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Abstract: Kaluza—Klein theory attempts a unification of gravity and electromagnetism through the
hypothesis that spacetime has five dimensions, of which only four are observed. The original model
gives rise to the standard Einstein-Maxwell theory after dimensional reduction. However, in five
dimensions, the Einstein—-Hilbert action is not unique, and one can add to it a Gauss—Bonnet term,
giving rise to nonlinear corrections in the dimensionally reduced action. We consider such a model,
which reduces to Einstein gravity nonminimally coupled to nonlinear electrodynamics. The black
hole solutions of the four-dimensional model modify the Reissner—Nordstrom solutions of general
relativity. We show that in the modified solutions, the gravitational field presents the standard
singularity at # = 0, while the electric field can be regular everywhere if the magnetic charge vanishes.

Keywords: Kaluza—Klein theory; Gauss-Bonnet Lagrangian; charged black holes

1. Introduction

In his career, Richard Kerner gave important contributions to the Kaluza—Klein (KK)
framework, in particular showing that nonabelian gauge theories can also be obtained from
the process of dimensional reduction by increasing the number of internal dimensions [1].
He was also one of the first to notice the relevance of Gauss—-Bonnet (GB) terms in the action
of higher-dimensional theories, showing that they give rise to nonlinear contributions to
electrodynamics in the reduced theory [2].!

We recall that KK theory unifies gravity and electromagnetism through the hypothesis
that spacetime has five dimensions, of which only four are observed [4,5]. After dimensional
reduction, the original KK model gives rise to the standard Einstein-Maxwell theory but
does not predict new observable effects. For this reason, it has been abandoned, although
its higher-dimensional generalizations, implementing also weak and strong interactions,
have been widely investigated in the 1980s [6].

However, it is well known that in dimensions higher than four, the Einstein—Hilbert
action can be generalized by the introduction of the so-called Gauss—Bonnet terms, as first
observed by Lovelock [7]. These terms represent the most general extensions of the Einstein—
Hilbert action that give rise to second-order field equations in arbitrary dimensions. One
of their most notable properties is that they do not introduce new degrees of freedom in
the spectrum of the theory in addition to the graviton and therefore avoid the presence of
ghosts or tachyons, in contrast with most higher-derivative actions [8]. In lower dimensions,
they are total derivatives and do not contribute to the equations of motion.

Their dimensional reduction, however, gives rise to nonlinear corrections to the
Maxwell action of the electromagnetic field. Nonlinear models of electrodynamics have a
long history: they were first proposed by Born and Infeld [9] in the hope of avoiding the
singularities related to pointlike charged sources and then by Heisenberg and Euler [10] to
give an effective classical description of quantum electrodynamics in a suitable limit. A
general formulation, which includes also the model studied in [2,3] as a special case, was
given by Plebanski [11].
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However, the specific action obtained from the dimensional reduction of the GB action
enjoys peculiar algebraic properties. For example, the purely electric or magnetic solutions
of the Maxwell equations in flat spacetime are not modified, and hence, only dyonic
solutions can be affected by these corrections [2]. Dyons are pointlike sources that present
both electric and magnetic monopole charges. They were introduced in [12] and found
applications in grand unified theories. Some solutions of this nonlinear electrodynamics
model in flat space, hence neglecting gravity, have been discussed in [2,13,14].

The investigation of this model is also interesting in view of the no-hair and uniqueness
theorems of general relativity, which state that for the standard Einstein-Maxwell theory,
the only spherically symmetric solution is Reissner-Nordstrom (RN) [15]. However, several
examples have been found where the presence of nonminimal couplings to gravity violate
this statement [16-18]. As shown in [14], also in the present case, the theorem does not hold.

In fact, we have recently shown that a five-dimensional KK theory containing GB
contributions admits exact solutions that modify the RN metric of general relativity [14].
In particular, when the nonminimal coupling between gravity and Maxwell fields arising
from the dimensional reduction is neglected, its dyonic solutions display an everywhere
regular electric field. These modifications could in principle give experimental evidence of
the existence of extra dimensions, although the effects are extremely small and beyond our
present observational ability.

