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Abstract: It is known that the elimination of anomalies in all orders of perturbation theory is an
open problem. The constraints given by usual invariance properties and the Wess–Zumino identities
are not enough to eliminate the anomalies in the general case of a Yang–Mills theory. So, any new
symmetry of the model could restrict further the anomalies and be a solution of the problem. We
consider the anti-BRST transform of Ojima in the causal approach and investigate if such new
restrictions are obtained. Unfortunately, the result is negative: if we have BRST invariance up to
the second order of perturbation theory, we also have anti-BRST invariance up to the same order.
Probably, this result is true in all orders of perturbation theory. So, anti-BRST transform gives nothing
new, and we have to find other ideas to restrict and eventually eliminate the anomalies for a general
Yang–Mills theory.

Keywords: perturbative quantum field theory; causal approach

1. Introduction

The general framework of perturbation theory consists of the construction of some
distribution-valued operators called chronological products [1]. We prefer the frame-
work from [2]: for every set of Wick monomials W1(x1), . . . , Wn(xn) acting in some
Fock space H one associates the distribution-valued operator T(W1(x1), . . . , Wn(xn)) ≡
TW1,...,Wn(x1, . . . , xn) such that a set of axioms, essentially proposed by Bogoliubov, are
verified. The modern construction of the chronological products can be done recursively
according to the Epstein–Glaser prescription [3–7] (which reduces the induction procedure
to a distribution splitting of some distributions with causal support) or according to the
Stora prescription [8] (which reduces the renormalization procedure to the process of
extension of distributions). These products are not uniquely defined but there are some
natural limitations on the arbitrariness. If the arbitrariness does not grow with n (the order
of perturbation theory) we have a renormalizable theory. An equivalent point of view uses
retarded products [9].

In this paper we will use the causal approach to perturbative quantum field theory:
this in fact the Epstein–Glaser prescription adapted to gauge models by G. Scharf and
collaborators. The literature is quite extensive: a number of books had appeared [5,6,10,11]
and also some review papers [12–15].

The description of higher spins in perturbation theory can be problematic. If we
describe them by fields carrying only physical degrees of freedom, then the theories are
usually not renormalizable. However, one can save renormalizability using ghost fields.
Such theories are defined in a Fock spaceH with indefinite metric, generated by physical
and un-physical fields (called ghost fields). One selects the physical states assuming the
existence of an operator Q called gauge charge which verifies Q2 = 0 and such that the
physical Hilbert space is by definitionHphys ≡ Ker(Q)/Im(Q). The fact that two distinct
mathematical states fromH can be associated to the same physical context is called gauge
freedom and the corresponding theories are called gauge theories. The graded commutator
dQ of the gauge charge with any operator A of fixed ghost number

dQ A = [Q, A] (1)
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(where [·, ·] denotes the graded commutator) verifies

d2
Q = 0 (2)

so dQ is a co-chain operator in the space of Wick polynomials.
A gauge theory assumes also that there exists a Wick polynomial of null ghost number

T(x) called the interaction Lagrangian such that

dQT = i∂µTµ (3)

for some other Wick polynomials Tµ. This relation means that the expression T leaves
invariant the physical states, at least in the adiabatic limit. Indeed, we have:

T( f ) Hphys ⊂ Hphys (4)

up to terms which can be made as small as desired (making the test function f flatter and
flatter, i.e., f is approaching 1 in the distributional sense). In all known models one finds
out that there exists a chain of Wick polynomials Tµ, T[µν], T[µνρ], . . . such that:

dQT = i∂µTµ, dQTµ = i∂νT[µν], dQT[µν] = i∂ρT[µνρ], . . . (5)

where the brackets express completely antisymmetric in all indexes; it follows that the
chain of relations stops after a finite number of steps. We can also use a compact notation
T I where I is a collection of indexes I = [ν1, . . . , νp] (p = 0, 1, . . . , ) and one can write
compactly the relations (5) as follows:

dQT I = i ∂µT Iµ. (6)

All these polynomials have the same canonical dimension

ω(T I) = ω0, ∀I (7)

and the ghost number:
gh(T I) = |I|. (8)

If the interaction Lagrangian T is Lorentz invariant, then one can prove that the
expressions T I , |I| > 0 can be taken Lorentz covariant.

