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Abstract: In this paper, the generalized helical hypersurfaces x = x(u, v, w) with a time-like axis
in Minkowski spacetime E‘{ are considered. The first and the second fundamental form matrices,
the Gauss map, and the shape operator matrix of x are calculated. Moreover, the curvatures of
the generalized helical hypersurface x are obtained by using the Cayley-Hamilton theorem. The
umbilical conditions for the curvatures of x are given. Finally, the Laplace-Beltrami operator of the
generalized helical hypersurface with a time-like axis is presented in IE‘%.
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1. Introduction

Differential geometry has a very important place in mathematics, engineering, physics,

and astrophysics. In differential geometry, the theory of hyper-surfaces has been worked

check for on by many mathematicians (especially geometers), engineers, physicists, astrophysicists,

updates etc., for hundreds of years.
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Helical Hypersurfaces Having isometric with a sphere; Takahashi [2] proved that a connected Euclidean submanifold is of

Time-like Axis in Minkowski the one-type, iff it is either minimal in E” or minimal in some hypersphere of E™; Chern,
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universe8090469 with constant scalar curvature; Lawson [5] gave the minimal submanifolds and indicated
the general definition of the Laplace-Beltrami operator.
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surfaces M?, which are of the finite-type with respect to the fundamental forms I, I1, and
I11, i.e., their position vector field r(u,v) satisfies the condition Ny = Ar, ] =1,11,111,
where A € Mat(3,3); Kim, Kim, and Kim [22] gave the Cheng-Yau operator and the Gauss
map of the surfaces of revolution.

In Minkowski three-space ]E%, Beneki, Kaimakamis, and Papantoniou [23] studied heli-
cal surfaces with a space-like, time-like, and light-like axis in three-dimensional Minkowski
space. Giiler and Turgut Vanli [24] worked the Bour’s theorem; Giiler [25] studied helical
surfaces with a light-like profile curve using Bour’s theorem in Minkowski geometry. Mira
and Pastor [26] investigated helical maximal surfaces in Lorentz—Minkowski three-space.
Kim and Yoon [27-29] worked with ruled and rotation surfaces in pseudo-Euclidean space.
See also [2,24,30,31].

In Euclidean four-space E*, Moore [32,33] worked on general rotational surfaces; Hasa-
nis and Vlachos [34] considered hypersurfaces with a harmonic mean curvature vector field;
Cheng and Wan [35] gave the complete hypersurfaces with CMC; Arslan et al. [36] worked
with the Vranceanu surface with the pointwise one-type Gauss map; Arslan et al. [37]
studied generalized rotational surfaces; Magid, Scharlach, and Vrancken [38] introduced
the affine umbilical surfaces in four-space. Scharlach [39] studied the affine geometry of
surfaces and hypersurfaces in four-space. Arslan, Deszcz, and Yaprak [40] considered the
Weyl pseudosymmetric hypersurfaces. Arslan, Bulca, and Milousheva [41] worked on
meridian surfaces in four-space with the pointwise one-type Gauss map. Yoon [42] studied
rotation surfaces with the finite-type Gauss map in four-space. Giiler, Magid, and Yayl [43]
introduced helical hypersurfaces; Giiler, Hacisalihoglu, and Kim [44] studied the Gauss
map and the third Laplace-Beltrami operator of rotational hypersurface; Giiler [45] found
the rotational hypersurfaces satisfying AR = AR, where A € Mat(4,4). He [46] also
introduced the fundamental form IV and the curvature formulas of the hypersphere.

In Minkowski four-space IE4, Ganchev and Milousheva [47] indicated the analogue of
the surfaces of [32,33]; Arvanitoyeorgos, Kaimakamais, and Magid [48] studied when the
mean curvature vector field of M‘i’ satisfies the equation AH = aH (a being a constant); then,
M{’ has CMC; Arslan and Milousheva [49] considered meridian surfaces of the elliptic- or
hyperbolic-type with the pointwise one-type Gauss map; Giiler [50] gave helical hypersur-
faces; recently, Iliadis [51] considered the fuzzy algebraic modelling of spatiotemporal time
series paradoxes in cosmic-scale kinematics; Leuenberger [52] introduced the emergence of
Minkowski spacetime by simple deterministic graph rewriting.

