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Abstract: Maxwell’s vacuum equations are integrated for admissible electromagnetic fields in homo-
geneous spaces. Admissible electromagnetic fields are those for which the space group generates
an algebra of symmetry operators (integrals of motion) that is isomorphic to the algebra of group
operators. Two frames associated with the group of motions are used to obtain systems of ordinary
differential equations to which Maxwell’s equations reduce. The solutions are obtained in quadra-
tures. The potentials of the admissible electromagnetic fields and the metrics of the spaces contained
in the obtained solutions depend on six arbitrary time functions, so it is possible to use them to
integrate field equations in the theory of gravity.
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1. Introduction

A special place in mathematical physics is occupied by the problem of exact integration
of the equations of motion of a classical or quantum test particle in external electromagnetic
and gravitational fields. This problem is closely related to the study of the symmetry of
gravitational and electromagnetic fields in which a given particle moves. A necessary
condition for the existence of such symmetry is the admissibility of the algebra of sym-
metry operators, given by vector and tensor Killing fields, for spacetime and the external
electromagnetic field. The algebras of these operators are isomorphic to the algebras of the
symmetry operators of the equations of motion of a test particle—Hamilton—Jacobi, Klein—
Gordon-Fock, or Dirac-Fock. At present, two methods are known for the exact integration
of the equations of motion of a test particle. These are the methods of commutative and
noncommutative integration. The first method is based on the use of commutative algebra
of symmetry operators (integrals of motion) that form a complete set. The complete set
includes linear operators of first and second degree in momentum formed by vector and
tensor Killing fields of complete sets of geometric objects of V. The method is known as
the method of complete separation of variables (in the Hamilton-Jacobi, Klein-Gordon-—
Fock, or Dirac-Fock equations). The spaces in which the method of complete separation
of variables is applicable are called Stackel spaces. The theory of Stackel spaces was de-
veloped in [1-12]. A description of the theory and a detailed bibliography can be found
in [13-16]. The most frequently used exact solutions of the gravitational field equations in
the theory of gravity were constructed on the basis of Stackel spaces (see,
e.g., [17-19]). These solutions are still widely used in the study of various effects in
gravitational fields (see, e.g., [20-27]).

The second method (noncommutative integration) was developed in [28]. This method
is based on the use of algebra of symmetry operators, which are linear in momenta and
constructed using Killing vector fields forming noncommutative groups of motion of
spacetime G3 and G4. The algebras of the symmetry operators of the Klein-Gordon-
Fock equation constructed using the algebras of the operators of the noncommutative
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motion group of space Vj are complemented to a commutative algebra by the operators
of differentiation of the first order in 4 essential parameters. Among these spacetime
manifolds, the homogeneous spaces are of greatest interest for the theory of gravity (see,
e.g., [29-36]).

Thus, these two methods complement each other to a considerable extent and have
similar classification problems (by solving the classification problem, we mean enumer-
ating all metrics and electromagnetic potentials that are not equivalent in terms of ad-
missible transformations). Among these classification problems, the most important are
the following.

Classification of all metrics of homogeneous and Stackel spaces in privileged coor-
dinate systems. For Stackel spaces, this problem was solved in building the theory of
complete separation of variables in the papers cited above. For homogeneous spaces, this
problem was solved in the work of Petrov (see [37]).

Classification of all (admissible) electromagnetic fields applicable to these methods.
For the Hamilton—Jacobi and Klein-Gordon-Fock equations, this problem is completely
solved in homogeneous spaces (see [38—43]). In Stackel spaces, it is completely solved for
the Hamilton—Jacobi equation and partially solved for the Klein—-Gordon-Fock equation
(see [14-16]).

Classification of all vacuum and electrovacuum solutions of the Einstein equations
with metrics of Stackel and homogeneous spaces in admissible electromagnetic fields. This
problem has been completely solved for the Stackel metric (see [17-20]). However, this
classification problem has not yet been studied for homogeneous spaces.