Now we can construct the chronological products

T I1,...,In(x1, . . . , xn) ≡ T(T I1(x1), . . . , T In(xn)) (9)

according to the recursive procedure. We say that the theory is gauge invariant in all orders
of perturbation theory if the following set of identities generalizing (6):

dQT I1,...,In = i
n

∑
l=1

(−1)sl
∂

∂xµ
l

T I1,...,Il µ,...,In (10)

are true for all n ∈ N and all I1, . . . , In. Here we have defined

sl ≡
l−1

∑
j=1
|I|j. (11)

Such identities can be usually broken by anomalies, i.e., expressions of the type
AI1,...,In which are quasi-local and might appear in the right-hand side of the relation (10).
These anomalies are constrained by some identities (the Wess–Zumino relations). It is
still an unsolved problem to prove that the anomalies can be eliminated by convenient
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redefinitions of the chronological products. This problem is not resolved satisfactorly in
other approaches also, at least in our opinion.

One idea to eliminate the anomalies is to try to find new restrictions verified by them
beside the Wess–Zumino relations. One possibility could be the anti-BRST transform
introduced in [16]. We will prove in this paper a negative result, namely that up to
the second order of perturbation theory, the anti-BRST transform does not produce new
constraints on the model; that is if we impose BRST symmetry up to the second order, we
automatically have anti-BRST up to the second order.

We should mention that the literature is rather extensive on the BRST transform
in the functional formalism, based on the master equation. There are some differences
between the two approaches and there is no proof that they are equivalent. We only
mention [17] where a result of the same nature as ours is proved, namely that BRST and
anti-BRST transforms are connected by the Hodge map. For the treatment of anomalies in
the functional formalism we cite [18,19].

In the next section, we will briefly present the Yang–Mills model in our preferred
compact notations. In Section 3, we prove our main result.

2. Yang–Mills Models in the Causal Formalism

We give some results from [20].

2.1. Massless Particles of Spin 1 (Photons)

We consider a vector spaceH of Fock type generated (in the sense of Borchers theorem)
by the vector field vµ (with Bose statistics) and the scalar fields u, ũ (with Fermi statistics).
The Fermi fields are usually called ghost fields. We suppose that all these (quantum) fields
are of null mass. Let Ω be the vacuum state in H. In this vector space we can define
a sesquilinear form < ·, · > in the following way: the (non-zero) 2-point functions are
by definition:

< Ω, vµ(x1)vµ(x2)Ω >= i ηµν D(+)
0 (x1 − x2),

< Ω, u(x1)ũ(x2)Ω >= −i D(+)
0 (x1 − x2) < Ω, ũ(x1)u(x2)Ω >= i D(+)

0 (x1 − x2) (12)

and the n-point functions are generated according to Wick theorem. Here ηµν is the

Minkowski metrics (with diagonal 1,−1,−1,−1) and D(+)
0 is the positive frequency part

of the Pauli–Jordan distribution D0 of null mass. To extend the sesquilinear form toH we
define the conjugation by

v†
µ = vµ, u† = u, ũ† = −ũ. (13)

Now we can define inH the operator Q according to the following formulas:

[Q, vµ] = i ∂µu, [Q, u] = 0, [Q, ũ] = −i ∂µvµ

QΩ = 0 (14)

where by [·, ·] we mean the graded commutator. One can prove that Q is well defined:
basically it leaves invariant the causal commutation relations. The usefulness of this
construction follows from:

Theorem 1. The operator Q verifies Q2 = 0. The factor space Ker(Q)/Ran(Q) is isomorphic to
the Fock space of particles of zero mass and helicity 1 (photons).