Here, we give a more complete discussion of the dyonic solutions of the model, taking
into account also the nonminimal interaction terms. It turns out that, contrary to the case
where these terms are neglected, the electric field can be regular everywhere only for a
vanishing magnetic field. > This may be considered as a positive feature of the model, since
magnetic monopoles are not observed in nature.

2. Kaluza—Klein Theory

As it is well known, Kaluza-Klein theory was proposed by Kaluza [4] soon after the
discover of general relativity, with the aim of unifying gravitation and electromagnetism.
The basic idea was to consider a five-dimensional spacetime, where the fifth dimension is
unobservable because the fields depend only on the four-dimensional coordinates, and to
consider a metric of the form®

gi‘”‘( 24 1) @)

where g;; is the four-dimensional metric and A; is the Maxwell potential, and we have
chosen the normalization in order to simplify further calculations.
Substituting (1) in the five-dimensional Einstein—-Hilbert action, this reduces to

= / V=g d*x[R — FiE;), 2)

where R is the Ricci scalar and F;; = d;A; — d; A, is the electromagnetic field strength. This is
nothing but the standard four-dimensional Einstein-Maxwell action in our normalization,
whence the inclusion of the electromagnetic field in the theory is obtained by just adding a
dimension to spacetime.

The theory was later improved by Klein, who explained the unobservability of the fifth
dimension by assuming that it is curled in a very small circle [5]. Further developments
were introduced by Jordan and Thiry [20,21], who noticed that the size of the compactified
dimension is not necessarily constant but can depend on the spacetime coordinates, so that
Qa4 can vary, giving rise to a scalar field in the compactified theory.

Returning to (2), we recall that by the uniqueness theorems, the only spherically
symmetric solution of the Einstein-Maxwell equations in the presence of a pointlike source
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with both electric and magnetic charge, Q and P, respectively, is given by the Reissner—
Nordstrom metric, with electromagnetic potential

Q
A:r—zdt—i—PcosGdgo 3)
and metric

ds?> = —Adt? + A~dr? 4 r?d6* + sin® 0dg?, ()

where ) )

2M P
A=1-"1+4 Q;z (5)
r r

A remarkable property of this solution is its duality under the exchange of Q and P.
For M? > P? 4+ Q?, the metric (4) describes a black hole with two horizons at

P =M++/M2—Q2— P2, (6)

If M? = P? + Q?, the two horizons coincide and the black hole is called extremal,
while if M? < P? + Q?, a naked singularity occurs.

Among the most interesting properties of black holes is the possibility to associate
thermodynamical parameters to them. In particular, the temperature can be identified with
the inverse of the periodicity of the time coordinate that makes the Euclidean section of the
solution regular [22]. For spherically symmetric black holes, it can be calculated as [23]

1 ngO
T=—"86+-+/——2= . 7
47, /800811 dt - )
'+
For the RN black hole, this formula gives
1 i —r*
- ®)

The entropy can instead be identified with the area of the horizon surface [24], which
in RN is
S =d4mr?, )

with 7} and r* given above.

3. The Model

As mentioned above, Lovelock [7] noticed that in more than four dimensions, the
Einstein-Hilbert action is not unique but can be extended by introducing higher-derivative
terms that however give rise to second-order field equations (although nonlinear in the
second derivatives). In lower dimensions, these terms reduce to topological invariants
(whence the name Gauss—-Bonnet) and do not contribute to the field equations.

