > hiwe, kpT < A — 2. The result determined by the TM mode is the following [151]:

A=2pu

kgT —
expl Fela, T) ~ ;;Te AT (97)

Tl>1

Comparing Equations (95)-(97), one concludes that for two parallel graphene sheets satisfying
the condition A > 2y the behavior of the total thermal correction to the Casimir energy is given by

impl kgT)?
MQWD~ﬁ@RWD~&§L- (98)
The respective Casimir entropy
kp(kpT)*
Sc (LZ, T) ~ (hc)2A2 (99)

goes to zero when T goes to zero in accordance to the Nernst heat theorem.

The asymptotic behaviors (98) and (99) obtained for the case A > 2y are presented in column 3 of
Table 2 (lines 2 and 3, respectively).

Similar to the Casimir-Polder interaction, considered in Section 8, the configuration of two parallel
graphene sheets with A = 2y can be considered as the limiting case of two sheets with A > 2p. As a
result, Equation (95) remains valid and Equations (96) and (97) are replaced with

kgT
R@DN—%< (100)

(kB T)2 expl

expl
O = ofc(a,T) ~— 2N 07151
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Comparing Equations (95) and (100), we conclude that for two graphene sheets with A = 2y the
total thermal correction to the Casimir energy behaves at low T as

kgT
51Fc(a,T) ~ 677 Fela, T) ~ =27 (101)
and is determined by the TM mode in an explicit contribution.
The respective Casimir entropy
ks
Sc(a, T) ~ 2 (102)

does not vanish at T = 0 and, thus, violates the Nernst heat theorem (see the next section for a
discussion of this result).

The asymptotic behaviors (101) and (102) valid for A = 2y are included in column 4 of Table 2
(lines 2 and 3, respectively).

We also note that, similar to Section 8, Equations (95)-(99) are applicable in the case u = 0,
whereas Equations (100)—(102) are valid only for A = 2u # 0.

The last remaining case is two graphene sheets with A < 2y. Here, the implicit thermal correction
is defined in (54) where the reflection coefficients are given in (75). The low-temperature behavior
of 5i;npl]-'c is found under the conditions /4u* — A2 > hw, and kgT < hw, by using the Abel-Plana
formula (45) with the following result determined by the TE mode [151]:

_a(4p? — %) (kgT)?

impl
67 P Fe(a, T) ~ 98

(103)

This result is evidently inapplicable at 4 = 0, but A = 0 is allowed.
The contribution of the TM mode to (5';)(}3:10 Fc can be calculated using (58) because

Igoo(k,1,0,A,u) # 0 and, as a consequence, rg\),[(O, k1) # 0. Then, under the conditions
VAau?2 — A2 > hwe, A > hwe, and kT < 2u — A the behavior of (5?}10 Fc(a, T) is found by
substituting Equations (78) and (79) in (58) with the result (see [151] for details)

hCAkBT
adu?

ol
Sy -o Ferm(a, T) ~ (104)

In order to find the low-temperature behavior of (5;)(]13:10 Fc 18, one should refuse from using the
perturbation expansion in the parameter 6711y /IIy(k,0, A, it) and consider the term of (55) with I = 0

taking into account that r%) (0,k,) = 0and, thus, rrg(0,k, ) = drrre(0,k):

kgT _
oo Fere(a ) = "2 [Tevdk {1~ [Brrre(0,k,)e 2}

Q

kBT T [k (kP ks, (105)

The low- temperature behavior of (105) was found in [151] It was shown that it is much smaller in
magnitude than cST i 0 Fec v and, thus, the behavior of (5T — 0 Fcis given by Equation (104).

The last quantity contributing to the thermal correction is (5T l>1 Fc. Forl > 1 we have
Igo (k1 ,0,A, ) # 0and IT;(k,0,A, u) # 0, so that this quantity at low T can be estimated using
the sum of terms in Equation (58) with [ > 1. It was shown [151] that, depending on the values
of parameters, the TM and TE modes can give the same order contributions to 5T l>1 Fc, which are

the following:
2 2 2 _ A2 _2u-A
expl FC( )N (hc) ( A + W) e 2T, (106)

o7 121 w2 A3
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Here, we have also included the dimensionless fine structure constant « because, in contrast to all the
above expressions, it cannot be separated as a common factor.

