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Abstract: This article reports on the scattering of unpolarized and spin polarized electrons and
positrons from 28Ni58, 29Cu63, 46Pd108, and 78Pt196, covering light to heavy precious metal targets.
To cover the wide energy domain of 1 eV ≤ Ei ≤ 300 MeV, Dirac partial-wave phase-shift analysis
is employed, using a complex optical potential for Ei ≤ 1 MeV and a potential derived from the
nuclear charge distribution for Ei > 1 MeV. Results are presented for the differential and integral
cross-sections, including elastic, momentum transfer, and viscosity cross-sections. In addition, the
inelastic, ionization, and total (elastic + inelastic) cross-section results are provided, together with
mean free path estimates. Moreover, the polarization correlations S, T, and U, which are sensitive to
phase-dependent interference effects, are considered. Scaling laws with respect to collision energy,
scattering angle, and nuclear charge number at ultrahigh energies are derived using the equivalence
between elastic scattering and tip bremsstrahlung emission. In addition, a systematic analysis of
the critical minima in the differential cross-section and the corresponding total polarization points
in the Sherman function S is carried out. A comparison with existing experimental data and other
theoretical findings is made in order to test the merit of the present approach in explaining details of
the measurements.

Keywords: elastic scattering; spin asymmetry; critical minima; scaling laws; optical potential; Dirac
partial wave analysis

1. Introduction

Much of our knowledge on the interaction between elementary and composite parti-
cles, and on the structures of isolated atoms, molecules, and bulk matter is derived from
the analysis of experimental data on scattering processes in conjunction with respective
theoretical predictions. Electron-impact collisional data, for instance, are required in such
diverse fields of science and technology [1–3] as plasma physics, radiation dosimetry, atmo-
spheric modeling, surface electron spectroscopy, semiconductor etching, and many more.
Positron scattering data are used in medicine and material science as well as in high-energy
physics and astrophysics. To name only a few areas, the positron emission technology
(PET [4]) has been applied in the diagnosis of cancer and brain function disorders. By
comparing electron and positron scattering, it is possible to assess radiative corrections [5].
Fundamentally, this leads to more detailed understanding of electronic or nuclear charge
densities and the related interaction potentials, thanks to the sign difference between the
charge of the two probing particles.

In our present investigation, we consider electron and positron scattering from the
naturally abundant precious metal atoms Ni58, Pd108, and Pt196, which share the same
column in the periodic table and have similar electronic configurations. Included is the
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study of Cu63, adjacent to nickel, which has already been touched upon in an earlier
paper [6]. The one-by-one increase in the electron shells allows the influence of the shell-
structured electron density distribution on the measured scattering observables to be
studied.

In this study, we investigate the angular and energy dependence of the differential
cross-section (DCS) for the elastic scattering of unpolarized projectiles. In addition, we
investigate the Sherman function, S [7,8], which is more sensitive to details of the collision
process and which determines the degree of vertical polarization after the scattering process.
Equivalently, S is responsible for the left–right cross-section asymmetry if the beam particles
are spin polarized perpendicular to the scattering plane. If, on the other hand, they are
polarized in the scattering plane, the cross-section change using polarized projectiles is
characterized by the parameters T and U. The measurement of T and U, however, requires
the additional determination of the spin polarization of the scattered lepton. The accuracy
of this experimental determination can be assessed using the sum rule, S2 + T2 +U2 = 1 [7].

Particular weight is placed on the critical minima (CM) of the DCS, as in this proximity
the Sherman function is close to its maxumum value, |S| ≈ 1. This knowledge of CM
analysis can be used for the production of polarized beams of electrons or positrons, and
has fundamental as well as practical relevance.

In addition to the differential cross-section, the integrated cross-sections are deter-
mined both for elastic (IECS) and inelastic (INCS) scattering. These cross-sections are
inversely related to the mean free path λ for low-energy electrons in solids. The knowledge
of λ is important for both quantitative surface analysis by Auger-electron and X-ray–
photoelectron spectroscopy [9], and is needed to calculate the transport of signal electrons
in solids as well [10]. In addition, the momentum transfer and the viscosity cross-sections
are calculated. This knowledge, in combination with the DCS, is required to determine
multiple scattering in solid matter, particularly at collision energies above 200 eV.

Our theoretical investigations, which are compared with the existing experimental data
on the precious metal targets, are based on the optical potential model (OPM). This model
reduces the many-body problem to the use of an effective local monopole potential [11],
which is subsequently considered in phase-shift analysis for potential scattering [12]. This
model has been applied successfully for wider collision energies, above several tens of eV,
as reviewed in [13]. For very low impact energies, investigators use more sophisticated
theories, such as four-state close coupling [14], convergent close coupling, coupled-channel
optical theories [15], and the B-spline R-matrix method [16]. However, these theories are
far too involved to extend their region of applicability beyond 50–100 eV. By comparing the
present results down to 1 eV with these advanced theoretical and experimental findings, it
is possible to judge the validity of more computationally simple theories such as OPM.

When extending the range of the considered collision energies to about 300 MeV,
nuclear structure phenomena become accessible. Scaling laws have been discovered in this
high-energy region, which in the forward hemisphere hold for the DCS, and in the case of
heavier atoms, for the spin asymmetry as well.

The paper is organized as follows. Section 2 comprises an overview of the theory,
and Section 3 describes the role of the different constituents of the optical potential for the
elastic scattering cross-section. Section 4 deals with the angular and energy distribution of
the DCS, including an investigation of the critical minima, as well as the Sherman function
and the high-energy scaling laws for electron impact. Positron impact and the polarization
parameters T and U are considered in Section 5. Integrated cross sections and mean free
paths are studied in Section 6. Finally, the conclusions are drawn in Section 7. Atomic units
(h̄ = m = e = 1) are used unless indicated otherwise.

2. Theory

For estimation of the observables in elastic lepton–atom scattering, phase shift analysis
is employed. This implies that the interaction between the collision partners is approx-



Atoms 2022, 10, 82 3 of 42

imated by a local potential V, which at impact energies Ei below 1 MeV is an optical
potential, V = VOPM, with

VOPM(r) = Vst(r) +
1
2
(1− Z0)Vex(r) + Vcp − i Wabs(r), (1)

where Vst = Z0(φN + φe) is the electrostatic potential, composed of the nuclear contribution,
φN , and that of the electron cloud, φe. Here, φN is the potential of a point-like nucleus,
while φe is derived from the electronic charge distribution $e, which is provided either by
the numerical Dirac–Fock density [17] or in a parametric form fitted to a Hartree–Fock
charge distribution [18]. The prefactor is Z0 = −1 for electrons and Z0 = 1 for positrons.
The exchange potential, Vex, accounts for the indistinguishability between the impinging
electron and the target electrons, and is absent for positron scattering. Vcp is a correlation-
polarization potential which is caused by the polarizability of the electron cloud due to the
incident particle. The last term, i Wabs, is an imaginary absorption potential which considers
the depletion of the elastic channel by means of target excitation or positronium formation.
All these potential constituents are provided in the local density approximation, and their
target dependence results almost exclusively from $e. Potential details and corresponding
references can be found in [13,19].

For energies above 1 MeV, only φN contributes to the potential, and is provided by
V = Z0φN . When Ei ≥ 10 MeV, the finite nuclear size has to be taken into account;
φN is derived from the charge distribution, $N , of the target nucleus. For the precious
metals considered here, $N is provided in terms of a Fourier–Bessel expansion [20] fitted
to the experimental elastic cross-section data. High-energy recoil effects due to the finite
target mass are considered by replacing Ei with the average Ēi =

√
EiE f , where E f is the

recoil-reduced kinetic energy of the scattered lepton.
With this local potential V and total energy Ei + c2 (respectively, Ēi + c2 above 1 MeV),

the Dirac equation can be solved for the partial-wave expanded leptonic scattering state.
To this end, we used the Fortran code RADIAL [21]. The corresponding phase shifts of
each partial wave enter into a weighted sum of Legendre polynomials and associated
Legendre functions of the scattering angle. This sum provides the direct (A) and the spin-
flip (B) scattering amplitudes [12,13]. From these scattering amplitudes, the differential
cross-section (DCS), averaged and summed, respectively, over the leptonic polarization
degrees of freedom, can be calculated:

dσ0

dΩ
= |A|2 + |B|2. (2)

For fully screened target atoms, (2) serves to calculate the integrated elastic cross-
section (σel) as well as the weighted angular distributions defining the momentum transfer
(σm) and the viscosity (σv) cross-sections, which are required in the context of multiple
scattering phenomena involving the transport of projectiles through matter. These are
obtained from

σel = 2π
∫ π

0
sin θ dθ

dσ0

dΩ
, (3)

σm = 2π
∫ π

0
sin θ dθ (1− cos θ)

dσ0

dΩ
, (4)

σv = 3π
∫ π

0
sin θ dθ (1− cos2 θ)

dσ0

dΩ
, (5)

where θ is the scattering angle.
Accounting for the polarizations ~ζi and ~ζ f of the lepton in its initial and final scattering

state, respectively, the DCS can be expressed in terms of the three polarization correlations
S, T, and U [7]:
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dσ

dΩ
(~ζi,~ζ f ) =

1
2

dσ0

dΩ
[1 + zi f + S êy · (~ζi +~ζ f )

+ T (~ζi ·~ζ f − zi f ) + U êy · (~ζi ×~ζ f )], (6)

with zi f = (êy ·~ζi)(êy ·~ζ f ) and dσ0
dΩ from (2). The momenta of the impinging and scattered

lepton,~ki and~k f , respectively, define the (x, z)-scattering plane (see Figure 1), while its
normal êy is in the direction of~ki ×~k f . Thus, the parameter S is accessible for leptons
polarized perpendicular to the scattering plane, and is the only polarization correlation
which exists even for an unpolarized beam. For leptons in an outgoing helicity eigenstate
(i.e., when ~ζ f is aligned with~k f such that zi f = 0), T and U can be measured for beam
particles polarized in the scattering plane, and all three polarization correlations can be
expressed in terms of the scattering amplitudes A and B [7,8,22]:

S =
2 Re (AB∗)
|A|2 + |B|2 , (7)

T =
|A|2 − |B|2
|A|2 + |B|2 , (8)

U =
2 Im (AB∗)
|A|2 + |B|2 . (9)

It follows that S and U depend on the phases of A and B, and are therefore more
sensitive to the details of the theoretical models than the differential cross-section or T.

X

Z

ey

𝜻𝒇

𝜻𝒊 𝒌𝒇

𝒌𝒊

θ

Figure 1. Coordinate system showing the (x, z) scattering plane spanned by the lepton momenta~ki

and~k f , the spin polarization vectors ~ζi and ~ζ f , and the scattering angle θ.