2.2. Massive Particles of Spin 1 (Heavy Bosons)

We repeat the whole argument for the case of massive photons, i.e., particles of spin 1
and positive mass.
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We consider a vector spaceH of Fock type generated by the vector field vµ, the scalar
field Φ (with Bose statistics) and the scalar fields u, ũ (with Fermi statistics). We suppose
that all these (quantum) fields are of mass m > 0. In this vector space we can define a
sesquilinear form < ·, · > in the following way: the (non-zero) 2-point functions are by
definition:

< Ω, vµ(x1)vµ(x2)Ω >= i ηµν D(+)
m (x1 − x2), < Ω, Φ(x1)Φ(x2)Ω >= −i D(+)

m (x1 − x2)

< Ω, u(x1)ũ(x2)Ω >= −i D(+)
m (x1 − x2), < Ω, ũ(x1)u(x2)Ω >= i D(+)

m (x1 − x2) (15)

and the n-point functions are generated according to Wick theorem. Here D(+)
m is the

positive frequency part of the Pauli–Jordan distribution Dm of mass m. To extend the
sesquilinear form toH we define the conjugation by

v†
µ = vµ, u† = u, ũ† = −ũ, Φ† = Φ. (16)

Now we can define inH the operator Q according to the following formulas:

[Q, vµ] = i ∂µu, [Q, u] = 0, [Q, ũ] = −i (∂µvµ + m Φ) [Q, Φ] = i m u,

QΩ = 0. (17)

One can prove that Q is well defined. We have a result similar to the first theorem of
this section:

Theorem 2. The operator Q verifies Q2 = 0. The factor space Ker(Q)/Ran(Q) is isomorphic to
the Fock space of particles of mass m and spin 1 (massive photons).

2.3. The Generic Yang–Mills Case

The situations described above (of massless and massive photons) are susceptible
of the following generalizations. We can consider a system of particles of null mass and
helicity 1 using the idea of the first subsection for triplets (vµ

a , ua, ũa), a ∈ I1 of massless
fields; here I1 is a set of indexes. All the relations have to be modified by appending an
index a to all these fields.

In the massive case we have to consider quadruples (vµ
a , ua, ũa, Φa), a ∈ I2 of fields of

mass ma and use the second subsection; here I2 is another set of indexes.
We can consider now the most general case involving fields of spin not greater that

1. We take I = I1 ∪ I2 ∪ I3 a set of indexes and for any index we take a quadruple
(vµ

a , ua, ũa, Φa), a ∈ I of fields with the following conventions: (a) For a ∈ I1 we impose
Φa = 0 and we take the masses to be null ma = 0; (b) For a ∈ I2 we take the all the masses
strictly positive: ma > 0; (c) For a ∈ I3 we take vµ

a , ua, ũa to be null and the fields Φa ≡ φH
a

of mass mH
a ≥ 0. The fields φH

a are called Higgs fields.
If we define ma = 0, ∀a ∈ I3 then we can define inH the operator Q according to the

following formulas for all indexes a ∈ I :

[Q, vµ
a ] = i ∂µua, [Q, ua] = 0,

[Q, ũa] = −i (∂µvµ
a + ma Φa) [Q, Φa] = i ma ua,

QΩ = 0. (18)

If we consider matter fields also, i.e., some set of Dirac fields with Fermi statistics:
ψA, A ∈ I4 then we impose

dQψA = 0. (19)
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2.4. The Yang–Mills Interaction

In the framework and notations from the end of the preceding subsection we have
the following result which describes the most general form of the Yang–Mills interac-
tion [21–23]. Summation over the dummy indexes is used everywhere.

Theorem 3. Let T be a relative cocycle for dQ, i.e., verifies (3) and also: (1) is tri-linear in the
fields; (2) is of canonical dimension ω(T) ≤ 4; 3) has ghost number gh(T) = 0. Then:

(i) T is (relatively) cohomologous to a non-trivial co-cycle of the form:

T = fabc

(
1
2

vaµ vbν Fνµ
c + ua vµ

b ∂µũc

)
+ f ′abc(Φa ∂µΦb vµ

c −mb Φa vµ
b vcµ + mb Φa ũb uc)

+
1
3!