From the comparison of Equations (103), (104) and (106), it is seen that in the case A < 2y the total
thermal correction to the Casimir energy behaves at low T as

. 4 2 _ AZ knT 2
SrFc(a,T) ~ 6™ Fo(a, T) ~ _alp (hc)g( 1) (107)
This leads to the following low-temperature behavior of the Casimir entropy:
442 — N)KET
Sc(a,T) ~ WA = A)kT (108)

(e)?

With vanishing T, the Casimir entropy vanishes in accordance with the Nernst heat theorem.

The asymptotic behaviors (107) and (108) applicable at A < 2y (including A = 0, see below) are
presented in column 5 of Table 2 (lines 2 and 3, respectively).

To conclude this section, we consider the low-temperature behavior of the thermal correction to
the Casimir energy for the case u # 0, A = 0, which was not considered in the literature up to the
present. As to Equation (103) for the implicit contribution to the thermal correction, it remains valid in
the case A = 0 because the condition A > fiw, was not used in its derivation. Because of this, below we
concentrate on the explicit contribution to the thermal correction.

We start with the part SeXp_l F of this contribution. When considering the TM mode, one can use
p T,1=0 &

the term with | = 0 in the perturbative Equation (58). Here, the reflection coefficient ”(T(I)\)/{(O/ ki)=1.
This result follows from the first formula in (75) taken at o = 0 and (88) under the condition 2y > fw,.
The thermal correction to the reflection coefficient d7r1\ (0, k), also entering (58), is given by the first
formulas in (89) and (90). Substituting these in the term of (58) with | = 0, one obtains

(Il"lC)szTefkg—T '

1
5%)(1}):0 ‘FC,TM (ar T) ~ = El4y2 (109)

In order to find the behavior of 5eTXF:10 Fc 1k atlow T, one should use Equation (105) where é77Tg
is defined in the second formulas of (89) and (90). In this way, the factor of exp[—2u/ (kgT)] is obtained,
i.e., an additional exponentially small multiple as compared to (109). This means that Equation (109)

in fact describes a behavior of the full contribution 5eTXf:10 Fc(a, T) to the thermal correction at low T.

We have yet to consider the contribution 5§le>11 Fc to the thermal correction. This can be done

in the same way as in Section 8. As in all cases considered above, a summation over all nonzero

Matsubara frequencies adds the factor 1/7 to the low-temperature behavior of (5eTle:10 Fc. As aresult
one obtains ;

expl (hC ) -2
o7 oy Fela, T) ~ —We FgT (110)
From Equations (103), (109) and (110) we conclude that the total thermal correction to the Casimir

energy of two graphene sheets with y # 0 and A = 0 is given by

N _aﬂz(kBT)z.

impl
61Fc(a,T) ~ 07" Fcla, T) L (111)
The respective Casimir entropy
au’k3T
Sc(a,T) ~ }(%TBS‘ (112)

goes to zero with vanishing T as is demanded by the Nernst heat theorem.
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10. Discussion: How Graphene May Point the Way to Resolution of Thermodynamic Problems in
the Lifshitz Theory

The Lifshitz theory of the Casimir-Polder interaction of an atom with a pristine graphene sheet
and the Casimir interaction between two sheets of pristine graphene is consistent with the requirements
of thermodynamics. This is apparent from the fact that the Casimir-Polder and Casimir entropies go to
zero with vanishing temperature in accordance with the Nernst heat theorem if the dielectric response
of a pristine graphene is described on the basis of first principles of thermal quantum field theory by
means of the polarization tensor.

A comparison between the case of a graphene sheet and a metallic plate raises several questions.
As mentioned in Section 1 and discussed in Section 3, the Lifshitz theory of the Casimir interaction
between two metallic plates with perfect crystal lattices violates the Nernst heat theorem if the dielectric
response of a metal takes into account the relaxation properties of free electrons. An agreement
with thermodynamics is restored if the dissipation properties of conduction electrons are omitted in
calculations. Graphene can be considered as a conductor because its electrical conductivity remains
nonzero at zero temperature [50-52], and the polarization tensor results in a complex effective
dielectric permittivity of graphene taking the relaxation properties into account. Nevertheless, for a
pristine graphene sheets, the Lifshitz theory is consistent with the Nernst heat theorem and with the
measurement data, which is not the case when the same theory is applied to the Casimir interaction
between two metallic plates taking the proper account of the relaxation properties of free electrons.