The way of evaluating the phase-shift sums leading to A and B depends on the collision
energy. Due to the fact that the necessary number nmax of partial waves increases with Ei, a
direct summation is only feasible for Ei ≤ 1 MeV; however, this requires nmax ≈ 25, 000
for proper convergence at the highest energies. At Ei ≥ 1 MeV, an m̃-fold convergence
acceleration has to be applied [23], which strongly reduces the convergence at the foremost
scattering angles. For θ ≥ 20◦, an appropriate choice is m̃ = 3, as it means that nmax = 5000
is sufficient. Using m̃ = 2, we can get down to 1◦ for the DCS and 10◦ for S, with
nmax = 20, 000.

Turning to inelastic scattering processes, which exist due to the presence of the absorp-
tion potential, they are accessible by means of the total cross-section, σtot. This cross-section
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accounts for elastic plus inelastic scattering, and is related to the imaginary part of the
direct scattering amplitude in the forward direction via the optical theorem [12]:

σtot =
4π

ki
Im A(θ = 0). (10)

The inelastic cross-section, σin, is therefore provided by

σin = σtot − σel, (11)

with the elastic cross-section from (3). It can be split into an excitation part and an ioniza-
tion part,

σin = ∑
n

σexc(n) + σion, (12)

where σexc refers to the excitation cross section of a given bound configuration n.
Above the ionization threshold I, the ionization cross-section σion provides the domi-

nant contribution to σin. It can tentatively be obtained from a parametrization of the ratio
R = σion/σin ≤ 1 according to the following empirical formula [24,25]:

R(Ei) = 1 − A
[

B
Ui + C

+
ln Ui

Ui

]
, (13)

where Ui = Ei/I refers to the reduced impact energy with respect to the ionization thresh-
old. Here, A, B and C are energy-dependent fit parameters satisfying these three conditions
on R:

R(Ei) =


0, Ei ≤ I
R(Ep), Ei = Ep
≈ 1, Ei � Ep,

(14)

where Ep is the impact energy at which σin attains its maximum. From the general ex-
perimental observations, R(Ep) is in the range 0.7−0.8 [25]. In cases where experimental
ionization cross-sections are not available, the midpoint value of the above range will serve
the same purpose. Here, we take R(Ep) = 0.75 for Cu and 0.8 for the other elements, which
provides the best overall fit to the experimental data.

Inelastic processes such as nuclear excitation can be disregarded in the high-energy
region, as high-resolution spectrometers allow the elastic peak to be distinguished from
nearby nuclear excitations. At Ei > 100 MeV, radiative corrections and higher-order
scattering processes come into play. While the radiative corrections induce a global lowering
of the DCS, the virtual nuclear excitations tend to fill the DCS minima which exist at large
momentum transfers. At Ei < 300 MeV, such dispersion effects change the differential
cross-section by less than 10%, as exemplified for the C12 nucleus [26]. More crucial is
the omission of magnetic scattering for the Cu63 nucleus, which in contrast to the other
nuclei investigated has a nonzero spin of 3

2 . At backward angles, particularly near 180◦, the
magnetic scattering may well dominate the DCS for Ei ≥ 200 MeV [13,27,28]. Unfortunately,
we are not aware of any calculated or measured ground-state magnetization distribution or
magnetic form factors for the Cu63 nucleus, a necessary ingredient for the calculation of
magnetic scattering.

3. Potential Constituents and Their Influence on the DCS

At low-to-intermediate collision energies, when the projectile cannot reach out to the
periphery of the nucleus, the potentials determining the scattering observables depend
nearly exclusively on the charge distributions of the atomic target electrons surrounding a
point-like nucleus. However, at relativistic energies, when the projectile approaches and
finally penetrates the nucleus, the role of the electronic charge distribution is taken over by
the charge distribution in the nucleus. This basic dependence on the charge distributions
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determines all the components of the lepton–atom interaction and induces differences
between the four target species concerning cross-sections or spin asymmetry parameters.

The atomic structures of Ni, Pd, and Pt differ in that every consecutive element has one
more filled inner shell, while their similarities involve the presence of two s−electrons in
the outermost shell and eight electrons in the d-subshell of the adjacent shell. For example,
78Pt has filled KLMN-shells, filled O(5s, 5p)- and P(6s)-subshells, and a partially filled
O(5d)-subshell. Cu, adjacent to Ni, has nine electrons in the M(3d)-subshell.

Figure 2 compares the electron density distributions of the target atoms, which are
obtained from the purely quantum mechanical Dirac–Fock (DF) calculation. As the electron
density is plotted versus the distance re from the nucleus, the curves show the locations
of the electronic shells of the targets by means of humps. The radius of the outermost
electronic shell can be estimated by the Bohr radius, a0 = h̄2

me2 = 1 a.u., and the location

of the nth electronic shell is predicted near re = a0
n2

ZT
[29]. For example, according to the

semi-classical theory of Bohr [30], the locations of the K, L, M and N electronic shells for
the heaviest atom Pt (with ZT = 78) are at re = 0.013 a.u., 0.05 a.u., 0.12 a.u., and 0.21 a.u.,
respectively, which correlate approximately with the humps in the associated densities,
as depicted in Figure 2. However, there are two more humps present in $e, the positions
of which are underpredicted by the above formula. This is due to fact that there are only
sixteen and two electrons in the O and P shells, respectively. For Ni, the three pronounced
humps correspond to the K (0.036 a.u.), L (0.14 a.u.), and M (0.32 a.u.) shell electrons,
which are more loosely bound and thus at a larger distance than those belonging to Pt. The
extension of $e is much alike for the four targets considered here.

1 0 - 4 1 0 - 3 1 0 - 2 1 0 - 1 1 0 0 1 0 11 0 - 5

1 0 - 3
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1 0 1
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Figure 2. Electron charge density ($e) for Ni58 (——, black), Cu63 (· · · · · · ), red), Pd108 (−-−-, blue),
and Pt196 (− · − · −, green) as a function of the distance from the nucleus.

Figure 3 displays the respective nuclear charge densities. Clearly, the heavier the
target nucleus, the larger their extensions. In contrast to the densities resulting from nuclear
structure calculations (see, e.g., [13,31]), the shell structure at small distances is washed out
due to the fit of the Fourier–Bessel expansions to experimental elastic electron scattering
data, which is used here. Nevertheless, the pronounced minimum for Ni relates to a magic
number of protons (ZT = 28), whereas Cu has an additional loosely bound proton which
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widens the charge distribution [32]. Pd and Pt are elements with open-shell nuclei, showing
only very shallow minima.

Figures 4 and 5 display the influence of the potential constituents on the differential
cross section when proceeding from Vst to VOPM by successively adding Vex, Vcp and Wabs.
It is well known that when the collision energy is sufficiently high, the static potential Vst is
the main contributor to the DCS in the OPM approach. This fact is clearly demonstrated in
the energy-dependent DCS depicted in Figure 4. As shown in the top part of this figure, the
effects of Vex, Vcp, and Wabs are substantial at Ei ≤ 100 eV. It is evident that the inclusion of
Vex leads to a noticeable modification of the structures. For the lighter atoms, the prominent
minimum is essentially shifted to higher energies, while the DCS for the heaviest atom is
severely altered and changed by two orders of magnitude. A significant contribution of the
correlation–polarization potential Vcp is only observed at Ei ≤ 20 eV, where Vcp tends to
diminish the contribution of Vex. Beyond 100 eV, Vst and Wabs are the basic contributors.
Starting from the ionization threshold, the absorption potential Wabs remains important up
to 5 keV by reducing the value of the DCS.

The bottom part of Figure 4 shows the dependence of the DCS on the choice of poten-
tials at energies from 10 keV to 200 MeV. While the pure Coulomb field Vc = −ZT/r over-
estimates VOPM below 100 keV, particularly for the heaviest atom, V is well approximated
by Vc in the energy region 0.5−5 MeV. However, the Coulomb field strongly overestimates
the DCS at the higher energies.

Figure 5 depicts the effects of the potential constituents on the angular dependence of
the DCS for 40 eV electrons colliding with the four considered metal targets. At this low
energy, the figure reveals a significant difference between the DCS results due to Vst and
VOPM. This influence is even stronger in the forward hemisphere, and affects the lighter
targets quite considerably. For those, the inclusion of Vex and Vcp produces more structures
in the DCS angular distribution. The absorption potential, Wabs, reduces the DCS by a
factor of two on average. All these effects, however, gradually decrease with increasing ZT
of the target. Figure 5 includes the DCS results from the Coulomb field Vc, for which the
DCS diverges at zero angle. At this low energy, the difference between the DCS resulting
from VOPM and Vc is huge. This reveals the significant screening effect of the nuclear charge
by the electron cloud.
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Figure 3. Nuclear charge density ($N) for Ni58 (——), Cu63 (· · · · · · ), Pd108 (−−−−), and Pt196 (− ·
− · −) as a function of the nuclear coordinate, rN .
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Figure 4. Energy dependence (top: 1–104 eV, bottom: 104–109 eV) of the differential cross-sections for
electron scattering from (a1,a2) Ni58, (b1,b2) Cu63, (c1,c2) Pd108, and (d1,d2) Pt196 at a fixed scattering
angle θ = 90◦. Shown in the top panels are the results from Vst (· · · · · · , green), Vst + Vex (− · − · −,
blue), Vst + Vex + Vcp (−−−, red), and VOPM (——, black). The bottom panels show the results from
Vst (· · · · · · , green), VOPM (——, black), Vc (−−−, red), and Vnuc (· · · ·, blue).