In this paper, the generalized helical hypersurfaces with a time-like axis in Minkowski
four-space Ef are introduced. Some basic concepts of four-dimensional Minkowski ge-
ometry are given in Section 2. The i-th curvature formulas depend on the coefficients of
the fundamental forms (g;;) and (b;;) in Minkowski four-space, which are obtained in
Section 3. In Section 4, the definition of the generalized helical hypersurface having a
time-like axis in E{ is indicated. The umbilic points of these kinds of hypersurfaces are
described in Section 5. The generalized helical hypersurfaces with a time-like axis satisfying
Ax = Ax in [Ef are given in Section 6. Finally, a summary of the paper is presented in the
last section.

2. Preliminaries

In this section, some of the basic facts and definitions are given, then the notations
used in this paper are described.
Let Ef* denote the semi-Euclidean m-space with the semi-Euclidean metric tensor given

byg=<(,)= mzl alxl-2 — dx?,, where (x1,x2,...,%,) is an element of constantlength (or
i=1

Lorentz metric) and x; are the pseudo-Euclidean coordinates of type (m —1,1). Consider

an m-dimensional semi-Riemannian submanifold M of the space ET". The Levi-Civita

connections [53] of the manifold M and its submanifold M of Ef* are denoted by Vv, V,

respectively. Denoting the vector field tangent (respectively, normal) to M, the letters

X,Y,Z, W (respectively, ¢, 17) are used.
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The Gauss and Weingarten formulas are given, respectively, by

VxY = VxY+h(X,Y), (1)

Vxé = —AgX)+Dx¢, )

where /1, D, and A are the second fundamental form, the normal connection, and the shape
operator of M, respectively.

For each { € TPLM, the shape operator Az is a symmetric endomorphism of the
tangent space T,M at p € M. The shape operator and the second fundamental form are
related by

(h(X,Y),8) = (AeX,Y).

The Gauss and Codazzi equations are given, respectively, by

(RIX,Y,)Z,W) = (h(Y,Z),h(X,W))—(h(X,Z),h(Y,W)), (3)
(Vxh)(Y,Z) = (Vyh)(X,2Z), 4)

where R, RP are the curvature tensors associated with connections V and D, respectively,
and Vh is defined by

(Vxh)(Y,Z) = Dxh(Y,Z) — h(VxY,Z) — h(Y, VxZ).

2.1. Hypersurfaces of Minkowski Space

Now, let M be an oriented hypersurface in Minkowski space E’f“, S its shape operator
(i.e., the Weingarten map), and x its position vector. Consider a local orthonormal frame
field {ey, ey, ..., e, } consisting of the principal directions of M corresponding to the princi-
pal curvature k; for i = 1,2,...n. Let the dual basis of this frame field be {61,65,...,0,}.
Then, the first Cartan structural equation is

n
dglzzej/\wl]’ i,j:1,2,...,n, (5)

i=1

where w;j; denotes the connection forms corresponding to the chosen frame field. Denote

the Levi-Civita connection of M of EZIH by V. Then, from the Codazzi equation, the
following holds:

ei(ki) = wijlep) (ki —k;),
wij(er) (ki — k;) wip(ej) (ki — ki)

for distincti,j,l =1,2,...,n.
Puts; = 0j(ky, ka, . .., kn), where 0; is the j-th elementary symmetric function given by

oj(ay,az,...,a,) = ) aj\ gy . . ..
1<i1<iz<...<ij<n

The following notation is used

7’? = (Tj(kl,kz, .. -/ki—llki+11ki+21- . .,kn).

By the definition, Y = 1 and s,,+1 = s,4p = --- = 0. The function sy is called the
k-th mean curvature of M. Note that functions H = %sl and K = s, are called the mean
curvature and Gauss—Kronecker curvature of M, respectively. In particular, M is said to be
j-minimal if sj = 0 on M. See also [54,55].

