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Abstract: Differential drive mobile robots, being widely used in several industrial and domestic
applications, are increasingly demanding when concerning precision and satisfactory maneuverability.
In the present paper, the problem of independently controlling the velocity and orientation angle of
a differential drive mobile robot is investigated by developing an appropriate two stage nonlinear
controller embedded on board and also by using the measurements of the speed and accelerator of the
two wheels, as well as taking remote measurements of the orientation angle and its rate. The model of
the system is presented in a nonlinear state space form that includes unknown additive terms arising
from external disturbances and actuator faults. Based on the nonlinear model of the system, the
respective I/O relation is derived, and a two-stage nonlinear measurable output feedback controller,
analyzed into an internal and an external controller, is designed. The internal controller aims to
produce a decoupled inner closed-loop system of linear form, regulating the linear velocity and
angular velocity of the mobile robot independently. The internal controller is of the nonlinear PD type
and uses real time measurements of the angular velocities of the active wheels of the vehicle, as well
as the respective accelerations. The external controller aims toward the regulation of the orientation
angle of the vehicle. It is of a linear, delayed PD feedback form, offering feedback from the remote
measurements of the orientation angle and angular velocity of the vehicle, which are transmitted
to the controller through a wireless network. Analytic formulae are derived for the parameters of
the external controller to ensure the stability of the closed-loop system, even in the presence of the
wireless transmission delays, as well as asymptotic command following for the orientation angle.
To compensate for measurement noise, external disturbances, and actuator faults, a metaheuristic
algorithm is proposed to evaluate the remaining free controller parameters. The performance of the
proposed control scheme is evaluated through a series of computational experiments, demonstrating
satisfactory behavior.

Keywords: differential drive mobile robots; nonlinear control; I/O decoupling; time delay systems

1. Introduction

Differential drive mobile robots (see [1-9]), being generally equipped with two sepa-
rately driven wheels that are mounted on a common axis and a castor wheel for balance,
provide advantages in various robotic vehicular applications. Their simplistic yet effective
design enables precise turning and maneuvering capabilities, which prove crucial in con-
fined or cluttered spaces. This makes them ideal for indoor environments like warehouses,
factories, hospitals, and laboratories, where agility and the ability to navigate around
obstacles are paramount. The differential drive system allows these robots to rotate in place,
offering superior handling and control in comparison to other drive systems. Additionally,
their straightforward mechanical design translates to lower maintenance costs and easier
repairs, which is beneficial for continuous, high-demand operations. Furthermore, the
inherent simplicity of the control mechanism of differential drive robots facilitates easier
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programming and integration into automated systems, enhancing their adaptability in
tasks that range from material handling to more complex automation processes. The combi-
nation of maneuverability, cost-effectiveness, and ease of integration positions differential
drive mobile robots as a versatile and efficient solution in the ever-evolving landscape of
robotics and automation. In order to control the performance variables of such robotic
vehicles, several control approaches have been proposed, including, among many, PID type
of controllers (see [10-12]), linear static state feedback controllers (see [5]), optimal type
of controllers (see [13-16]), predictive controllers (see [17,18]), and fuzzy (see [19,20]) and
adaptive controllers (see [21,22]).

Of particular interest is the use of inverse dynamics/feedback linearization type of
controllers for the motion control (indicatively see [23-29]) of robotic vehicles, aerial robots,
and robotic manipulators. In [23], a proportional-derivative (PD) feedback linearization
controller, designed for optimal trajectory tracking in nonholonomic wheeled mobile robots,
is introduced. The proposed approach uses a population-based optimization algorithm,
which is utilized to refine the PD controller. In [24], the problem of controlling six-joint
robot manipulators handling various loads through a nonlinear control approach is investi-
gated. The proposed method incorporates nonlinear static feedback alongside a nonlinear
proportional and derivative precompensator, aiming to resolve the position control problem
across all models/different loads using a single controller. The controller is designed to
meet the criteria of common input/output decoupling, while also ensuring the following
of common arbitrary commands. The work in [25] focuses on the trajectory control of
nonholonomic robotic systems in the presence of model uncertainties. It introduces a track-
ing controller that merges inverse dynamics control with an adaptive robust PID control
approach, providing resilience against both parametric and nonparametric uncertainties.
In [26], the motion control of an automated guided vehicle (AGV) is achieved using a blend
of PID control and a controller based on inverse actuator dynamics. This inverse dynamics
controller compensates the unmodeled nonlinearities in the system, achieving a precise
rotor speed control in the DC motor. This is essential for the robot’s accurate following of
the planned trajectory. In [27], a control technique for differential drive wheeled mobile
robots with nonholonomic constraints, which utilizes a backstepping-like feedback lin-
earization approach, is introduced. The proposed method employs cascaded kinematic and
dynamic linearization, resulting in a more straightforward and modular control framework.
Initially, pseudo commands for the robot’s linear forward velocity and heading angle are
crafted based on kinematics. Subsequently, actual torque inputs are formulated to ensure
these real movements align with the pseudo commands. In [28], the problem of trajec-
tory tracking control in differential drive robots with input limitations is investigated. In
particular, a robust, set-based receding horizon tracking method that effectively manages
state-dependent input constraints is proposed. In [29], the authors propose a strategy
for avoiding collisions, specifically designed for differential drive robots operating under
constraints in environments with static but unknown obstacles. To achieve this, they use the
nonlinear kinematics of the robot towards developing a feedback linearization controller.
Additionally, they develop a receding horizon control approach that is specially adapted to
handle constraints on states and inputs that vary over time.

For an improved maneuverability, despite the presence of communication delays, the
problem of independently controlling the velocity and orientation angle of a differential
drive mobile robot is investigated in the present paper; this investigation is carried out
via the developing of an appropriate two-stage nonlinear controller embedded on board
and using measurements of the speed and accelerator of the two active wheels, as well
as the remote measurements of the orientation angle and its rate. The system model is
described in nonlinear state space form, accounting for inaccuracies which stem from
external disturbances and actuator faults. The external disturbances are translated to
additive motor torques and the actuator faults are expressed additively to the motor
voltage. Utilizing this nonlinear system model, the input/output relationship is established,
leading to the development of a two-stage nonlinear controller. The internal controller
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linearizes the closed-loop system and decouples the dynamics of the linear velocity and
the angular velocity. This way, the independent control of the performance variables of
the system is achieved. The controller is of the nonlinear PD type and relies on real-time
measurements of the wheels” angular velocities and accelerations. The controller has the
advantages of the various versions of the inverse dynamic control scheme (see [23,24,26]).
The goal of the external controller is to regulate the vehicle’s orientation angle by using
a linear delayed feedback scheme that uses the remote measurements of the vehicle’s
orientation angle and angular velocity, which are assumed to be wirelessly transmitted to
the controller. The external controller is supported by an appropriate signal transmission—
reconstruction algorithm, developed in [30], that makes constant the uncertain and fast
varying communication delays. Considering that communication delays may significantly
influence the performance of the closed loop system, one of the main advantages of the
herein proposed approach is the derivation of the analytic formulas of the external controller
parameters that ensure the system’s stability, despite wireless transmission delays, and
the achievement of asymptotic command following for the orientation angle. To offset the
influence of measurement noises, external disturbances, and actuator faults, a metaheuristic
algorithm is suggested for fine-tuning the remaining controller parameters. The efficacy of
this control strategy is confirmed through numerous computational tests, demonstrating its
satisfactory performance. It is important to mention that the nonlinear nature of the herein
proposed control scheme appears to have the distinct advantage of not depending on the
operating point of the mobile robot, similarly to, for example, the controllers in [5,11,31]. In
the present case, the operating points would be affected by the unknown modelling errors.
Furthermore, the dual stage form of the proposed controller facilitates the design procedure,
providing the interpretability of each controller stage. It is important to mention that the
inner stage is offered to be used independently in cases where the design requirements are
limited to the angular velocity control of the vehicle.

2. Dynamics of the Differential Drive Mobile Robot
2.1. Mobile Robot Nonlinear Dynamics with Additive Modelling Errors

Here, the dynamics of the differential drive mobile robot depicted in Figure 1 are
studied, under pure rolling and no lateral slip conditions. The active wheels of the mobile
robot are driven by appropriate DC motors, indicatively see [1-5]. As already mentioned,
the dynamics of the vehicle will be extended to include unknown external disturbances
and unknown actuator faults. Clearly, since the mobile robot is constrained to ensure
pure rolling and no lateral slip conditions, external forces and moments can equivalently
be represented as additive torques applied to the active wheels of the robot. Similarly;,
the actuator faults are represented as unknown additive voltages of the driving motors.
According to [5] and considering the above additive disturbances and faults, the nonlinear
dynamic model describing the motion of the mobile robot is expressed in a nonlinear state
space form as follows:

() = [E)] " [Ax(t) + Bu(h) + J2(1)], 1)

y(t) = Cx(t), 2

where E(x) is the state derivative matrix, A is the state matrix, B is the actuatable input
matrix, | is the disturbance matrix, and C is the performance output matrix,

x(t) = [x(t) x(t) x3(t) xa(t) x5(0)]" = [wwit) @wet) @) imp(t) ime(t)]

u(t)

[ur(t)  ua(t)]

T

= Vot () Vi, O], () = () w2(0)]" = [o(t) (1)),
( T

E(t) = [Ga(t) &a(t) &a(t) 54(f)]T=[TD,l(f) (1) Vpu(t) Vpu(t)] -
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and where x,u,G, and y are the state, input, unknown disturbance, and performance output
vectors, respectively. The system matrices are expressed in terms of their elements as

follows: E(x) = [a,](x)] € R5X5, Av = [ﬁ,’]] € RSXS, § = [E,,]} S RSXZ, T: []Nl,]} € R5X4,

and C = [ci,j] € R2%5 where the nonzero elements of E (x), g, B, T, and C are the following:

- - 1 _ ~ ~ 1 _ ~
ei(x) = ea(x) = 7 (Vl +V2bwz), e2(x) = ea(x) = 7 (Vl - Vzbwz)/ e1,3(x) = —dwmpriyxa(t)/2bw,
~ . - - 1
53(x) = dwmpriyxi(t)/2bw, e35(x) = ga(x) = 55(x) =1, c10 = c10 = FTW, €23 = 1,
~ ~ ~ ~ ~ ~ 1 1~ ~ 1~ ~ _
a11 =2 = —By, @14 = a25 = Kytm, 431 = —l32 = —Erwbwl, Ay =dsp = —Kyrml, ', Ggq = @55 = —RuL, !,

54,1 = 55,2 =L} 71,1 = 72,2 =1, 73,3 = ;1,4 =17,

where vy = 2], + (mp + 2my )ryy, and vy = Jpriy + b (vi — mpriy) 4+ 13, (dgymp + 2w 2).

|

p,(t) i
i
|
[ N

y ‘Q
oy
Remote
Optical Sensor
0

Figure 1. Abstractive representation of the differential drive mobile robot and its basic activation
components.