Atoms 2022, 10, 82 9 of 42

0 3 0 6 0 9 0 1 2 0 1 5 0 1 8 01 0 - 2

1 0 - 1

1 0 0

1 0 1

1 0 2

1 0 3

1 0 4
 

 

DC
S (

a2 0/sr
)

 V O P M
 V s t + e x + c p
 V s t
 V C

( a )  E i = 4 0  e V  ( e _ , N i )
0 3 0 6 0 9 0 1 2 0 1 5 0 1 8 01 0 - 2

1 0 - 1

1 0 0

1 0 1

1 0 2

1 0 3

1 0 4

 V O P M
 V s t + e x + c p
 V s t
 V C

 

 

  

( b )  E i = 4 0  e V  ( e _ , C u )

0 3 0 6 0 9 0 1 2 0 1 5 0 1 8 01 0 - 3

1 0 - 2

1 0 - 1

1 0 0

1 0 1

1 0 2

1 0 3

1 0 4

 V O P M
 V s t + e x + c p
 V s t
 V C

 

 

( c )  E i = 4 0  e V  ( e _ , P d )

DC
S (

a2 0/sr
)

DC
S (

a2 0/sr
)

DC
S (

a2 0/sr
)

S c a t t e r i n g  A n g l e  q  ( d e g . )
0 3 0 6 0 9 0 1 2 0 1 5 0 1 8 01 0 - 2

1 0 - 1

1 0 0

1 0 1

1 0 2

1 0 3

1 0 4

 V O P M
 V s t + e x + c p
 V s t
 V C

  

 

( d )  E i = 4 0  e V  ( e _ , P t )

S c a t t e r i n g  A n g l e  q  ( d e g . )

Figure 5. Angular dependence of the differential cross sections for electron scattering from (a) Ni58,
(b) Cu63, (c) Pd108, and (d) Pt196 at a fixed energy Ei = 40 eV. Shown are the results from Vst (· · · · · · ,
green); Vst + Vex + Vcp (−−−, red); and VOPM (——, black), along with the results for the Coulomb
field, Vc (− · − · −, blue).

4. Results
4.1. Angle-Dependent DCS

Figures 6–8 display our OPM results of the DCS for electron scattering from the
studied four metal targets at impact energies Ei = 40, 100, 500 and 10,000 eV. It is evident
that Ramsauer–Townsend structures [33,34] appear in the DCS, caused by the interference
effects of the projectile electrons scattering from the individual electrons of the atom. As
expected, the interference structures disappear at higher energies (well above 1 keV),
when the collision becomes so energetic that the projectile–atom interaction occurs inside
the K-shell.

For e−−Ni scattering, Jablonski et al. [35] reported DCS calculations using Dirac–Fock
(DF) and Hartree–Fock (HF) density functions. Both of their results for 100 eV impact
energy are included in Figure 7a. As seen in this figure, the present results agree well with
the DF ones from [35], except for a slight deviation at low scattering angles (θ ≤ 15◦).

The OPM-predicted DCS for e−−Cu scattering are compared with the measurements
of Madison et al. [36] at 40 eV in Figure 6b and 100 eV in Figure 7b, and with those of
Trajmar et al. [37] at 100 eV in Figure 7b. Included are the fully relativistic B-spline R-matrix
results of Zatsarinny and Bartschat [16], the convergent close-coupling (CCC) results of
Zhou et al. [15] at 40 eV in Figure 6b, the HF calculations of Czyzewski et al. [38], and
the three-state close-coupling results of Msezane and Henry [14] at 100 eV in Figure 7b.
The comparison shows that the OPM calculations produce a fair agreement with both
data sets [36,37] at 100 eV. However, the OPM and the other theoretical predictions [15,16]
overestimate the data of [36] at 40 eV beyond 40◦, albeit all these theories show the same
oscillatory features as the experimental data. Additional data are required in order to clarify
these discrepancies.
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A notable feature is the dependence of the interference structures on the target species
and their shell structure as regards the number and location of the DCS minima in the
angular distribution. For the alkali atoms studied in [13], this number increases with the
number of target shells for all energies between 40 eV and 500 eV; the metal atoms, however,
do not show this feature for Ei ≤ 100 eV. At 40 and 100 eV (Figures 6 and 7) three minima
are found irrespective of the target, except for Pt at 100 eV, for which there are only two
minima. At the lowest energy (40 eV), their locations exhibit target independence. At
500 eV, on the other hand (Figure 8a), the number of minima is one, one, two, and three
(plus a shallow one) for the Ni, Cu, Pd and Pt targets, respectively. The onset of the first
oscillation decreases with ZT , as evident from the appearance of the first minimum at
115◦, 117◦, 80◦, and 28◦ for Ni, Cu, Pd, and Pt, respectively. At yet higher energies, the
structures gradually fade out (Figure 8b).

Our calculated high-energy DCS is presented in Figure 9 at energies of 1 MeV and
100 MeV. While the angular dependence at 1 MeV is monotonous for all targets, as is char-
acteristic for the Coulomb field, structures reappear at 100 MeV. These regular oscillations
are due to the diffraction effects resulting from the projectiles scattering from the individual
protons of the target nucleus. The high-energy structures roughly follow a j1(qRN) pattern,
where RN is the nuclear radius, q = ki − k f is the momentum transfer, and j1 is a spherical
Bessel function [27]. As in Figure 8a, the onset of the structures occurs at smaller angles
with increasing ZT .
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Figure 6. Angular dependence of the differential cross-sections for 40 eV electron scattering from
(a) Ni58, (b) Cu63, (c) Pd108, and (d) Pt196. Experiment: Madison el al. [36]. Theory: OPM (——–),
Zatsarinny and Bartschat [16] and Zhou et al. [15].
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Figure 7. Angular dependence of the differential cross-sections for 100 eV electron scattering from (a)
Ni58, (b) Cu63, (c) Pd108, and (d) Pt196. Experiment: Madison el al. [36] and Trajmar et al. [37]. Theory:
Present OPM (——), Jablonski et al. [35], Czyzewski et al. [38], and Msezane and Henry [14].
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Figure 9. Angular dependence of the differential cross-sections for electron scattering from Ni58

(——), Cu63 (· · · · · · ), Pd108 (−−−−), and Pt196 (− · − · −) at impact energies of (a) 1 MeV and
(b) 100 MeV.

4.2. Angle-Dependent Sherman Function

Our OPM results of the Sherman function S(θ) for electron scattering from Ni, Cu, Pd,
and Pt at impact energies Ei = 40 eV, 100 eV, 500 eV, 1 keV, 10 keV, and 100 keV are displayed
in Figures 10–13. Included are calculations by Fink and Ingram [39] for the Cu target at 100,
500, and 1000 eV for comparison with our findings. As seen in Figure 11b, apart from minor
differences near the extrema our OPM results agree well with the relativistic calculation
of [39]. The same is true for the two higher energies [6]. It is worth mentioning that
although the present OPM and the work of [39] are based on Dirac’s relativistic dynamics,
the latter did not include the exchange, polarization, and absorption potentials in their
calculation. Furthermore, they used the Hartree–Fock–Slater (HFS) atomic potential in
their calculation. As such, the differences between these two calculations can reveal the
sensitiveness of the Sherman function, primarily by the potential adaptation.

It is evident from Figures 10–13 that, as expected, the minima in S(θ) relate to the
minima in the DCS. However, the structures in S(θ) are much more pronounced because of
the greater sensitivity of S(θ) to the variation of the potential, leading to a variation of the
phases of the scattered waves, as compared to the DCS. It can be seen that between 500 eV
and 10 keV the number of minima becomes larger when proceeding to heavier metal atoms.
Moreover, for Ei ≥ 100 eV, the magnitude of the Sherman function increases strongly with
the size of the target atoms. For example, at 500 eV the maxima of | S(θ) | vary from 0.05
for Ni to 0.88 for Pt.

When considering the Sherman function at yet higher energies of 1 MeV and 100 MeV
(Figure 14), the following additional systematics are noted. At Ei ≤ 1 keV the dominant
structures are sharp, corresponding to deep minima in the DCS, while the extrema in S
become increasingly broader at Ei ≥ 10 keV, and the relation to the cross section minima
gradually disappears. In addition, the pronounced maximum in the forward hemisphere
completely disappears near 1 MeV; at 100 MeV, the minimum shifts from 120◦ (at 10 keV)
to near 180◦, beyond which S increases sharply to zero at 180◦. At this ultrahigh energy,
the structures reappear in concord with the oscillatory behavior of the DCS.
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Figure 10. Angular variation of the Sherman function predicted by the OPM approach for electron
scattering from (a) Ni58, (b) Cu63, (c) Pd108, and (d) Pt196 at impact energy Ei = 40 eV.
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Figure 11. Angular variation of the Sherman function for electron scattering from (a) Ni58, (b) Cu63,
(c) Pd108, and (d) Pt196 at impact energy Ei = 100 eV as computed by the present OPM (——) and by
Fink and Ingram (◦ ◦ ◦) [39].
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Figure 12. Angular variation of the Sherman function predicted by the OPM approach for electron
scattering from Ni58, Cu63, Pd108, and Pt196 at impact energies of (a) 500 eV and (b) 1 keV.
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Figure 13. Angular variation of the Sherman function due to the present OPM approach for electron
scattering from Ni58, Cu63, Pd108, and Pt196 at impact energies of 10 keV (a) and 100 keV (b).

-0.5

-0.4

-0.3

-0.2

-0.1

 0

 0.1

 20  40  60  80  100  120  140  160  180

(a)

1 MeV

Ni

Cu

Pd

Pt

S
he

rm
an

 fu
nc

tio
n

Scattering angle  (deg)

-0.05

-0.04

-0.03

-0.02

-0.01

 0

 0.01

 60  80  100  120  140  160

(b)

Ni Cu

PdPt100 MeV

S
he

rm
an

 fu
nc

tio
n

Scattering angle  (deg)

Figure 14. Angular variation of the Sherman function S for electron scattering from Ni58 (——),
Cu63 (· · · · · · ), Pd108 (−−−−), and Pt196 (− ·− ·−) at impact energies of (a) 1 MeV and (b) 100 MeV.

4.3. Energy-Dependent DCS and Sherman Function

Figures 15 and 16 show the energy dependent DCS of the electrons scattering from the
four metal atoms over the energy range of 1 eV ≤ Ei ≤ 0.3 GeV at scattering angles θ = 30◦

and 90◦. Note that the results for Cu up to 2 keV are taken from Shorifuddoza et al. [6]. As
seen in Figures 15 and 16, the DCS as calculated separately for two different energy regions,
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namely, low-to-intermediate and high energies, merges smoothly in the energy region
0.1–1 MeV. This bridging of these two calculations is due to the fact that the potentials
used in this energy region are well represented by the Coulomb field, Vc, of a point nucleus.
The lower limit of the matching region shifts towards a slightly higher energy as the atomic
number of the target material increases, as can be seen at the bottom of Figure 4.

The interference structures are clearly visible at both scattering angles for Ei ≤ 1 keV.
These low-energy structures gradually fade out as the impact energy approaches the
M-subshell binding energies of the targets. Because of the dominant Coulomb field of
the nucleus, the DCS then decreases monotonously with energies up to about 50 MeV.
The structures reappear at ultra-relativistic energies in a similar way as in the angular
distribution (Figure 9b) due to their q-dependence via j1(qRN).