In E;’H, finding the i-th curvature formulas ¢;, where i = 0,...,n, the following
characteristic polynomial eq. of S is used:



Universe 2022, 8, 469

40f 15

&quozda@—A@):f]—n%MWﬁ (6)
k=0

wherei =0,...,n, Z, denotes the identity matrix of order n. Then, the curvature formulas
are given by (%)¢; = s;. That is, ()€ = sgp = 1 (by definition), ({)€; = s1,...,(}})&y = sp.

The k-th fundamental form of M is defined by I(Sk’l(X),Y) = <Sk’1(X),Y>.
Therefore,

n
Y (-1)! (”) ¢,»I(s"—i(X),Y) —0. @)
i=0 !

In particular, one can obtain the classical result €yIII — 2¢; 1] + €1 = 0 of surface
theory for n = 2. See [55] for the details.

For a Minkowskian submanifold x: M — EJ", the immersion (M, x) is said to be the
finite-type, if x can be expressed as a finite sum of the eigenfunctions of the Laplacian A
of (M, x),ie., x=x9+ Z?:] x;, where xp is a constant map, x1, . . ., X, non-constant maps,
and Ax; = Aix;, Ay € R, i =1,..., k. If A; are different, M is called k-type. See [7] for the
Euclidean details.

2.2. Rotational Hypersurfaces

The definition of the rotational hypersurfaces in Riemannian space forms can be found
in [56].

A rotational hypersurface M C Ef'*! generated by a curve C around an axis t that does
not meet C is obtained by taking the orbit of C under those semi-orthogonal transformations
of E’f“ that leaves t pointwise fixed.

Throughout the paper, a vector and its transpose will be considered identical. Consider
the case n = 3, and let C be the curve parametrized by y(u) = (f(u),0,0,g(u)), where f, g
are the differentiable functions. If t is the x4-axis, then a semi-orthogonal transformation of
E;’H that leaves ¢ pointwise fixed has the form

CC -8 1S, 0
o se oo —sis o

Rew)=| "c" o ¢ o |
o o0 0 1

where C; = cosv, C; = cosw, §; = sinv, S; = sinw, and v,w € [0,27). Therefore,
the parametrization of the rotational hypersurface generated by a curve C around an axis ¢
is given by x(u, v, w) = R (v, w)y(u).

Definition 1. Let x = x(u, v, w) be an immersion from M> C E3 to E} = (R%, (,,.)), where the
Lorentzian inner product is given by

<?l 7> =191 + 202 + 1393 — 44,
and the triple Lorentzian vector product is defined by

€1 € €3 —eé4

?x7x7:det 1 2 3 4
D1 Y2 Y3 D4
31 32 33 34

, — — —
with the vectors t"= (1,12,13,54), 9 = (91,92,93,94), 3 = (31,32,33,34)-

Definition 2. Hypersurfacex depends on three parameters in Minkowski four-space:

(gif)3x3’ (bij)3><3’ (8)
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the first and the second fundamental form being symmetric matrices, respectively (i.e., I and
I1, rESPECtiny)-' where g1 = <Xur xu>/ g12 = <xurxv>/ g13 = <xurxw>/ 92 = <x‘01x‘0>/ 923 =
<xv;xw>/ g33 = <szxw>/ b1 = <xuurg>/ b = <Xuv/ g>r bz = <qurg>/ b = <va; g>/
b3 = <Xvw/ g>/ haz = <xww/ g> Here,

Xy X Xp X Xg

G= ©)

[1Xu X Xp X Xgpl|
is the unit normal (i.e., the Gauss map) of x.

