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Abstract: We performed a fully differential experimental and theoretical study on ionization of
He in intermediate-energy collisions with protons for a small projectile coherence length. Data
were taken for an ejected electron energy corresponding to a speed close to the projectile speed
(velocity matching). In the fully differential angular electron distributions, a pronounced double-peak
structure, observed previously for a coherence length much larger than the atomic size, is much less
pronounced in the current data. This observation is interpreted in terms of interference between
first-and higher-order transition amplitudes. Although there is large quantitative disagreement
between experiment and theory, the qualitative agreement supports this interpretation.

Keywords: atomic collisions; ionization; coherence

1. Introduction

One of the major motivations for atomic collision research is to gain insight into
the fundamentally important few-body problem (FBP) [1,2]. The FBP has its roots in
the Schrödinger equation not being solvable in closed form for more than two mutu-
ally interacting particles, even when the forces acting within and on the system are
known with high accuracy. Theoretically, the FBP in atomic collisions has been tackled by
perturbative [2–10] and, more recently, by non-perturbative [1,11–15] approaches. In treat-
ments employing the Born series, understanding the few-body dynamics of the collision
basically means precisely calculating the relative contributions of the leading-order process
to the various higher-order processes to the cross sections. In contrast, in distorted wave
and non-perturbative methods, these contributions usually do not occur as separate terms
in the transition amplitude (as they do in the Born series). There, the accuracy of the de-
scription of higher-order processes depends on how well the exact final-state wavefunction
of the collision system is approximated (distorted wave methods) or on the size of the basis
set and on the appropriate selection of the basis states (non-perturbative methods).

Here, our interest is focused on ionization of the target by ion impact. There, one
higher-order process that has been investigated by many groups is referred to as post-
collision interaction (PCI) [16–25]. PCI involves at least two interactions between the
projectile and the active target electron. In the primary encounter, the electron absorbs
sufficient energy from the projectile to be ejected into the continuum. In the subsequent
interaction, the ejected electron and the projectile are focused toward the initial beam axis
in the outgoing part of the collision. In order to conserve momentum, the residual target
ion needs to be involved as well, i.e., momentum exchange must occur between the recoil
ion and the electron or the projectile [22]. PCI is particularly prominent for electrons ejected
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with an energy corresponding to a speed close to the projectile speed (velocity matching).
Pronounced signatures of PCI have been observed in ejected electron spectra [16,17,19,21],
in residual target-ion spectra [20], and in scattered projectile spectra [18,22,25].

The most sensitive data on the reaction dynamics in atomic collisions are offered by
fully differential cross sections (FDCS) measured in kinematically complete experiments
(for reviews, see [26–28]). If the first-order mechanism is the dominant contribution to
the FDCS, the angular-ejected electron distribution exhibits a characteristic double-peak
structure, with the binary peak occurring in the direction of the momentum transfer q and
the recoil peak in the direction of –q [2,29]. However, for low-energy ions and/or ions with
large charge state, these structures are shifted in the forward direction relative to q or –q,
respectively, due to PCI [30–34] (often, the recoil peak disappears altogether). If the ejected
electron energy corresponds to the velocity matching region, another signature of PCI is
observed: it then leads to a pronounced peak structure occurring in the initial projectile
beam direction (forward peak), which at large scattering angles θp is separated from the
binary peak by a minimum [23,35,36]. The forward peak can be understood in terms of
a mutual focusing effect between the projectile and the ejected electron in the outgoing
part of the collision. For electron impact such a focusing does not occur because of the
repulsive nature of the underlying force. Therefore, the forward peak can only be studied
in collisions of ions or positrons with atoms or molecules.

At first glance, separate forward and binary peak structures may appear plausible,
at least if the binary peak is basically viewed as being due to the first-order process and
the forward peak as being due to PCI. Because of momentum conservation, the binary
peak is then expected near the direction of q and the forward peak, due to the focusing
effect caused by PCI, at 0o. However, as stated in the previous paragraph, the binary
peak cannot entirely be attributed to the first-order process, but rather, the forward shift
is a signature of PCI as well. The presence of the forward peak and the shift of the binary
peak are then just two different manifestations of the same mechanism, which only differ
quantitatively in the shift relative to q. This raises the question of why a relatively small
shift (binary peak) and a large shift (forward peak) are very likely, but an intermediate
shift (minimum separating both peaks) is less likely. Classically, one would expect a single
peak with a centroid somewhere between the direction of q and 0◦ with a wing on the
small-angle side extending toward 0o.On the other hand, in quantum mechanics, a possible
explanation for the double-peak structure is based on interference between the first-order
and higher-order amplitudes.