Figures 15 and 16 include other theoretical calculations in the low-to-intermediate
energy region [39,40], as well as experimental data from Madison et al. [36] and Tra-
jmar et al. [37] at the lower energies and from Ficenec et al. [41], Antonov et al. [42],
Shevchenko et al. [43], and van der Laan [44] at ultrahigh energies. Our calculations agree
well with these experimental and theoretical results.

The variation of the Sherman function S with energy computed with our theory at a
fixed scattering angle of 90◦ is displayed in Figure 17 for electron impact scattering from
the four metal atoms. As in the angular distribution of S (Figures 10–12), the structures in
the low-to-intermediate energy region correspond to the minima in the DCS and are again
much more pronounced than those in the DCS. It can be seen that the structures extend
towards higher energies and that the number of oscillations grows larger as the target size
increases. This is related to the successively larger number of electronic shells encountered
as Ei increases. The present results can be compared with the theoretical predictions of
Fink and Ingram [39]; although these are only available for Cu63, there is good agreement
between the present OPM results and those of Fink and Ingram [39].
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Figure 15. Energy dependence of the differential cross-sections for electron scattering from (a) Ni58,
(b) Cu63, (c) Pd108, and (d) Pt196 at a scattering angle of θ = 30◦. Experiment: Madison el al. [36],
Trajmar et al. [37], Ficenec et al. [41], Antonov et al. [42], and van der Laan [44]. Theory: Present OPM
(——), Riley et al. [40], and Fink and Ingram [39].
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Figure 16. Energy dependence of the differential cross-sections for electron scattering from (a) Ni58,
(b) Cu63, (c) Pd108, and (d) Pt196 at a scattering angle of θ = 90◦. Experiment: Madison el al. [36],
Trajmar et al. [37], Ficenec et al. [41], van der Laan [44], and Shevchenko [43]. Theory: Present OPM
(——), Riley et al. [40], and Fink and Ingram [39].
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Figure 17. Energy-dependent Sherman function S for electron scattering from (a) Ni58, (b) Cu63, (c)
Pd108, and (d) Pt196 at a scattering angle of θ = 90◦, in comparison with the calculations of Fink and
Ingram [39] for Cu63.

4.4. Critical Minima and Total Polarization Points

This section provides a detailed analysis of the positions of the critical minima (CM)
in the DCS for the studied metal targets. In addition, the points with maximum spin
polarization (MSP) which lie in the vicinity of these CM are determined. An MSP point
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with spin polarization greater than 50% is considered as a total polarization point [45]. In
judging between theories, the CM have the advantage over the DCS distributions, as the
former require cross-sections only at a few energies and angles. The determination of the
CM in the present study is based on three criteria [46]: (i) the spin-flip scattering amplitude
B(θ) becomes larger in magnitude than the direct scattering amplitude A(θ); (ii) the DCS
reaches its minimum value, which is several orders of magnitude smaller than those at
nearby energies and angles; and (iii) the scattered electron undergoes total polarization in
the vicinity of the CM.

It is worth mentioning that there is no CM in the high-energy regime [19]. Our present
investigations of CM are therefore confined to the low-to-intermediate energy region.

In the DCS distribution for e−−Ni scattering, by simultaneously varying the energy
and angle, we were able to obtain a total of seven deep minima (DM). Table 1 presents their
critical energies Ec, critical angles θc, and scattering amplitudes A and B. Among these
seven DM only two, at (Ec = 29.5 eV; θc = 34.5◦) and (Ec = 74.5 eV; θc = 146.5◦), do not
satisfy criterion (i), as | B |<| A | for these points. In the vicinity of these seven DM, we
have determined the MSP points at which S(θ) reaches the extremal values of both signs.
Table 2 shows the fourteen corresponding MSP points for which the extremum of S, termed
Sm, varies from 0.53 to 0.98 and 0.69 to 1.00, respectively, in the positive and negative
excursions. All of these MSP points can therefore be considered as total polarization points.

Table 1. The energy and angular positions and the values of direct and spin-flip scattering amplitudes
of the deep minima (DM) in the DCS for elastic e−−Ni scattering.

Ec θc | A(θ) | | B(θ) |
(eV) (deg.) (cm) (cm)

6.8 104.5 1.55× 10−10 2.11× 10−10

11.2 97.0 1.31× 10−11 1.62× 10−10

15.5 54.5 2.96× 10−11 1.23× 10−10

29.5 34.5 2.86× 10−10 9.64× 10−11

74.5 146.5 5.07× 10−11 2.72× 10−11

135.0 73.5 7.10× 10−12 5.01× 10−11

297.1 123.5 1.63× 10−11 3.33× 10−11

Table 2. Maximum spin polarization points, along with their positions and deviations in energy ∆E
and angle ∆θ from their respective critical minima positions, for e−−Ni elastic scattering.

Sm Em (eV) ±∆E (eV) θm (deg) ±∆θ (deg)

+0.96 6.84 0.04 104.0 0.5
−1.00 5.80 1.00 106.5 2.0
+0.98 10.00 1.20 98.5 1.5
−1.00 12.05 0.85 96.0 1.0
+0.98 15.60 0.10 53.0 1.5
−0.99 15.45 0.05 55.5 1.0
+0.53 29.20 0.30 34.5 0.0
−0.69 32.00 2.50 33.0 1.5
+0.68 73.70 0.80 147.0 0.5
−0.78 74.60 0.10 146.5 0.0
+0.84 133.20 1.80 73.5 0.0
−0.98 136.60 1.60 73.5 0.0
+0.84 296.00 1.10 123.5 0.0
−0.99 294.60 2.50 124.0 0.5

Table 2 records the energy width ∆E and angular width ∆θ of the obtained MSP points.
The energy width, ∆E, is defined as the energy difference between the energy position
Ec of the CM point and the energy position Em of the MSP point. Similarly, ∆θ denotes
the respective difference | θc − θm | in the angular position. When summed, these energy
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and angular widths determine the width of the DCS valley at a CM position. For example,
in the case of the CM at (Ec = 15.5 eV; θc = 54.5◦), the corresponding spin polarization,
Sm = +0.98 at (Em = 15.6 eV; θc = 53.0◦) with (∆E = 0.1 eV and ∆θ = 1.5◦) and Sm = −0.99
at (Em = 15.45 eV; θc = 55.5◦) with (∆E=0.05 eV and ∆θ = 1.0◦), yields the widths of the
DCS valley as 0.1 + 0.05 = 0.15 eV along the energy axis and 1.5◦ + 1.0◦ = 2.5◦ along the
angular axis.

For e−−Cu scattering, Table 3 displays Ec, θc, A(θ) and B(θ) of the eight existing DM.
As seen in this table, all DM points are qualified as CM, as they have spin-flip scattering
amplitudes greater than their direct counterparts. It can be observed that the CM with
the highest critical energy occurs at (Ec = 337.4 eV; θc = 122.5◦) and the one with the
highest critical angle occurs at (Ec = 86.0 eV; θc = 145.0◦). In the neighborhood of the
eight deep minima, we obtain the sixteen MSP points listed in Table 4. The polarization
is found to vary between +0.83 ≤ Sm ≤ +1.00 and −0.61 ≤ Sm ≤ −1.00, respectively, in
the positive and negative excursions. All of these MSP points therefore qualify as total
polarization points.

Table 3. The energy and angular positions and the values of direct and spin-flip scattering amplitudes
of the deep minima (DM) in the DCS for elastic e−−Cu scattering [6].

Ec θc | A(θ) | | B(θ) |
(eV) (deg.) (cm) (cm)

3.26 135.0 6.83×10−10 3.00×10−09

3.57 73.0 1.43×10−10 2.26×10−09

13.1 50.5 5.48×10−11 1.85×10−10

19.8 117.5 2.39×10−11 1.07×10−10

28.9 76.5 4.16×10−11 1.05×10−10

86.0 145.0 4.60×10−12 2.07×10−11

158.2 70.5 1.74×10−12 4.29×10−11

337.4 122.5 1.20×10−11 3.26×10−11

Table 4. Maximum spin polarization points, along with their positions and deviations in energy (∆E)
and angle (∆θ) from the respective critical minimum positions, for e−−Cu scattering [6].

Sm Em (eV) ±∆E (eV) θm (deg) ±∆θ (deg)

+1.00 3.56 0.30 129.0 6.0
−1.00 3.15 0.11 139.0 4.0
+1.00 3.63 0.06 70.5 2.5
−1.00 3.53 0.04 75.0 2.0
+1.00 13.20 0.10 51.0 0.5
−0.96 12.86 0.24 50.5 0.0
+0.96 19.73 0.07 117.0 0.5
−0.99 19.73 0.07 118.0 0.5
+1.00 28.05 0.85 76.0 0.5
−0.97 30.37 1.47 77.5 1.0
+0.86 85.69 0.31 145.0 0.0
−0.61 86.56 0.56 145.0 0.0
+0.92 155.80 2.40 70.5 0.0
−0.90 160.10 1.90 70.5 0.0
+0.83 340.00 2.60 122.0 0.5
−0.99 334.50 2.90 123.0 0.5

For e−−Pd elastic scattering, there are nine DM in total. The energy and angular posi-
tions of these DM are listed in Table 5. Among the nine DM, only the one at (Ec = 129.0 eV;
θc = 51.40◦) fails to satisfy criterion (i) for a CM. For the qualified eight CM points, the high-
est critical energy and angle are seen at (Ec = 638.90 eV; θc = 129.4◦) and (Ec = 196.20 eV;
θc = 151.0◦), respectively. We searched for MSP points at which the polarization reaches
the extremal values of both signs. The energy and angle positions of seventeen such MSP
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points are tabulated in Table 6. The magnitude of the spin polarization | Sm(θ) | of these
MSP points, except at (Em = 130.5 eV; θm = 52.5◦), varies from +82% to +100% and −53%
to −100%, respectively, in the positive and negative excursions. Note that the MSP point at
(Em = 130.5 eV; θm = 52.5◦) with | Sm(θ) |= 22% corresponds to the DM at (Ec = 129.0 eV;
θc = 51.40◦), which is not a CM.

Table 5. The energy and angular positions and the values of direct and spin-flip scattering amplitudes
of the deep minima (DM) in the DCS for elastic e−−Pd scattering.

Ec θc | A(θ) | | B(θ) |
(eV) (deg.) (cm) (cm)

2.93 116.60 1.92×10−10 1.04×10−9

10.28 49.80 1.18×10−11 4.40×10−10

10.69 116.60 3.35×10−11 3.15×10−10

38.40 79.00 5.01×10−11 2.48×10−10

68.56 141.40 3.87×10−11 5.79×10−11

129.00 51.40 9.62×10−10 1.33×10−10

196.20 151.00 2.17×10−11 4.19×10−11

289.10 90.60 4.81×10−12 9.19×10−11

638.90 129.40 1.18×10−11 6.56×10−11

Table 6. Maximum spin polarization points with their positions and deviations in energy (∆E) and
angle (∆θ) from the respective critical minimum positions for e−−Pd scattering.