f ′′abc Φa Φb Φc + jµ
a vaµ + ja Φa; (20)

where we can take the constants fabc = 0 if one of the indexes is in I3; also f ′abc = 0 if c ∈ I3 or one
of the indexes a and b are from I1; and jµa = 0 if a ∈ I3; ja = 0 if a ∈ I1. Moreover we have:

(a) The constants fabc are completely antisymmetric

fabc = f[abc]. (21)

(b) The expressions f ′abc are antisymmetric in the indexes a and b:

f ′abc = − f ′bac (22)

and are connected to fabc by:
fabc mc = f ′cabma − f ′cbamb. (23)

(c) The (completely symmetric) expressions f ′′abc = f ′′{abc} verify

f ′′abc =

{
1

mc
f ′abc (m

2
a −m2

b) for a, b ∈ I3, c ∈ I2

− 1
mc

f ′abc m2
b for a, c ∈ I2, b ∈ I3.

(24)

(d) the expressions jµ
a and ja are bilinear in the Fermi matter fields: in tensor notations;

jµa = ∑
ε

ψtε
a ⊗ γµγεψ ja = ∑

ε

ψsε
a ⊗ γεψ (25)

where for every ε = ± we have defined the chiral projectors of the algebra of Dirac matrices
γε ≡ 1

2 (I + ε γ5) and tε
a, sε

a are |I4| × |I4| matrices. If M is the mass matrix MAB = δAB MA
then we must have

∂µ jµ
a = ma ja ⇔ ma sε

a = i(M tε
a − t−ε

a M). (26)

(ii) The relation dQT = i ∂µTµ is verified by:

Tµ = fabc

(
ua vbν Fνµ

c −
1
2

ua ub ∂µũc

)
+ f ′abc (Φa ∂µΦb uc −mb Φa vµ

b uc) + jµ
a ua (27)

(iii) The relation dQTµ = i ∂νTµν is verified by:

Tµν ≡ 1
2

fabc ua ub Fµν
c . (28)
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Now if we impose gauge invariance in the second order of perturbation theory, i.e., (10)
for n = 2 we get new constraints on the constants from the interaction Lagrangian (for an
extensive treatment see [20–23]):

∑
c

( fabc fdec + fbdc faec + fdac fbec) = 0 (29)

(Jacobi identity)

∑
c

[ f ′dca f ′ceb − (a↔ b)] = −∑
c

fabc f ′dec, a, b ∈ I1 ∪ I2, d, e ∈ I2 ∪ I3 (30)

(the representation property for the Bose sector)

[tε
a, tε

b] = i fabc tε
c (31)

(the representation property for the Fermi sector)

t−ε
a sε

b − sε
b tε

a = i f ′bca sε
c (32)

(a tensor representation property for the expressions sa).
This result was obtained independently in [22,23] and [24,25], respectively. It gives a

new perspective on Higgs mechanism; some new references on this subject are [26–28].

2.5. Causal Perturbation Theory

We give the idea of the construction of the chronological products only in the second
order of perturbation theory, relevant for our result. The basic construction of Epstein and
Glaser is the construction of the causal commutator. More details can be found in [20].
We mention the basic procedure used in the causal approach. If we want to construct the
chronological product T(A(x1), B(x2)) for arbitrary Wick monomials A and B, the idea of
Epstein and Glaser is to consider the (graded) commutator

D(x1, x2) ≡ [A(x1), B(x2)]. (33)

It is easy to see that the tree contribution to this commutator is of the form:

D(0)(x1, x2) = ∑ pj(∂)D(x1 − x2) Wj(x1, x2) (34)

where pj are polynomials in the partial derivatives and Wj are Wick polynomials. Then one
can obtain the associated chronological products if one makes in the preceding formula
the substitution D → DF i.e., if we replace the Pauli–Villars causal distribution with the
Feynman propagator:

T(0)(x1, x2) = ∑ pj(∂)DF(x1 − x2) Wj(x1, x2). (35)

In this way we fulfill Bogoliubov axioms in the second order for the tree contributions.
However, in this way we can produce anomalies in the relation (10). The reason is that for
the gauge invariance of the causal commutators—e.g., relation (55) from the next section -
we need the Klein–Gordon equation for the Pauli–Villars distribution (�+ m2) Dm = 0
but for the gauge invariance of the chronological products we must use (�+ m2) DF

m = δ.
In some cases it is possible to eliminate these anomalies if we use finite renormalizations