The elements of ¢(f) are unknown signals. The first two represent external force
and torque disturbances, e.g., unmodelled effects, small-inertia obstacles, small-scale sin-
gularities of the horizontal plane, expressed as additive motor torques. The remaining
two elements of () are actuator faults or unmodelled effects of the circuit of the motor,
expressed additively to the motor voltages. Roughly speaking, in general, the influence of
¢(t) is small.

The following lemma will facilitate the control design that will be presented in Section 3.

Lemma 1. The nonlinear 1/O dynamics of the differential drive mobile robot, with additive 1/O
external disturbances and actuator faults, are

2
o2 (0 + gt (6) + a0+ aays v e (157 (0) = ms(un () +ua(t) + e (1), 3)

Y (1) + ana s (8) + anays) (1) + anayn (DY (1) + azaya (" (1) + ﬂz,Sygl) (ys () =

ag6(ur(t) —ua(t)) +ey(t), 4)

where
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-1 -1 -1, -1 2 2 -1 -1, -1.2
a] = Rer +ZBmvl , Ay = 2Lr 2] (KmeI’m + BmRm), a3 = —Zdmeerl , 014 = —dwmpRer vy T

-1, -1 -1 2 1 2 -1, -1 2 -1.2
a15 = KmrmrwL, vy, a1 = RyL, " +2Bybiyyv, °, a2p = 2byy L, v, (Kmerm + BmRm), ar3 = dwmpv, "1y,
-1,-1 2 -1.2 -1,,-1
612,4 = dwmler 1/2 Rmrw, [12,5 = dwﬂ’lpl/z VW, a2,6 = wameerr 1/2 P

and where the I/O modelling errors are related to the state space modelling errors as follows

Eut(t) = 2o (@1 (1) + £a(0) + T @ )+ 8a() + 2 (60 + ), 6
cua(t) = I @ 1) - (1) + P () - () + 0 (2 () - 6 0) ©

Proof. In order to produce the nonlinear I/O dynamics of the differential drive mo-
bile robot, with additive I/O external disturbances and actuator faults, a similar design
procedure to that presented in [32,33] will be applied. Define

—1r~ ~ ~
C(x,u,8) = [E)] - [Ax(t) + Bu() +J6(1)], @
where

r(xrulg):h/l(x/urg) YZ(x/urg) 73(3(,11,6) 74(3(,1/[,6) 75(x/u/€)]T/ (8)

and where the elements of I'(x, u, ), namely the nonlinear functions i (x,u,d)(j=1,...,5),
are presented in the Appendix A. From relation (2), it can readily be observed that

s = 3w (0 + 0 0), ©)
vy (1) = x4, (10)
s = 3w ({2 0+ 20, an
UMORERIO! (12)
Taking into account (1) and (7), relations (9) to (12) can be rewritten as
y(0) = S (o 8) + 1(x,,0)), (13)
(M
vy (1) = 73(x,u,Q), (14)
1) = g (P18 228100
%rw (a’)/l (;Cl;u, (:) 1 a’)’Z(g];u/ C) ) u(l) (t) + %TW <a’)’1 (;Céur g) + 872(;%”/ ‘:) > ‘:(l) (t), (15)
() = L) ) o D) 0y DRELE ey, g
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Furthermore, from (2), (8), and (14), the following relations are derived

e
x(n = 10 rbvyyz 0, (17)

ya(6) + buys (1)
w

Substituting (17) and(18) to (13), (14), (15), and (16) and applying appropriate alge-
braic manipulations, the inputs and outputs of the mobile robot are related by the set of
differential equations in (3) and (4).

According to the Formulas (5) and (6), the additive errors ¢,,1 and ¢, > can be due to
various causes like unmodeled dynamics, unexpected interactions with external objects in
the workspace of the mobile robot, and voltage actuator faults, leading to deviations from
the ideal behavior. Based on these observations, and taking into account the coefficients
of the state modelling errors and their derivatives, it is observed that the modelling error
¢y,1, multiplied by v;, corresponds to an additive yank term and the modelling error ¢, 5,
multiplied by 1,, corresponds to an additive rotatum term. The I/O additive errors ¢,,; and
&y,2 will be treated as unknown but bounded signals. [J

x(t) = (18)

2.2. Measurable Output Varables and Remote Measurement Noise

The measurable variables of the mobile robot are grouped into two classes. The vari-
ables of the first class are motion variables, namely the angular velocities and accelerations
of the active wheels, being measured onboard and using optical encoders, see [34,35]. The
variables of the second class are motion variables, namely the heading angle and heading
angle rate (the time derivative of the heading angle) of the mobile robot. The heading angle
of the vehicle, as well as its derivative, are measured externally by remote optical sensing
systems, indicatively see [36,37]. Here, the controller is implemented onboard the robot.
Thus, the measurement signal of the optical sensing system is wirelessly transmitted to the
controller. Clearly, the transmission of these measurements through the network introduces
a time varying delay on the transmitted signal. Hence, the measurable output vector is
determined as follows:

P(t) = Cox(t) + CruaxM () + Cruox(t — 1 (1)) + CruaxM (= (1) + ¢u(t),  (19)

where
v=[v1 ¥2 W3 Vs U5 Vo], Yu=[Pn1 Un2 Cn3z Uus Pus Yusl -

The transmission delays 71 and 1 are time varying, as they depend upon the accuracy
of the communication protocol and the communications noise, see [30] and the references
therein. These two delays are usually equal, e.g., the same communication channel and
the same equipment are used for both measurements. However, in several cases, they are

different. The matrices C,, = [(Cm,k) ; ]} € R (k = 0,...,3) are appropriate constant
matrices, where their non-zero elements are

(Cm,O)l,l = (Cm,O)z,z = (Cm,l)?,,l = (Cm,1)4,2 = (Cm,2)5,3 = (Cm,3)6,3 =1

Here, the measurement noise vector ¥, is generated by the remote optical sensing
system. The angular velocities of the active wheels are accurately measured, while the
measurements of the heading angle and its derivative are considered not to be accurate.
This inaccuracy is due to the presence of the wireless network as well as the quantization
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and discrete time nature of the image processing algorithms. Hence, the respective noise
signals are non-zero. Thus, 1, () is of the following form

Pa()=[0 0 0 0 ¢u5(t) Pus(t)]”. (20)

3. A Two-Stage Controller Design

In the present section, a two-stage controller scheme will be proposed. The first stage is
an internal controller, being of the nonlinear measurable output feedback type. The second
stage is an external controller of the time delay measurement output feedback type. The
superposition of both controllers is a time delay nonlinear measurement output controller.
Regarding the performance outputs of the mobile robot, the design goals of the overall
controller are the following three goals:

e  TheI/O stability of the closed loop system,
e The independent control of the velocity and the heading angle of the vehicle, and
e  The asymptotic command following of the performance outputs.

The above design goals provide the conditions for the efficient maneuvering of the
vehicle (see [5]).

The architecture of the two-stage controller is presented in Figure 2. The internal
controller will achieve the independent control of the linear velocity and the angular velocity
of the vehicle, using only measurements of the angular velocities and the accelerations of
the active wheels of the robot.

Yy Y >
W El iy
— » &£ >
U= = =]
= o
® g [
% = g
~ o= 8 c y
w. W. F i
2 Second Stage 2 | p S 2
Controller o 5 ’
A =

Figure 2. Block diagram of the two-stage control scheme.

The external controller will regulate the heading angle, using only remote measure-
ments of the heading angle and the heading angle rate, both transmitted through the
same network. Both controllers will be designed under the assumption of zero external
disturbances and zero actuator faults in (1), as well as zero additive measurement noise in
(19). Later on, certain free parameters of the external controller will be used to satisfy the
attenuation of the influence of the additive modelling errors and the additive measurement
noise to the performance of the systems.

3.1. Stage 1: Internal Controller for the Independent Control of the Linear and the Angular Velocity
of the Mobile Robot

In the present subsection, an I/O decoupling feedback linearization type of controller
will be designed for the independent control of the linear and the angular velocities of
the mobile robot. The design procedure will be carried out by using only the onboard
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measurable variables, namely the angular velocities of the active wheels and the respective
accelerations. The internal controller is of the following parametric form:

A 4 )\ r a " 1 1 a 3 ~ 2
n(t) = 52w () + 52 wa(t) + 22207 (1) + 22 (07 (0

_ _ 2
L A3 41)(t)42)(t)+ﬂ2,1 A1,242)(t)+ﬂ1,1 At ~(1)<t>+ a1,4 (A{l)(t)) n

2611]5y2 2 2“2,6 2 2611/5 1 2&1,5 2
o4 — (1) az2 — Aop (1) a12 — Ao ~
2512,6 1(t) 2 (t)+ 2“2,6 3/2 (t)+ 2{11,5 y1<t)’ (21)
_ Aoa Ao @5 (1) 1)y 323 ~ 1 ~(2)
Mz(f)*zawwl(t) 72a2,6w2(t) 20761 By, (1) 2a2/6}/1(f)yz (H)+
13 (1), ,\~2) a11 — A1 (1) a14 (~(1) 2 M4 (1)
2T 078 () + F A ) + (1 (0)” - i (0+
Aop — 22 (1) a12 — Ao ~
Roz 2 + 2ol @)
where ;
7t = - (W1(H) + (1), (23)
T
() = 2 s(t) + (1)), (4)
r
7 () = 2 (ga(H) = (1), 25)
w
~2) ey W (D) ey (1)
771 = g (020 91 (0). (26)

The parameters A;; € R (i = 0,1, j = 1,2) are arbitrary positive real parameters and
the variables wy and w, are the external commands of the first stage controller, operating
as the control input of the external controller. For the case of zero I/O modelling errors, i.e.,
ey,1(t) = ey2(t) = 0, and zero remote measurement noise, i.e., P, 5(t) = Py 6(t) = 0, the
resulting closed system, derived by substituting (21) and (22) to (3) and (4), is computed to
be of the following linear decoupled parametric form:

yﬁz) (t) + A1,1y§1) (t) + Ao1y1(t) = Agpwa(t), (27)

Y (#) + Aoy () + AotV () = Agawn(8). (28)

Since wg () = ygl) (t) is the angular velocity of the mobile robot, the relation (28) can

be rewritten as ) .
wz(z ) (t) + A1,2w§{ ) (£) + Ao2wr(t) = Ao2wa(t). (29)

Regarding the closed loop system in (27) and (29), it is observed that the two per-
formance outputs are decoupled and independently regulated via two linear dynamic
systems, with arbitrary and stable I/O poles, called also transmission poles, and satisfying
asymptotic command following. The arbitrary stable closed loop poles and the asymptotic
command following of (27) and (29) are satisfied as the arbitrary controller parameters
)\i,]-(i = 0,1,j = 1,2) are constrained only to be positive and the coefficients of the external
commands are the parameter A ;.