3. i-th Curvatures

Product matrices (g;j) - (bij) give the matrix of the shape operator S of hypersurface
x in Minkowski four-space. See [43,44] for the details.
Therefore, the shape operator matrix of the hypersurface x is given by

511 512 S13
S=—| s s» s3 [, (10)
$31 532 $33

where
11 = (922933—953) b11 + (913923 —012033) 12 + (912023 —013022) 13,
12 = (922933 923> b12 + (913923 —012033) 22 + (912023 —913022) 23,
513 = (922933 923) b13 + (913923 —912033)b23 + (912023 — 913022) b33,
s21 = (013023~ 012033)b11 + (911933 9%3)‘)12 + (912013 —911923)h13,
s = (913023~ 012033)h12 + (911933 913) b2z + (912013 —011023) 23,
53 = (013923~ 912033)D13 + (911933—913) b2s + (912013 —911023) b3z,
531 = (912023—913922) 011 + (912013 011023)h12 + (gngzz g 2) b13,
532 = (012023~ 013022)012 + (912013 — 9118232 + (911922 9%2) b23,
533 = (012023~ 013022)013 + (912013 —011023)h23 + (911922 9%2) bas,

and

g= def(gz‘j) = —9339%2 + 2912013923 — 9229%3 - 9119%3 + 911022033-

For computing the i-th curvature formulas ¢;, where i = 0,1, 2, 3, the characteristic
polynomial eq. Ps(A) = aA® +bA%2 +cA+d =0, i.e., Ps(A) = det(S — AZ3) = 0, is used.
Then, ¢ = 1 (by definition), (3)¢; = £, 3)¢2 = ¢, (3)€3 = — 4. See [46] for the details.

Therefore, the following i-th curvature formulas depend on the coefficients of the
fundamental forms (g;;) and (b;;) in Minkowski four-space.
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Theorem 1. Any hypersurface x in E} has the following curvature formulas, € = 1 (by definition),

—2(g13b13922 — 923013012 — g13h23012
P +011823h23 — 913023012) — 935611 — 935022 an
1 - 7
3 [(911922 - 9%2)933 - 9119%3 + 2912013023 — 9229%3]

{ (g11h22 + 822011 — 2012b12) b3z + (h11hoe — 9%,) 933 }

{ (911h22 + 922h11 — 2012b12) 933 + (911922 — 9%, ) b33 }

—2(g13b13h22 — 923b13h12 — 913H23h12
4923023011 — b13basgiz) — 911035 — 92267,

3 [(911922 - 9%2)933 - 9119%3 + 2912013923 — 9229%3]
(b11b22 — b2,) b3z — b11b35 + 2b12h13h23 — hooh2s
(911922 - 9%2)933 - 911953 + 2912013923 — 9229%3

& , (12)

&3 (13)

Proof. The proof is the same as the Euclidean case. [

See [46] for the details of the Euclidean four-space. A hypersurface x in E{ is i-minimal,
when €; =0, i = 1,2, 3, identically on x.

4. Generalized Helical Hypersurfaces Having Time-like Axis

In this section, the definition of the generalized helical hypersurface with a time-like
axis in E{ is given. Let v : I C R — ITbe a curve in a plane IT and ¢ be a straight line in
ITin Ef.

A rotational hypersurface in Ef is defined as a hypersurface rotating a curve 7 around
a line ¢ (called the profile curve and the axis, respectively). Suppose that when a profile
curve 7y rotates around the axis ¢, it simultaneously displaces parallel lines orthogonal to
the axis ¢, so that the speed of displacement is proportional to the speed of rotation. Then,
the resulting hypersurface is called the generalized helical hypersurface having axis ¢ and
pitches a,b € R\{0}.

Supposing that ¢ is the line spanned by the time-like vector (0,0,0, 1)}, the semi-
orthogonal matrix fixing the above vector is defined by R(v,w), where v,w € R. The
matrix R can be found by solving the following equations, simultaneously, det R = 1,
RE =4, RteR = ¢, where ¢ =diag(1,1,1, —1). When the axis of rotation is ¢, there is a
Minkowskian transformation by which the axis ¢ is transformed to the x4-axis of E{. The
parametrization of the profile curve is given by (1) = (f(u),0,0,g(u)), where g(u) is
a differentiable function for all u € I. Therefore, the generalized helical hypersurface
spanned by the time-like vector ¢ = (0,0,0,1) with pitches a,b € R\{0} is as follows
x(u,v,w) = R(v,w)y(u)! + (av + bw)¢" in E}, where u € I, v,w € [0,27). If w = 0, the
generalized helical surface with a time-like axis as in three-dimensional Minkowski space
E? is obtained. When a = b = 0, the surface is just a generalized rotational hypersurface
with a time-like axis.

