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Abstract: Robot artistic painting and robot calligraphy do require brush models for brushstroke
simulation and painting robot control. One of the main features of the brush is its compliance, which
describes the relationship between the brush footprint shape and the pressure applied to the brush.
In addition, during motion, the brush footprint position lags from the brush handle position in a
complicated manner. To date, the question of creating a physically correct model of these effects and
choosing the best method for the model parameter calibration has not been presented in the literature.
In the current paper, we derive equations of the brush contact patch motion, give their closed-form
solutions, and investigate three methods for the brush model calibration: capturing brush footprints
on a matte glass with a camera, painting calibration brushstrokes, and capturing a brush shape side
projection with a camera. As we show, calibration brushstrokes give us primary information on
brush contact patch displacement during painting, and capturing the brush side projection allows
the accurate estimation of the gap from the brush tip to the center of the contact patch. Capturing
brush footprints is useful for creating a brushstroke executable model. As an example, a model for a
round artistic brush was created and verified in three tests, including measuring the coordinates of
an angular brushstroke center line, simulating an angular brushstroke, and writing a signature using
a robotic setup.

Keywords: robotic painting; computer creativity; painting brush; robot calligraphy; brush simulation;
physical brush model

1. Introduction

Computer creativity is a growing topic of research, which involves several interdis-
ciplinary investigations, including studies in computer science, philosophy, music, and
fine arts [1]. The success of artificial intelligence (AI) in visual arts became exceptionally
prominent due to commercially available examples of AI-powered programs capable of
creating realistic images [2]. In fields of visual art such as Chinese calligraphy, AI success-
fully passes an artistic version of the Turing test [3]. In addition to solving the challenges
of generating artistic-looking images, some efforts are aimed at adapting the performance
of traditional physical artistic techniques to robotic systems, which is supported by the
rapid development of the related fields in robotics, such as sensor design for collision
detection [4], positioning using data fusion [5], target location, and active maneuvering in
an unknown environment [6]. These advances resulted in new industrial standards such
as collaborative robots and new software libraries for solving different problems faced
by robots in the real world. General advances in machine vision, distance and contact
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sensors, etc. provide a solid basis for specific branches of robotics such as artistically skilled
robots. Various tasks are faced by developers of the latter systems from modifying paints
and tools for better usability by robots to creating new mathematical models and control
algorithms. During the last decade, a significant amount of studies have been dedicated
to solving these problems, including creating machines for acrylic painting by brush and
palette knife [7–12], watercolor brush painting [13], spray painting [14,15], etc.

The majority of artistic robots use a round brush as a painting tool. The artistic
brush consists of bristles clamped to a handle with a metal ferrule. Bristles comprise a
flexible tuft which allows collecting a certain amount of paint and softly applying it to a
canvas. The round brush is the most versatile variant of a brush and is the simplest to
use in artistic robotic painting because of its symmetry in any direction. The width of the
brushstroke painted by a round brush depends on the pressure applied to a brush, which
in turn depends on the distance of the robot brush-holding mechanism to the canvas. The
compliance of brush bristles causes some problems in the robot path planning, since the
brush contact patch lags from the robot tool center position (TCP) during its motion. This
produces a disparity between the TCP trajectory and the actual shape of the brushstroke.
The precise robot control system should include a finely tuned brush model reproducing
these features of the brush with a high level of fidelity.

Some works on artistic robots propose using special short-bristle brush designs with
no need for elaborate modeling and calibration [7,16], but their expression capabilities are
much lower than those obtained by a common brush. The other works propose different
approaches to taking brush compliance into account. Early attempts to create artistic brush
models refer to the 1990s, among which an example of a physically-based model can be
found in a work [17] considering compliance of the brush bristles and its influence on the
brushstroke shape. Later, a model of a conic Chinese brush with a straight center line was
described in a work [18]. A more complicated 3D model of a brush exploiting the energy
minimization principle in its shape adjustment was described in another work [19].

The previously mentioned works were not aimed at modeling a particular real brush.
The situation changed when interest in robotic painting and calligraphy led to the need for
more accurate brush simulation [20].