In particular, in five dimensions, the only nontrivial extension of the gravitational
Lagrangian of the Lovelock type is given by the quadratic GB invariant

S = RMP7Rypr — AR Ry + R2. (10)

The dimensional reduction of the generalized action obtained by adding the GB
term to the Einstein—Hilbert action gives rise to models of gravity coupled to nonlinear
electrodynamics, which, as a consequence of the properties of the higher-dimensional
theory, contain only graviton and photon excitations [8] and are therefore relevant from a
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phenomenological perspective. Therefore, we consider a five-dimensional Einstein-Gauss—
Bonnet theory, with action [2,3,14]

= / /=g @x(R+as), (11)

where the coupling constant a has dimension [L]? and is usually assumed to be positive for
stability reasons. Arguments based on quantum gravity or string theory fix it to be of the
Planck scale, but in any case, observations set a very small upper limit on its value [19].
We adopt the ansatz (1), neglecting for the moment the possibility of introducing a
scalar field, and insert it into (2). Discarding total derivatives, the action reduces to [2,3,25]

= / V=g d*x[R— FVE; + 3alyy — 2Ly, (12)
where the nonlinear electrodynamics Lagrangian is given by
Lt = (FIF;j)* — 2FIF; FUE (13)
and the interaction term L;,; is
Lint = FUF¥ (Ryjy — 4Rydj1 + R o). (14)

Due to the algebraic properties of the GB action, the field equations derived from Ly,
contain the electric and magnetic fields only in the combination E - B (in nonrelativistic
notation), so that they do not modify purely electric or magnetic solutions [2], and only
dyonic solutions can be affected.”

If one neglects L;,;, the action describes a model of gravity minimally coupled to a
specific form of nonlinear electrodynamics. Exact asymptotically flat spherically symmetric
solutions of (12) in the absence of L;,; have been investigated in [14], where it was shown
that the Reissner—Nordstrom solution of general relativity is modified in the dyonic case.

We recall the results of [14]: it is known that the simplest way to obtain the field
equations for a spherically symmetric solution is to substitute into the action an ansatz for
the metric of the form

ds? = —e?'di? + A2 dr? 4 e2°d0)?, (15)
to which we add an ansatz for an electromagnetic potential of dyonic form:
A =adt+ Pcosfdg, (16)

where v, A, p and a are functions of r and P is the magnetic charge.
Then, after integration by parts, the action in the absence of L;,; becomes

I = 2/(17, |:<2V/p/ + p/Z)eZI/f/\+2p 4 e)\ 4 a/Ze*/\+2p _ pzeApr _ 1206132[1/267/\72(3 , (17)

where ' = d/dr. One can now vary the action with respect to the fields v, A, p, and 2 and
then choose a gauge. The standard choice is e’ = r.
In this way, one obtains three independent field equations, namely

P2\ 1
{rze’\ (1 + 12« r4> a’} = 0. (18)

A =0, (19)
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p? p?
2v\/ 2A 2.2
=(1-— - —120—, 20
(re?") < 2 )e rea s (20)
Let us consider the solutions for a positive « [14]. Equation (18) gives for the radial
electric field E = Fy,
__ o
-4+ 12aP2’
with Q as an integration constant. A remarkable property of the solution is that, contrary
to RN, for P # 0, E is regular everywhere, including the origin.
For the metric functions, Equation (18) gives A = 0, as in RN. Finally, ¢ is obtained
from Equation (20) as

E=d (1)

p2 Q? V2r V2r 1 r2—\2&r+a
— + tan(1— Y | —arctan| 1+ Y= | + - log— """ |, 22
AR ”“‘“an< Vi )T TR ) T e s )
where we have set & = v/ 3aP2. The asymptotic behaviour of the solution is given by
2M  Q?>+P?  3aP?Q? 1
2v _
eV—l—T—}— T 56 ol = |, (23)

and has therefore the same form as for RN up to order 1/7°. It follows that the integration
constants M and Q can be identified with the mass and the electric charge. Therefore, the
solution still depends on three parameters, but it is no longer invariant for the exchange
Q<+« P.

The properties of the metric are analogous to those of the RN solution: a curvature
singularity is present at the origin, which for M greater than its extremal value is shielded
by two horizons.