Hence, the generalized helical hypersurface with a time-like axis is given by

x(u,v,w) = ( f(u)cosvcosw, f(u)sinvcosw, f(u)sinw, g(u)+av+bw), (14)

where u,a,b € R\ {0} and 0 < v, w < 27
See Figure 1 for the projection of the hypersurface x into the three-space.
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Figure 1. Helical surface having a time-like axis.

Using the first derivatives of (14) with respect to u, v, w, the first fundamental form
matrix is presented as

f/2 o g/2 _ag/ —bg/
(gij) = —ag’' fz(Cz) —a®>  —ab . (15)
—bg' —ab 2 —b?

Here, f = f(u), ' = &, g = $(u), §' = G Then,
g = det(g;j) = f°W,
where W = ((f —b*)(C ) - )flz fzg,z(CZ)z-
Definition 3. For any curve y(u) or hypersurface x = x(u,v,w) in Minkowski four-space,

the following holds:

i.  When (v,v") > 0 (respectively, g > 0), the curve <y (respectively, the hypersurface x) is
called space-like;

ii. ~ When (v',v") < 0 (respectively, g < 0), the curve <y (respectively, the hypersurface x) is
called time-like;

iii. ~ When (y,v') = 0 (respectively, g = 0), the curve vy (respectively, the hypersurface x) is
called light—like (or null).

Here, o = du
Corollary 1. When the profile curve y(u) = (f(u),0,0, g(u)) of the generalized helical hypersur-

ce having time-like axis (14) is the unit speed curve, then (o', 7'y = f2 —¢2=1> 0, i.e., it is
8 4 vy 8
a space-like curve. Hence, the following holds:

a= (- £2)(@) +a) + (1¥(C2) +4*)5?].

Corollary 2. While (bz((l'z)2 + az)g’z < (f2 = ) (C)* — a?, then g > 0, and then, the hyper-
surface is space-like.

Corollary 3. When b? — f? > 0, then g < 0, and then, the hypersurface is time-like.
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Corollary 4. When the hypersurface having time-like axis (14) is the light-like hypersurface
(ie., g =0), then it has the following:

2 _p2V(C5)? — 42
g(u)—i/J(f bz(cz))(2iu)u2 du

The Gauss map of the hypersurface (14) is described by

(fg/CZ — bf/SZ)C1CZ — af’81
- 1 (fg/CQ — bf/SQ)SlcQ + af’Cl
- Wi/2 (f8'S2+bf'Cr)Co
ff'Ca

Using the second derivatives of (14) with respect to u, v, w, the second fundamental
form matrix is derived as

g

(16)

L[ FUE =20 afC bf2C,
(bij) = Wm( afCy f(bf'S2 — f§'C2)(C2)* —aff'S: )
bf/ZCZ —ﬂff/SZ _f2glc2

2 2
where f" = % and ¢’ = ZT‘% Then,

P (=R + b8 (€S + a2 (S:)°) 8"
b = det(t;) = L2 H(£1(C)*) 8%~ (bF 11 ()52 )8
VWL f (24 () (@) — R (S:))
—bf" (2ﬂ2 + bz(Cz)Z)CZSz

Hence, by using (10), the shape operator matrix S of (14) has the following components:

{£7]@ = )€ +a]g" + [~ £1" (0 = )€ +a2) + 2 (120 + ) [} €

o= T W3/2 ’
LlCz
512 = Wiz’
_ B[P = FA(FP - 8] ()’ + AP (b + £8'S))
S13 = W3/2 ’
o = AU 1) — (2= 87)]C
21 = Ww3/2 ’
bf/SZ — fg/C2
s = Wi
B llf/ [_beIZ 4 f2 (f/Z _ g/Z)} 82
§23 = FWA/2 /
. B b[fg/(f/g// _ f//g/) o f/2 (f/2 - gzz)} (C2)3
31 = W3/2 ’
af'S,
532 = —W,
_ PP+ P - 87)18(C)’ + @R ('S - £8'Ca)
533 = FWA2 .