One of the early examples of brush calibration for a calligraphy robot was given
in [21]. The more complicated approach to brush modeling was proposed in [22], which
utilizes a regressing model of a brush lag depending on the brushstroke width and the
trajectory curvature estimated in a set of experiments. Another empirically correct model
was proposed in [23], where difference equations of the brush dynamics were introduced,
the coefficients of which were found on a calibration phase. Nevertheless, only a few words
were said about the method of brush calibration and its theoretical justification. A notable
question for creating a data-driven brush footprint model was considered in a work [24],
and a feedback-based approach based on an internal model control for a calligraphy robot
was described in [25]. One of the most detailed models of a brush was described in [26].
The brush footprint trajectory in this work was modeled by a simple difference equation,
but no closed-form solutions for the brush footprint coordinates were given.

Even though the majority of artistically skilled robots use a brush as a painting tool,
and many works are dedicated to this topic, the question of creating a physically correct
brush model and developing a simple and robust method for adjusting its parameters is
still open. Forces acting at a brush contact patch were still not considered, nor was there
any theoretical description of a brushstroke curvature induced only by bristles compliance.
Moreover, there is still a question regarding how to calibrate a brush, since each research
proposes different experiments requiring various equipment and different measurements.

So, the current work fills this gap. We propose a new physically motivated model of a
brush contact patch movement relative to a brush handle trajectory. Then, we prove several
theorems on a brush contact patch trajectory. After that, we propose an experimental setup
and a detailed description of a calibration method allowing us to obtain an empirically
correct model for use in robotic painting and calligraphy systems. The obtained model
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is verified in three tests, including measuring the coordinates of an angular brushstroke
center line, simulating an angular brushstroke, and writing a signature using a robot.

The significance of the correct brush model in robotic visual art is undoubted, since it
allows solving the robot’s path-planning problem and implementing brushstrokes properly
as they were designed by simulation, thus avoiding the number of failures in art processes
which does not assume correction such as calligraphy or watercolor, and decreasing the
number of iterations in a feedback-guided painting process with acrylic or oil paints.

The paper is organized as follows. In Section 2, an introduction to the physics of a
painting brush is given. Equations of motion of a brush contact patch and a brush tip are
given in the form of differential equations and their closed-from solutions. All results are
presented in theorems, and their corollaries are supplied with proofs. In Section 3, the
results are presented. Three calibration methods were investigated, resulting in two models
with different reliability. Section 4 summarizes the recommended brush model calibration
method. In Section 5, brief conclusions are given.

2. Materials and Methods

Let us describe the painting brush by introducing the following formalism. Suppose
that a brush is mounted on a robot and always moves orthogonal to a canvas plane. Suppose
also that the brush stiffness is high relative to the friction force between the brush and the
canvas, which is often true for synthetic and bristle brushes used in acrylic and oil painting.
Therefore, each bristle can be modeled as an elastic beam with clearly defined boundary
conditions. The following lemma ensures that under these assumptions, the solution of the
bristle equation solution is unique.

Lemma 1. Let the bristle be modeled as the static Euler–Bernoulli beam

∂2

∂z2

(
EI(z)

∂2w(z)
∂z2

)
= q(z), (1)

where w(z) is the bristle deflection in the direction of the brush longitudinal direction x, EI(z) is
the bristle flexural rigidity, and q(z) is a distributed load. The bristle Equation (1) has the unique
solution w(z).

Proof. Let us determine four boundary conditions for Equation (1). Considering the
normalized variable z ∈ [0, 1] with no loss of generality, the boundary conditions at the
bristle root (the beam clamped end) are w(0) = 0, and ∂w(0)/∂z = 0. The bristle tip is a
sliding beam end with the corresponding initial conditions ∂w(1)/∂z = 0, ∂3w(1)/∂z3 = 0.
Figure 1 illustrates our proposals. The existence and uniqueness of the generalized solution
of the Euler–Bernoulli beam once four boundary conditions are known was proven in a
work [27], and special cases of unique solutions are given in several papers, e.g., [28,29].

z

x
0

∂w							/∂z(1)        = 0

w (0) = 0

∂w							/∂z(0)        = 0

∂	w							/∂z(1)        = 0
3 3

Figure 1. Boundary conditions for the Euler–Bernoulli model for the brush bristle.