The characteristic polynomials of the closed loop systems (27) and (29) are

pi(s) =+ Ayjs+ A, j=1,2. (30)

The inequality constraints
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2
0< g < Uiy, (31)
O,] 4 7 ] — 4

are the necessary and sufficient conditions for the poles of the characteristic polynomial
in (30) to be real, negative, and distinct. So, via the appropriate choice of the coefficients
of the characteristic polynomial in (30), i.e., Ag; and Ay, the closed loop step response
characteristics are easily adjusted. It is mentioned that the design requirement of I/0O
decoupling with simultaneous I/O arbitrary stable pole assignment is a widely used
combination of requirements, indicatively see [6].

The control scheme proposed above is a nonlinear PD (Proportional plus Derivative)
measurement output feedback system, sharing an analogous structure and goal with
the inverse dynamics state feedback controller presented in [24] for robotic manipulator
carrying loads. The goal of both controller types is to achieve decoupling with arbitrary
I/0 poles in a closed loop system.

Regarding the implementation of the derivative term of the controller, namely the
implementation of the time derivatives of measurement signals used by the controller,
approximate time derivatives (see [37]) or filters (see [38,39]) can be used in order to avoid
the differentiation of the eventually high frequency noise of the measurement variables.

3.2. Stage 2: External Controller for the Regulation of the Heading Angle of the Mobile Robot

In the present subsection, an external controller was designed for the stabilization and
asymptotic command following for the heading angle of the mobile robot. The external
controller uses delayed measurements of the heading angle and the angular velocity of
the mobile robot. As already mentioned in Section 2.2, the transmission delays of the
measurements of the heading angle and angular velocity of the robot are time varying and,
in general, different from one another. In order to make the delays constant, an appropriate
signal transmission—reconstruction algorithm, developed in [30], will be used. This algo-
rithm is quite general and applicable to several delays. The basic idea of the algorithm is
to repeatedly transmit the same sampled value in order to practically guarantee that the
sample is accurately received by the controller. In the receiver, a set of serially transmitted
values is used to generate a continuous time signal through polynomial interpolation.
Clearly, this procedure artificially increases any transmission delay and makes it equal to
the constant delay. Clearly, this algorithm is independent from the communication protocol.
An important characteristic of the algorithm is that, after a small extension, all constant
delays of the different measurement variables become equal. In the present paper, after
developing this extension, the fact that the delays become constant and equal facilitates the
development of a delay-dependent controller for the regulation of the second performance
variable, namely the heading angle of the mobile robot.

After the application of the above algorithm and its extension, it holds that
71(f) = (t) = 7, where T is now the actual signal delay. The proposed external controller
will be considered to be of the following static measurable output feedback form:

wa(t) = —p1s5(t) — potpe(t) + xwa(t), (32)

where pg, p1, and x € R are the parameters of the controller, and @, is the external command
of the controller of Stage 2. Using (19), the external controller in (32) can be rewritten as

wa(t) = 1y (t =) = poyalt = 7) + k(). 33)

By substituting the controller (33) to the part of the closed loop system of Stage 1,

presented in (28), and by applying series of computations, it is concluded that the forced

response of the closed loop system of Stage 2 is expressed in the frequency domain as fol-

lows: .
Ya(s) = Hy2(s,z)Wa(s), (34)
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where Y5(s) = L{y2(t)}, Wa(s) = L{@a(t)}, L{e} denotes the Laplace Transform of the
argument signal,

Hy»(s,z) = Aopk/pe(s, z), (35)
pe(s,z) = s° + Apas® + (Aop + Aopp12)s + Aopzpo- (36)

and where z = exp(—st). Choosing Ao» = #1po, M2 = 1+ o, po = #o/11, and
p1 = 1o/N11o, where 7p, 1771, and yp € R are arbitrary real parameters, the characteristic
quasi-polynomial p, (s, z) becomes

pe(s,2) = Pei(8)pea(s, z), (37)

where
Pea(s) = s+ po, (38)
Pea(s,z) = s>+ 115 + foz. (39)

The parameters yy, 1o, and #; are initially constrained to enable the stability requirement
for the closed loop system. The stability requirements are the following three conditions:

i.  theI/O poles of the closed loop system of Stage 1 are stable,

ii.  the delay-free characteristic polynomial p.(s,1) of the closed loop system of Stage 2 is
stable with real and distinct roots, and

iii. the delayed characteristic quasi-polynomial p.(s, z) of the closed loop system of Stage
2 is stable for all delays T € (0, T*], where T* is a positive real number, being large
enough to cover all cases of possible transmission delays.

In the second requirement, the constraint of real and distinct roots is introduced to
facilitate the analysis of the third requirement. The second requirement is translated to the

following simple and elegant criteria:
2 m %+ \/1i — 410
po, Mo, M € RY, 10 < %, Mo # - 5

For the satisfaction of the third stability requirement, the following lemma is established:

Lemma 2. Let the positive controller parameters g, 1o, and 11, as well as a delay bound T*,
be given. The overall closed loop system characteristic quasi-polynomial in (39) is stable for
all T € [0, T, if and only if

T" < Tmax (40)

where

. 1 1 /4
T o V. S WU W W S
Tmax an (C\/1+TC771 / T Ty ¢ 771+2770+2 77%+17(2) (41)

Proof. Using the stability analysis procedure presented in [40], the Rekasius transformation
is applied on the characteristic quasi-polynomial (39), and the following transformed delay-
free characteristic polynomial is derived:

Pea(s, T) = Ts® + (1+ T171)s2 + (711 — Tno)s + 1o, 42)

where T € R. Applying the classical Routh-Hurwitz criterion to the polynomial in (42),
then, according to [40], the following quantities are defined:

Ry1(T) =1+Tm, (43)

2
oM o M1~ 210 il
Ry(T) = — T , 44
D T s e e (44)




Robotics 2024, 13, 26 11 of 39
Ro(T) = T1o- (45)
Relation (44) can be rewritten as
o1
=— T—-T.1)(T—-T, 46
Ri(T) = — 0 (T = Toa) (T~ Tea), (46)
where

s LB [T Vi @)

¢l — 2170171 s
O L [T Vi us)

C,2 - 2170111 7

with T, 1 and T, being candidate values for checking sign changes in the first column of
the Routh-Hurwitz array. From (47) and (48), it can be observed that T, ; < 0 and T.» > 0.
Considering that 1 and #; are constrained to be positive, as well as taking into account
(43) and (45), it can be observed that

Ry1(Te1)Ro(Te1) <O, (49)

Ry1(Tep)Ro(Te2) >0, (50)

According to [40], the above two inequalities determine the only valid root of (44) to
be (48). Also, it is observed that T, » = T,. From (43), (45), and (48), it is observed that the
critical frequency used in [40] can be expressed as follows:

1/2
o [ Re(T (VA -
TV Roa(To) 2 '

Root crossings between the left and right imaginary half planes occur for delay values
satisfying the relation:

S [tan ! (@cTo) + k| s k=0,1,... (52)

c

Define the root tendency as

ds

RT (1, we) = sgn |Re Tol s = wj ; k=0,1,... (53)
- C
T =T
where
1, x>0
sgn(x) =4 0, x=0 (54)
-1, x<0
and where (see [41])
ds Ipc(s) /apcrz(s) . (55)

dt 0Ty 0s

Taking into account (39), relation (55) takes on the form of

ds s1o
dy e (2s+m) — ot ©0
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From (53) and (56) and through applying a series of computations, it is concluded that
RT (i, we) = now? (2w cos(26) + 11 sin(28)) / {4k27t2175 + 1 w? + 4w+
+4n9 [4(1(7'[ + 6273 4 2 w? + 4w + 4(k7 + 8)owe (2w, sin(26) — 1y cos(25))} }; k=0,1,... (57)

where 6 = tan~!'(w,T.), with 6 € (—m, 7). From (41) and (50), it is concluded that
0 < wcT; < 1 and consequently that 6 € (O, %) In this range, the denominator in
(56) is a strictly increasing function with a positive minimum value, independently of
k. Additionally, the numerator is always positive. Consequently, it is observed that
RT (1, w¢) > 0 for all positive 1y and 771. Hence, given a set of 7 and #7, once the closed
loop system has reached the delay bound in (41), by increasing the delay, the closed loop

system never returns to stability. ]

Remark 1. If the controller parameters meet all stability constraints, then choosing x = 1o/11,
asymptotic command following for the heading angle is guaranteed. A

As already mentioned in the proof of Lemma 2, T, and w, are constrained to satisfy

the inequality
1
T. < —
c< o (58)
Let
B =Tcwe B <€ (0,1) (59)

Using (59), the general form of the controller parameters #y and #; preserving stability
of the closed loop system is presented in the following proposition.