If « < 0, the electric field is still given by (21), but a singularity occurs at rg = V&,
where now & = v/ —3aP2. The metric function A still vanishes, while ¢ takes instead a
slightly different form:

2 p? 2 1 — V@
62":1—7M+r—2+ Q E—arctani~—flo r-va

2Var |2 Vi 2 8,1 Val

A spherical curvature singularity occurs at r = rp, and the solution can have one or
two horizons depending on the specific values of the parameters, while the asymptotic
behaviour is still given by (23).

It is evident that the effects of nonlinear electrodynamics are more relevant at small r
and tend to vanish at infinity.

(24)

4. The Solution

We now consider the asymptotically flat spherically symmetric solution of the field
equations stemming from the action (12), when also the term L;; is included. In this case,
it is not possible to find an exact solution, and we must proceed perturbatively.

We look for spherically symmetric solutions with an electromagnetic field of the
dyonic form (16) and a line element (15). The interaction term now leads to field equations
containing both the invariants E-B and E? — B2, allowing for the existence of deformed
solutions even if E or B vanish.

Substituting (15) and (16) in (12), after integration by parts, the action becomes

I = Z/di’ |:(2V/p/+p/2)62vA+2p+€/\+a126/\+2p_1326/\2p

i <3P2a/2eA2p + a12p/262v73/\+2p . al2ef/\ =+ 2P2v’p’e21’/\2") ] , (25)
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where’ = d/dr.
As before, we vary the action (25) with respect to the fields A, v, p, and a, and then
choose the gauge e’ = r. The three independent field equations can be put in the form

p2 w-21 _q !
[rze_)‘ (1 +12a — +4a 82) a/] =0. (26)
r r
4aP? 4 p?
(1+ 0;4 )A/ — :‘(a’2e‘u+3r4>, (27)
2v\/ PZ 31)2
(re?)’ + 4aP? ) =(1-= ) —r2a? +4aad?(1-32"2A -, (28)
3 r2 2

An important effect of the nonminimal gravity-Maxwell coupling L;,,; is that the metric
field A no longer vanishes. This is a common feature in the presence of nonminimally
coupled Maxwell fields [16-18]. Also, the radial electric field E = Fy; is modified with
respect to the solution (21), since (26) gives

B Q 1,26/\
ot da (e2v=2A —1)r2 4 12a4P?’

E=4d (29)

where Q is an integration constant that can be identified with the electric charge. Now,
because of the term proportional to the metric function in the denominator, this is no
longer necessarily positive definite even if & > 0, and the electric field might be singular at
its roots.

Equations (26)—(28) do not admit a solution in analytical form, so we perturb them in
the small parameter « around the Reissner-Nordstrom background (3)-(5). The perturba-
tive expansion will be valid for large values of r, namely r > /.

We therefore define the perturbations o (), y(r), and ¢(r) as

Q
' = A+ ao, A =ay, E= r—z(l +ag), (30)
and substitute in the field equations, obtaining
B A—1 3P?
p=7—-4 —ta ) (31)
2 2
+ 3P
7y =422 (32)
4PN’ P? 20% 407 3P?
/
Integrating (32), we obtain at order a
2 2
+ 3P
Y= Q74 (34)
r
Substitution in (31) gives
8M  3Q2+13P?
p="5 - LT (35)

Finally, inserting the previous results in (33) and integrating, one obtains

2(Q*—-P?) 2M(Q*—-P?) 6Q*—8P?Q*—2p*
o= ( = ) - ( 5 ) + 56 . (36)
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In all the solutions, we have chosen boundary conditions such that the corrections
vanish at infinity. Hence, at order «,

2 2 2 _ p2 2 _ p2 4 212 _ p4
eszl_¥+7&) tp +2¢x(Q P M@ P)+3Q 4P7Q p>, (37)

ré r° 5r6
2 2
2 1420 S (39)
r
M 2 4+13p2
EN%<1+8"‘3 _ a8+ 13 )>. (39)
T r T

Our approximation works well for r — co. At leading orders in 1/, the asymptotic
behaviour is the same as that in RN. Therefore, we can still identify M with the mass of the
black hole and Q and P with its electric and magnetic charge. Notice that the corrections to
the RN solutions are much larger than in the case where the L;,; term is neglected, since
they are now o(1/7%).