Let us consider an example. The paper [30] proposes exponential decay in the
elastic modulus of the brush, leading to a complicated linear–exponential solution for
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EI(z). Simplifying equations for the flexural rigidity, we adopt EI(z) = exp(1 − z) and
q(z) = exp(1 − z). The Equation (1) would read as shown below:

∂2

∂z2

(
e1−z ∂2w(z)

∂z2

)
= e1−z, (2)

which has the following solution:

w(z) = c4ezz3 + c3ezz2 + c2ezz + c1ez + 1. (3)

where ci, i ∈ [1 . . . 4] are constants determined by boundary conditions.
Let the robot move within relatively slow speeds, such as 25 mm/s, so the bristle

inertia does not affect the brush contact patch shape, and bristles are always bent properly,
as shown in Figure 2a. First, we determined the shape of the brush contact patch as the
shape of the envelope of all fragments of bristles contacting with a canvas. This envelope is
defined exactly by the longitudinal and transverse positions of bristles. From Lemma 1,
we know that the longitudinal position of a single bristle is uniquely defined by z. By the
energy minimization principle allowing only one optimal relative position of the bristles
in a bunch [19], the longitudinal and transverse positions of the bristles would also be
uniquely defined. During brush turns, different bristles acquire and lose contact with the
canvas, but if the round brush is not worn, the envelope will preserve its shape for the
given value of z due to the rotational symmetry of the brush. A short video demonstrating
the effect of the brush contact patch shape immutability during rotation can be found at the
link [31]. For a particular value of z, the dynamic of a contact patch is defined by a lag r
between a center of forces applied to a contact patch and a projection of a brush handle on
a canvas plane. To locate the contact patch position relative to the center of forces, a gap b
from the brush tip to the center of the forces should be also known; see Figure 2a.

r
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Δx
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Figure 2. (a) Normal geometry of a brush. (b) Dynamics of a brush contact patch movement.

2.1. Equation of Brush Movement with Normal Geometry

Denote α an angle of the brush foot median line relative to the direction of the robot
movement and the lag r between a center of forces applied to a brush contact patch and a
brush handle axis. In Figure 2b, schematic drawings are given explaining the geometry of a
brush foot movement. Let us consider a general case: when z changes during movement, r
also changes and should be considered as a function of s.
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Theorem 1. The equations of motion for the brush center of forces are shown below:

dα

ds
= − sin α

r(s)
(4)

∆x = −r(s) cos α (5)

∆y = −r(s) sin α, (6)

where α is an angle between vector pointing to the center of forces p = (∆x, ∆y)⊤ and the direction
of the brush root movement v = q1 − q0, s = ∥v∥ is the brush root displacement, and r is the lag
of the brush contact patch depending on s. Equation (4) has the following closed-form solution:

α(s) = 2 arctan
(

tan
(α0

2

)
exp

(
−

∫ s

0

1
r(ξ)

dξ

))
. (7)

Proof of Theorem 1. Let us consider a local coordinate system, in which a projection of a
brush handle onto the canvas plane moves along the x-axis. A brush contact patch is pulled
by a leverage of length r from the handle axis to the center of a friction force F0. The center
of the force follows a trajectory T. The friction force is split into projections on coordinate
axes Fx and Fy. When the robot TCP moves along the x-axis and travels a distance s, an
angle between the brush footprint centerline and the x-axis changes from α0 to α1. The
forces make the following work:

−∥Fx∥(∆x1 − ∆x0) + ∥Fy∥(∆y1 − ∆y0) = A, (8)

where ∆x and ∆y are displacements between the center of forces p1 and the robot TCP
projection onto the canvas q1, which are calculated from trigonometrical considerations as

∆x = −r(s) cos α

and
∆y = −r(s) sin α.

The work of the force Fx is negative, since the direction of movement is opposite to its
direction. Suppose that the sum is zero considering that no energy is obtained or lost, i.e.,
A = 0. From Figure 2b, one may see that

Fx = F0 sin α1,

Fy = F0 cos α1,

∆x1 − ∆x0 = s + r0 cos α0 − r1 cos α1, (9)

∆y1 − ∆y0 = r0 sin α0 − r1 sin α1,

where s in (9) is the robot TCP displacement along the x-axis. Therefore, the force in
Equation (8) can be rewritten as follows:

−F0 sin α1(s + r0 cos α0 − r1 cos α1) + F0 cos α1(r0 sin α0 − r1 sin α1) = 0.