Proposition 1. For any given real number Tmax > 0, the stability of the quasi-polynomial in
(39), for all delays T € [0, Tmax ), can always be satisfied by an appropriate choice of the controller
parameters 1o and 11. The general solution of 1y and 11, preserving stability of (39) for all
delays T € [0, Tmax ), is expressed in terms of the free parameter € (0,1) and Tmax > 0 as follows

1— 4\ .2
,70:( 452)’71/ (60)
4vtan~!
0<;71<(11’_a;‘2)T(ri)x. (61)

Proof. From (48), (51), and (59) and through applying a series of computations, it is
observed that the controller parameters 79 and #; are constrained to satisfy the relation (60).
Using Lemma 2, it can readily be observed that the polynomial in (39) remains stable for all
delays Tmax, satisfying the inequality (40), which can be rewritten as follows:

2tan~1(B)

Tmax < T , (62)
Cc
or equivalently
2 -1
we < M. (63)
Tmax

Using (59) and (51), it can be observed that

we = ;@—ﬁ)m- (64)
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From (63) and (64), as well as the positivity constraint for #; it is observed that the
inequality in (63) is satisfied if and only if the inequality in (61) is satisfied. [

Given a desired delay stability margin 7 € R, a set of special solutions of controller
parameters preserving stability for all T € [0, T*] is presented in the following corollary:

Corollary 1. Given a desired delay stability margin T* € R, a class of controller parameters
preserving stability of the quasi-polynomial (39) for all T € [0, T*] where T < Tmax is expressed by
the following analytic expression:

_4(1+p) tan"1(B)’

T ) ) )
_ 4vtan~1(B)

"= (1= B?)Tmax”

(66)
where the free parameter is p € (0,1).

Proof. From relations (48), (51), and from Lemma 2, it can be observed that there exists a one-
to-one relation between 1y and #; and w, and T;. Consequently, instead of determining 779 and
171, it suffices to determine w, and T. From (62), it can be verified that the quasi-polynomial
(39) becomes marginally stable for T = Tmax, Where the following expression is used:

Tmax = % tan_l(ﬁ). (67)

c

Solving (67) with respect to w, results in

we = % tan"1(B), (68)
while from (59), we get
B
T =—"r 69
“7 2tan1(B) (69)

Equating (48) to (69) and (51) to (68), and applying a series of algebraic manipulations,
it can be verified that 79 and 7; take on the form of relations (65) and (66). The controller
parameter forms in (65) and (66) guarantee that the quasi-polynomial (39) remains stable
forall T € [0, T*] where T* < Tmax. O

4. Enhancing Multi Performance Criteria via Controller Parameter Tunning

In Sections 3.1 and 3.2, the primary issue for the choice of the free controller parameters
Ao, A1, po, and B, given TF, being the stability of the internal and the external closed
loop system has been studied. In the present section, a multi-criteria control scheme for
the selection of the remaining free controller parameters will be proposed. Particularly,
additional constraints upon the controller parameters will be imposed toward desirable
closed loop response characteristics, despite the presence of modelling errors and measure-
ment noise. In Section 3, it has been shown that the performance outputs of the system are
decoupled. Hence, the controller parameter selection problem will be broken down into
two separate problems. In the first, the parameters Ag; and A; ; will be chosen such that
the first performance variable is appropriately regulated. In the second, the parameters pg
and B will be chosen such that the second performance variable is appropriately regulated.

Regarding the first problem, the controller parameters Ay; and A;; will be chosen
such that (a) the transfer function mapping the external command w; to the performance
output y1 is equal to a desired model transfer function, as an exact model matching problem
(see [42—44]), and (b) the influence of the modelling error to the first performance variable
is in an acceptable range. Regarding the second problem, the controller parameters pg
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and v will be chosen such that (a) the forced response of the second performance variable
resembles the response of an ideal model, being equivalent to a model following problem
or an approximate model matching problem (see [11]), (b) the influence of the modelling
error to the second performance variable is in an acceptable range, and (c) the influence of
the measurement noise to the second performance variable is also in an acceptable range. It
is noted that, in both problems, the acceptability of the influence of the modelling error and
the influence of the measurement noises will be defined as the norm bounds of appropriate
transfer functions (see [45,46]).

4.1. Operation of the Closed Loop System in the Presence of Measurement Noise and
Modelling Errors

In this subsection, the case where the vector ¢, including external disturbances and
actuator faults, as well as the fifth and sixth element of the measurement error noise vector,
denotes as ¢, 5 and 1, ¢, are different than zero. The application of the internal controller (21)
and (22) to the open loop nonlinear I/O description of the mobile robot in (3) and (4) yields

Y2 () + AV (8) + Aoaya (F) = Agawn () + ey (1), (70)
W@ (#) + A120 0 (8) + Agawr (£) = Agawa(t) + (1) 71)

The outer loop controller in (32) takes on the form

wa(t) = —p1 (5 (£ =) + o)) = po(vat = ) + (1) +x2(t).  (72)

Applying a series of manipulations, the forced response of the overall closed loop
system is expressed in the frequency domain as follows:

Yi(s) = Hy1(s)Wi(s) + Hy1(s)(B1(s) + Ba(s)) + Hi2(s)(Ba(s) + Bals)),  (73)

(
F,(s,2)(E3(s) — E4(s)) + Hps(s,2)¥ns5(s) + Hoals, z)Fue(s), (74)
)

(
where Yi(s) = L{y1(t)}, Wi(s) = L{w1(t)}, E1(s) = L{C1(t)}, Eals) = L{&2(t)},
Es(s) = L{Z(t)}, Eals L{Cs(t)}, Yus(s) = L{Pus(t)}, Tne(s) = L{Pne(t)},

and where

~—

Hy1(s) = Aoa/p1(s), Hup(s,z) = nopo/ pe(s,z), Hia(s) = (rwvfls + Rmer?1Vf1>/p1(S),

Hio(s) = KrmrwL; 'v;t/pa(s), Hoa(s,z) = —bwrwL, oy (R + Lys) /pe(s, z),

Hya(s,2) = —bwKmrmrwL; Y0y  /pe(s,z), Has(s,z) = —nopo/ pe(s, z), Haa(s,z) = =0/ pe(s, z).

4.2. Model Matching with Simultaneous Attenuation of the Modelling Error toward Regulation of
the Velocity of the Vehicle

In this subsection, the aim of the choice of the free parameters of the controller is the
satisfactory behavior of the closed loop system, despite the presence of modelling errors
and measurement noise. Regarding the velocity of the mobile robot, this requirement
corresponds to finding A1 1 and Ag 1 such that the transfer function Hy,1(s) has a desirable
form, while, simultaneously, the transfer functions mapping the modeling error signals to
the velocity to have appropriately bounded norms, i.e., to hold that

([H11(5) [l < F11) A (|H1109)], < T12) A (Hﬁu(f)Hl < 71,3)A

(

126 < Fo1) A ([F265)[15 < T22) A ([[natt)])| < 725), (75)
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where i1 1(t) and /i1 5(t) denote the inverse Laplace transforms of Hj 1(s) and Hj,(s),
respectively, 7;; € RT (i =1,2,j=1,2,3), |||, and |- ||, are the infinity induction norm
and the induction norm-2 of the argument rational function, respectively, and ||-||; denotes
the norm-1 of the argument signal (see [45,46]). Given that Hy,;(s) is an all-pole transfer
function, with a second order delay-free denominator polynomial, the ideal model transfer
function mapping the external command to the performance output is selected to be of the

form of
1

((Tmrl)ls + 1) ((Tmll)zs + 1) !

where (T,,1); € RT(i = 1,2) and (Ty1); > (Tjn1),- The form in (76) guarantees stability,

asymptotic command following, and zero overshoot and oscillations for an external command
of the step input form and the arbitrary regulation of the settling time for the closed loop
response. Note that, from the analytic point of view, the above transfer function requirement
is equivalent to a model matching problem via state feedback, see [42—44]. The necessary and
sufficient conditions for the above design goal are expressed in the following proposition:

Hm,l (S) =

(76)

Proposition 2. The problem of model matching with simultaneous modeling error attenuation,

defined in (75) and (76), for the velocity of the mobile robot, can always be satisfied if and only
if the parameters of the model (T,,1), and (T, ), are constrained to satisfy the following set
of inequalities:

/.2
(X1> Ryrw )/\ L <Rm X2_2X1) y
r =
X1

~ Liman
2
2R}, + L7 (2x1 — X3) + 2\/(R3n +Lix1)” — LR _ (Lm)Z N X3 —2x -
xi—xi ~\rw ' xi '
iy
X22 5= 3/ (78)
2'7%,2‘/%
R K K272 72 R% 1?2
X1 > maxq W ZnlmIW S S (79)
Liviavi” Levaavi 2L375,viXx2 2L391,vixe — Liry
— 1 | 1
Where Xl B (Tm,l)l(Tm,l)z and XZ - (Tm,l)1 + (Tm,l)z'
The general solution of the free parameters of the controller is
1 1
M1 = + , (80)
v (Tm,l)l (Tm,l)z
A L (81)
01 = 747 N /7 \ °
(T, 1)1(Tm1),

Proof. From (73) and (76), it can be observed that the closed loop transfer function
mapping the external command to the vehicle’s velocity equals the model transfer function
if, and only if,

((Tw)q + (T1)2) Aog — Arq =0, (82)

(Tn1)1 (T )yron — 1 =0. (83)
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Solving (82) and (83), with respect to Ag; and Aq 1, the expressions in (80) and (81) are
derived. Using (80) and (81), the transfer matrices Hj 1(s) and Hj»(s) take on the form of

rw(Lrs + Ryy) (Tm,1)1 (Tm,l)z

Hi1(s) = , (84)
lll( ) LrV1(<Tm,l)1s+1)((Tm,1)25+1)
N K T, T,
H1,2(S) _ mT’mVW( m,l)l( m,l)z _ (85)
Lovi ((T1)15 +1) ((Tin1),5 + 1)
From (84) and (85), the following expressions are derived:
A r
fna(t) = ————[exp(—to1,1)(Lrp1,1 — Rin) +exp(—to21) (Ru — Lrp21)],  (86)
Lyvi(p11 — p21)
P (t) = —SWIW (o (o0 1) — exp(—tor 1)) (87)
12 Lon(piy —pa1) PL P2 P

where p11 = (Tp,1); ! and 21 = (Ti1)y ! Applying appropriate algebraic manipula-
tions to (84)—-(87) and using a series of computations, the following analytic expressions
are derived:

. Run\ /P 1+3
Ryrw if0<L, < m\[F1,17P2,1

HH ( )H Lyv1p1,1021” - 01,102,1 (88)
S et
11 e ry \/L% (P71+03,) —2R3: _2\/(R%"_L%P%,1) (Rfi—L?03,) L Ry /071103,
Lyvi (03 1—0%1) ’ Ly > 01,1021

N Kyrmrw

Hio(s)|| = —222 (89)
[Pr26)lls Lyv101,1021
2 (P2 2
A 2 T R +L 1,102,1
Hl,1<S)H2: 2W2( m 01,10 ) , (90)
2L3vip1,102,1 (P11 + P2,1)