The solutions to these problems can be viewed as stages of the solution of a single
classification problem. In the first two stages, we find all relevant gravitational and elec-
tromagnetic fields that are not connected by field equations. In the third stage, using the
results of the first two stages, we find metrics and electromagnetic potentials that satisfy
the Einstein-Maxwell vacuum equations and have physical meaning.

Thus, for the complete solution to the problem of uniform classification, the Einstein—
Maxwell vacuum equations must be integrated using the previously found potentials
of admissible electromagnetic fields and the known metrics of homogeneous spaces in
privileged (canonical) coordinate systems. This problem can also be divided into two
stages. In the first stage, all solutions of Maxwell’s vacuum equations for the potentials
of admissible electromagnetic fields should be found. The present work is devoted to this
stage. In the next stage, the plan is to use the obtained results for the integration of the
Einstein-Maxwell equations. This will be the subject of further research. The present work
is organized as follows.

Section 2 contains information from the theory of homogeneous spaces, which will be
used later, and definitions and conditions for the potentials of admissible electromagnetic
fields, written in canonical frames associated with motion groups of a homogeneous space.

In the Section 3 Maxwell’s vacuum equations are written in canonical frames.

The Section 4 contains all solutions of Maxwell’s vacuum equations for homogeneous
spaces admitting groups of motions G3(I) — G3(VI).

2. Homogeneous Spaces

By the accepted definition, a spacetime manifold Vj is a homogeneous space—if a three-
parameter group of motions acts on it—whose transitivity hypersurface V3 is endowed
with the Euclidean space signature. Let us introduce a semi-geodesic coordinate system
[u'], in which the metric V, has the form:

ds? = gydu'dul = —du"® + gupdu®duf,  det|g,g) > 0. 1)

The coordinate indices of the variables of the semi-geodesic coordinate system are
denoted by the lower-case Latin letters: i,7,k,I = 0,1,...,3. The coordinate indices of the
variables of the local coordinate system on the hypersurface V3 are denoted by the lower-
case Greek letters: o, ,7,0 = 1,...,3. A 0 index denotes the temporary variable. Group
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indices and indices of nonholonomic frames are denoted by 4,d,c =1, ...,3. Summation is
performed over repeated upper and lower indices within the index range.

There is another (equivalent) definition of a homogeneous space, according to which
the spacetime Vj is homogeneous if its subspace V3, endowed with the Euclidean space
signature, admits a set of coordinate transformations (the group Gs of motions spaces V4)
that allow the connection of any two points in V3. (see, e.g., [44]). This definition directly
implies that the metric tensor of the V3 space can be represented as follows:

b 2
Sup = eoepllan,  [avll = llaa ()|, efo =0, det|lagll = 1o, 2)
while the form:
w" = epdu®

is invariant under the transformation group Gz. The vectors of the frame e (we call them
canonical) define a nonholonomic coordinate system in V3, and their dual triplet of vectors:

o wb __ sb X0 su
Ca, €gey =0, €,eg=10p

define the operators of the G3 algebra group:
?ﬂ = 6Zau, [Yg, Yb] - Cngc.

The Killing vector fields ¢; and their dual vector fields ¢; form another frame in the
space V3 (we will call it the Killing frame) and another representation of the algebra of
group G3. In the dual frame, the metric of the space V3 has the form:

8up = CaCiGar,  ChCL =00, TCH = 3p, ®)

where G are the nonholonomic components of the g, tensor in this framework. The
vector fields &} satisfy the Killing equations:

gifer = gvreh., +gPres, )

and form the infinitesimal group operators of the algebra Gs:

Xo =%, [Xa, Xp) = C5Xe. (5)

The Killing equation in the & frame has the following form:
G = G"Cle+GMCl (Ia = &50q). ®)
Indeed, substituting the expression:
g = g G
into Equation (4), we get
G™((&3.8h — avel,) + (&heh, — ghen,) + aseber = o,
Substituting here the commutation relations (5), we get:
(G — G*Cg. — GMCl )8y, = 0.

e

The Hamilton—Jacobi equation for a charged test-particle in an external electromagnetic
field with potential A; is:

H = gl]PZP] =m, Pi = pi + Air pi = 8159 (7)

The integrals of motion of the free Hamilton—Jacobi equation are given using Killing
vector fields as follows:
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X, = Eipi, ®)

Thus, the symmetry of the space given by the Killing vector fields is directly related
to the symmetry of the equations of the geodesics given by the integrals of motion. The
Hamilton—Jacobi method makes it possible to find these integrals and use them to integrate
the geodesic equations. Therefore, the study of the behavior of geodesics is necessary for
the study of the geometry of space.