After division by F0, it can be simplified to

− sin α1s + r0 sin(α1 − α0) = 0.

Considering an infinitesimally small translation ds, writing this equation in terms of
differentials, and taking into account that sin dα = dα, the equation reads as shown below:

− sin α ds − r(s) dα = 0,
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where, eventually, we obtain a differential equation describing the behavior of the angle α
as follows:

dα

ds
= − sin α

r(s)
. (10)

Consider the solution of (10). Let us move the terms of the equation between its sides
so that there are terms with α on the left and terms with s on the right and integrate the
following: ∫ α1

α0

1
sin α

dα = −
∫ s1

0

1
r(s)

ds.

The left side of the equation has the exact solution

log
(

tan
(α

2

))∣∣∣α1

α0
= −

∫ s1

0

1
r(s)

ds,

while the right side of the equation depends on the function r(s). Let us introduce a new
variable ξ in the right side of the equation and change α1 to simply α to exclude subscripts:

log
(

tan
(α

2

))
− log

(
tan

(α0

2

))
= −

∫ s

0

1
r(ξ)

dξ,

which immediately leads to (7).

The equations of motion for the brush represent a system of differential–algebraic
equations, and once an initial angle α0 and initial and final positions of the robot q0 and q1
are known, it is easy to calculate the robot position in a global coordinate system. Let the
translation vector v = q1 − q0 have coordinates (xv, yv)⊤. Then, the angle of rotation for
translation between the local and global coordinate systems is determined by the pair

cos γ =
xv

∥v∥ ,

sin γ = − yv

∥v∥ ,

from where the coordinates of a new position for the center of forces p1 are found as

∆p =

(
cos γ sin γ
− sin γ cos γ

)(
∆x

sign(w)∆y

)
,

p1 = p0 + ∆p,

where w is a result of a cross-product w = (q0 − p0)× v. This term is needed to verify
the actual brush direction of the turn. If the brush moves from bottom to top as shown
in Figure 2b, then sign(w) = 1, and if the brush moves from top to bottom in a mirrored
manner with respect to Figure 2b, sign(w) = −1.

The next theorem is dedicated to the equation for the angle β, shown in Figure 2b, in a
special case r = const.

Theorem 2. The angle β between the direction of the robot TCP movement and a line of the brush
tip displacement depends on α, r, b and the value of displacement s1 as follows:

β1 = arccot
s1 −

r + b
r

∫ s1

0
sin2 αds

r + b
r

∫ s1

0
sin α cos αds

. (11)
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Proof of Theorem 2. The brush tip located at a distance b from the center of force along
the brush foot centerline changes its coordinates as follows:{

∆xb = s + (r + b)(cos α0 − cos α1),
∆yb = (r + b)(sin α0 − sin α1).

(12)

For simpler notation, denote d = r + b. In terms of differentials, (12) reads as

dxb = ds + d(cos α − cos(α + dα)),

dyb = d(sin α − sin(α + dα)).

Applying again the Taylor expansion for the trigonometric functions, the latter equa-
tion simplifies to

dxb = ds + d sin αdα, (13)

dyb = −d cos αdα. (14)

The actual coordinates of the brush tip may be found via integration:

xb = xb0 +
∫ s1

0

(
1 + d sin α

dα

ds

)
ds,

yb = yb0 −
∫ s1

0
d cos α

dα

ds
d,

where xb0, yb0 are the coordinates of the initial brush tip position. Substituting the value of
dα/ds from (10), we finally obtain

xb = s1 −
d
r

∫ s1

0
sin2 αds,

yb =
d
r

∫ s1

0
sin α cos αds.

The angle β between the x-axis and a line connecting an initial brush tip position with
the actual brush tip position is determined by the following equation:

cot β1 =
xb − xb0
yb − yb0

.

Substituting (13) and (14) into the latter equation, we obtain the following:

cot β1 =
s1 −

r + b
r

∫ s1

0
sin2 αds

r + b
r

∫ s1

0
sin α cos αds

,

which immediately leads to (11).