For interference to be observable experimentally, the incoming projectile must be
coherent [37,38]. The importance of such projectile coherence effects has been confirmed
by theory [39–41]. The transverse coherence length ∆x can be manipulated, such as in
classical optics, in terms of a collimating slit placed before the target [37,38]. The geometry
of the collimating slit affects the experimental resolution, but it can also have an impact on
the quantum mechanical position uncertainty, i.e., the coherence length of the incoming
projectile wave. For example, for a narrow slit placed at a large distance from the target, the
local collimation angle that the slit subtends relative to the target corresponds to a sharp
transverse projectile momentum distribution. According to the Heisenberg uncertainty
relation, this corresponds to a large dimension over which the projectile can coherently
illuminate the target, i.e., to a large transverse coherence length ∆x. Likewise, a broad slit
placed at a small distance from the target corresponds to a small ∆x.

Increasing the width of the collimating slit has a direct negative impact on the ex-
perimental resolution. However, changing the slit distance does not affect the resolution
significantly. The reason is that if one wants to measure cross sections as a function of the
projectile scattering angle, it is necessary to place the focus of the projectile beam as far
beyond the target as possible. In the ideal scenario, where the focal point approaches an infi-
nite distance from the target, the angular spread of the beam approaches zero, regardless of
the slit distance. Therefore, by changing the slit distance, one can manipulate the coherence
length without compromising the experimental resolution. Our previous studies, reporting
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a double forward/binary peak structure [35,36], were performed for a relatively large slit
distance, corresponding to ∆x larger than 3 a.u. Here, we report on a measurement with
∆x < 1 a.u. under otherwise identical conditions. The double-peak structure is found to be
much less pronounced, if present at all, for the smaller coherence length. This supports
the interpretation that the double-peak structure is caused by interference between the
first- and higher-order transition amplitudes. This finding is qualitatively also backed by
our calculations.

2. Experiment

The experiment was performed at the medium-energy accelerator of the Missouri
University of Science and Technology. A schematic sketch of the set-up is shown in
Figure 1. A proton beam with an energy spread of much less than 1 eV was generated
with a hot-cathode ion source and accelerated to an energy of 75 keV using a high-voltage
platform. The beam was collimated by a pair of slits with a width of 150 µm before entering
the target chamber. The vertical slit (collimation in x-direction) was placed at a distance
of 7 cm from the target and the horizontal slit (collimation in y-direction) at a distance of
50 cm. The slit geometry for the horizontal slit corresponds to a transverse coherence length
∆y of more than 3 a.u. The collimating slit can only increase, but not decrease the coherence
length compared to an uncollimated beam. In the x-direction, the vertical slit would lead
to a transverse coherence length of 0.5 a.u. if the uncollimated beam was completely
incoherent. However, because of apertures in the accelerator terminal, the actual transverse
coherence length in the x-direction is ∆x≈ 1 a.u. In the longitudinal direction, the coherence
length is determined by the intrinsic energy spread of the projectiles. Since the intrinsic
energy spread cannot be larger than the total energy spread, corresponding to a momentum
uncertainty of 0.02 a.u., the latter provides a lower limit for the longitudinal coherence ∆z
of about 50 a.u. Therefore, the beam can be regarded as longitudinally coherent.
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Figure 1. Schematic sketch of the experimental set-up.

In the target chamber, the projectile beam was crossed with a very cold (T ≈ 1–2 K)
atomic He beam from a supersonic gas jet propagating in the vertical direction. The
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scattered protons that did not charge exchange were selected with a switching magnet and
decelerated to an energy of 5 keV using another high-voltage platform. The projectiles were
then energy analyzed with an electrostatic parallel-plate analyzer [42] and detected with
a two-dimensional position sensitive micro-channel plate detector (MCP). The entrance
and exit slits of the analyzer had a length of several cm in the horizontal (x-direction) and
a width of 75 µm in the vertical direction (y-direction). The analyzer was set to a pass
energy corresponding to an energy loss of ε = 68.5 eV with a resolution of 2.5 eV full width
at half maximum (FWHM). From ε the longitudinal component and from the position
the x-component of the scattered projectile momentum were determined. Due to the
narrow width of the slits, the y-component was fixed at 0, and the projectile transverse
coherence properties were primarily determined by ∆x. The momentum transfer is defined
by q = po − pf, where po and pf are the initial and final projectile momenta, and θp was
determined by tan θp = qx/po. The resolution in θp was 0.12 mrad FWHM.