Sm Em (eV) ±∆E (eV) θm (deg) ±∆θ (deg)

+1.00 2.84 0.09 114.2 2.4
−1.00 2.92 0.01 119.0 2.4
+1.00 10.14 0.14 52.2 2.4
−1.00 10.42 0.14 47.8 2.0
+1.00 10.20 0.49 115.0 1.6
−1.00 11.11 0.42 117.8 1.2
+0.99 39.12 0.72 78.2 0.8
−0.99 36.35 2.05 80.2 1.2
+0.95 69.90 1.34 141.0 0.4
−0.53 72.31 3.75 141.0 0.4
−0.22 130.50 1.50 52.5 1.1
+0.82 196.00 0.20 151.0 0.0
−0.88 197.60 1.40 150.6 0.4
+0.99 288.00 1.10 90.2 0.4
−0.97 290.30 1.20 91.0 0.4
+0.97 640.00 1.10 129.0 0.4
−1.00 628.00 10.90 130.2 0.8

For e−−Pt scattering, there are thirteen DM in total. Table 7 records the position (Ec; θc)
and magnitude of the scattering amplitudes of these DM. Of the thirteen, the two DM at
(Ec = 27.26 eV; θc = 81.0◦) and (Ec = 230.68 eV; θc = 36.0◦) do not qualify to be a CM, as
they fail to satisfy the criterion of | B(θ) |>| A(θ) |. The CM with the highest critical energy
appears at (Ec = 1594.10 eV; θc = 136.5◦), and the one with the highest critical angle appears
at (Ec = 526.09 eV; θc = 153.0◦). In the vicinity of the eleven qualified CM and the two DM
at 27.26 eV and 230.68 eV, we traced a total of twenty-five MSP points, which are presented
in Table 8. As seen in this table, a large polarization of 87% ≤ Sm(θ) ≤ 100% is achieved
in twenty-three MSP points, which are therefore considered as total polarization points.
As the Sm values (−0.40 and −0.26) of the remaining two MSP points at (Em = 44.0 eV;
θm = 85.0◦) and (Em = 203.92 eV; θm = 39.0◦) are less than 50%, they are not total
polarization points.
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Table 7. The energy and angular positions and the values of direct and spin-flip scattering amplitudes
of the deep minima (DM) in the DCS for elastic e−−Pt scattering.

Ec θc | A(θ) | | B(θ) |
(eV) (deg.) (cm) (cm)

12.65 43.0 2.33×10−10 1.49×10−09

14.75 123.5 2.57×10−10 1.04×10−09

27.26 81.0 1.46×10−09 9.48×10−10

100.06 128.5 2.94×10−11 2.89×10−10

156.01 107.0 1.02×10−11 3.76×10−10

200.01 85.5 1.62×10−11 4.29×10−10

230.68 36.0 3.01×10−09 4.26×10−10

252.17 145.5 3.27×10−11 1.64×10−10

307.74 118.5 8.54×10−12 2.94×10−10

453.76 66.5 1.14×10−11 3.00×10−10

526.09 153.0 2.36×10−11 1.00×10−10

882.63 98.5 3.85×10−11 2.21×10−10

1594.10 136.5 1.80×10−11 1.93×10−10

Table 8. Maximum spin polarization points with their positions and deviations in energy (∆E) and
angle (∆θ) from the respective critical minimum positions for e−−Pt scattering.

Sm Em (eV) ±∆E (eV) θm (deg) ±∆θ (deg)

−1.00 13.67 1.02 39.5 3.5
+1.00 10.9 1.75 52.7 9.7
−1.00 15.66 0.91 126.5 3.0
+1.00 11.51 3.24 117.0 6.5
−0.40 44.00 16.74 85.0 4.0
+1.00 19.90 7.36 77.5 3.5
−1.00 110.03 9.97 125.0 3.5
+1.00 92.30 7.76 131.5 3.0
−0.99 157.08 1.07 109.5 2.5
+1.00 157.27 1.26 103.5 3.5
−1.00 215.93 15.92 83.5 2.0
+1.00 185.00 15.01 88.5 3.0
−0.26 203.92 26.76 39.0 3.0
−0.96 250.39 1.78 146.5 1.0
+0.98 253.28 1.11 144.5 1.0
−1.00 324.61 16.87 117.0 1.5
+0.99 296.19 11.55 120.0 1.5
−0.97 474.09 20.33 66.5 0.0
+1.00 432.71 21.05 66.5 0.0
−0.87 529.35 3.26 152.5 0.5
+1.00 523.37 2.72 153.5 0.5
−0.97 879.02 3.61 100.0 1.5
+1.00 854.77 27.86 98.0 0.5
−1.00 1506.30 87.80 138.5 2.0
+1.00 1643.70 49.60 135.0 1.5

In order to check criterion (ii) of a CM for each target, the DCS at some critical energy
Ec along with two different energies in the vicinity of that critical energy are depicted
in Figure 18. These results demonstrate that the DCS value attains its lowest value at
exactly the critical energy of each CM. The DCS is higher if the energy is higher or lower
by 1 eV. For example, in Figure 18a for Ni and with the CM at (Ec = 6.8; θc = 104.5◦), the
DCS value is the lowest at exactly 6.8 eV as compared to those at 5.8 eV and 7.8 eV. We
observe similar behavior for the targets Cu, Pd, and Pt, respectively, in Figure 18b–d. These
results demonstrate the efficacy of the present electron–atom optical potential method for
accurately determining the CM positions.
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Figure 18. Angular dependence of the DCS for three incident energies in the vicinity of the critical
minima: (a) (Ec = 6.8; θc = 104.5◦) for Ni, (b) (Ec = 3.57; θc = 73.0◦) for Cu, (c) (Ec = 2.93;
θc = 116.6◦) for Pd, and (d) (Ec = 12.65; θc = 43.0◦) for Pt.

To investigate the dependence on the electronic shell structure of those critical or deep
minima which lead to high polarization in their vicinity, in Table 9 we compile our present
results along with those of [13] for alkali atoms, for which details of the atomic electron
density distribution are available. In this table, we provide the number n of inner shells
(starting from the L-shell) for nine elements, as well as the number Nc of deep DCS minima
inducing a spin polarization |S| ≥ 0.8 in both positive and negative excursions. Yb is
included in this list in order to guarantee an average increase of ZT of not larger than ten
from element to element.

Table 9. Compilation of the features of the metal atoms, alkali atoms [13], and Yb [19], providing the
charge ZT , number n of shells (without K-shell and outermost shell), and number Nc of the deep DCS
minima for which the corresponding spin asymmetry |S| ≥ 0.8.

Element ZT n Nc

Na 11 1 –
K 19 2 3
Ni 28 2 5
Cu 29 2 7
Rb 37 3 6
Pd 46 3 7
Cs 55 4 14
Yb 70 4 11
Pt 78 4 11

It can be seen that, in general, Nc increases with the number of inner shells. While
the deep minima are located in a similar angular region (40◦ ≤ θ ≤ 150◦) irrespective of
ZT , they are found up to a collision energy which increases with ZT , approximately like
Z1.8

T . In addition, |S| is closer to unity in heavier atoms. The reason for this is that a larger
number of electron scattering centers allows for more numerous and more pronounced
interference structures. An exception to the general trend described above is Cs, which
has an extraordinarily high Nc number. This can be attributed to the larger extension of
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its electron distribution $e, which for $e = 10−5 au is re = 11.5 au [13], whereas for Pt it is
re = 7.5 au (Figure 2). Hence, for Cs the projectile needs a lower energy to reach the electron
cloud, leading to the possibility of a larger number of structures when Ei is increased. In
fact, the smallest Ec is 2 eV for Cs, while it is 13 eV for Pt.

It is instructive to compare the results for the metal atoms with the earlier results for
alkali atoms [13] as concerns the effect of the electronic charge density. For the alkali atoms,
the extension and magnitude of $e increases with ZT , leading to an earlier structure onset
for all Ei & 40 eV. In contrast, as shown in Figure 2, the extension of $e for the metal atoms
is similar for all ZT , and only below re ≈ 0.6 au does a higher value of $e correspond to a
larger ZT . As a consequence, the onset and number of oscillations is effectively independent
of ZT below 100 eV. A strict decrease of the onset with ZT in combination with an increase
in the number of oscillations with the number of target shells is only observed for the metal
atoms at much higher energies.

4.5. High-Energy Scaling Laws

(a) Differential cross section

Profiting from the equivalence of elastic scattering and tip bremsstrahlung emission
for collision energies high enough that the electron mass m can be neglected [47], and
guided by the existence of scaling laws in bremstrahlung [48], the following scaling law for
the elastic scattering DCS is postulated for small scattering angles (i.e., such that sin θ ≈ θ):

dσ0

dΩ
(E(1)

i , θ) =

(
E(1)

i

E(2)
i

)2
dσ0

dΩ
(E(2)

i ,
E(1)

i

E(2)
i

θ) (15)

provided Ei � c2. Here, the scaling relies on the facts that for high collision energies the
momentum transfer which governs the scattering cross section is constant if the product
kiθ ≈ Eiθ/c is constant and that the cross section increases with energy.

Figure 19 shows the cross section for Ei = 70 MeV and 280 MeV, scaled to 140 MeV,
for the targets Ni58 and Pt196. It can be seen that for Ni58 the scaling holds approximately
for θ ≤ 55◦, while for the heavier Pd108 and Pt196 targets the deviations start beyond 25◦.
We note that 70 MeV is too low for the scaling to hold at the higher angles considered,
particularly as concerns the lighter nuclei.
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Figure 19. Differential cross section for 140 MeV electron impact (——-) on Ni58 (lower line) and
Pt196 (upper line) as function of the scattering angle θ. Included are the results at 70 MeV impact
for Ni58 (− · − · −) and Pt196 (· · · · · · ) (scaled to 140 MeV) as well as the scaled results at 280 MeV
impact for Ni58 (−−−−) and Pt196 (− · · · − · · · −) according to (15), with E(1)

i = 140 MeV.
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It turns out that the scaling property can be derived from the first-order Born approxi-
mation,

dσB1
0

dΩ
= σMott | FC

0 (q) |2, (16)

where FC
0 (q) = 1

ZT

∫
dr $N(r)eiqr is the charge form factor derived from the nuclear charge

density, $N , and σMott is the Mott cross-section [49],

σMott =
Z2

T (1− β2 sin2 θ/2)
(2ckiβ sin2 θ/2)2

, β =
v
c
=

kic
Ei + c2 . (17)

For small angles where sin θ ≈ θ, the momentum transfer is q = 2ki sin θ
2 ≈ kiθ, such

that FC
0 (q) is constant if θ is scaled according to θ ∼ 1

ki
. Moreover, in this case the Mott

cross-section behaves as

σMott ≈
Z2

T
4c2k2

i θ4/16
∼

k2
i

(kiθ)4 , (18)

increasing quadratically with Ei ≈ kic. These Born-based considerations explain why the
scaling is better satisfied for the lighter targets.