Figure 3 illustrates the solution of the brush dynamic Equation (7) for α, (5) and (6) for
the brush center of forces, and

∆xb = −(r(s) + b(s)) cos α, (15)

∆yb = −(r(s) + b(s)) sin α (16)

for the brush tip. The parameter values are r = 3, b = 1 and the initial values x0 = 0, y0 = 0,
and α0 = π/2. The red line in Figure 3a is the trajectory of the brushstroke center line,
the blue line is the trajectory of a brush tip, and a thick black line shows the trajectory of
the robot TCP.
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Figure 3. Solution of the brush curve dynamics. (a) Coordinates of the brush center of forces, brush
tip, and the TPC of the robot. (b) Angles α and β.

In Figure 3b, the line for β starts from the value denoted by a vertical dashed line
located at s0 = ∆s, where ∆s = 0.3 is the discretization step.

2.2. Brush Movement with Loose Tension

If the brush changes its direction of movement by the angle greater than π/2, or when
it touches the canvas with a too steep angle, a situation depicted in Figure 4a occurs: the
actual distance between the center of forces of the brush contact patch to the brush axis r′ is
less than the radius r inherent to the brush under the normal conditions for a particular
value of z. Practically, this means that the bristle bunch loses tension and bends due to
compressive forces. Nevertheless, due to the uniqueness of the Euler–Bernoulli equation
solution and energy minimization principle, the brush would still possess a uniquely
defined geometry, and the brush tip would still be pointing in the direction opposite to the
brush root exactly as shown in Figure 4a.

r'

αα0 1

s

x

T

b

q0
q1

r z=   (  )

r

z

a

r'

r' r z<   (  )

Figure 4. (a) Geometry of a brush with an improper type of bristle bend. (b) Dynamics of a brush
contact patch movement in case α0 > π/2.
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This allows for simple treatment of this case. After calculating the distance between
the new robot TCP and the brush contact patch center of reassure r′, one should compare it
with r(z) inherent to the brush under normal conditions, as shown in Figure 4b. If r′ ≥ r(z),
then the model (4) is valid, and new α, x and y, as well as xb and yb, are calculated as
described earlier. Otherwise, x and y remain the same, and a new α is chosen so that it is
the angle of a straight line connecting the TCP and the center of forces of the brush contact
patch. The brush contact patch is then rotated according to this angle, and new xb and yb
values are calculated.

2.3. Executable Model of a Painting Brush

A realistic brush model calibrated as described before can be used in a variety of
scenarios. One of the simplest is simulating the brushstroke behavior for a given brush root
trajectory. Let the trajectory consist of straight segments. The current segment connects
two points p0 and p1, where p = (x, y, z)⊤. The previous segment is denoted as d0, and
the current segment is denoted as d1 = p1 − p0. The angle between these two segments
can be determined from a formula for the scalar product:

α0 = arccos
d0d1

∥d0∥∥d1∥
.

For the first segment, α0 = 0. The actual angle of rotation of a brush footprint with
respect to the canvas coordinate system θ is calculated by

θ = α + atan2(y1 − y0, x1 − x0),

where atan2 is a function that returns an angle of a planar vector in a full range [−π, π].
From a brush footprint library, two images of footprints I1 and I2 closest to the z values in
p0 and p1 are chosen.

The segment d1 is parameterized by a variable t ∈ [0, 1]. In each point pd(t) of the
segment, z(t) is calculated as a linear interpolation, from which r(z) and b(z) are estimated.
A distance r′ between the current point p and pd(t) is compared to r(z), and if r′ < r(z)− ε,
where ε is a small regularization value, typically, ε = 0.01, then the new angle θ is calculated
as the angle of a straight line between p and pd(t). The values xb(s(t)) and yb(s(t)) are
found by simply rotating by the angle θ around the point on a plane with coordinates
x0 and y0. Otherwise, the angle α(s(t)) is calculated by the formula (7), and xb(s(t)) and
yb(s(t)) are found in a local coordinate system by the formulas (15) and (16). Then, the
coordinates of a brush are translated into a global coordinate system.