The horizons are displaced with respect to the RN solutions, where they are located at
1%, see (6). At the first order in &, one has v+ = . + aAr, where

Ai’i = (40)

B E r=ri ’
It follows that

5(P? — Q?)ri.? — 3P* + 8P2Q% — Q*
ary = QNS ARG ST (1)
5ri7(ri® — P* = Q?)

where to simplify the expression, we have chosen as independent parameters % (r*), Q,
and P, writing the RN mass M in terms of the outer horizon and of the charges as

riz—O—Qz + p2

M= 2rt

(42)
It is apparent that the actual values of the displacement of the horizon strongly depend
on the charges.
A calculation shows that the condition of extremality » = r_ is, at first order in «,

a P*44Q%P? —3Q*

2 2 2
=P
M Qs g

(43)

Depending on the values of Q and P, the correction to the extremal value of the mass
with respect to the RN case can be both positive or negative. This is clear from Figure 1,
where the extremal values of Q in function of P for M = 1 and & = 0.1 are compared for
our solution and RN solution. For small P, the extremal value of Q is higher than in the
RN case, while for a great P, it is smaller. We recall however that, while the value of r
obtained in this way is in general well approximated by (41), the value of r_ is reliable only
for very small values of a.

In this approximation, the metric function e? does not differ much from that of RN and
the causal structure should therefore be analog. Hence, for an M greater than extremality,
one has two horizon, while a naked singularity is present for M less than its extremal value.
However, this is not necessarily true for greater values of &, where the approximation fails.
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Figure 1. Extremal values of Q in function of P for M = 1 and a = 0.1. Continuous curve: solution
(37); dotted curve: Reissner—-Nordstrom metric.

Using the standard definitions reported in Section 2, it is possible to derive the thermo-
dynamical quantities associated to the black hole from the behaviour of the metric functions
near the outer horizon. In the parametrization (15), the formula (7) gives

_ 1 —A(L2vN\/ 1 l /
T=_-e (e )|r:r+ i {A (1 rx'y)+rxa}r:r+. (44)

Hence,

1 * 2 2 2
TN477”’*3(1’+ — P _Q
+

o 7P% +25P*Q? + 17P2Q* — Q° — 14P4% 2 — 36P2Q%r* % +2Q%% 2 + 5(Q% + Pz)ri‘*) @)
5rid(ri 2 — P2 — Q2)
The entropy S can be identified with the area of the horizon, namely,
3P4_8P2 2 4 5 2_P2 % 2
S =4 ~ dmrt? <1 2 Q4 +§3 +2 (Q . )i (46)
5r% *(r " — P2 — Q?)

It follows that the thermodynamical quantities also display a complicate dependence
on the charges.

It is also interesting to investigate the behaviour of the solutions near the singularity.
This can be calculated by an expansion in powers of r near v = 0. Setting

and substituting in the field Equations (26)—(28), one obtains h = -2,/ = —3and k = —1.
It follows that the metric functions and the electric field diverge for r = 0, thus destroying
the nice property of the solution in Section 2 of having a finite electric field at the origin.

The only exception is for P = 0. In this case, the electric field vanishes at the origin.
In fact, now, h = —1,1 = 0, and k = 1. The possible existence of electric solutions regular
at the origin in the absence of a magnetic field has also been noticed in [19]. However, for
small values of Q, numerical calculations show that the solutions become singular at a
point vy > 0, presenting a spherical singularity, similarly to the @ < 0 solutions of Section 2.