The linear momentum integral of Equation (7) has the following form:

X, = ‘:ZPi + Ya, )

where 7, are some functions of u'. Equation (7) admits a motion integral of the form (8) if
H and X, commute under Poisson brackets:

. 0HoX, 0HdX,

[H, X4]p = ap oxi  oxi ap; :O—>gi‘7(§le-"j,»+’ya/i)Pg:0. (10)
1 1

Hence: i
Yai = CaFij,  Fi=Ajj— Aji. (11)

Thus, the admissible electromagnetic field is determined from Equation (11)
(see [41]). In [39,40] it was proved that in the case of a homogeneous space, the conditions

of (11) can be represented as follows:
Ay = CpoAc, (12)

at the same time:
Yo =—A; = X, =E50,.

Here, it is denoted that: i
Aﬂ - (:II,ZAZI

It can be shown that Equation (12) forms a completely integrable system. This system
specifies the necessary and sufficient conditions for the existence of algebra of integrals of
motion that are linear in momenta for Equation (7). Note that in admissible electromagnetic
fields given by the conditions (12), the Klein-Gordon-Fock equation:

He = (§10.0)p =mPp, Do=pp+ Ay pr=—1V
also admits an algebra of symmetry operators of the form (see [39,41]):
}A(a = gzizvi

V, is the covariant derivative operator corresponding to the partial derivative operator—
d; = 1p; in the coordinate field u’. Function ¢ is a scalar field, m = const. All admissible
electromagnetic fields for the homogeneous spacetime are found in [39]. We will use the
results of A.Z. Petrov [37]. We follow the notation used in this book with minor exceptions.
For example, the nonignorable variable x* will be denoted 1Y, etc.

3. Maxwell’s Equations for an Admissible Electromagnetic Field in
Homogeneous Spacetime
Consider Maxwell’s equations with zero electromagnetic field sources in homogeneous

spacetime in the presence of an admissible electromagnetic field:

1 y
——(/—gF");=0, = det|gup]- (13)
\/jg g ] g gﬂéﬁ

when i = 0 from the system (13), the equation follows:
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1
—— (/88" Ap0)a = 0. (14)
V-2 BO/
Using the Killing Equations (4) and (5), we can obtain:
8
o= 2k
Indeed,
8
= 8178 = GliGue + 200 +2G = 2f (Ca=Cy).
Substituting this expression and the relation (12) into Equation (14), we get:

G™CyA 4o = 0. (15)

In the case of spaces with groups G3(I), G3(I1), G3(V1II), G3(IX)C, = 0. That is why
Equation (15) is satisfied. In the case of the groups G3(I1I), —G3(VII) C; = constd,s, and
from (15) it follows:

WBaAu,O =0, A= Agey. (16)
For i = & we have:
1
V8

We transform Equation (17) using the (2) frame. The first term then has the form:

1 1 -
ﬁ(\/ —88"FFg0) 0 = _E(ZOUﬂbAu,O>,Oez/ (Io)? = det|1).