The recoiling target ions were extracted in the x-direction with a weak electric field of
6 V/cm and then traversed a field-free region twice as long as the extraction region. The
recoil ions were detected with a second two-dimensional position-sensitive detector, which
was set in coincidence with the projectile detector. From the position information, the
recoil-ion momentum components in the y-and z-direction (defined by the initial projectile
beam direction) were determined, and the x-component was obtained from the coincidence
time. The ejected electron momentum was then calculated from momentum conservation
as pel = q − prec, i.e., the data were kinematically complete. The momentum resolution
for the x- and z-components was about 0.15 a.u. FWHM. In the y-direction, the resolution
was significantly worse (≈0.35 a.u. FWHM). However, here, our interest was focused
on electrons ejected into the scattering plane spanned by the initial and final projectile
momenta (i.e., the xz-plane). The recoil-ion resolution in the y-direction caused some
uncertainty in the definition of the scattering plane in the data analysis, but it did not affect
the polar angular resolution of the electrons ejected into that plane. The resolution in the
azimuthal electron angle φel (defining the emission plane) was about 20◦ FWHM. The
resolution in the polar angle θel depends on θel itself and ranged from 8◦ to 12◦.

3. Theory

The theoretical model of ionization by charged particle impact for calculating the
FDCS as a function of the coherence width of the wave packet associated to the projectile
was described in detail elsewhere [40,43]. Briefly, as a first step, the impact-parameter-
dependent transition probability amplitude a(b, E, Ωe) was calculated ab initio, E being the
energy and Ωe the ejection angle of the electron. We numerically solved the time-dependent
Schrödinger equation for the two active electrons of the target, which were moving in the
combined electric field of the target core and of the projectile [13,44]. The angular part of
the electronic wave function was represented in the basis of coupled symmetrized spherical
harmonics [13] centered on the target, while the radial partial waves were discretized using
the finite element discrete variable representation method [45]. For the time propagation of
the wave function, the short iterative Lanczos method [46] with adaptive time-step size
control was used.

For a given impact parameter, the transition amplitudes were extracted by projecting
the time-dependent wave function onto single continuum eigenstates. We have approx-
imated these eigenstates as a symmetrized product of single electron He+ bound states
and Coulomb continuum states. This approach was successfully applied to describe
the electronic dynamics induced by negatively charged projectiles in He [13,47]; how-
ever, in the case of positively charged projectiles, it has some shortcomings due to the
presence of the capture channel. The corresponding projectile bound states are poorly
represented in a target-centered basis set, and they are not orthogonal to the uncorrelated
single continuum eigenstates used in the calculation of the transition probability ampli-
tudes. These two factors have an impact on the predicted transition amplitudes and thus
on the predicted FDCS.
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In the case of the coherent calculation, we associate a plane wave to the projectile
(implying infinite transverse coherence length), and the scattering amplitude depending on
the transverse momentum transfer q⊥ may be obtained from an inverse Fourier transform
of the probability amplitude [48].

Rc(q⊥, E, Ωe) =
1

2π

∫
d2beib·q⊥b

2i
ZpZT

vp a(b, E, Ωe) (1)

Here, b
2i

ZpZT
vp is an eikonal factor accounting for the projectile–nucleus interaction, Zp

and ZT being the charges of the two particles and vp the velocity of the projectile.
In our model, the finite coherence width of the wave packet of the projectile is taken into

account by multiplying the transition probability amplitude by a two-dimensional Gaussian.

R(q⊥, E, Ωe) =
N
2π

∫
d2beib·q⊥b

2i
ZpZT

vp a(b, E, Ωe)e
− (bx−b0x)

2

2σ2
x
−

(by−b0y)
2

2σ2
y (2)

Here, {bx, by} are the components of the impact parameter b, while σx and σy stand for
the standard deviations. x is parallel to q⊥ and y is perpendicular to q⊥ and to the initial tra-
jectory of the projectile. The coherence width of the projectile in each direction is considered
to be the full width at half maximum (FWHM) of the Gaussian ∆bx,y = 2.355 σx,y.

Because the center of the wave packet is considered to be on the x axis, b0y = 0, and
b0x is calculated on the basis of classical scattering of the projectile off the residual He+ ion.
However, the inverse Fourier transform integrates over all impact parameters contributing
to each scattering angle for a given coherence length. Therefore, only for a completely
incoherent case (i.e., a coherence length of 0) does our treatment imply classical projectile
trajectories. A finite coherence length, in contrast, corresponds to an uncertainty in the
relation between impact parameter and scattering angle. The normalization factor N is
obtained by normalizing the cross section integrated over the electron ejection angles
obtained with a finite coherence width to the coherent results.