(b) Sherman function

Again motivated by the existence of scaling for the spin asymmetry in tip bremsstrahlung
emission [48], the following scaling property of the Sherman function for collision energies
above 50 MeV is conjectured:

S(E(1)
i , θ) =

(
E(2)

i

E(1)
i

)3

S(E(2)
i ,

E(1)
i

E(2)
i

θ), (19)

which implies the same angular scaling, but with reversed scaling of the magnitude of S as
the DCS appears in the denominator of S (see (7) with (2)).

Figure 20a shows the result of this scaling for Pt196 and Pd108, which holds for an angle
of up to 60◦ if Ei ≥ 140 MeV, the deviations below 60◦ being less for the heavier platinum.
Unfortunately, the Born approximation is unable to explain the scaling behavior, which may
be related to the fact that S vanishes in the first-order Born expression. From the second-
order Born expression for S [7,47] we can derive the behavior ln Ei/E4

i , in contradiction to
the E−3

i -dependence of (19).
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Figure 20. Sherman function from 140 MeV electron impact (——-) on (a) Pd108 (upper line near
40◦) and Pt196 (lower line near 40◦) and (b) Ni58 as function of the scattering angle θ. Included in
(a) are the scaled results (to 140 MeV, according to (19)) for 70 MeV impact on Pd108 (− · − · −) and
Pt196 (· · · · · · ) and for 280 MeV impact on Pd108 (−−−−) and Pt196 (short-dashed line). Included
in (b) are the scaled results according to (19) for 70 MeV (− · − · −) and 280 MeV (−−−−) impact.
The scaled results for 70 MeV impact according to Born scaling of the magnitude of S (· · · · · · ) are
included as well.
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An attempt to determine the S-scaling for the lightest target, Ni58, for which the Born
approximation should be reasonable, is provided in Figure 20b. If performed according
to (19), there are considerable deviations in the scaled results from the 70 MeV and 280 MeV
impacts when scaled to 140 MeV, even at the smallest angles. Coinciding results (up to
θ ≈ 35◦) are found if, for the 70 MeV case, the scaling prefactor (0.0727) is derived from the
ln Ei/E4

i behavior, in contrast to the result (0.125) obtained from E−3
i scaling. This finding

indicates that the scaling property for S, which is valid at sufficiently small scattering
angles, is dependent on ZT .

5. Positron Scattering and In-Plane Spin Asymmetries
5.1. Angle-Dependent DCS

The differential cross sections predicted by our OPM theory for positron scatter-
ing from the four metal atoms at impact energies of 100 eV and 500 eV are shown in
Figures 21 and 22. It can be seen that, in contrast to electron scattering, the DCS for positron
scattering decreases monotonously with increasing scattering angle. In particular, the struc-
tures in the DCS seen for electron impacts are either absent or much weaker for positron
scattering. This is due to the absence of exchange between the positron and the target
electrons and to the differences between electrons and positrons in terms of polarization
interaction (see Figure 4, top). Moreover, while electrons are repelled, positrons can trespass
the electronic shells without being significantly deflected by the target electrons. The basic
origin of the structures, namely, diffraction, is thus suppressed.

Figure 22 includes the theoretical results based on the Dirac–Hartree–Fock–Slater
(DHFS) potential of Dapor and Miotello [50]. Our OPM results agree well with those
of Dapor and Miotello. However, the structures in the near-forward direction are not
reproduced by their calculations. This result shows that the exchange component of the
OPM plays an important role in producing interference structures in the DCS.
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Figure 21. Angular dependence of the differential cross-sections calculated using our OPM approach
for 100 eV positron scattering from (a) Ni58, (b) Cu63, (c) Pd108, and (d) Pt196.
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Figure 22. Angular dependence of the differential cross-sections for 500 eV positron scattering from
(a) Ni58, (b) Cu63, (c) Pd108, and (d) Pt196 calculated from our OPM approach in comparison with the
results of Dapor and Miotello [50].

5.2. Energy-Dependent DCS

The energy-dependent DCS computed in the 1 eV≤ Ei ≤ 0.3 GeV region for positron
scattering from the four metal targets is displayed in Figure 23 at θ = 30◦ and in Figure 24
at θ = 90◦. Included are the theoretical results from Dapor and Miotello [50], available
for the energy region from 500 eV to 4000 eV. It can be observed from these figures that
only one DCS minimum appears in the low-energy (≤30 eV) region. This minimum can be
traced back to the influence of the correlation-polarization potential [13]. At θ = 30◦, the
DCS minima become less pronounced with increasing target size. This situation is basically
opposite for the angle of 90◦.

When compared with the electron impact results, it can be clearly seen that, in the low-
energy region, the diffraction structures caused by the interference of projectile electrons
scattered from the individual target electrons are suppressed. In the Coulombic region
(between 10 keV and 50 MeV), the DCS for both lepton species decreases smoothly, with
somewhat lower positron cross sections because of the repulsion between projectile and
nucleus. At ultrarelativistic energies, the DCS for electrons and positrons exhibits similar
oscillations, which start at a slightly higher energy for positrons due to their larger distance
from the nucleus at fixed collision energies.

5.3. Sherman Function

The present results of the Sherman function S for positron scattering from the four
metal targets is shown in Figure 25. A fixed scattering angle of 90◦ and energies from
1 eV to 0.3 GeV were chosen. As is evident in this figure, S for positron scattering is very
small compared to its electron counterpart. This strong suppression of the spin asymmetry
without showing any significant structure persists up to a few keV. A degree of reduction
is to be expected, as at a given energy and angle the positrons experience a repulsive
interaction with the target nucleus, preventing them from reaching as close to the nucleus
as the electrons. A detailed explanation of the properties of the positronic Sherman function
is provided in [13]. At higher energies, | S | reaches a maximum which, while only slightly
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smaller than that for electron impact, appears at a somewhat higher energy (around 1 MeV)
and with an opposite sign. It can be seen that diffraction structures in S, in concord with
the DCS, appear at Ei ≥ 100 MeV and then persist.
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Figure 23. Energy-dependent differential cross-sections for positron scattering (——-) from (a) Ni58,
(b) Cu63, (c) Pd108, and (d) Pt196 at a scattering angle θ = 30◦. The calculations of Dapor and
Miotello [50] are shown as well. The electron scattering results (· · · · · · ) from Figure 15 are included
here for comparison.
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Figure 24. Energy dependent differential cross-sections for positron (—–) scattering from (a) Ni58,
(b) Cu63, (c) Pd108, and (d) Pt196 at a scattering angle θ = 90◦. The calculations of Dapor and
Miotello [50] are shown as well. The electron scattering results (· · · · · · ) from Figure 16 are included
for comparison.
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Figure 25. Energy-dependent Sherman function S for positron scattering from (a) Ni58, (b) Cu63,
(c) Pd108, and (d) Pt196 at a scattering angle θ = 90◦.

Concerning critical minima for positrons, our previous studies [19] have indicated
that they are absent even in the low-energy region. In fact, as the positron spin asymmetry
is tiny at small energies (see Figure 25), such investigations are of no relevance from an
experimental point of view. Therefore, we have omitted the search for critical minima in
the case of positron impacts.

5.4. In-Plane Spin Polarization for Electrons and Positrons

(a) Angular and energy dependence of U and T

Combined with the DCS and the Sherman function, the spin asymmetry parameters
U and T provide a complete characterization of the scattering process for a given impact
energy and scattering angle in the case of unpolarized targets.

The energy variation of U for both electron and positron impacts on the four metal
targets, calculated at θ = 90◦, is displayed in Figure 26. For electron impact scattering:
(i) U exhibits pronounced oscillations in the low-to-intermediate energy region; and (ii)
as for S, the number of oscillations increases as the atomic number of the target material
increases. For the positron projectiles, on the other hand, U shows no oscillation and keeps
its near-zero value until an impact energy of about 10 keV. Beyond this energy, U exhibits a
similar variation with energy for both projectiles, approaching unity at around 100 MeV.

Figure 27 depicts the energy variation of the spin asymmetry, T, for both electron and
positron impact scattering. Due to the sum rule, S2 + T2 + U2 = 1, for the lighter targets
T is mostly close to unity in the low-energy regime where S and U are small. As is the
case for U and S, structures appear in T at lower energies in the case of electron scattering,
and the number of oscillations increases with the size of the target. For both projectiles,
the high-energy behavior of T is opposite to that of U. While U increases with projectile
energy, T decreases with increasing energy. Asymptotically, U tends to 1 while T tends to 0.
This is, however, specific for the scattering angle of 90◦. Again, the energy dependence for
electrons and positrons is similar in the energy region above 0.1 MeV, although in this case
the difference increases with ZT .



Atoms 2022, 10, 82 28 of 42

1 0 0 1 0 1 1 0 2 1 0 3 1 0 4 1 0 5 1 0 6 1 0 7 1 0 8 1 0 9
- 0 . 1
0 . 0
0 . 1
0 . 2
0 . 3
0 . 4
0 . 5
0 . 6
0 . 7
0 . 8
0 . 9
1 . 0

 

 

Sp
in 

As
ym

me
try

 U

( a )  N i  ( 9 0 )

e +
e _

1 0 0 1 0 1 1 0 2 1 0 3 1 0 4 1 0 5 1 0 6 1 0 7 1 0 8 1 0 9
- 0 . 1
0 . 0
0 . 1
0 . 2
0 . 3
0 . 4
0 . 5
0 . 6
0 . 7
0 . 8
0 . 9
1 . 0

e +e _

( b )  C u  ( 9 0 )
 

 

  
1 0 0 1 0 1 1 0 2 1 0 3 1 0 4 1 0 5 1 0 6 1 0 7 1 0 8 1 0 9

- 0 . 1
0 . 0
0 . 1
0 . 2
0 . 3
0 . 4
0 . 5
0 . 6
0 . 7
0 . 8
0 . 9
1 . 0

e +
e _

( c )  P d  ( 9 0 )
 

 

Sp
in 

As
ym

me
try

 U
Sp

in 
As

ym
me

try
 U

Sp
in 

As
ym

me
try

 U

P r o j e c t i l e  E n e r g y  ( e V )
1 0 0 1 0 1 1 0 2 1 0 3 1 0 4 1 0 5 1 0 6 1 0 7 1 0 8 1 0 9

- 0 . 2

0 . 0

0 . 2

0 . 4

0 . 6

0 . 8

1 . 0

e +e _

( d )  P t  ( 9 0 )
 

  

P r o j e c t i l e  E n e r g y  ( e V )

Figure 26. Energy variation of the spin asymmetry parameter U for both electron (—-) and positron
(· · · · · · ) impact scattering from (a) Ni58, (b) Cu63, (c) Pd108, and (d) Pt196 at scattering angle θ = 90◦.
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Figure 27. Energy variation of the spin asymmetry parameter T for both electron and positron impact
scattering from (a) Ni58, (b) Cu63, (c) Pd108, and (d) Pt196 at scattering angle θ = 90◦.