For real graphene sheets possessing some nonzero energy gap A and chemical potential u the
situation is largely the same. According to the results presented above, the Lifshitz theory of both
the Casimir-Polder and Casimir interactions involving real graphene sheets with A > 2y or A < 2pu
satisfies the Nernst heat theorem. For real graphene the Nernst heat theorem is violated in the only
case of an exact equality A = 2y (see Sections 8 and 9). In this case both the Casimir-Polder and
Casimir entropies at zero temperature take nonzero values depending on the parameters of a system.
One should note, however, that the values of A and y for a specific graphene sample cannot be known
exactly. Thus, from the practical standpoint, the case of graphene sheets with an exact equality A = 2
should be considered as a singular one and physically unrealizable. It is interesting to note also that
the real part of electrical conductivity of graphene as a function of frequency undergoes a qualitative
change when the conditions A > 2y and A < 2y substitute for one another [116].

It should be also noted that the polarization tensor considered above in Section 5 is obtained
without external magnetic field and leads to magnetic permeability of graphene equal to unity.
An actual graphene sheet, however, exhibits diamagnetism [50,51], i.e., its magnetic permeability is
slightly less than unity. Although for both metallic and dielectric materials it was already demonstrated
that an account of magnetic properties has no effect on the satisfaction or violation of the Nernst heat
theorem [37,46,49], which are determined entirely by the dielectric permittivity, for graphene this
question was not considered so far and deserves further attention.

Thus, with this reservation, one can argue that for both ideal (pristine) and real (gapped and
doped) graphene sheets described by the polarization tensor the Lifshitz theory of the Casimir-Polder
and Casimir interactions is thermodynamically consistent in all physically realizable cases. A question
arises: why there are so significant differences in application of the Lifshitz theory to graphene, on the
one hand, and to ordinary metals and dielectrics, on the other hand?

It was hypothesized in [151] that this problem has roots stretching back to the electrodynamics of
solids. As mentioned in Section 3, a response of metals to the low-frequency electromagnetic fields
is usually described by the dissipative Drude model. Although it is impossible to derive this model
starting from the first principles of thermal quantum field theory, it does have a great number of
confirmations in the areas of both electrical and optical phenomena involving electromagnetic fields
on the mass shell. In order to calculate the Casimir force, however, it is necessary to know the response
function to both the propagating waves (on the mass shell) and to the evanescent ones (off the mass
shell). In the latter case, there are no direct experimental evidences in favor of the Drude model and
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some doubts are cast upon its validity. As to graphene, its response function is derived on the basis
of first principles of thermal quantum field theory. It is equally applicable to describe the dielectric
response of graphene to both propagating and evanescent fields. This may explain why the Lifshitz
theory leads to contradictions with the Nernst heat theorem for metals described by the Drude model,
but is thermodynamically consistent for graphene systems.

In such a manner, graphene may point the way for resolution of the problem in Casimir physics,
which is often called the Casimir puzzle or the Casimir conundrum.

11. Conclusions

To summarize, we can say that the Lifshitz theory provides a reliable foundation for a theoretical
description of the Casimir-Polder and Casimir interactions. Being originally formulated for the
case of material semispaces described by the frequency-dependent dielectric permittivities, it is now
generalized for any configurations with the known reflectivity properties including graphene.

An important conclusion is that the Lifshitz theory of the Casimir-Polder and Casimir interactions
in graphene systems is consistent with the requirements of thermodynamics in all physically realizable
cases if the dielectric response of graphene is described on the basis of first principles of thermal
quantum field theory using the polarization tensor in (2 + 1)-dimensional space-time.

It should be pointed out that the derivation of the polarization tensor at any temperature not
only provided a full theoretical description of the electromagnetic response of graphene, but has also
stimulated development of other approaches using the density-density correlation functions and the
electrical conductivities of graphene as basic quantities.

One more conclusion is that the thermodynamic properties of the Casimir and Casimir-Polder
interactions in graphene systems reviewed and derived above provide the basis for a resolution of
outstanding problems in the Casimir physics, which remain unresolved for the last twenty years and
are detrimental for its further development and applications.
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