Finally, the FDCS is obtained from the scattering amplitude.

d3σ

dEdΩedq⊥
= p0|R(q⊥, E, Ωe)|2 (3)

p0 being the projectile’s initial momentum.

4. Results and Discussion

From the kinematically complete data, we extracted FDCS for the electron ejection
into the scattering plane for various fixed θp as a function of θel. The fixed energy loss is
equivalent to an electron energy of Eel = ε-I = 43.9 eV, where I is the ionization potential
of He, corresponding to an electron to projectile speed ratio of 1.04. In Figure 2, the FDCS
are shown for θp = 0.1, 0.2, 0.3, and 0.5 mrad (as indicated in the insets). The red symbols
represent data taken for the large slit distance and are reported in [36], and the blue symbols
show the present data taken for a small slit distance. For simplicity, we refer to these data as
coherent and incoherent, respectively. However, the data are neither completely coherent
nor completely incoherent, which would require coherence lengths of infinity or zero,
respectively. Here, the terms coherent and incoherent refer to the larger or smaller of the
two transverse coherence lengths.



Atoms 2022, 10, 119 6 of 10

Atoms 2022, 10, x FOR PEER REVIEW 6 of 11 
 

contributing to each scattering angle for a given coherence length. Therefore, only for a 

completely incoherent case (i.e., a coherence length of 0) does our treatment imply 

classical projectile trajectories. A finite coherence length, in contrast, corresponds to an 

uncertainty in the relation between impact parameter and scattering angle. The 

normalization factor N is obtained by normalizing the cross section integrated over the 

electron ejection angles obtained with a finite coherence width to the coherent results. 

Finally, the FDCS is obtained from the scattering amplitude. 

𝑑3𝜎

𝑑𝐸𝑑Ω𝑒𝑑𝐪⊥
=  𝑝0| 𝑅(𝐪⊥, 𝐸, Ω𝑒)|2 (3) 

𝑝0 being the projectile’s initial momentum. 

4. Results and Discussion 

From the kinematically complete data, we extracted FDCS for the electron ejection 

into the scattering plane for various fixed p as a function of el. The fixed energy loss is 

equivalent to an electron energy of Eel = -I = 43.9 eV, where I is the ionization potential of 

He, corresponding to an electron to projectile speed ratio of 1.04. In Figure 2, the FDCS 

are shown for p = 0.1, 0.2, 0.3, and 0.5 mrad (as indicated in the insets). The red symbols 

represent data taken for the large slit distance and are reported in [36], and the blue 

symbols show the present data taken for a small slit distance. For simplicity, we refer to 

these data as coherent and incoherent, respectively. However, the data are neither 

completely coherent nor completely incoherent, which would require coherence lengths 

of infinity or zero, respectively. Here, the terms coherent and incoherent refer to the larger 

or smaller of the two transverse coherence lengths. 

 
Figure 2. FDCS for electrons ejected into the scattering plane for fixed θp as indicated in the insets
as a function of θel. Red symbols, coherent data; blue symbols, incoherent data; red dashed curves,
coherent theory; blue solid curves, incoherent theory. The vertical arrows indicate the direction of q.