1
(v88*PFg0),0 + ﬁ(\/gg"‘ﬁg,ﬂ‘flrﬁ(,),7 =0 (17)

The second term using the (3) frame, the relations (12), and the commutation relations
between the operators of the group can be reduced to the following form:

1 1 ~
—= (V&8 8" Fy) y = 3G Cy, (26, G2 4 Ch GG el A

\/g ayby
So Equation (17) can be written as follows:
1 - o
B(loﬂabAb,O),O = WA, (18)

where:
arby

" 1
W = (eheh,) (et )Wmlt, W = EG‘ZZ“ 2, (2C, G2 4 CL, GMP2). (19)

Then, Maxwell’s equations can be represented as follows:

B = lhWA,, (20)
- 1,
Ago = Bﬁ Hab- (21)

4. Maxwell’s Equations for Spaces Type I-VI According to Bianchi Classification

The group operators in the canonical coordinate set of homogeneous spaces type I-VI
according to the Bianchi classification can be represented as follows (see [37]):

X1=p1, Xo=p Xz= (ru1 +eu2)p1 + nu2p2 — 3. (22)

Thevalues k ¢ n for each group take the following values.)
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G(V) k=1, e=0, n=2
Structural constants can be represented as follows:
CSp = ko{ (8,6, — 035, + (e85 + n65) (870, — 6367) — Co = —(k +n)d; (23)
Find the frame vectors [¢%], [¢%] and their dual vectors [¢%], [¢4].
Calh = ehex =0, Galh = efef = of

For this, we use the metrics of homogeneous spaces and the group operators given in
[37].

E% = 5L0% 4 6205 4 63(8% (ku' + eu?) + 65nu® — 65), (24)
& = 5961 + 6502 + 6801 (ku' + eu?) 4 62nu® — 53),
et = 510% exp(—ku®) + 62 (o5 eud exp(—ku?) + 65 exp(—nu?)) + 6552, (25)
e = 8961 exp(ku®) + 62 (6%u® exp nu® + 65 exp nu?)) + 5362
With these expressions, we find the matrix W (19).

- 1
W = 1*2[5?557(8811 +e(n —k)g1o — kngn) exp(—2nu?) (26)
0

—(8%eu® + 68) (8beu® + 68)kng1y exp(—2ku®)+
(67 (7€ + 85)n(g12 + eg11)) + 67 (S7eu® + 65)k(g12 — eg1)]-
Here (see [37]):
g1 = apexp2ku®, g1 = (erlay; +ap)exp(n+k)u®, g = (eu32a11 + 2eayp + ax) exp 2nu’,
Maxwell’s Equations (20) and (21) become:
. 1
B = E[‘S%éi?(sgll +e(n — k)g12 — kng) exp(—2nu’) (27)
{—(8%eu® + 63) (8%eu® + 65)kng1 exp(—2ku) +

(03 (8%eu® + 0%)n (g2 + €g11)) + 0% (%eu® + 63)k(g12 — e11)| A,

B = lon™ Ay (28)
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The dots denote the time derivatives. The components A, are defined by the solutions
of the (12) Ay system of equations using the formulas:

Aq = Ay (29)
Further solutions of the system of Equation (27) for homogeneous spaces with groups

of motions G3(I — VI) are given. Spatial metrics are given in the book [37]. Solutions for
the system (12) can be found in [38],

vy = g (u).

4.1. Group G3(I)

As the parameters k, 1, e and Cj, equal zero, G3(I) is an Abelian group. The compo-
nents of the vector electromagnetic potential have the form:

A=A, =As=uny,
Substituting these expressions into the system of Equations (27) and (28), we obtain
the following system of ordinary differential equations:
B* =0 — B* = c" = const;

b
a,,C
lO‘jCa = ﬂbucb — &g = / all; duo, 102 = det|aab|.

All components of a,;, are arbitrary functions of 1.

4.2. Group G3(II)

For the group G3(II) the parameters k, 1, € have the following values: k = n = 0,¢ = 1.
The components of the vector electromagnetic potential in the frames [¢}] and [e}]
have the form:

Al =01, Ay=ar+aqu®, Az=wmud—as; A, =a,

Substituting these expressions into the system of Equations (27) and (28), we obtain
the following system of ordinary differential equations:

loBa = 181101, — lop1 = wyan, Br=c2 Bs=c3 (Ba=0uB’); (30)
lodg = a1,B1 + a2, + az,c3, 102 = det|agy| (cqa = const,). (31)

Set of equations(30) and (31) contains five equations for 11 functions:

lo, g, 4 P1.