. 2 K2 ¢2 2

[B120) ||, = 5757 , (91)
2L3vip1,1021 (011 + P2,1)
~ R rw

hiya (b H - W 92
11(t) 1= Tipiaoos (92)

A Kiyrmrw
hio(t H =" BN 93
®) 1 Lywpr,1021 3)

From (88) and (92), it can be verified that if

0<L, <Vt 72l (94)

o 01,1021

then

A1)l = [ )] - (95)

Furthermore, from (89) and (93), the following equality is derived:

[A12(5)| o =

(1) 96)

Considering the equality in (96) and assuming, without a loss of generality, that
Y21 < 72,3, the inequality constraints in (75) reduce to

(

Hii ()| o < 712) A (|H11(9) ||, < F12) A (Hfll.l(t)Hl < ’71,3)
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A[F2) [ < 720) A ([F2(9)]5 < 722) 97)

Applying a series of manipulations upon (97), the inequality constraints in (77) to (79)
are derived. [

4.3. Approximate Model Matching with Simultaneous Attenuation of the Modelling Errors and the
Measurement Noise toward Regulation of the Orientation Angle of the Mobile Robot

The regulation of the orientation angle of the mobile robot will be accomplished using
an ideal model for the mapping of the external command to the orientation angle. Let
Hyu2(s) be the ideal/desirable transfer function mapping the external command to the
orientation angle. The ideal transfer function will be determined by the designer. Let
Ym,2(t) be the ideal closed loop orientation angle forced response, where

Ym,z(s) = Hmlz(S)WZ(S) (98)
where Yy, 2(s) = L{ym2(t)}. Also, let

ex(t) = ya(t) — yma(t) (99)

be the error signal between the closed loop response for the orientation angle and the
model response. From (74), it can be readily verified that the forced response of the error is
expressed as follows:

Ex(s) = (Huw2(s,2) — Huo(s))Wa(s) 4+ Hp1(s,z) (E1(s) — En(s))+

Hyo(s,2)(Ea(s) — Ea(s)) + Ho3(5,2)¥5(s) + Hoa(s,2) Yne(s) (100)

where E(s) = L{ex(t) }. The design goal of approximate model matching (see [11]) consists
of finding appropriate controller parameters  and i, such that ey(t) is appropriately
bounded. Define the infinity norm cost function:

J2(B, #o) = [[Hw,2(s,2) = Hin2(5) |- (101)

The mathematical formulation of the present approximate model matching problems with
simultaneous disturbance attenuation is as follows:

e  Minimize [, (v, po) under the constraints

(1#21(5,2)l| < 91.) A (a5 2) ], < 112) A (([foa ()], < 913) A (125, 2) | < G200

([[F22(s,2) ||, < F22) A (Hfle(f)Hl < 172,3) A (quzﬁ(S/Z)HoO < “?3,1) A (Hﬁlz,s(S,Z)Hz < ’?3,2>A

(s, = 1) (s ], = 100) A (st 2], < 02) ([, <705). o

where iy 1 (), iy 4(t), hp3(t), and fip 4(t) are the inverse Laplace transforms of Hy 1 (s, z),
I:I2,4(s,z), ﬁz,g(s,z), and ﬁ2,4(s,z), respectively, and where §;; € Rt (j = 1,2,3,
k =1,...,4) are appropriate norm bounds to be determined by the designer. The
above mathematical formulation of the approximate model matching problem with
simultaneous disturbance attenuation constitutes a multi-criteria highly nonlinear
minimization problem. Its nonlinear nature does not facilitate the determination of

the controller parameters.

Taking advantage of the property that the unknown quantities are real numbers,
a metaheuristic algorithm, being of the type in [11], will be applied. The basic idea of
the algorithm is to define an initial search area for § and y( and, after several loops to
converge to a suboptimal solution, this satisfies the design goals. Let 11)4,), 1rep, and oy
be the number of loops, the number of loop repetitions, and the total allowable number of
computations. Also, let ¢ € R be a convergence metric for the controller parameters and



Robotics 2024, 13, 26

18 of 39

,E, E, Ho, and ﬁo be the bounds of the controller parameters, defining a search area for each
parameter being of the form

B<B<B, (103)
fio < po < Mo (104)

From the bounds in (103) and (104), the respective half-widths and centre values can
be evaluated through

Bu=B B (105)
(10)p = Mo — Ho, (106)
Be = (E + B) /2, (107)

(4o)e = (Mo +10) /2. (108)

In each cycle of the metaheuristic algorithm, a superset of 1,,,, sets controller param-
eters is determined which satisfy the constraints in (102). For each set of the controller
parameters belonging in the superset, the cost criterion in (101) is evaluated and the optimal
value is extracted. This procedure is repeated for a total number of 7.y, producing a new
superset containing the 71, optimal controller parameters, determined in each repetition.
From the second superset, the optimal set of controller parameters defines the new center
values of controller parameters. The updated half widths are evaluated as the difference
between the maximum and minimum values of each parameter in the second superset.
The above procedure is repeated until all controller parameters converge to a certain value,

(‘uo)w

i.e., when
Bw
max
{ (‘uo)c

Be
The algorithm aborts unsuccessfully if a total number of 7, sets of controller param-
eters have been generated. The analytic form of the metaheuristic algorithm is as follows
(Algorithm 1):

7

} <0 (109)
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Algorithm 1. The metaheuristic algorithm.

Initial Data and Performance Criterion

The model transfer function Hy, »(s).

The time delays T and 7*.

The cost function J5.

The bounds ’?k,j (G=123k=1,...,4).

The center values and half widths for the initial search area of the controller parameters By,

(H0)y» Be and (po)..-
e  The iteration parameters 1,9y, frep, Ntotar € N.

e  The convergence threshold o.

Algorithm

Step 0:  Set the numbering index imax = 0.

Step 1:  Determine a search area S for the controller parameters according to the inequalities in
(103) and (104).

Step 2:  Set the numbering index i; = 0.

Step 3:  Set the numbering index iy = i; + 1.

Step 4:  Set the numbering index i = 0.

Step 5:  Set the numbering indeX imax = imax + 1. If imax > #4044 g0 to Step 15.

Step 6:  Set the numbering index i, = iy 4 1.

Step7:  Select randomly a set of controller parameters within the search area <, let 8 = B;, and
o = (Ho);,

Step 8:  Check if the conditions in (102) are satisfied. If these conditions are satisfied, go to Step 9,
else go to Step 7.

Step9:  Evaluate (]2)1.2 =/ (,B,-Z, (ﬂo)iz).

Step 10:  Ifip < 1444, then go to Step 5.

Step 11:  Find (J2), min = min{ (2)iyi2=1,..., ”loop}/ as well as the corresponding controller
parameters, let B;, and (yo);, -

Step 12:  If iy = nyep, then find the parameters Bmin and (pg)y;, corresponding to

min
(12) min = min{(]z),-]/ ih=1,.. .,nmp}, as well as the range
0 = max{v;, i1 =1,...,1rp} —min{B; i1 =1,... tyep }
Spo = max{(yo)i1,i1 =1,.. .,nrgp} — min{(yo)i],il =1,.. .,n,gp} Else go to Step 3.
Step 13:  Define fc = Bumin, (Ho) = (110)mins B = max{Bc — 6B,0}, fio = max{ (o) — 10, 0},
E = min{B. + 48,1}, /;IO = (po), + 0o, and evaluate By, and (o), through (105) and
Step 14: g(t)}()\)e constraint in (109) is not satisfied, go to Step 2.
Step 15:  Set B = Bmin and uo = (10) min-

In what follows, the ideal model’s transfer function will be selected to be of the form

1

Hpp(s) = ((T2)15+1) ((Tn2)ps +1)

(110)

Remark 2. The parameter evaluation procedure described by the above metaheuristic algorithm is
based on specific T and T*. This is plausible, as the signal transmission—reconstruction algorithm
developed in [30] results in a constant and known transmission delay. A

5. Toward the Robustness of the Proposed Control Scheme for Zero Modelling Errors
and Zero Measurement Noise

The robustness properties of the proposed control scheme in the presence of uncer-
tainties of the model parameters will be examined for the case of zero modelling errors
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x| =

X4 = X5

and zero measurement noise. Here, the electrical parameters of the motors are uncertain,
while the other physical parameters corresponding to the geometric characteristics of the
mobile robot are precisely known. The uncertain parameters are the active wheels’ viscous
torque constant, the DC motors’ electrical resistance, and the DC motors” inductance. These
parameters are expressed as follows:

By = Byo + 0B (111)
L, = Lo+ 0L, (112)
Ry = Ry + 6Ry (113)

where B, o, Ly o, and R, o are the nominal (known) values of the active wheels’ viscous
torque constant, the motors” electrical resistance, and the motors” inductance, respectively,
while 6By, 0L,, and 6R;; are the respective uncertain (unknown) parts of these parameters.
In general, the unknown uncertain parts are significantly smaller than their nominal values.

By applying the controller presented in the previous section to the uncertain nonlinear
system and applying a series of computations, the closed loop system can be expressed
as follows:

V(1) = E (x(t), x(t— 1), xV(t — 1), re(t), &(£); 6B, 6Ly, 5Rm), (114)

where Fc(+,-,-,-,+; -,-,-) is an appropriate multivariable function of the argument quantities
and re(t) = [re1(t) rea(t)] T= (w1 (t) @y (t)] " is the vector of external commands of the
overall closed loop system. Let the nominal values of the external commands be 7. ; = v*
and 7. » = ¢*. These values correspond to a desired trajectory being straight at a constant
speed. Furthermore, let the nominal value of {(t) be equal to zero. It can be verified that
the nominal values of the state and performance output variables are of the form

erov*)\o/l [ZIW,y + (mp + ZmW)r%v}

"W {2R 08By + 2(B,o + 6Bum)ORm + Ly o [2Jw,y + (mp + 2my )1, [ g1}

X3 =¢%,

Lyov*Ao1 [2)w,y + (mp + 2mw)ryy ] (Buo + 6Bm)

N Kmrer{ZRm,O(SBm + Z(Bm,O + 5Bm)(5Rm + Lr,O [2]W,y + (Tl’lp + me)r%\,] )\0,1 } ’

Lr,ov*)to,l [2]W,y + (mp + 2mw)r%,v]

*

 2Ry,00Bum + 2(Byo + 6B )R + Lyo [2]w,y + (mp + 2mw) 13| Aga

=9

The linear approximant of the closed loop system (114) is of the following neutral time
delay system form:

Eoox W (#) + Eyox W (t — 1) = Agdx(t) + A18x(t — T) + Bodre(t) + JOE(t), (115)

where 6rc(t) = Arc(t) = rc(t) — 7, 0¢(t) = ¢(f), while éx(t) is the response of (115)
that approximates Ax(t) = x(t) —X. The non-zero elements of the system matrices

Eo = [(@);] € RS By = [(@);] € RS, Ao = |(0),;| € RS, Ay = |(@),] € RYS,

and By = |:<Eo) . } € R5*2 are presented in the Appendix A. Regarding the neutral time
i,j
delay systems, see [47-49].