A special procedure Ic = MergeAndRotate(I1, I2, c, theta) was used for merg-
ing images of brushstrokes in a proportion c and rotating it by the angle θ, where z is an ac-
tual z-position of the robot TCP. For the normal brush geometry, c = (z− z0)/(z1 − z0), and
I1 and I2 are brush footprints corresponding to TCP heights z0 and z1, but if r′ < r(z)− ε,
then c =

√
(z − z0)2 + r′2/

√
(z1 − z0)2 + r2(z), and I1 is the brush footprint obtained

when the brush touches the canvas vertically for the particular value of z. A synthetic
image of the current shape of a brush footprint Ic is depicted on a canvas. As a result,
a whole segment of a brushstroke appears. Figure 5 illustrates the flowchart of the de-
scribed process.

In a feedback-guided painting process with a robot, intermediate steps of path plan-
ning and trajectory optimization can be added [10,16].
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Brush
Footprint
Library

Determine new direction

Input:

Determine the angle

Swipe merged and rotated footprints
along parametrized line

Take footprints for

Output:
 an image of a new brushstroke

segment

Figure 5. Schematic representation of an algorithm for the brushstroke simulation.

2.4. Finding Brush Parameters from Calibration Brushstrokes

One of the most versatile methods for brush parameter estimation is painting a set
of calibration brushstrokes of different shapes. Some examples of methods for designing
calibration brushstroke sets can be found in the literature [10,22,32].

For different values of the brush root height above the canvas z, we propose painting
brushstrokes of two types. The first type is a straight brushstroke, and the second type is
an angular brushstroke employing a situation when the robot TCP changes its direction of
movement by 90 degrees. Examples of such strokes are depicted in Figure 6.

D

s

−z0

a b

L

r

Sh Sh

S1
S2

c

sL

w

Figure 6. Examples of calibration strokes. (a) Straight stroke for estimating b. (b) Angular stroke for
estimating r. (c) Brush footprint for estimating w.

Let us start from Figure 6b, which shows an angular stroke S2. By design, we know
a distance L, at which the robot TCP turns by 90 degrees, and therefore, we can visually
detect a point where the stroke starts turning and measure a distance between this point
and a line of subsequent movement, which equals r. Having measured r at various TCP z
values, we can find an approximate function r = fr(z). An auxiliary horizontal stroke Sh
shown in the bottom of the panel is needed to accurately measure L in a real experimental
environment, since the point when the brushstroke starts in an unreliable reference: its
position is highly affected by a canvas relief, robot calibration, amount of paint remaining
at the brush tip, etc.

Figure 6a shows a straight brushstroke S1 needed to find the parameter b. To the left
of the brushstroke, a trajectory of the robot TCP is shown. The point sL is the point where
the robot stops lowering the brush and goes further at one height. Due to the lag between
the robot TCP and the brush contact patch, the distance D between the brushstroke starting
point and the point where it stops expansion is less than sL. The exact position of this
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point depends on a distance w between the brush footprint tip and the widest point of the
footprint; see Figure 6c. One can measure the distance D and estimate the parameter b
using Equation (17):

b = sL − D + w. (17)

Of course, the parameter w is also a function of z, and this function should be prelimi-
narily estimated. As for the brush footprints, a way to capture them is by taking a photo on
the reverse side of a matte glass, as we will describe further.

2.5. Direct Way to Measure b + r

A distance d from the brush root to the brush tip can be observed directly. This distance
equals the sum of the required brush parameters d = b + r and is useful for estimating b
more accurately than using the other ways described before.

A brush slowly lowering while sweeping the canvas can be captured by a video
camera, as shown in Figure 7. Providing a scale and correcting possible lens aberration to
achieve high linearity of the image, one can obtain a dataset on directly observed values of
b + r for different z.

Figure 7. Dataset for estimating d from video footage with adaptive time discretization steps.

In video frames, one should measure the positions of a certain ferrule point {x f i}, {z f i}
and positions of the brush tip {xti}, {zti}. Then, from these data, one determines the
constants d0 = x f 0 − xt0, z0 = xt0 − x f 0, and calibrates the distances di and vertical
positions zi as follows:

di = x f i − xti − d0,

zi = xti − x f i − z0.