We should consider separately the variants a1 = 0 and &1 # 0.

1. a1 =0 — By = c; = const. Then the set of Equations (30) and (31) has a quadrature
solution:

agpCp, OV
aq:/%duo (g=2,3).

For a = 0, Equation (31) implies a linear dependence of the components 41, :

c1a11 + caa1p +c3a13 = 0.

All independent components of a,;, are arbitrary functions of u°.
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2. aj # 0. Consider the following Equations (30) and (31) from the system:
loity = (a11B1 + 2812 + c3a13),  lofr = anay. (32)
Let us take the function aq; out of (32). As a result, we obtain:
(t1® = B1%)0 = 2;%(@”12 + c3a13)-

Hence:

P1= g\/"‘lz - 2/ %(CZMZ + caarz)du® (&% =1).

>From the remaining equations of the system, we get:

a14B1 + azgca + azqc3 lof
ng = (@16 1 d )duo (g=23); a1 = —Oﬁl.
q ] %
0 1
The functions lj, «1, and all components of a,,, except ay1, a33, are arbitrary functions
of up. The component a3 results from the equation 102 = det|ag|:

2 2 2
_lo® +anax” + axnaz” — 2apa13a23 33
azz = 5 ( )
ay1azz —ai

4.3. Group G3(III)

For the group G3(III) the parameters k,n,¢ have the following values: k = 1,
n=¢=0.

The components of the vector electromagnetic potential in the frames [¢}] and [e}]
have the form:

A =ajexp ud, Ay =uny, Az =ajexp ud — as.

Substituting these expressions into the system of Equations (27) and (28), we obtain
the following system of ordinary differential equations:

loBa = a1a12020 — loP2 = waarn, P1=c1, P3=0; (34)

lodg = az.Po + ay,c. (35)

Here and further, Equation (16) is used, according to which 83 = 0. The system of
Equations (30) and (31) contains five equations for 11 functions:

lO/ aab/ D‘ar 52

We should separately consider the variants #y = 0 and a1 # 0.

1. a3 =0 —= By =y = const. In this case the
Then set of equations (30) and (31) has a solution in quadratures:

pCp, 0001
ng = /&duo (g =2,3).
ly
>From (31) it follows a linear dependence of the components a1, :

ciai3 + a3 =0 — ap =bayy, P1=0b, Po=1

lp and all independent components of 4, are arbitrary functions of u°. The component
as3 is found from Equation (33).

2. Letay # 0. Consider the following equations from system (30) and (31):
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lofy = a1pPo + cra11,  loPo = arpay. (36)
from system (36), it follows:

20
(012 — B2?) 0 = #Clﬂn'

Hence:

B2 = C\/Mz - 2/ %(Clﬂn + c3a13)du®(Z* = 1).

>From the remaining equations of the system, we get:

a + a1,01 + as,c 3
&g = / ab 117 — B)d”O (9=23); an= l(z)xﬂ'
0 1

The functions [y, 1 and all components of a,;, except ay1,a33, are arbitrary functions
of ug. The component a33 results from Equation (33).

4.4. Group G3(IV)

For the group G3(IV) the parameters k, 1, ¢ have the values: k =n =¢ = 1.
The components of the vector electromagnetic potential in the frames [¢}] and [e}]
have the form:

Al =ajexpu’, Ay = (a4 aju) expu’,
Az = (g (u! + 1?4 v?u®) + au?) exp u® — az;
A, =a,.
Maxwell’s Equations (20) and (21) reduce to the following system:

loBa = 01a(a11 (01 + a2) — a1a20 + apa12) + S2q (w1012 — a11 (1 + az)). (37)
lodg = Boagy + B1as1, Pz =0. (38)
from the system (38) it follows:

iy = / Pais ¥ Proz ;L Prozt 0. (39)
0

Let us now consider the remaining equations.

(A) B1#0.