Applying series of computations upon (115), the following lemma and proposition
are derived:

Lemma 3. The characteristic quasi polynomial of the linear approximant of the closed loop system
in the presence of uncertainties (111)—(113) is
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PeL(s,2) = per,a(8)peLB(s 2), (116)

where
Pera(s) = 2+ w15 + ap, (117)
Perp(s,z) =+ Boos® + (B11z + B1o)s + oz, (118)

and where the coefficients of the polynomial in (117) and the quasi-polynomial in (118) are presented
in the Appendix A.

Proposition 3. The polynomial p. 1 a(s), in (117), is stable if and only if

Ao > max _ 2[Ry,00Bm + (Bumo + 5Bm>5R’§] L0 |A
2JwyLro + Lyo(mp + 2mw )1,

A1 > max _2[Lr,0(5Bm + (Bmo + 5321)5Lr} _ (5le0 (119)
[ZIW,y + (Ti’lp + ZmW)rW] Lo Lo

O

Remark 3. Regarding the stability of the quasi polynomial p. 1 g(s,z)in (118), it is mentioned
that an analytic procedure investigating stability is a difficult task. Nevertheless, in the subsections
of the following section and using the clustering procedure presented in Section 3.2, the stability
will be tested for the particular values of the physical parameters of the mobile robot. A

Remark 4. The linear approximant (115) is asymptotically stable, if and only if (117) and (118)
are stable. If the linear approximant (115) is asymptotically stable, then the nonlinear model (114) is
locally asymptotically stable. A

6. Simulation Results

6.1. Performance of the Controller for Accurate Open Loop System Dynamics and Accurate
Measurement of the System Variabes

To demonstrate the performance of the proposed control scheme, under the assump-
tion of accurate open loop system dynamics and accurate measurements of the measurable
variables, the following parameter values [5] will be used:

Jwy = 0001168 kg m?|, Juy. = 0.000584 kg m*|, Jp = 0.009753 kg m?|,

mp = 1.5[kg|, my = 0.064[kg], by = 0.105[m], dy = 0.055[m)],
riy = 0.0365[m], By = 0.002[Nms], 7, = 5[—], Ku = 0.052[Nm/A)],
Kj, = 0.052044[Vs], L, = 4-10*[H], R, = 2.2[Q)).

Also, the mobile robot is considered to initially move with a constant speed, let
v* = 0.1]m/s], and the constant orientation angle ¢* = 7/6[rad]. Applying a series of
computations, the corresponding nominal values of the state variables, the performance
outputs and the actuatable inputs are (see also [5])

X1 = 2.74[rad/s|, X, = 2.74[rad/s|, X3 = 71/6[rad], X4 = 0.021[A], X5 = 0.021[A], ; = 0.1[m/s],
¥, = 71/6[rad], T, = 0.759[V], i = 0.759[V].

The controller parameters will be evaluated in two steps. In the first step, the velocity
controller parameters A; ; and Ag; will be chosen such that the inequality constraints in
(97) are satisfied. From (88) to (93), it can be verified that there are several different values
of A11 and Ag 1, providing the same norm values. Indicatively, in Figures 3-7, contour plots
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of ||L7{Hy1(s) |1 [[H1a(5) |l |H12(5) || [[F1,1(5) | o and || F12(s)|| ., are presented for
(Twa); € (0, 03] (j = 1,2). From these figures, it is observed that, given 711, 712, 713,
Y21, and 772, additional criteria must be imposed in order to further constraint the pool
of candidate controller parameters. Toward this goal, the closed loop model response is
considered as an additional criterion, examining the rise time and settling time, without

disturbances and modeling errors (see Figures 8 and 9).

0.05 0.1 0.15 0.2 0.25 0.3
(Tmi)y

Figure 3. Contour plot of ||£71{Hy(s) }||;-

0.03 0.1 0.15 0.2 0.25 0.3
(Tm‘l)l

Figure 4. Contour plot of ||Hy1(s)||,-

0.05 0.1 0.15 0.2 0.25 0.3
(Do)

Figure 5. Contour plot of ||Hj(s)||,-
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Figure 6. Contour plot of ||I:IL1
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Figure 7. Contour plot of ||H2(s)|| .
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Figure 8. Contour plot of the model’s rise time.
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Figure 9. Contour plot of the model’s settling time.

In what follows, the values of the criteria bounds will be ;1 = 40, 712 = 80, 713 = 40,
Y21 = 5,and Y2, = 10, while the rise time and settling time of the model will be required to be
smaller than 0.2[s] and 0.3[s], respectively. It can be verified that a set of controller parameters
satisfying the above design requirements is (Ty,1), = 0. 07 and (i), = 0.0L. Usmg these con-
troller parameters, the norms are evaluated to be )l = = 77.9863,
L7 H Ha()}|, = s)||, = 3.6865, and ||ﬂ1,2(s) ||2 = 9.2163. Furthermore, the
rise time and settling time are evaluated to be 0.1565[s|] and 0.2846(s], respectively. Clearly, the
design requirements are satisfied.

Regarding the orientation angle, the respective controller parameters will be evaluated
using the metaheuristic procedure described in Section 4.3 and the following settings:

Migop = 50, Myep = 10, Nyopq = 10°, 0 =01, =07, p =1, flo =1, o =2, 91,1 = 460,
Y12 = 340, 413 =460, 2,1 =55, F20 =2, §23 = 1.5, 431 =2, 432 = 1.5, 433 =2, J41 = 1.5, Jup = 1.5,

1H21(5:2) | o =

|H22(s, )|, = 40.111,

e {Faats 2} =

G453 =11, T = 05[s], T = 0.1[s], (Tpn2); = 0.3, and (Ty2), = 0.6.

The controller parameters are derived to be § = 0.985771 and py = 1.41662. These
controller parameter values result in [ (B, o) = 0.0208974 and

2)|, = £y, (s,z)}H1 - = 53.921,
,c—l{Hz,z(s,z)}Hl = )HOO =1, |5, (s,z)H2 = 0.744,
)Hoo — 0.706, )H2 — 0.525, ‘1{ﬁz,4(s,z)}Hl — 0.706.

Clearly, the inequality constraints in (102) are satisfied. In order to demonstrate the
performance of the proposed controller, in the case of zero modelling errors and zero
measurement noise, the external commands are selected to be of the form

wy (t) <1 + /\Z (—1) g ( 8]’))

Talt) = 5+ 23 - 8)
j=1

The above selection of external commands corresponds to a vehicle motion having
the following characteristics: For t € [0,8) [s], the vehicle follows a straight line; for
t € [8,32) [s], the vehicle follows a rectangular path; and for t € [32,00) [s], the vehicle
returns to the original trajectory. During the above time intervals, the vehicle is commanded
to periodically increase and decrease its velocity. In Figures 10 and 11, the closed loop
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responses of the performance variables are contrasted to the respective model responses.
For both performance outputs, it is observed that the closed responses are visually identical
to the respective model responses. The remaining state variables (see Figures 12 and 13)
and the voltage supplies to the motors (see Figure 14) remain appropriately bounded. Also,
it is observed that the voltage is smooth and thus is offered for implementation. Regarding
the resulting vehicle path (see Figure 15), it holds that the maximum distance between the
closed loop response and the model response is 7.8[mm)]. It is important to mention that
due to the characteristics of the model matching design requirement used to derive the
controller parameters, the closed loop responses of the linear velocity and the orientation
angle of the vehicle present smooth changes.

0.15

0.145r

0.14}

0.1351

Velocity [m/s]
=) S =)
—_ ) —
0o W W

0.115r
0.11r
Nonlinear
0.105 == == == Model
0.1 * . 1\ .
0 10 20 30 40

Time [s]

Figure 10. Closed loop vehicle velocity.
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Figure 11. Closed loop vehicle orientation angle.
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Figure 12. Close loop wheel velocity.
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Figure 13. Closed loop motor current.
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Figure 14. Closed loop motor voltage supply.
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Figure 15. Closed loop vehicle path.

In order to demonstrate the efficiency of the nonlinear controller, proposed herein, its
performance will be compared to the respective performance using the controller proposed
in [11] for the robotic vehicle of the present paper. In [11], a dual stage P1/PID controller is
proposed for the regulation of the velocity and orientation angle of the vehicle. The inner
stage is a decentralized PI controller for the regulation of the angular velocity of the active
wheels of the vehicle. The outer stage is a multivariable PID controller for the regulation of
the velocity and orientation angle. Both inner and outer controllers are metaheuristically
tuned, based upon the linear approximant of the nonlinear model of the vehicle, so that
approximate model matching is achieved for the transfer functions mapping the external
commands to the performance variables. Using the exact same model transfer functions as
in the present paper, and applying a series of computational experiments, the controller
parameters are derived to be fjm = 0.0188, f;, = 02792, (fy), ; = 341.96, (fi); ; = 363.33,

(fa)1, = 1.004, (fp)z,z = 21.236, (fi),, = 7.587, and (fy),, = 12.411. Using this set of
controller parameters, the following is observed: (a) asymptotic command following is
achieved for both performance variables; (b) the closed loop transfer function, mapping
the first external command to the velocity of the vehicle, approximates accurately the
respective model transfer function; (c) the design procedure fails to accurately approximate
the transfer function mapping the second external command to the orientation angle of
the vehicle; and (d) the orientation angle presents significant overshoot. In conclusion, the
resulting closed loop vehicle path significantly diverges from the model path. Let x.(t) and
yc(t) be the closed loop x and y coordinates of the mobile robot and x,,(t) and y, (t) be the
respective model coordinates. Define the percentile distance metric as

Tmax 1/2
[ Geelt) =5 (D) + (e(t) = ym ()]t
d= |- — x 100%.
/ [xW(t)2+ym(t)2]dt
0

In Table 1, the values of the above metric are presented for the present inverse dynamics
controller and the PI/PID controller proposed in [11]. The values of the above metric are
derived for various transmission delays, although the controller parameters have been
determined assuming T = 0.10[s|. Clearly, from the results in Table 1, it is observed that
the nonlinear inverse dynamics controller, presented here, is far more accurate than the
PI/PID controller presented in [11].
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Table 1. Percentile distance metric for various transmission delays.