Finally, the curvatures of the generalized helical hypersurface with time-like axis x are
given by the following.



Universe 2022, 8, 469 9 of 15

Theorem 2. In Ef, the generalized helical hypersurface having time-like axis (14) has the following
curvatures, respectively, €y = 1 by definition,

3¢, — 18" + pag” + pag” + pag' + Ps
L= fws/z
se, —  m8P+ 028" 43¢ +41)8" + (45¢° + 968" + 478’ + 35)° + 498” + 1108’ + 41
2 fW3 7
¢ (1182 + 128 +13)8" + (rag? +r5¢' +16)g +17
3 - fW5/2 7
where

o= (- @)+

po= —2fC)°

s = bFf(C2)S

po= f(2+0C)7) (F£-3F2) - £f ()] ¢
ps = bf? 202+ (0~ £2) ()] S,

no= (02 -22) @7 +a?) ()
2= —bfPf(( =) () +207) ()8,
g5 = f3’f2((b2—f2) (Cz)z+a2)((b2—2f2)(02)2+a2)(02)2,
no= —bff (=) (@) +202) (2= f2)(C) +a2) S,
45 = f(C)°
g6 = —bf*f'(C2)°S
(02 —2f2)(C2)* +a%) (C2)?
a7 = —f3{ _f/zj(caz(g((c )2 _fl))( 2)(3b2 —)25‘22))(02)4) }(62)2,

- £2((312 = 2f2) (o) +5a)
48 = _bfz{ _ff/f//(( 2)(62 +2a) }(62)352,
ff"(( ~22) () +a?) (1%~ £2) (C2)" +a?) (Ca)?
o = —ff" | 2(@R =) () +a?)(C >2
(@277 e + ) (52
—ff" (2 = 2)*(C)

ho = _be{ +£2((20% = £2)(Co)” +4a2) (82 - f2)(C2) + @) }
+a?bf O (3(0 = £2)(C2)” + 207) S,
m = fO(PC) ) (02 - 1)) +a?),
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no= e
no= —bffAC)S,
o= —affP0(8)%
ry = _f4f//(c2)5/
5= bEFIC)S,
re = |:azf2f/2f//(82)2_ff/4(a2+b2(62>2) (02)2}02,
mo= bf®(20 +17(C)°) (oS
W = f/2 |:(f2 _ bZ)(CZ)Z _ H2:| _ fzg/Z(CZ)z-
Proof. By using the Cayley—Hamilton theorem, the characteristic polynomial eq. Ps(A) = 0

of S for the generalized helical hypersurface with time-like axis x, the following coefficients
(in the theorem) of the eq. are obtained:

€oA® —381A% + 34 — €3 = 0.
O
Corollary 5. When g = ¢ = const., the curvatures are given by

b[2a> + (b* — £?) cos® w] sinw

Q__smﬂ+W—ﬂm#mW”
& — - (4% + b? cos w)

3[(a2 + (b2 — £2) cos?w)]*’
& - b(2a% 4 b? cos? w) cos? w sin w

fl(@+ (82 = f2) cos?w)*?
Corollary 6. If g = c = const.,, w = km, k = 0,1, ..., the curvatures are described by

a? + b?

€ =0¢=-——" -,
3(a2 4 b2 — f2)?

¢ =0.

Corollary 7. While g = ¢ = const., w = /2 +km,k =0,1,..., the curvatures are found by

2b 1
%/ QtZ - _@/

Corollary 8. When ¢ = ¢ = const,a = b =0, then €; = 0,i = 1,2,3, i.e., the generalized
helical hypersurface having time-like axis (14) is the i-minimal rotational hypersurface.