>From the system (37) it follows:

1 1 : ,
app = E(loﬂéz — Baaxn) an = p(lo(“lﬁl — iof2) + B2’an), (40)
1
Using these relations, we obtain a consequence from the remaining equations of the
system (37) and (38):
1Pz — Ba(B1 + B2) = wrda — (a1 + a2)dey. (41)

With Equation (41), the dependent functions «,, B, can be expressed in terms of the
independent functions. Let us write down the solutions.

1. (w1p1+ Ba(ar +a2))B2 # 0.

apdy — (ag + ag)

B2

! duo);

B1=P2(b—Inp; —/
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lo(d2 (a1 + a2) — B1(B1 + B2))
061,31 + ,52(061 + 062)
lo,a13,a23, ¢ are arbitrary functions of time. The function as3 is expressed in
terms of these functions using the relation (33)

2. a1f1 + Ba(ag + @) = 0,ap, is an arbitrary function, depending on u°.

ax =

ap =aexpp+bexpe, ar=(1+e)a; Pr=uaexpp—bexpe,

B1 =eBr (e = const).

lo, a13, az3, ¢ are arbitrary functions of time. The function as3 is expressed in
terms of these functions using the relation (33).
3. B2=0.

Lo oy — lodq - lo(dz (a1 + &) — B1B1)
B’ B’ a1y

lo, a13, a23, 41, B1 are arbitrary functions of time. The function as3 is expressed in
terms of these functions using the relation (33).

ay =wa1(a+1nay), ap=

(B) B1 =0. Maxwell’s equations take the form:
lopz = aya1y — (a1 +az)ayy, loPa = —wmpaxn + (v + az)ar;
lodty = Baarz, loda = Boany.
The set of equations has the following

@@ (v +az) #0.

lody loép

1
ﬁz = b+2/ —(ivl(ocl + 0&2) — Dclééz)duo. app = —, dp = —.
lo B2 B2

oy = lo(1d1 = Pafo)
ﬁz (061 + 0(2)
lo, a13,a23, 1, ap are arbitrary functions of time. The function a33 is expressed in
terms of these functions using relation (33).
lpi
b) ay = l_~“1 — &y = aexpp —bexpp Py = aexpgtbexpg, ap = gt
axy = %.
lo,a11,a13,a23, @, B1 are arbitrary functions of time. The function as3 is expressed
in terms of these functions using the relation (33).

4.5. Group G3(V)

For the group G3(V) the parameters k, n, ¢ have the values: k = n = 1,e = 0. The
components of the vector electromagnetic potential in the frames [¢5] and [¢}] have the form:

Al =wmexpu’, Ay =amexpu’, Az= (mu 4+ au?)expu® —az;

A, =a,.

Maxwell’s Equation (18) reduces to the following system of equations:

lokg = Boag + B1a,, B3 =0. (42)
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loBa = 01a(a1200 — a1a2) + 624 (1201 — a112), (43)

Hence:

iy = / B2asz ;— B1as1 4,
0

lody = (a1181 +a12B2), lodo = (a12B1 + a22B2). (44)

1. aj # 0. From the set of equations (43) it follows:

1 . 1 . .
ap = Djl(loﬁz +apaq1), axp = rlz(lo(ﬁzlxz — Biay) + anaz?). (45)

Substituting (45) into (44) , we get the corollary:

B1B2 — B2f1 = ardg — aodvy. (46)

a1 (11 + a2P2) = lo(d101 — P2p2). (47)

>From (46), it follows:

wy = ap (b + / ‘Blﬁ.z‘;zﬁzﬂl du®),

Let us consider (48).

(a) «1B1 + apBo # 0. Then, we have:

_ lo(agdy —aody)
w1 B +azfs

lo, a13, az3, a1, Ba are arbitrary functions of time. The function a33 is expressed
in terms of these functions using the relation (33).

(b)  apr+afr=0 — i —p1p1 =0, air+ Pofy =0.
>From this, it follows:

a1l

a1 =aexpp+bexpp, Pr=aexpp—bexpp, ar=—la;, Pp1=1B,

where a,b,] = const, ¢ = ¢(u).
lo, a11, 413, az3 are arbitrary functions of time. The function a33 is expressed in
terms of these functions using the relation (33).