. Inverse Dynamic PI/PID
Controller Controller

0.00[s] 2.12[%) 14.44[%]

0.05]s] 1.30[%)] 15.18[%]

0.10[s] 0.50[%] 15.87[%)]

0.15[s] 0.38[%) 16.39[%]

0.20]s] 1.24[%)] 16.55[%]

6.2. Performance of the Controller under Modeling Errors and Measurement Noise

In order to demonstrate the stability properties of the linear approximant closed
loop system (115), consider the model and controller parameters presented in Section 6.1.
Through applying a series of computational experiments, in Figure 16, the area of uncer-
tainties where the polynomial in (116) is stable is presented.

200 ¢

100 |-

pL, 1%]

150

0
PRy, %]

Figure 16. Stability region of the closed loop system with respect to uncertainties.

In particular, the uncertain model parameters will be selected to be of the form
0B, = meBmlo, OR,, = pRmRm,Or and 6L, = pL,Lr,O where VB, € (—1,2], PR, € (—1,2],
and p;, € (—1,2]. From Figure 16, it can readily be verified that p.(s, z) remains stable for a
wide range of uncertainties and includes all positive values of them. For the negative values
of pp,, Pr,, and pr,, it can be observed that the linear approximant of the closed loop
system may not be stable. Nevertheless, it is important to keep in mind that during motor
operation, electrical resistance and viscous torque constant tend to increase with respect to
time. Thus, from Figure 16, it can be observed that if the electrical resistance and viscous
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torque constant are increased from their nominal values, then the linear approximant closed
loop system remains stable, independently of the motor inductance.

In order to demonstrate the performance of the proposed control scheme, in the
presence of measurement noise and modeling errors, a series of computational experiments
will be performed. First, the influence of measurement noise will be examined. The
measurement noise is considered to be a high frequency low amplitude signal of a random
type. For simulation purposes, the noise is produced as a continuous time waveform,
derived using a pseudo-random number generator that produces a zero-mean random
discrete time signal of unity amplitude. The random discrete time signal will be fed to
a continuous time transfer function, considering a zero-order-hold in the input. In order
to study the influence of the amplitude of the noise, the initially generated signal will be
multiplied by an appropriate positive scaling factor.

In what follows, the filter transfer function is selected to be of the form

1
Tras + 1) (Tf,zs + 1) (Tf,3s + 1) '

where Ty, = 0.001, Ty ; = 0.002, and Ty ; = 0.003. The heading angle measurement noise
signal will be considered to be of the form

Yns5(t) = Anfu(t), (121)

where f,(f) is a base waveform (see Figure 17 for t € [0, 0.6][sec]) and A, € [0, +0) is the
respective scaling factor.

(120)

Hf(s) = (

0.8

0.6}

fn [rad]

0 0.1 0.2 0.3 0.4
Time [s]

28
o
=Y

Figure 17. Base orientation angle measurement noise signal f, (t).

The second noise signal 1, ¢(t), although, as already mentioned in Section 2, it is
generally not related to ¢, 5(t), for simulation purposes, it will be assumed that 1, 6(t) =

%(11% (t), where the time derivative of ¢, 5(t) will be computed simply by using the filter

— . S
Hylo) = (Tf,ls + 1) (Tflzs + 1) (Tﬂgs + 1) '

The signal f,,(t) and for t € [0,0.6] will have the following indicative form.

The internal controller achieves decoupling between the velocity of the vehicle and
the angular velocity of the mobile robot. The outer loop controller feeds the command to
the angular velocity. Clearly, the orientation and angular velocity measurement noises only
affect the second performance variable, namely the orientation angle. To quantitatively

(122)
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evaluate the performance of the control scheme in the presence of measurement noise, the
simulation experiments, performed in Section 5, will be performed for various values of
An € [0, 0.08]. The model response and the closed loop response for the second perfor-
mance are denoted by v, ,,(f) and y2 ,(t), respectively. Through a series of computational
experiments, the difference between y» ,, () and v ,, () will be quantified using appropriate
signal norms. To this end, define norm metrics as

[ y2,m(t) — y2u(t)|l
b = 7% e o 100%, (123)
Y2, (t) = Y20 (0—) |
t) — t
ey = ||y2,m( ) 3/2,71( )HZ % 100(70, (124)

ly2,m(t) = y2,n(0—-) |l

where || f(¢)

lleo

Tmax
= sup |f(t)|and ||f(t) H% = [ f(t)%dt. In Figures 18 and 19, the met-
t€[0, Tmax 0—

rics in (123) and (124) are presented for different values of A,,. From Figures 18 and 19, it is
observed that the closed loop system behaves satisfactorily for a wide range of measure-
ment noise amplitudes with norm metrics, being smaller than 0.7% for e« and 0.36% for ey.
Additionally, it can be observed that the maximum distance between the model response
path and the noisy response path (see Figure 20) is smaller than 14[mm].

0.75

0.7p

0.65

0.6

0.55F

e [%)]

0.5

0.45F

0.4r

0.05 0.1 0.15
Noise Amplitude [rad]

Figure 18. Infinity norm metric e, for various values of A;,.

0.2 . . .
0 0.05 0.1 0.15

Noise Amplitude [rad]

Figure 19. Infinity norm metric e, for various values of A;,.
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Figure 20. Maximum path distance for various values of A;.

To demonstrate the efficiency of the proposed control scheme in the presence of
disturbances and faults, a computational experiment, being similar to those for the case of
measurement noise, will be executed. For demonstration purposes, the disturbances and
faults signals will be considered to be of the form

Gi(t) =pjfm;(t); j=1,...,4 (125)

where f,, ;(t) (j = 1,...,4) are continuous time random type signals of unity amplitude,
representing base waveforms, and y; € [0, +o0) are appropriate scaling factors. The
generation of f,, ;(t) is similar to that used for the generation of the measurement noise
signal. The continuous signal reconstruction filter will also be of the form (120). Note that
the random discrete time signal generators are different for each f,, ;(t), thus producing
independent base waveforms. Let 11 .(¢) and y, . () be the performance output responses in
the presence of modelling errors. Let y1(t) and y, () be the performance output responses
without modelling errors and measurement noise. Let

ke () = (B
R CET S

_ ke ®) —we(®)]l,
[y () =y (0-) 1
To quantitatively evaluate the performance of the control scheme in the presence of

modelling errors, the same simulation experiment performed in Section 6.1 will be repeated
for various values of iG=1.. .,4). Defining the four-dimensional radius,

Yk,o00 % ; k=12 (126)

Vk2 x 100% ; k = 1,2 (127)

(128)

Applying a series of computational experiments for noise amplitudes up to 1072, it
can be verified that Y1 co, 72,00, ¥1,2, and 722 are smaller than 25% for all p, being smaller
than 0.0013, 0.044, 0.0017, and 0.1, respectively. These values, being four-dimensional radii,
correspond to the noise amplitudes in Table 2. Using the simulation data as well as Table 2,
it can be verified that, depending on the combinations of the noise amplitudes, different
radii may be achieved.
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Table 2. Maximum noise amplitudes satisfying performance criterion.

V1,00 V2,00 1,2 72,2
M1 0.000075 0.088755 0.000199 0.1
U 0.000083 0.060664 0.000618 0.1
U3 0.00098 0.076619 0.000441 0.1
7 0.000228 0.086698 0.000043 0.1

7. Conclusions

In this study, the development of a nonlinear controller regulating the velocity and
orientation angle of a differential drive mobile robot has been investigated. The system
model being in nonlinear state space form has incorporated unknown disturbances and
actuator faults. Using this nonlinear system, the input/output relationship has been
established. A nonlinear controller consisting of two stages, which used measurable output
feedback, has been developed. This controller has been segmented into internal and
external control elements, a structure that is conducive to implementation on suitable
experimental platforms. The controller has been designed to linearize the closed-loop
system and control the robot’s velocity and angular velocity independently, utilizing a
nonlinear PD controller that used real-time measurements of the wheels” angular velocities
and accelerations. The external controller, focusing on the regulation of the vehicle’s
orientation angle, has employed a linear delayed PD feedback mechanism that processed
measurements of the vehicle’s orientation angle and angular velocity, presumed to be
wirelessly transmitted to the controller. Analytic formulas of the outer loop’s free controller
parameters have been determined to ensure system stability, despite wireless transmission
delays, and to achieve asymptotic command following to orientation angle commands.
To compensate measurement noise and modelling errors, a metaheuristic algorithm has
been proposed for adjusting the remaining controller parameters. The effectiveness of this
control strategy has been verified through a series of computational experiments, which
revealed satisfactory performances.

Future perspectives of the present work include (a) the investigation of the problem
with delay-dependent controllers (indicatively see [50]), (b) the application of the proposed
approach to robotic vehicles carrying manipulators that grasp known and unknown loads
(indicatively see [51]), (c) the application of the proposed approach robotic vehicles moving in
semi-structured and unstructured environments (indicatively see [52-54]), and (d) the appli-
cation of the proposed approach to multi-transmission delay cases (indicatively see [55-57]).
The experimental validation of the theoretical and simulation results is currently underway.

Author Contributions: Conceptualization, N.D.K. and EN.K.; methodology, N.D.K. and EN.K,;
software, N.D.K. and J.S.; validation, N.D.K., EN.K. and J.S.; formal analysis, N.D.K. and EN.K,;
resources, EN.K. and J.S.; data curation, N.D.K. and ].S.; writing—original draft preparation, N.D.K.,
FEN.K. and ].S.; writing—review and editing, N.D.K. and EN.K.; visualization, N.D.K. and J.S.;
supervision, N.D.K. and EN.K.; project administration, EN.K. All authors have read and agreed to
the published version of the manuscript.

Funding: This research received no external funding.
Data Availability Statement: Data are contained within the article.

Conflicts of Interest: The authors declare no conflicts of interest.