T(0)(x1, x2)→ Tren
(0) (x1, x2) ≡ T(0)(x1, x2) + N(x1, x2) (36)

where N are finite renormalizations; they must be quasi-local expressions i. e they are of the
form qj(∂)δ(x1 − x2) Nj(x1) with Nj Wick polynomials. This program can be extended, in
principle to loop contributions and to higher orders of perturbation theory, but a complete
analysis is not available now.
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3. Anti-BRST Transform

In Section 2, we have introduced the BRST transform; we prefer to rewrite it using the
(graded) commutator dQ:

dQvµ
a = i ∂µua, dQua = 0, dQũa = −i (∂µvµ

a + m Φa), dQΦa = i ma ua,

dQψA = 0. (37)

These expressions are the linear part of the non-linear BRST transform from the
classical field theory. We proceed in the same spirit with the anti-BRST transform from [16]
and obtain the operator danti

Q (associated to the anti-BRST transform Qanti) and given by:

danti
Q vµ

a = i ∂µũa, danti
Q ua = i (∂µvµ

a + m Φa), danti
Q ũa = 0, danti

Q Φa = i ma ũa,

danti
Q ψA = 0, (38)

and
QantiΩ = 0. (39)

As in the case of the BRST transform (37), we immediately check that

(Qanti)
2 = 0 ⇐⇒ (danti

Q )2 = 0. (40)

We also have
{Q, Qanti} = 0. (41)

Now we want to investigate if a theorem similar to 3 is valid for the anti-BRST
transform. Indeed we have:

Theorem 4. Suppose that the conditions from theorem 3 are fulfilled. Then:
(i) The relation danti

Q T = i ∂µTµ
anti is verified for

Tµ
anti = fabc

(
ũa vbν Fνµ

c + ũa ∂νvν
b vµ

c − ua ũb ∂µũc +
1
2

∂µua ũb ũc −mc ũa vµ
b Φc

)
+ f ′abc

(
Φa ∂µΦb ũc −mb Φa vµ

b ũc

)
+ jµ

a ũa (42)

(ii) The relation danti
Q Tµ

anti = i ∂νTµν
anti is verified by:

Tµν
anti ≡

1
2

fabc ũa ũb Fµν
c . (43)

Proof. It is elementary, by direct computations. We must cleverly use all the linear relations
between the constants of T derived in Theorem 3.

We remark that the expression Tµν
anti can be obtained from Tµν if we make the transfor-

mation
ua ←→ −ũa (44)

which also preserves the canonical anti-commutation relations and maps Q in Qanti; how-
ever this is not true for Tµ ←→ Tµ

anti.
The preceding result shows that, as in [16], we get nothing new from anti-BRST in the

first order of perturbation theory. We investigate now if the same is true for the second order
of perturbation theory. We are interested to impose gauge invariance for the anti-BRST
transform, i.e., a relation of the same type as (10) for the chronological products

T I1,...,In
anti (x1, . . . , xn) ≡ T(T I1

anti(x1), . . . , T In
anti(xn)). (45)
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Such relations should be of the form:

danti
Q T(T I1

anti(x1), . . . , T In
anti(xn)) = i

n

∑
l=1

(−1)sl
∂

∂xµ
l

T(T I1
anti(x1), . . . , T Il µ

anti(xl), . . . , T In
anti(xn)). (46)

The hope would be to obtain new constraints on the possible anomalies. We have
succeeded to study the tree contribution in the second order of perturbation theory, i.e., the
preceding relation for n = 2 and tree contributions. We have obtained the following result.