Once the function r = fr(z) is known, brush radii are easily found, and a dataset for b
is obtained via a simple relation

bi = di − fr(zi). (18)

2.6. Finding Brush Parameters from Angles

Previous subsections propose reliable yet still indirect ways to measure r and b sep-
arately. Alas, these parameters cannot be measured directly because the position of the
center of forces is unknown, and only moving the brush along a trajectory can reveal the
brush dynamics. Nevertheless, angles α and β can be measured, and a series of these
measurements may be used for another type of indirect estimation of r and b.

Theorem 3. Suppose we have a set of measurements {αi}, {βi} and {si}, i ∈ [0 . . . n]. To find r,
introduce a function

F(α0, αi) =

(
log

(
1

sin α0
+ cot α0

)
− log

(
1

sin αi
+ cot αi

))
. (19)



Robotics 2024, 13, 94 12 of 22

Having computed this function in all pairs (α0, αi), we can find r via least squares:

r = −
(
(F(α0, α1) . . . F(α0, αn))

⊤
)+

(s1 . . . sn)
⊤, (20)

where + stands for the pseudo-inverse of a matrix and ⊤ stands for the vector transpose.

Proof. Rewrite (10) as follows:

ds = −r
dα

sin α
.

Integrating this equation with a constant value of r, we obtain the following:

si = −r
∫ αi

α0

dα

sin α
.

This equation has the following analytic solution:

si = −r
(

log
(

1
sin α0

+ cot α0

)
− log

(
1

sin αi
+ cot αi

))
.

Substituting the function F(α0, αi) from (19), we obtain a simple relation

si = −rF(α0, αi),

so r is easily found via least squares using Equation (20).

Having estimated r, we can now find b.

Theorem 4. Suppose we have a set of measurements {αi}, {βi} and {si}, i ∈ [0 . . . n], and r is
also already estimated. Denote 

I1i =
∫ si

0
sin2 αds,

I2i =
∫ si

0
sin α cos αds,

Ii = I1i + I2i cot βi.

(21)

So, we can find an auxiliary variable µ via the LSM:

µ =
(
(I1 . . . In)

⊤
)+

(s1 . . . sn)
⊤, (22)

and eventually estimate b as follows
b = (µ − 1)r. (23)

Proof. Once a series of angles {βi} and thus a series {cotβi} are available, rewrite Equa-
tion (11) in the following manner, taking into account the notation (21):

cot βi =
si − µI1i

µI2i
,

where µ = (r + b)/r. Therefore,

(I1i + I2i cot βi)µ = si.

Denoting Ii = I1i + I2i cot βi, the latter is used for estimating µ via the LSM using Formula
(22) and then finding b using formula (23).

Thus, both unknown parameters r and b can found from experimental data containing
angles {αi}, {βi} and displacements {si}.
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3. Results

In this section, a description of the experimental results and their interpretation
is given.

3.1. Evaluating Brush Footprints and Angles

A synthetic artistic brush “Malevich 6” was used for the experimental investigation.
The handle of the brush was cut, and the brush was glued to a plastic holder specially
designed for a robotic painting.

To create a brush model, an experimental setup was designed, as shown in Figure 8a.
It features a Jaka Zu 3 collaborative robot (Jaka Robotics Co., Ltd., Shanghai, China) with a
brush attached via a removable 3D-printed adapter. During the experiment, the wet brush
touched the semi-matte acrylic screen, making the contact patch of the brush clearly visible
on the other side of the screen. The brush contact patch was photographed from the other
side using a camera with a macro lens. Our setup used a Canon M200 camera (Canon Inc.,
Tokyo, Japan) with a Canon 28 mm 3.5 f lens (Canon Inc., Tokyo, Japan). The robot was
controlled from a tablet PC with Zaka control software installed. A Wi-Fi connection to a
desktop computer via Canon EOS Utility made it possible to remotely capture the brush
contact patch without physical contact with the camera. This ensured its immobility during
the experiment.

b c

1

2

3

α0

α1

β1

4

a

Figure 8. Experimental setup and example of the result: (a,b) Setup, numbers denote the following:
1—brush contact patch, 2—Canon M200 photo camera, equipped with 28 mm macro lens, 3—a
brush mount attached to a Jaka Zu 3 collaborative robot, 4—semi-matte acrylic screen. (c) A set of
overlapped brush contact patch snapshots was obtained in the experiment. Angles α0, α1, and β1 are
shown for illustration.