Nomenclature
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Symbol Definition

X State vector

X; j' state vector element
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A: System Variables

Symbol Definition
u Input vector
uj jth input vector element
Y Performance output vector
i jt" performance output vector element
¢ External disturbances and fault vector
Gj jt" element of the external disturbances and fault vector
P Measurable output vector
P, j" measurable output vector element
Py Measurement noise vector
P j j" measurement noise vector element

B: Physical Variables

Symbol Definition
ww ] Left active wheel angular velocity
wWW r Right active wheel angular velocity
Q Vehicle orientation angle
.y Left motor current
i,y Right motor current
Vi, Left motor voltage supply
Vinr Right motor voltage supply
v Linear velocity of the vehicle
D, Left motor torque exerted by external forces and torques
D, Right motor torque exerted by external forces and torques
Vb, Left motor actuator fault voltage
Vb Right motor actuator fault voltage
Jwy Moment of inertia of the active wheels around their rotation axis
w2 Moment of inertia of the active wheels around vertical axis
Ip Robot platform’s moment of inertia around the vertical axes through the CM
mp Mass of the robot’s platform
myy Mass of the active wheels
bw Half distance between the hubs of the two active wheels
dw Distance of the center of mass of the vehicle from the wheels’ axis of rotation
W Active wheel radius
B Active wheel viscous torque constant
Tm Motor gearbox ratio
Ky the motor torque constant
Ky motor back emf constant
L, motor inductance
R motor electrical resistance

T Transmission delays (j = 1, 2)
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Appendix A.
Appendix A.1. Elements of T'(x,u, )
1 2
r1(x,u,¢) = m{—dwmpr?,v (b%,\,vl - vz)xl(t) + 4B, b3, (b%\,vl - vz)xz(t)—!—

dwmpr?,\, (b%\,vl + 1/2) xz(t)2 —2x1(t) {2me2 (bwvl + 1/2) + dwﬂ’lp?’%ﬂ/z)(z(t)} +
4b12/v [(b%\,w + 1/2) (Kimtmxa(t) +E1(t)) — (b%\,m - 1/2> (Kmrmxs(t) + Q’z(t))} }

1
oo {dwmerly (B +v2)xa (47 = 4Buby (Bt + v2)xa(t) -
wviv2

—dwmpi’:;\/ (b%vvl — v2>x2(t)2 + x1(t) <4me%,\,v1 — 4me%\,v2 — 2dwmpr%vv2x2(t)> +
41712/\/ [(b%\,vl + 1/2) (Kmtmxs(t) + &(f)) — (b%\,vl — 1/2) (Kimrmxq(t) + él(t))] },

13(x,1,8) = 2 (xa(t) — 31 (8),

72(35/ u, C:) =

2byy
Tl ,8) = =P (1) = () + - () + (),
vs(x,u, &) = —K%tlxz(t) — %%(t) + L%(”z(t) +Ca(t)),

Appendix A.2. Closed Loop Linear Approximant System Matrix Elements

2

(60> ]Wy 4b2

W o +2Jw,z + diymp + by (mp + 4my)],

(€0)10 = 4r;2 [(b d%v) mp — Jp — 2]W,z]/

_ dwmprd X -
(30)1,3 = _TWW’ (30)2,1 = (30)1,2r (‘30)2,2 = (30)1,1r

2((e0)12 = (0)11 ) ((€0)42 — (e0)s1 ) (1 + B?) tan~2 (v)?
(50)2,3 _ ( 0)1,2 0 1,1)( 0/4,2 0 5,1)( 2 ) B (60)113, (20)3/3 _1

3(a0)31(e1)43(B — 1)(T*)

(€0)s1 = —{der,OmPY%v@ (ﬁz - 1) ™"+

(4Bt Lro + (o + 21w,z + dymp ) iy (Ruvo — Lropo) + B {4Twy R0 — 2wy Lro(M1 + o)+

72, [4my Ryo + mp(Ryso — LyoAr) — 2Ly omw (A11 + fo)] }) (/32 . 1) Thp
4L [ (Jo + 2wz + diymp )y + 263 (Juvy + mwrdy ) | Bran~2(8) }/
[4b§v1<mrm(Lr,o +6L,) ([—32 - 1)7*},

(€0)s2 = <{ []P +2wz+ (d%/v - b%,v)mp} Rinorfy — dwLr,ompriy X1+
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2dw Ly ompriyXa + 263 Jw,y LroA1,1 + bjy LrompriyAis + 2bjy Ly omwriyAr 1 —

Lo [(]p + 20w+ d%vmp>r%\, + 263 (}W,y + mwrﬁv)} yo} (52 — 1)T*+
4Lo0| (T + 2w,z + dhymp ) iy + 263 (Jwy + mwrdy ) | Btan™(8)) /
[4b12,\,Kmrm(Lr,o +6Ly) (/32 - 1)7*}, (€0)as = 1

(%0)s1 = ({ []P 2wz + (d%\/ - b%v) mP] Ry07%y + 2dw Ly ompriy X, —

dwLyompriy%s + 263 Jw yLroA11 + bjyLyompriyAi g + 265 Ly omyriyAi 1 —

Lo [ (Jo +2Jw,z + dGyme ) iy + 263 (Jwy + mwry ) o} (82— 1) 7"+

4Ly [ (Jo + 2wz + dymp ) o+ 2053 (o + mwry ) | ran(B)) /

(463Kt (Lo +0Ly) (B2 = 1) T, @)s2 = (3(e0)s + (e0)s2 = (e0)s51) /3, (@)55 =1,

_ 2Lo[(Jp + 2w,z + A3 mp)riy + 263, (Jw,y +mwryy)] (1+ %) tan™! (v)?
2

(€1)43 =
43 wamT’mrw(Lrlo + 5Lr)(‘32 — 1)(T*)
(51)5,3 = ('51)4,3, (50)1,1 = —(Bm,0 + 6Bm), (50)1,4 = Kintm, (50)2,2 = (“0)1,1r (50)2,5 = (“0)1,4/
~ rw ~ ~
(ﬂ0>3,1 = —m/ (50)3,2 = —(’10)3,1/

(d0)41 = ({4Bm,0b12/va,0 + dwmpRu 0ty X2 — by Ly oAo1 [ZIW,y + (mp + ZmW)r%\,} } (,32 — 1) T+
4Ly [ (To + 2wz + dymp ) oy + 253 (o + mwiy ) | roptan(8)) /
[4b§v1<mrm(Lr,o +0L,) ([32 - 1) r*},
(a0)40 = ({dmeRm,orio’/v(Yl —2%) — by Ly [wa,y + (mp + ZmW)r%,\,} /\0,1} (52 — 1) T

4Ly0[ (o + 2wz + dfymp ) 3y + 20 (Jwy + mrdy ) | moptan™1(8)) /
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B Rm,O +O0R;,

[ KL+ 0L (8 =1) "], (Go)ys = =T

(a0)s, = ({dmeRm,or?p’v (2%1 — %) + bjyLro [ZIW,y + (mp + me)ﬁzfv} /\0,1} (52 - 1) '+
4Lyo | (Jo -+ 20w,z + dlymp )y + 263 (Jwy + mwrdy ) | noptan™"(8)) /

463y K (Lo +0Ly) (1= 82) 7], @0)52 = (3(a0)1 + (a0)s.2 = (30)s,1) /3, (@0)s5 = (a0) 4

_ 2L, 9 [(]P +2Jw + d%\,mp)r%,\, + Zb%\/ (]W,y + mwr%\/)] }10(1 + ,82) tan—! (ﬁ)Z
bwKtmrw (Lyo + 6Ly) (1 — B2) (%)

(a1)43

7

oy LodoaRlwy + (mp2mw)rd] oy
(@1)53 = —(a1)43, (b0)4,1 N 2Kyutmrw (Lyo + 0L;) ’ (b0)5,1 B (b0>4,1'

2

7

(~ ) _ 2Lr/() [(]p + 2]W,z + d%va)T%\, + Zb%v (]W,y + mwr%v)]]zto (1 + ﬁz) tan~! (/3)
42 by Kt mrw (Lro 4 6L, ) (B2 — 1) (7%)?

(o)., =~ (00)

Appendix A.3. Closed Loop Linear Approximant Characteristic Polynomial Coefficients

2(By,0 + 6Bm)SLy + 2]w y0Ru + (mp 4 2my )13y 6Rm + Ly o [26Bu + 2]w yA1,1 + (mp 4 2my ) riyAq 4]

K1 =
' @Jwy + (mp + 203)7%) (Lyo + L)

4

2R,06Bm + 2(Byo + 6B ) SRy LyoAo1
2w,y + (mp 4+ 2mw)rd ] (Lyo +6L;)  (Lyo+0Ly)

Xy =

ISZ,O = (Lr,O + 5L1’)_1 [(2b%\/{2Rm,OéBm + Z(Bm,o + 5Bm)(5Rm + Lr,O [ZIW,y + (mP + me)r%v} )‘0,1}

{(Bm,O + 6By)OL, + ( Twy + mwr%,v) SR + Ly [5Bm n ( Twy + mwr%\,> yo} }+

e (Up + 2Jw,2) {2Rn 08B + 2(Buyo + 6B )R + Ly |2y + (mp + 2w )7y | Agn } (6Rws + Ly opio) +

dwmp (Lr,O [ZJW,y + (mp + 2mw)7%v] 0*6L, A1+

dw{sz,O(SBm +2(Byso + 6Bu)ORm + Ly g [2 Jw,y + (mp + ZmW)rﬁv] Aot } (0Ry + L,,Oyo)) ) ) /
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AL, 0B tan" (B) [(1 - ﬁz)r*] _1},

Bio= { [(4[wam,oéBm + by (Byo + 6Bum)ORm]? + Lyo [2 Jw,y + (mp + 2mw)r%N] x
{dmer%\,v*éRm + 262 [Run06Bi + (B0 + 6B )6R 1] }/\0,1) /
([(p+ 21w,z + dBymp )y + 263 (Jwy +mwry )] %
{2Rm,0(53m +2(Byo + 0B)0Rm + Ly [2 Tw,y + (mp + 2mw)rﬁv] Ao })] +

AL, opoBtan1(B)/ [(1 - ﬁz)r*} } /(Lyo +6Ly),

)  ALguo(1+ B?) tanfl(ﬁ)z
B11 = Bo1/mo, Box = (Lyo +0L,)(1 — B2)(1%)?
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