The angular dependence of U and T for a collision energy of 100 eV is displayed in
Figures 28 and 29. For positron impacts, U ≈ 0 and T ≈ 1 irrespective of angle and target,
while it can be seen that for electron impacts the deviation of T from this limiting value is
considerably smaller than that of U (except for the heaviest atom), confirming the greater
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sensitivity of U to the details of the theoretical model. In fact, for the heavier atoms the
location and size of the structures of U are quite similar to those in S at the same energy
(Figure 11), pointing to a similar susceptibility of both U and S to the extremum structure
of the DCS.
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Figure 28. Angular variation of the spin asymmetry parameter U for e± scattering from (a) Ni58,
(b) Cu63, (c) Pd108, and (d) Pt196 at a collision energy of 100 eV. (——-, red), electrons; (· · · · · · , blue),
positrons.
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Figure 29. Angular variation of the spin asymmetry parameter T for e± impact scattering from
(a) Ni58, (b) Cu63, (c) Pd108, and (d) Pt196 at a collision energy of 100 eV. (——-, red), electrons; (· · · · · · ,
blue), positrons.
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(b) High-energy scaling of U and T

As with the DCS, the two polarization correlations T and U scale for Ei � c2. More-
over, they are effectively independent of Ei and ZT for angles below 100◦. This is shown in
Figure 30, which depicts their angular distribution for the three target atoms Ni58, Pd108,
and Pt196 resulting from electron and positron scattering.

In contrast to the Sherman function, U and T do not vanish in the first-order Born
approximation. Therefore, similar to the DCS, the Born approximation for U and T is
employed to derive the scaling property, which postulates a weak dependence on energy
and ZT− independence, as follows [7]:

UB1 =
sin θ

τ

[
(γ− 1)2 cos2 θ

2
+ γ− 1

]
,

TB1 =
1

2τ

[
(γ− 1)2 cos2 θ + (γ2 − 1) cos θ + 2γ

]
, (20)

where τ = sin2 θ/2 + γ2 cos2 θ/2 and γ = 1 + Ei/c2. Because these expressions are
independent of ZT , they are valid for positrons as well. For γ � 1 and θ < 180◦, they
reduce to

UB1 ≈ sin θ, TB1 ≈ cos θ, (21)

independent of Ei. The Born limit (21) reproduces the asymptotic behaviour of U and
T from Figures 26 and 27. Moreover, it follows from Figure 30 that the behaviour (21)
is to a high degree valid in the forward hemisphere, and the validity regime extends to
larger angles as Ei increases. We note that this basic Ei-independence does not hold for the
equivalent spin asymmetry parameters R and L, which are linear combinations of T and
U [7].
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Figure 30. (a) Spin asymmetry U and (b) spin asymmetry T as functions of the scattering angle θ.
Shown are results for 70 MeV electron scattering from Ni58 (−−−−), Pd108 (− ·− · −), and Pt196 (—
——), as well as for 70 MeV positron scattering from Ni58 (· · · · · · , upper line) and Pt196 (− · · ·− · · · −).
Included are results for 140 MeV electron scattering from Pt196 (· · · · · · , lower line).

6. Integrated Cross-Sections and Mean Free Paths

This section furnishes further scattering observables: the integrated elastic cross-
section σel (IECS) and inelastic cross-section σin (INCS), the momentum-transfer cross-
section σm (MTCS), the viscosity cross-section σv (VCS), the total cross-section σtot (TCS),
and the total ionization cross-section σion (TICS), as defined in (3)–(5) and (10)–(12), for scat-
tering of both lepton species from the four metal targets. These quantities have paramount
importance in dense media and solid-state physics. For example, the IECS provides an esti-
mate of the mean free path between two elastic collisions, and the VCS is used as an input
in Monte Carlo simulations of electron transport in solids. In the following subsections,
we first present the above scattering characteristics for electron scattering, then discuss the
results due to positron impacts.
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6.1. Integrated Cross-Sections for Electron Scattering

For the incident electron energies 1 ≤ Ei ≤ 106 eV, the present OPM calculations of
the IECS, MTCS, VCS, INCS, and TCS for the four metal targets are shown in Figures 31–34.
For the Cu target, our IECS and MTCS results can be compared with the experimental data
of Trajmar et al. [37]. The comparison shows that the present OPM predictions of IECS and
MTCS roughly reproduce the energy dependence of the experimental cross-sections [37],
with the exceptions of overestimation of the IECS near 6 eV and 60 eV (Figure 31b) and
underprediction of the MTCS around 20 eV (Figure 32b).

Figure 35 shows our TICS results for electron scattering from the four metal targets
in the energy range 1 ≤ Ei ≤ 106 eV. Included are calculations with the semiclassical
approach (DM formalism) of Margreiter et al. [51] for Ni at Ei = 10–200 eV, the Hartree–
Fock–Slater approach of Bartlett and Stelbovics [52] for Cu at Ei ≤ 3 keV, and the SCOP
of Gupta et al. [53] and Roothaan–Hartree–Fock–Slater method of Bartlett et al. [54] for
Pd at Ei ≤ 10 keV. The theoretical results are compared with the data from Koparnski
reported in [51], Freund et al. [55], Bolorizadeh et al. [56], and Nelson [57]. In Figure 35a,
it can be seen that the present TICS results for Ni are in excellent agreement with the
data of Koparnski, whereas the calculations of Margreiter et al. [51] underestimate them
significantly in the energy domain of 10–40 eV. For the Cu target (Figure 35b), both our
predictions and those of [52] show good agreement with the experimental results [55,56].
For the heavier targets, however, there are serious discrepancies with the experimental
data. In particular, the present calculations for Pt, as shown in Figure 35d, differ from
the data [57] in the peak position. These measurements were actually carried out for the
neighboring Au target; however, judging from the similar TICS energy distributions for the
two adjacent atoms Ni and Cu, the Pt atom seems to be well represented by Au. In the case
of Pd (Figure 35c), our calculated position of the TICS maximum is lower in energy than
the theoretical predictions of Gupta et al. [53] and Bartlett et al. [54].

From a physical point of view, it is indeed to be expected that the peak of the ionization
cross-section moves to a higher collision energy with ZT . In fact, ionization will be maximal
if the energy of the impinging electron matches the binding energy of the electron shell
from which the electrons are predominantly ejected. For Ni and Cu, this is the M-shell, for
Pd it is the M- and N-shells, and for Pt it is the N- and O-shells. On average, these shells
are more tightly bound as ZT increases. The deficiency of our theoretical model seems to
originate from the rather crude estimates in (13) and (14) used to calculate σion.

Figures 31–34 include the Dirac–Hartree–Fock calculations of Mayol and Salvat [58]
of IECS, MTCS, and VCS for all four metal targets available at Ei = 102–106 eV, the rela-
tivistic static approximation results of Riley et al. [40] of IECS and MTCS for Ni and Cu
targets at Ei = 1–300 keV and of Zatsarinny and Bartschat [16] of IECS and MTCS for Cu at
Ei = 1–100 eV, and the calculations based on the spherical complex optical potential (SCOP)
of Gupta et al. [53] of TCS for Pd at Ei ≤ 2000 eV. As seen in these figures, the present
calculations yield good overall agreement with the other calculations at energies near and
above 100 eV. However, at lower energies there are discrepancies with the results from
Zatsarinny and Bartschat [16] and Gupta et al. [53]. In particular, these theories do not
yield the structures which appear in our IECS results near 2 eV for Cu and in our TCS
results for Pd around 10 eV. The deviation of our results from those of [16] is ascribed to
their use of the B-spline R-matrix model, which is more accurate at very low energies.
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Figure 31. Energy dependence of the integrated elastic cross-section (IECS) for electron impact
scattering from (a) Ni58, (b) Cu63, (c) Pd108, and (d) Pt196. Experiment: (•) Trajmar et al. [37]. Theory:
(—–) present OPM approach, (©) Mayol and Salvat [58], (	) Riley et al. [40], and (· · ·) Zatsarinny
and Bartschat [16].
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Figure 32. Energy dependence of the momentum-transfer cross-section (MTCS) for electron impact
scattering from (a) Ni58, (b) Cu63, (c) Pd108, and (d) Pt196. Experiment: (•) Trajmar et al. [37]. Theory:
(——) present OPM approach, (©) Mayol and Salvat [58], (	) Riley et al. [40], and (· · ·) Zatsarinny
and Bartschat [16].
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Figure 33. The present OPM calculations of the viscosity cross-section (VCS) for electron impact
scattering from (a) Ni58, (b) Cu63, (c) Pd108, and (d) Pt196 in comparison with the Dirac–Hartree–Fock
(DHF) calculations of Mayol and Salvat [58].
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Figure 34. Energy dependence of the integrated inelastic cross-section (INCS) and total cross section
(TCS) for electron impact scattering from (a) Ni58, (b) Cu63, (c) Pd108, and (d) Pt196. Theory: (—–)
present OPM approach and (· · · · · · ) Gupta et al. [53].
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Figure 35. Energy dependence of the total ionization cross-section (TICS) for electron impact scat-
tering from (a) Ni58, (b) Cu63, (c) Pd108, and (d) Pt196. Experiment: (•) Koparnski reported in [51]
for Ni, Freund et al. [55] and (N) Bolorizadeh et al. [56] for Cu, and Nelson [57] for Au. Theory:
(—–) present OPM approach, (· · · · · · ) Margreiter et al. [51], (−−−) Bartlett and Stelbovics [52] and
Bartlett et al. [54], and (◦) Gupta et al. [53].

