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Abstract: We investigated theoretically the time dependence of ultra-short laser pulse scattering by
an atom at the high-frequency limit for the spectral and total probability of the process using new
expression which we derived in this paper. We established that the time dependence of spectral
scattering is presented by the curve with the maximum for sufficiently large detuning of scattering
frequency from the carrier frequency of the pulse, while the total scattering probability is always the
monotonically increasing function of time. We also studied the dependence of scattering probability
on pulse duration at the long-time limit. It was shown that, at the long-pulse limit, the scattering
probability is a linear function of pulse duration, while in the opposite case, it is a function with
maximum. The position of this maximum is determined by the detuning of the scattering frequency
from the carrier frequency of the pulse.
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1. Introduction

Ultra-short laser pulses’ (USLP) interactions with matter are one of the hottest topics in modern
science that is proven by the variety of possible applications [1–5].

Due to the development of the technique for generating USLP and the methods for observing
photo processes in real time on the femto- and subfemtosecond time scale [6–14], it is necessary to
adequately describe the time dependence of the probability of absorption and the scattering of radiation
by atoms.

At the present time, multiple methods for the description of atomic processes in the high-frequency
field exist (e.g., see [15]). However, the field of USLP is very different. As was shown in a number of
previous works [16–22], the standard approach to the description of photo processes in the ultra-short
pulse field, based on probabilities per unit time, is not always adequate, since it does not take into
account the finite width of the ultra-short pulse spectrum. In some articles [21,22], it was proposed
to use the probability for the entire duration of the USLP as the main characteristic of the radiative
process in the field of USLP. In this way, the scattering of ultra-short pulses by various targets was
studied—both Rayleigh, including the resonance case, and Compton [18–20]. The most attention was
paid to the dependence of the probability on the pulse duration. In particular, criteria were established
for the nonlinear nature of this dependence. Note that when using the probability per unit time,
this dependence is always linear.
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The scattering spectra of ultra-short pulses on atomic and molecular targets in the case in
which the pulse duration is much shorter than the characteristic atomic time were calculated in
some papers [23–26] using the sudden perturbation method. In these works, the dependence of
the probability of the photo process upon the pulse duration were not studied, and in addition, the
condition for the applicability of the approximation of sudden perturbations imposes very strong
restrictions on the shortness of the pulse.

Besides the probability of the photo process for the entire duration of the USLP, it is of interest to
investigate the dependence of the probability on time. Thus, the time dependence of the ionization of a
hydrogen atom by ultra-short pulses has been studied [27] using a numerical solution of the temporal
Schrödinger equation. Particularly, it was shown that this dependence is strongly non-monotonic with
maxima and minima.

The attosecond dynamics of the excitation of a hydrogen atom in a discrete and continuous
spectrum was considered in one paper [28] in the framework of perturbation theory. In a previous
article [29], we investigated the temporal evolution of the resonant scattering of ultra-short pulses by
an atom and derived the general expression for the probability of this process. In particular, it was
shown that, depending on the pulse duration and detuning of carrier frequency from its own atomic
frequency, the spectral probability of resonant scattering can be an oscillatory function of time.

The present paper is devoted to the investigation of another limiting case in the USLP scattering
by atom, namely the scattering of ultra-short pulses with a carrier frequency much higher than the
characteristic atomic frequencies.

2. General Formulas

The general formula describing the time dependence of USLP spectral scattering probability by
an atom in dipole approximation has the following form [30] (we use atomic units throughout the
paper: e = m = } = 1):
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Here, ω′ is the frequency of the scattered radiation, ω is the carrier frequency, τ is the pulse duration,
and c is the velocity of light. E(ω̃,ω, τ) is the Fourier transform of the electric field strength with
amplitude E0 in incident USLP [19]:
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c11(ω′, ω̃) is the scattering tensor of the radiation which for the atom reduces to the scalar:

c11(ω
′, ω̃) =

∑
n
|dn1|

2
{

1
ωn1 − ω̃− iγn1

+
1

ωn1 +ω′ − iγn1

}
, (3)

where ωn1 and γn1 are the eigenfrequencies and the relaxation constants of electron transitions, and
dn1 are the matrix elements of the electric dipole moment.

In the high-frequency limit, ω >> Ia (Ia is the atomic ionization potential) and the dipole
approximation Equation (3) simplifies to the following form [28]:

c11(ω
′, ω̃) ≈ −

Na

ω′ ω̃
(4)
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Here, Na is the number of atomic electrons. Substituting (4) in (1), we have
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Note that
∞∫
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Using Equation (6), we obtain from (5):
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3. Results and Discussion

Next, we calculate the time and spectral dependences of the scattered probability of the USLP by
the atom in the high-frequency limit using Equation (7). All calculations are made for Na = 1 and for
the amplitude of electric field in the pulse E0 = 1 a.u.