Theorem 5. We can impose the relation

danti
Q T(0)(T

I
anti(x1), T J

anti(x2))

−i
∂

∂xµ
1

T(0)(T
Iµ
anti(x1), T J

anti(x2))− i (−1)|I|
∂

∂xµ
2

T(0)(T
I
anti(x1), T Jµ

anti(x2)) = 0 (47)

for the tree components of the chronological products if we perform the following finite renormaliza-
tions:

T(0)(T
I
anti(x1), T J

anti(x2))→ T(0)(T
I
anti(x1), T J

anti(x2))− δ(x1 − x2) N I J(x1) (48)

with the explicit expressions:

N[µν]∅ =
i
2

fabe fcde ũa ũb vµ
c vν

d (49)

N[µ][ν] = −N[µν]∅ (50)

N[µ]∅ = g(1)abcd ũa vµ
b vν

c vdν + g(2)abcd ua ũb ũc vµ
d + g(3)abcd ũa vµ

b Φc Φd (51)

with

g(1)abcd = − i
2
( face fbde + fade fbce)

g(2)abcd = − i
2

fade fbce

g(3)abcd = − i
2
( f ′cea f ′edb + f ′dea f ′ecb) (52)

and
N∅∅ = h(1)abcd vaµ vµ

b vν
c vdν + h(2)abcd vµ

a vbµ Φc Φd +
1
4!

h(3)abcd Φa Φb Φc Φd (53)

with

h(1)abcd = − i
4
( fade fbce + face fbde)

h(2)abcd = − i
2
( f ′dea f ′ecb + f ′cea f ′edb)

h(3)abcd ma = −2 i ( f ′eba f ′′ecd + f ′eca f ′′ebd + f ′eda f ′′ebc). (54)

Only the linear and bilinear constraints from the end of the Section 2.4 are needed for this result.
The finite renormalization (53) is identical to the finite renormalization needed for the usual gauge
invariance of the tree contributions in the second order of perturbation theory.

Proof. (i) We start with the case I = [µν], J = ∅ of identity (46). We start from the identity

danti
Q [Tµν

anti(x1), T(x2))]− i
∂

∂xρ
2
[Tµν

anti(x1), Tρ
anti(x2)] = 0 (55)

and do the substitution (34)→ (35). We need to collect all the terms from the commutator
[Tµν

anti(x1), Tρ
anti(x2)] containing the factor ∂ρD(x1 − x2). The identity (55) holds if we use
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the Klein–Gordon equation for the Pauli–Villars distribution (�+ m2) Dm = 0. However,
when we make the substitution (34)→ (35) we must use (�+ m2) DF

m = δ and an anomaly
appears. For instance, if we consider the first term of Tρ

anti(x2) —see the expression (42)—
we have

[Tµν
anti(x1), Tρ

anti(x2)1] =
1
2

fabc fpqr [(ũa ũb Fµν
c )(x1), (ũp vqσ Fσρ

c )(x2)]

=
i
2

fabe fcde [∂
µ∂ρDmc(x1 − x2) (ũa ũb)(x1), (ũc vν

d)(x2)− (µ↔ ν)] + · · · (56)

and after the substitution (34)→ (35) we obtain the anomaly

Aµν
1 = −1

2
fabe fcde [∂

µδ(x1 − x2) (ũa ũb)(x1) (ũc vν
d)(x2)− (µ↔ ν)] (57)

We have another term from the fourth term of Tρ
anti(x2) and it is convenient to exhibit

the end result in the form:

Aµν(x1, x2) = δ(x1 − x2) aµν(x1) + ∂ρδ(x2 − x1) aµν;ρ(x1). (58)

After some work, using Jacobi identity, we obtain that

aµν;ρ = 0 aµν = danti
Q N[µν]∅ (59)

where N[µν]∅ is the expression from the statement. This anomaly can be eliminated by
performing the finite renormalization (49).

(ii) Now we consider the identity

danti
Q [Tµ

anti(x1), Tν
anti(x2))]− i

∂

∂xρ
1
[Tµρ

anti(x1), Tν
anti(x2)] + i

∂

∂xρ
2
[Tµ

anti(x1), Tνρ
anti(x2)] = 0. (60)

Now we need to collect all the terms from the two commutators [Tµρ
anti(x1), Tν

anti(x2)]

and [Tµ
anti(x1), Tνρ

anti(x2)] containing the factor ∂ρD(x1 − x2); afterwards we make the sub-
stitution (34)→ (35) and obtain the corresponding anomaly. The computation leads, after
using Jacobi identity, to the anomaly

Bµν(x1, x2) = δ(x1 − x2) bµν(x1) (61)

where
bµν = danti

Q N[µ][ν] (62)

with N[µ][ν] the expression from the statement. This anomaly can be eliminated by perform-
ing the finite renormalization (50).