¢ = ¢; = 0.

Finally, the following holds:

Theorem 3. Let y(u) = (f(u),0,0,¢(u)), u € I C R be a generating curve of the generalized
helical hypersurface having a time-like axis given by (14) immersed in E}. Then, the curvatures
at the point (f(u),0,0,g(u)) are functions of the same variable u, i.e., € = €;(u), i = 1,2,3.
Moreover, given constants a,b,c € I C R and a function &;, the family of curves y(u) =
v(€;, w = c) is defined.

5. The Umbilical Hypersurfaces in Minkowski Four-Space

Before defining the umbilical hypersurface in Minkowski four-space, it can be seen
that the curvatures and the principal curvatures of any hypersurface are related as follows:
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& = 1,

3¢ = ky+ky+ks,

3¢ = kiky + kiks + kaks,
¢ = kikoks.

Then, the following holds:

Corollary 9. The following are equivalent:

ki=k =k < kit—ky=0Aki —ks=0Aky —k3 =0
& (ki—k) > =0A (k1 —k3)> =0A (kp —k3)?> =0
k3 —2kiky + k3 =0
g k%—2k1k3+k§=0
k% — 2k2k3 + k% =0
& k% + k% + k% = kiky + k1k3 + koks (adding above egs.)
54 (@1)2 = .
Corollary 10. The following are equivalent:
ki=k =k < kit—ky=0Aki —ks=0Aky —k3 =0
& (k1 —k2)> = 0A (kg —k3)2 = 0A (kp —k3)?> =0
k% + 2k1ky + k% = 4k1k,
A k% + 2k1ks + k2 = 4k1ks3
k5 + 2koks + k% = 4kaks
& (ki +kp)? = dkiko A (kg +k3)? = dkiks A (ko + k3)? = 4koks
< (k1 +k2) (k1 + k3) (k2 + k3) = 8kikaks
= ¢i¢ = C5.

Corollary 11. Combining Corollary 9 with Corollary 10, the following holds:
ki =ky =ks = (€7)° = ¢3.
Therefore, the following is given:

Definition 4. The hypersurface M® immersed in a Ef is called the umbilical if all its points are
umbilical, i.e., k1 = ko = k o, equivalently, (€1)° = €3 with €€, = €3, (¢1)% = €.

g . 4

Remark 1. The only umbilical hypersurfaces are (open) hyperplanes and hyperspheres in IE7.
An umbilical point is an important geometric attribute, closely related to the lines
of curvature. It is a singularity of a line of curvature: a line of curvature will end at such
points. This may partly be because there is an effective criterion for a smooth hypersurface

defined by a formula, for both parametric or implicit hypersurfaces:

Lemma 1. A point is an umbilical point on the hypersurface in Minkowski four-space if and only if
(€1)° = €3, 1€, = €3, (€1)2 = €, at this point.

Hence, the following comes out:

Problem 1. Solve the following system of differential equations for the generalized helical hyper-
surface with time-like axis (14):
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Plg// 3 (rlglz + rzg/ + 1’3)g”
+p2g/3 — 27f2w2 4 (r4g12 + rSg/ 4 ré)g/
+p38” 4 pag’ + ps
p1g” (018" + 4287 + 38" +q4) 8" , (rng?+rg +r3)g
+p2g8" +(q58"” + q68"* + 78’ +a8)8” ¢ = WS +(rag” + 758 +76 g’
+p38” + pag + s +498" + 108’ + 11 +r7
2
Plg"3 (1118/?3+ 728" + 938" + qa g"3
+p28’ = 3f¢ +(q58° +q68* + 78 +48)8"
+p3g”? 4 pag’ + ps +498" + q108" + 911

The g = g(u) solutions of the problem will give the umbilic points of the hypersurface x.