2. a1 = 0. From the system (43), it follows:

InE Iof lo(dpoy — F
S 5 ol s VsV
%) (L%

Yoy

here a = const, ly, a13, a3, a2, B2 are arbitrary functions of time. The function az;3 is
expressed in terms of these functions using the relation (33).

a2

4.6. Group G3(V1)

For the group G3(VI), the parameters k, 1, ¢ have the following values: k = 1
n = 2,& = 0. The components of the vector electromagnetic potential in the frames [¢5] and
[e5] have the form:

A =uajexp ud, Ay = apexp 2u3, Aj; = oclul exp ud + 20¢2u2 exp 2u8 — az;

A, =a,.
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Maxwell’s Equation (18) has the form:
lodta = Boag + P1ag- (48)
loBa = 01a(a1202 — 201a22) + 0pa (a1201 — 2a1102), B3 =0, (49)

and from the system (48), it follows:

s = / Baaz + B1as .
)
lody = (a1181 +a12B2), lodo = (a12B1 + a2 pB2). (50)

I B1 # 0, from system (48), it follows:
1 . 1 . .
app = E(lolxz — B2ax), a1 = p(lo(“lﬁl — i) + azP2”). (51)
1

Substituting (51) into (48), we get:
ax (w11 + 202B2) = lo(azicz — P11), (52)

(20181 + a2B2) (20261 + B2P1) = (B1P2 + 2dam1) (411 + 2a2B) = 0 (53)

Using this relation, we get the following solutions:
D a1 + 2027 # 0. From (52) it follows:

4y = l0(B202 — P1B1)
(a1B1 +2027)
Denote:

wg =agexp@. Bg=bsexpp (7=1,2),

where a4, by, ¢ are functions of 1°. From Equation (53), we get:

(blbz + 2512611) (a1b1 + 2a2b2) — (2611b1 + azbz) (26!26'11 + bzb]) )
(20102 + b1b) (a1b1 — azbs) '

_ lo((pllz + 112) - bzﬂzz . _ lo((ll1b1 - ﬂzbz)q) + a1b1 - dzbz) -+ bzzazz .
ai = Tz a1 = b12 ’

lo((a3 — b}) ¢ + dpap — byby)
2a1b1 +Ll2b2

axp =

lo, a13, 423, aq, by are arbitrary functions dependent on time. The function as3
is expressed by these functions using the relation (33)

2) &ooy — ﬁlﬁl =0 — a1 +2a2By = 0. ayp—is an arbitrary function
from u%;

ay =aexp g —bexp(—¢), P1=aexp¢e+bexp(—g).
>From this, it follows:
(a)

_@(uexp(p—bexp(—q)))‘
2 ‘aexpp+bexp(—¢)”

N, =

In(a . 2
a1 = log — 'Bzan, a = oléapr (X;zﬁZ) e
1

B1
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(b) ¢=0

Bi=1, ay=-2b, ay=—-bBy, anp=—Poaxn, a1 = —blofa+ B2axn.

where ly, a.b = constay, a13, a3, B2, ¢ are arbitrary functions depen-
dent on time.

I B1=0.
>From (48) and (49) it follows:

2lpéoao loép lo(2b%4002° — Baf2) 2
= , Ay =——, 411 = , a1 = bay”. 54
5 n=g 1 2105, 1 2% (54)

lo, a22, 213,423, a2 B2 depends arbitrarily on time functions. The function az3 is ex-
pressed in terms of these functions using the relation (33).

a2

5. Conclusions

The performed classification of admissible electromagnetic fields will be used in the
search for electrovacuum solutions of the Einstein-Maxwell equations. As is already known,
the components of the Ricci tensor of a homogeneous space in the frame (2) depend only
on time. In order for Einstein’s equations with matter to be proven as an integrable system
of ordinary differential equations, the equations of motion of matter must be subordinated
to the conditions of space symmetry. These conditions were fulfilled first by the potentials
of the electromagnetic fields determined in this work.
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