(iii) The next step is the identity

danti
Q [Tµ

anti(x1), T(x2))]− i
∂

∂xν
1
[Tµν

anti(x1), T(x2)] + i
∂

∂xν
2
[Tµ

anti(x1), Tν
anti(x2)] = 0. (63)

There are a lot of terms with the factor ∂νD(x1 − x2) contributing to the anomaly.
There is another subtlety: in the right hand side we have to use in fact the chronological
products renormalized according to (49) and (50). This brings additional contributions to
the anomaly:

i
∂

∂xν
1
[δ(x1 − x2)N[µν]∅(x1)]− i

∂

∂xν
2
[δ(x1 − x2)N[µ][ν](x1)]. (64)
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We must use all the bilinear identities (29)–(32) from the end of Section 2 and end up
with an anomaly of the type

Cµ(x1, x2) = δ(x1 − x2) cµ(x1) (65)

where the expression for cµ is rather complicated. We try to equate it with an expression of
the type danti

Q Nµ where Nµ generic form (51). We end up with a system of four equations:

from three of them the expressions of g(j), j = 1, 2, 3 from the statement are derived and the
fourth is an identity if we use the bilinear identities (29)–(32). So, this anomaly can, again,
be eliminated by a finite renormalization (51).

(iv) This repetitive process ends with the consideration of the identity:

danti
Q [T(x1), T(x2))]− i

∂

∂xµ
1
[Tµ

anti(x1), T(x2)]− i
∂

∂xµ
2
[T(x1), Tµ

anti(x2)] = 0. (66)

As before, we select the terms from the commutators with the factor ∂µD(x1 − x2).
They will produce a piece of the anomaly after the substitution (34)→ (35). There is another
piece coming from the finite renormalization (51):

i
∂

∂xµ
1
[δ(x1 − x2)N[µ]∅(x1)] + (x1 ←→ x2). (67)

If we use the bilinear identities (29)–(32) from the end of Section 2 and end up with an
anomaly of the type

D(x1, x2) = δ(x1 − x2) d(x1) (68)

where the expression for d is complicated. We try to equate it with an expression of the
type danti

Q N where N generic form (53). We end up with a system of four equations: from

three of them the expressions of h(j), j = 1, 2, 3 from the statement are derived and the
fourth is an identity if we use the bilinear identities (29)–(32). So, this anomaly can, again,
be eliminated by a finite renormalization (53).

We end with an explanation of the fact that we obtain nothing new from the anti-BRST
transform. In fact, anti-BRST is equivalent to BRST transform. One can see this if replaces
the interaction Lagrangian T from (20) by an equivalent Lagrangian, i.e., an expression T′

differing from T by a co-boundary. In fact, we can rewrite the second term from (20) in the
following way:

T2 =
1
2

fabc

(
ua vµ

b ∂µũc − ∂µua vµ
b ũc −ma Φa ũb uc

)
+ dQB + ∂µBµ (69)

where we omit the explicit expressions B and Bµ. It is known that we can discard the
co-boundary dQB + ∂µBµ without modifying the values of scattering matrix taken in the
subspace of the physical states [29]. We can prove that the new interaction Lagrangian
obtained in this way is anti-symmetric with respect to the transform (44). This anti-
symmetry property can be extended to higher order chronological products, so if we have
gauge invariance with respect to the BRST transform, then we must have gauge invariance
with respect to the anti-BRST transform also.

4. Conclusions

The main point of this note is that the elimination of the anomalies in higher orders of
perturbation theory is an extremely difficult problem. All simple ideas, like for instance,
the use of new symmetries, as the anti-BRST symmetry, do not produce new constraints on
the anomalies.
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