6. Generalized Helical Hypersurface Having Time-like Axis Satisfying Ax = Ax in E]

In this section, the first Laplace-Beltrami operator (i.e., that depends on the first
fundamental form) of a smooth function in E‘ll is given. Then, the Laplace-Beltrami
operator is calculated by using the generalized helical hypersurface (14).

Definition 5. The Laplace-Beltrami operator of a smooth function ¢ = ¢(x',x?,x3,x*) |p
(D C R*) of class C* depends on the first fundamental form is defined by

1/2_ij 9P
1/2 > ax1< ’ax,) (17)

i,j=1
where (gil) = (gi) tand g = det(gjj)-

Hence, the inverse matrix (gij ) of the first fundamental form matrix (Qij) of any
hypersurface having three parameters in Minkowski four-space is given by

913923 — 012033 911933—9%3 912813 — 9011923

B 1 9220933 —933 913923 —9012033 812823913922
(g” ) = ,
9129239613922 8128137911823 911922—9%2

where g = —g3307, + 2012013023 — 922073 — 011023 + 811022033.
With the help of the above matrix, the inverse matrix of (15) is obtained by

g [ (PG -a ag’ bg'(C2)?
(sz> = ag' [(f2— 1) f2 — f247]/ 2 abf2/ f2 )
bg'(C2)? abf"?/ f? [(f2(C2)? = a?) f2 — f28"*(C2)?] / f?

where W = ((£2 1) (C2)? — @?) £ — 282(C)?.
By using (17) with the above matrix (g/) of (14), the following holds.

Theorem 4. The first Laplace—Beltrami operator of the generalized helical hypersurface (14) is
given by
Ax = 4@:1 g,

where €1 is the mean curvature and G is the Gauss map of X.
Proof. By directly computing (17) on x, Ax is found. [J

Theorem 5. Let x : M3 C E> — E{ be an immersion given by (14). Ax = Ax, where A is
the matrix of order four if and only if x has €1 = 0, i.e., it has zero mean curvature.
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Proof. Considering 4¢1G = Ax, the following comes out:

fClCzall + f81C21112 + szlZ13 + (g +av+ bw)a;y, = ‘F((fg/CZ — beSQ)Clcz — af/Sl),

( )
fC1Coa + f81Coa0p + fSrans + (§ +av+bw)ayy = Y((f§'Co—bf'S2)S81Co+af'Cy),
fC1Caaz1 + fS1Coaz + fSoazz + (g +av +bw)azs = Y(fg'Sr+bf'C)Co,
fC1Caag + fS1Coap + fSrass + (§+av+bw)ay = —Yff'C,

where A is the 4 x 4 matrix, ¥ (u, w) = 4¢;/W'/2. Differentiating the above ODEs twice
with respect to v, the following holds:

A14 = A4 = A34 = A44 = 0, ‘I’(u, ZU) =0. (18)

Considering (18), the following appears:

—fC1Crar1 — fS1Cra12 = 0,
—fC1Caa01 — fS1Coan =0,
—fC1Craz1 — fS1C2a3 =0,
—fC1Cray1 — fS1Cra40 = 0.

Taking into account that the functions sin and cos are linear independent of v, all the
components of the matrix A are 0. Since ¥ = 4¢;/W?'/2, then ¢; = 0. This means x is a
one-minimal generalized helical hypersurface having a time-like axis. O

7. Summary

In this work, the definition of the generalized helical hypersurface having a time-like
axis in four-dimensional Minkowski spacetime is given. The related differential geometric
objects such as the fundamental form matrices, the Gauss map, the shape operator matrix,
the curvatures, etc., of these kinds of hypersurfaces were calculated. The curvature formulas
depend on the coefficients of the first and the second fundamental forms. The umbilical
conditions of that kind of hypersurface were also indicated. The Laplace-Beltrami operator
of the generalized helical hypersurfaces having a time-like axis was given. Thanks to
three-dimensional projections, visual graphics were added to this work.

Time-like worldlines in general relativity correspond to physical, causal trajectories of
mass particles. Therefore, we hope that this paper can be used for real-world applications
in the near future.
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