Remarkably, the behaviour of the solutions is therefore opposite to those with L;,;; = 0,
since regular solution can now exist only if P = 0.
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1.0

0.5

5. Numerical Calculations

The solutions of the Equations (3)—(25) can also be obtained numerically. This is
especially interesting in the regime r < &, where the perturbative calculation of the
previous section fails. In Figure 2 are reported the metric functions and the electric field
calculated for « = 0.01, M = 1, and several values of Q and P, such that Q*> + P? = 1/2,
so that 74 ~ 0.7. The metric functions e” and e* do not change much for different values
of the charges. In particular, €?" is similar to the RN solution, while e 2" = 1 for r > /&
and then fades to 0 for r — 0. The solutions are indistinguishable from RN for a large r. In
general, a curvature singularity is present at r = 0 and the causal structure is essentially
the same as that of the RN solution. Also, the electric field is singular at the origin as in the
RN solution.

As mentioned before, an interesting special case is given by P = 0. In Figure 3 are
depicted the metric functions ¢V, e=2A and the electric field F for M = 1 and different
values of the electric charge. For our choice of parameters, if Q > 0.44 the electric field is
regular at the origin. The possibility of such a behaviour had been noticed in [19] using
different methods. However, for a smaller Q, a singularity occurs for a finite value of r and
the metric functions and the electric field diverge there.

-0.5

-1.0

1.2

I L L L L I L L L T T r

0.5 1.0 1.5 2.0

Figure 2. The metric functions e (left panel) and e~2A (right panel) and the electric field F (bottom
panel) for black holes with mass M =1, Q%+ p?= %, Q = 0.1 (in cyano), Q = 0.3 (in blue), Q = 0.5
(in green), and Q = 0.7 (in red).
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Figure 3. The metric function functions e?” (left panel) and e 22 (right panel) and the electric field
F (bottom panel) for black holes with mass M =1, P = 0, Q = 0.1 (in cyano), Q = 0.3 (in blue),
Q = 0.5 (in green), Q = 0.7 (in red), and Q = 0.9 (in magenta). As it is evident from the graphs, the
curves with Q = 0.1 and Q = 0.3 display singularity at 7o = 0.08 and ry = 0.06 respectively.

6. Conclusions

We have studied the solutions of the dimensionally reduced Kaluza—Klein theory
with Einstein—Gauss—-Bonnet action, including the interaction term that was disregarded
in Ref. [14]. Since it was not possible to find analytic solutions of the field equations, we
have used perturbative and numerical methods. The four-dimensional theory consists
in general of relativity coupled to a particular form of nonlinear electrodynamics, and
its solutions modify the RN solution of the Einstein-Maxwell theory but still depend on
three parameters, identified with the mass and the electric and magnetic charges. They still
present a black hole causal structure analogous to that of RN. A surprising consequence
of the inclusion of L;,; in the action is that dyonic solutions no longer display a regular
electric field, like the solutions of sect. 2 [14], but instead, such behaviour can occur for
purely electric solutions.

Our solutions also limit the validity of uniqueness theorems of general relativity,
giving a further example of how nonlinear couplings of additional fields (in our case,
electromagnetism) can give rise to solutions different from the standard ones, although
depending on the same number of parameters.

The model investigated in this paper could be extended to higher dimensions, allowing
for the possibility to introduce further terms of the GB type in the action. In such a case,
nonabelian gauge fields are also present in the four-dimensional action [1,6], and new
interesting phenomena could appear.

A different extension of our research would be the introduction of a scalar field into
the ansatz of dimensional reduction [20,21]. In this case, the GB term is present also in
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the reduced four-dimensional theory, coupled to the scalar field. This fact may modify the
structure of the solutions; see e.g., [18].

To conclude, we observed that, even if higher-dimensional KK theories have not
obtained phenomenological success, mainly because of problems related to the inclusion of
fermions into the theory, their investigation can still be useful and can produce interesting
results, at least from a formal point of view.

Funding: This research received no external funding.
Data Availability Statement: Data are contained within the article.

Conflicts of Interest: The author declares no conflict of interest.

Notes

This was also independently observed by Buchdal [3].

2 The existence of solutions with regular electric fields was predicted also in [19], using different methods.

3 Weset y,v =0,...,4;i,j = 0,...,3 and use natural units.

4 In the general Plebanski models [11], the combination E2 — B2 can also occur in the field equations.
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