The time evolution of the scattering probability spectrum is presented in Figure 1 for the carrier
frequency ω = 20 a.u. and pulse duration τ = 50 a.u.
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Figure 1. Scattering probability spectrum at different points in time. Figure 1. Scattering probability spectrum at different points in time.

One can see that the scattering spectrum has a bell-like shape and the spectral width decreases
with the increase in time. In the long-time limit, the spectral width is determined by the reciprocal
value of pulse duration (see Equation (10) below).

The results of the calculation of the time dependence of the spectral scattering probability in the
high-frequency limit are shown in Figure 2 for various pulse durations and the scattering frequency.
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As can be seen from Figure 2, the time dependence of the spectral scattering probability is
determined by nonadiabaticity parameter ∆ = |ω′ −ω| τ. For ∆ < 1, the spectral scattering probability
is the monotonically increasing function of time; in the opposite case, it has a maximum.

For total scattering probability as a function of time, it follows from (7) and can be expressed as
the following:
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It should be mentioned that the main contribution to the integral (8) arises from the frequency
range in the vicinity of the carrier frequency of the pulse which satisfied the inequality ω >> Ia.
Consequently, the high frequency approximation for the scattering tensor (4) is valid.

The time dependence of the total scattering probability is shown in Figure 3 for different
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As can be seen from this figure, the total probability is always a monotonically increasing function
of time, in contrast to the spectral probability of the USLP scattering.
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In the long-time limit t→∞ , Equation (5) gives

dW(τ)

dω′
=

2 N2
a

3πω′ c3

∣∣∣E(ω′,ω, τ)
∣∣∣2. (9)

Note that Equation (9) coincides, up to a non-dipole term, with expression (23), obtained in [16] in the
framework of the approximation of sudden perturbations for the total spectrum of the scattering of
ultra-short pulses by a hydrogen atom (Na = 1).

For the scattering of laser pulse with Gaussian envelope, we have from (9) the following:

dW(τ)

dω′
=

N2
a

3 ω′ c3 E2
0 τ

2 exp
[
−(ω−ω′)2 τ2

]
. (10)

In the long pulse limit, Equation (10) gives

dW(τ→∞)

dω′
=

√
πN2

a

3ω′ c3 E2
0 τ δ(ω−ω

′). (11)

Thus, in this case, the scattering probability is the linear function of the pulse duration, in
accordance with the standard approach, and the scattering frequency coincides with the carrier
frequency because of the delta function in (11): ω′ = ω.

It is easy to calculate the pulse duration value at which the probability (10) has a maximum:

τmax =
1

|ω−ω′|
, ω′ , ω. (12)

In the case when ω′ = ω, we have the following:

dW(τ)/dω′ ∝ τ2. (13)

The validity of Equations (12) and (13) is demonstrated by curves in Figure 4 presenting
the dependence of spectral scattering probabilities as functions of pulse duration for different
scattering frequencies.
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Atoms 2020, 8, 41 6 of 7

In reality, in the case ω′ = ω, the scattering probability increases quadratically with the pulse
duration, and the position of maximum for ω′ , ω satisfies Equation (12).

4. Conclusions

In this paper, we studied the scattering of USLP by the atom for carrier frequencies of the pulse
which are much higher than characteristic atomic frequencies. Calculations were made for the scattering
probability as the function of time and pulse duration in the dipole approximation and the second
order of the perturbation theory. We derived a simple expression for the spectral scattering probability
time dependence through the double integral of the electric field strength in the pulse (7).

It was shown that the spectral scattering probability transforms from the monotonically increasing
function of time into function with maximum with the increase in the nonadiabacity parameter
∆ = |ω′ −ω|τ, while the total scattering probability is always monotonically increasing with time.

We also demonstrated that, in the long-time limit, the dependence upon time disappears and the
spectral scattering probability is proportional to the squared modulus of the Fourier transform of the
electric field strength at the scattering frequency. In this case, the function dW(τ)/dω′ transforms from a
quadratically to linearly increasing function and has a maximum at τmax = 1/|ω′−ω| for ω′ , ω. In the
long-pulse limit, the scattering spectrum shifts to the delta function with ω′ = ω and the scattering
probability is a linear function of the pulse duration.
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