6.2. Integrated Cross-Sections for Positron Scattering

In Figures 36–39 we display our OPM calculations of the IECS, MTCS, VCS, INCS,
TCS, and TICS for positron scattering from the four metal targets in the energy range
of 1–106 eV. The energy variations of IECS, MTCS, and VCS for positron scattering are
significantly different in shape from their electron counterparts. In the energy domain
10 ≤ Ei ≤100 eV, the IECS, MTCS, and VCS for the electron projectile show a maxima and
minima pattern which is absent in the case of positron projectiles. These features may be
due to the deviation of electron and positron impact interactions. In this context, it is worth
mentioning that for positrons the static potential is repulsive and the exchange potential
is absent. Moreover, it is well established that the positron–atom interaction is weaker in
comparison with its electron counterpart.

We include in the figures the theoretical predictions of IECS, MTCS, and VCS by Dapor
and Miotello [50] for the energy domain Ei = 300–3000 eV. It is evident from this comparison
that the two theories agree well throughout the compared energy range. In contrast to
electron scattering, the maximum of the inelastic cross section for positron impact shifts
to a larger energy when the target is heavier. However, the predicted peak position of the
TICS is again approximately independent of ZT .
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Figure 36. The present OPM calculations of the IECS for positron impact scattering from (a) Ni58,
(b) Cu63, (c) Pd108, and (d) Pt196 in comparison with the results of Dapor and Miotello [50].
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Figure 37. The present OPM calculations of the MTCS for positron impact scattering from (a) Ni58,
(b) Cu63, (c) Pd108, and (d) Pt196 in comparison with the results of Dapor and Miotello [50].
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Figure 38. The present OPM calculations of the VCS for positron impact scattering from (a) Ni58,
(b) Cu63, (c) Pd108, and (d) Pt196 in comparison with the results from Dapor and Miotello [50].
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Figure 39. The present OPM calculations of the INCS, TCS, and TICS for positron impact scattering
from (a) Ni58, (b) Cu63, (c) Pd108, and (d) Pt196.

6.3. Mean Free Paths

In dense media, multiple collisions take place. The penetration of a particle through
matter and its energy loss depends on the frequency of such collisions. This is related to the
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mean free path λ, which is the average distance the particle covers between two successive
collisions. In a simplified model, λ is inversely proportional to the collisional cross section
σ, and is defined by [19,59]

λ(Ei) =
AT

ρT N σ(Ei)
, (22)

where AT is the atomic mass number, N = 6.023× 1023 is the Avogadro number, and ρT is
the density of atoms in the target.

We can distinguish the mean free paths (MFPs) λel and λin related to elastic (σ = σel)
and inelastic (σ = σin) collisions and define the MFP λtot between arbitrary collisions
(σ = σtot).

Figure 40 shows the present results of the inelastic mean free path (IMFP) λin for
1–106 eV electrons colliding with the four metal targets. As prescribed in (22), using a
cross section evaluated within the OPM, the IMFP exhibits for all elements a monotonous
increase beyond 100 eV, while at the lower energies structures are present. This relates
to the corresponding behaviour of the cross-section (see Figure 34), as λin increases as σin
becomes smaller. In comparison with the available experimental data [60–71], our electron
impact IMFP results are in satisfactory agreement with the measurements for collision
energies above 200 eV. Additional comparisons are made with calculations using the Penn
algorithm by Shinotsuka et al. [72], the model dielectric function of Penn [73], the optical
data model of Ashley [74], and the TPP-2 formula of Tanuma et al. [75]. While their results
are close to ours at the higher energies, they are able to reproduce the experimental increase
of λin with decreasing Ei at the lower energies.
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Figure 40. Inelastic mean free path λin (IMFP) in Ȧ for electrons colliding with (a) Ni, (b) Cu, (c) Pd,
and (d) Pt as a function of collision energy, Ei. Shown are the present results (——-, red) and the
theoretical results from Shinotsuka et al. (−−−−, blue [72]), Ashley (− ·− · −, green [74]), and Penn
(in (b): upper full line, black [73]). Included are the experimental data from Iakoubovskii et al. [60],
Pierce and Siegmann [61], Wooten et al. [62], Jackson et al. [63], Burke and Schreurs [64], Seah [66],
Ridgway and Haneman [65], Brunner and Zogg [67], Mrozek et al. [68], Knapp et al. [69], Palmberg
and Rhodin [70], and Tanuma et al. [71].
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Figure 41 shows our IMFP results for positrons inelastically scattered from the four
target species in comparison with the predictions from the optical data model of Ashley [74]
and the BNL Monte Carlo scheme of Ghosh and Aers [76]. It is evident that the positron
impact IMFP shows a similar pattern as its electron counterpart beyond 100 eV. At lower
energies the energy dependence is rather smooth, without any significant structure. It
can be seen that for positron projectiles the differences in the IMFP between the target
species are rather small, apart from a shift in the minimum. The comparison shows that
our calculations are in substantial disagreement with those of [74,76], also above 200 eV.
Further experimental and theoretical investigations are needed in order to clarify these
discrepancies.

The λel (EMFP) and λtot (TMFP) for both electron and positron impacts on the four
targets are displayed in Figure 42. It can be seen that the results for both electrons and
positrons are very alike beyond 100 MeV in both magnitude and shape. This is true for both
λel and λtot. Around 20 eV, λel for electrons shows a peak structure which becomes more
pronounced with increasing ZT and is related to the minimum of the elastic cross-section
(Figure 31). For positron impacts, λel and λtot increase almost monotonously with energy.
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Figure 41. Inelastic mean free path λin (IMFP) in Ȧ for positrons colliding with (a) Ni, (b) Cu, (c) Pd,
and (d) Pt as function of collision energy, Ei. Shown are the present results (——-, red) and the
theoretical results from Ashley (——-, upper line in (b), black [74]) and Ghosh and Aers (−−−−,
blue [76]).



Atoms 2022, 10, 82 39 of 42

1 0 0 1 0 1 1 0 2 1 0 3 1 0 4 1 0 5 1 0 61 0 - 2

1 0 - 1

1 0 0

1 0 1

1 0 2

1 0 3

1 0 4

1 0 5

1 0 6

x 1 0 3

x 1 0 2

x 1 0 1

x 1 0 0

��
��

��	
�

��
��

��	
�

P o s i t r o n  E n e r g y  ( e V )E l e c t r o n  E n e r g y  ( e V )

( a )  E M F P  ( e _ , T a r g e t s )
 

 

 N i
 C u
 P d
 P t

1 0 0 1 0 1 1 0 2 1 0 3 1 0 4 1 0 5 1 0 61 0 - 2

1 0 - 1

1 0 0

1 0 1

1 0 2

1 0 3

1 0 4

1 0 5

1 0 6

x 1 0 3

x 1 0 2

x 1 0 1

x 1 0 0

( b )  E M F P  ( e + , T a r g e t s )
 

 

  

 N i
 C u
 P d
 P t

1 0 0 1 0 1 1 0 2 1 0 3 1 0 4 1 0 5 1 0 61 0 - 2

1 0 - 1

1 0 0

1 0 1

1 0 2

1 0 3

1 0 4

1 0 5

1 0 6

x 1 0 3

x 1 0 2

x 1 0 1

x 1 0 0

( c )  T M F P  ( e _ , T a r g e t s )
 

 

 N i
 C u
 P d
 P t

1 0 0 1 0 1 1 0 2 1 0 3 1 0 4 1 0 5 1 0 61 0 - 2

1 0 - 1

1 0 0

1 0 1

1 0 2

1 0 3

1 0 4

1 0 5

1 0 6

x 1 0 3

x 1 0 2

x 1 0 1

x 1 0 0

��
��

��	
�

��
��

��	
�

( d )  T M F P  ( e + , T a r g e t s )
 

  

 N i
 C u
 P d
 P t

Figure 42. (a,b) Elastic mean free path λel (EMFP) and (c,d) total mean free path λtot (TMFP) in Ȧ
for (a,c) electrons and (b,d) positrons colliding with Ni (− · − · −, green), Cu (−−−−, black), Pd
(· · · · · · , blue), and Pt (——-, red) as function of collision energy Ei.

7. Conclusions

Based on the relativistic phase-shift theory’s embodying an optical potential, we have
presented relevant observables for lepton–metal atom scattering, including the elastic
differential and total cross-sections, spin asymmetries, inelastic cross-sections, and mean
free paths. Comparisons with experimental data and with results from different theoretical
models provide generally good agreement for collision energies near and beyond 100 eV.

In conjunction with previous investigations on the alkali atoms, our main result for the
lower collision energies Ei is the strong dependence of the differential cross-sections on the
shell structure and on the extension of the electronic density distribution, $e. For electron
impacts, diffraction structures can be clearly identified, with their onset occurring at lower
energies as $e is more extended. For positron impacts no comparable structures are found,
which points to a screening effect of the target electrons rather than their active contribution
to the scattering process. In the ultrarelativistic regime, it is the nuclear charge distribution
which governs the DCS, and both lepton species induce similar diffraction patterns.

For the spin asymmetries S, U, and T, large electron–positron differences are found at
the lower collision energies. For electron impacts, their diffraction structure corresponds
to that in the DCS and leads to a large polarization, with the number of total polarization
points of S increasing with the number of shells. For positrons, on the other hand, the spin
asymmetries remain close to their asymptotic values of zero (S and U) or one (T), again
pointing to ineffective positron–electron cloud scattering.

In the relativistic collision energy regime above 100 MeV, scaling laws were discovered
for the differential cross-section and for the spin asymmetries. We found that the DCS in-
creases with E2

i for sufficiently small scattering angles θ if the product Eiθ is simultaneously
kept fixed. For the Sherman function, scaling with E3

i at fixed Eiθ holds for the heavier
atoms below 40◦. The parameters U and T tend to their Born limits below 120◦, which are
independent of Ei and of the target species.

From the action of the absorption potential, we determined an estimate of the inelastic
and ionization cross-section. We found that for the lightest atoms, Cu and Ni, the agreement
with experimental cross-section data and other theoretical results is satisfactory, while a
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more accurate model is needed for correctly describing the inelastic mean free path at
low energies.

Our work justifies the importance of the charge density distribution, upon which the
description of the scattering observables presented herein relies, in conjunction with the
fact that the collision dynamics, as treated in our work, lead to overall agreement with
both experimental results and other theories. Thus, the present procedure provides the
possibility of quickly generating accurate elastic cross-sections and spin asymmetries in
the energy regime extending from 100 eV to 300 MeV. These raw data are required for
computer simulations of multiple scattering processes occurring in many fields of science
and technology.
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