No measured absolute integrated cross sections have been reported yet for the inco-
herent case under the present kinematic conditions. Therefore, the incoherent data are
normalized to the same integrated FDCS as the coherent data so that no meaningful com-
parison in magnitude between the two data sets is possible. At the two smaller θp, both the
coherent and the incoherent data only exhibit a single peak structure. This is the expected
behavior because the direction of q is too close to θel = 0 for the binary peak to be resolvable
from the forward peak, regardless of the coherence length. Here, no large differences in
shape between the two data sets can be discerned, although the peak structure in the coher-
ent case appears to be somewhat narrower. At θp = 0.3 mrad, a separate forward/binary
double-peak structure becomes visible in the coherent data. In the incoherent data, however,
the minimum separating the forward and binary peaks is much shallower, if present at all,
and the forward peak (relative to the binary peak) is strongly suppressed compared to the
coherent data. At θp = 0.5 mrad, the differences between the coherent and incoherent data
become even larger. While in the coherent FDCS, the double-peak structure becomes even
more pronounced; in the incoherent data, the forward peak is still barely separated from
the binary peak and is even more suppressed compared to θp = 0.3 mrad. This is more
remarkable considering that with increasing θp, the direction of q departs increasingly from
0o. Furthermore, the binary peak in the incoherent data is shifted in the forward direction
relative to the coherent data. In summary, the data suggest that coherence effects become
stronger with increasing θp.
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The red dashed and blue solid lines in Figure 2 show our coherent and incoherent
calculations. Significant discrepancies between experiment and theory are found, for both
the coherent and incoherent cases. In the overall magnitude, the calculation overestimates
the coherent data by as much as a factor of 4. With increasing θp, there are increasing
discrepancies in the centroids of the maxima. Finally, the theoretical widths of the peak
structures are too large, especially in the coherent case. These discrepancies could be partly
due to the high sensitivity of the FDCS on the coherence length [49] combined with the
uncertainty in the experimental coherence length and due to not accounting for the electron
capture channel in theory. However, qualitatively, there are two important features in which
theory agrees with experiment: first, at small θp, the differences between the coherent and
incoherent calculations are relatively small, but with increasing θp, they become much
more prominent. Second, at θp = 0.5 mrad, the double-peak structure seen in the coherent
calculation turns into a single peak in the incoherent case, located between the forward
and binary peaks of the coherent FDCS, such as in the experimental data. Thus, theory
provides some support for the interpretation that the double-peak structure at large θp for
the coherent FDCS is due to interference between the first- and higher-order amplitudes. In
the theoretical model, the interference emerges from a coherent superposition of different
impact parameters leading to the same θp. In general, this does not necessarily require
the presence of higher-order contributions [40,43]. However, in the present case in a pure
first-order calculation, the forward peak is completely absent. Furthermore, an incoherent
higher-order calculation (considering only a small interval of impact parameters) leads to
only one peak. Interference between various impact parameters is therefore equivalent to
interference between first- and higher-order amplitudes.

In analogy to classical optics, the coherent cross sections can be expressed as a product
between the incoherent cross sections and the interference term, i.e., the ratio R between the
coherent and incoherent FDCS represents the interference term. These ratios are plotted as
a function of θel in Figure 3 for θp = 0.3 and 0.5 mrad in the left and right panels, respectively.
For the smaller scattering angles, the differences between the coherent and incoherent FDCS
are relatively small, and the ratios mostly show statistical scatter. At θp = 0.3 mrad, the
ratios show maxima at θel = 0o and 35o, which are close to the direction of q indicated
by the vertical arrow. The peaks are separated by a shallow minimum at about 20o. At
θp = 0.5 mrad, the peak structure at 0o and the following minimum are significantly more
pronounced, where the ratio in the minimum is about a factor of 5 smaller than in the
forward maximum. After the minimum, the ratios strongly rise once again, but due to
the large error bars for large θel, it is not clear whether this results in a second maximum.
However, the data are not inconsistent with a second maximum in the direction of q at
48o. These features in the interference term extracted from the experimental data further
support the interpretation that the double-peak structure observed in the coherent FDCS
is due to constructive interference in the forward direction and in the direction of q and
destructive interference in between these directions.

Unfortunately, the theoretical ratios are dominated by the behavior in the wings of the
maxima in the FDCS. As a result, the ratios are very large in regions (θel approaching −90◦

and 180◦) where the FDCS are nearly 0, which masks the shape of the interference term
in the interesting region of the double-peak structure. Therefore, a comparison between
theoretical and experimental ratios does not provide any further insight.
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5. Conclusions and Outlook

We have measured and calculated FDCS for ionization in the velocity-matching
regime for an incoherent projectile beam and compared them to data previously taken
for a coherent beam. With increasing scattering angle, increasing differences between the
coherent and incoherent FDCS are found. At the largest scattering angle, these differences
are of qualitative nature. A double-peak structure in the coherent case is nearly turned
into a single peak in the incoherent case, which is the behavior expected from a classical
point of view. We therefore conclude that the double-peak structure in the coherent FDCS
is likely due to constructive interference in the forward direction and in the direction of q
and destructive interference leading to a minimum between these directions. This conclu-
sion is qualitatively supported by our calculations, although there are large quantitative
discrepancies to the experimental data.

As an outlook, we plan to extend the experiments to other projectile energies and
targets in order to investigate the interference leading to the double-peak structure more
systematically. On the theoretical side, it appears important to include projectile bound
states to account for the capture channel. Due to unitarity, the missing projectile states
means that capture is erroneously counted as ionization in the transition amplitude. This
effect is expected to have a particularly large impact in the velocity-matching regime
because of the energetic proximity of the continuum electron states to the projectile bound
states. Unfortunately, including projectile bound states requires a major redesign of the
existing model, implying additional computational efforts and successfully concluding
such a project is very time-consuming.
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