3.2. Estimating Brush Parameters from Canvas and Video

From samples of brush footprints given in the left panel of Figure 9, values of w
were measured, and their smooth fit for the dependency on z was estimated as a function
containing a third-order polynomial:

w(z) = max(0, p1z3 + p2z2 + p3z + p4), (24)

where p1 = 0.024, p2 = −0.42, p3 = 2.75, and p4 = −2.35. The goodness of fit of this
polynomial is given by values R2 = 0.98, RMSE = 0.51, where R2 is the coefficient of
determination, and RMSE stands for root mean square error.

210 3 4 5

Figure 9. Experimentally obtained brush footprints for normal brush geometry and the brush that
was tipped into paint by 7 mm; numbers refer to half z.
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An estimation of the values for brush radius r obtained from two examples of a
calibration canvas are shown in the central panel of Figure 10. The obtained estimation for
the fourth-order polynomial is

fr(z) = p1z4 + p2z3 + p3z2 + p4z + p5, (25)

p1 = 2.1 · 10−4 ± 0.0051,

p2 = −5.0 · 10−2 ± 0.103,

p3 = 0.31 ± 0.68,

p4 = 0.86 ± 1.57,

p5 = 3.1 ± 0.9,

all error bounds are given with confidence p = 95%. The goodness of fit is characterized by
R2 = 0.98 and RMSE = 0.58. In comparison with the estimation obtained from angles, the
obtained estimation is three times more accurate in terms of RMSE and has the coefficient
of determination sufficiently closer to 1, which means a lower error in data and better
model accuracy.
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Figure 10. Estimated values of w, r, and b, obtained calibration canvas and photo (video), and their
smooth fits as functions of z.

For b, a linear law was obtained from video data; see the red squares in the right panel
of Figure 10:

fb(z) = kbz, (26)

the estimated coefficient kb = 0.52 ± 0.09, p = 95%. The goodness of fit estimations are
R2 = 0.83, RMSE = 0.85, which is also better than in the case of using angles. Estimation
of a linear law from the calibration canvas are presented as green circles in Figure 10:
kb = 0.46 ± 0.11, p = 95%, goodness of fit R2 = 0.78, RMSE = 0.95, so the most accurate
estimation is obtained from the photo.

3.3. Estimating Brush Parameters from Angles

For each integer value of z in the interval [1 . . . 10], a series of six snapshots was
obtained, resulting in six values of αi and five values of βi and si in each series. Using
Formulas (20) and (23), sets of 10 estimations for r and b were obtained. After that, a MAT-
LAB function fit with the least absolute residuals (LARs) robust method was used to fit
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parameters with smooth approximations. For r, the fourth-order polynomial model was
obtained:

fr(z) = p1z4 + p2z3 + p3z2 + p4z + p5,

p1 = −4.56 · 10−4 ± 0.0396,

p2 = −4.56 · 10−3 ± 0.8754,

p3 = 0.047 ± 6.457,

p4 = 1.39 ± 16.13,

p5 = 3.4 ± 10.0.

All parameter confidence intervals are given with p = 95%. The goodness of fit of
estimations are R2 = 0.82, RMSE = 1.98.

For b, a linear law was adopted:

fb(z) = kbz, (27)

where the fit function gave the following value: kb = 0.21 ± 0.14, p = 95%. The goodness
of fit estimations is R2 = 0.39, RMSE = 1.21.

Figure 11 shows the brush parameter values in dependence of z and their fits.

0 2 4 6 8 10

TCP z, mm
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16
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 m

m

a

estimation
fit

0 2 4 6 8 10
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-2

-1

0

1

2

3

4

b
, m

m

b

estimation
fit

–

–

Figure 11. Estimated values of (a) r and (b) b, obtained from angles α and β in the experiments, and
their smooth fits as functions of z.

Approximated dependencies fr(z) and fb(z) can be further used in the executable
model of the brush allowing the accurate prediction of the brushstroke shape. One can see
that the obtained values have rather large dispersion, which is also confirmed by relatively
large values of RMSE.

3.4. Verifying the Brush Model

As we saw in a previous section, the parameter estimation from the canvas and video
was more accurate, so we used them in further tests. The first test was used to validate the
equations of motion (7), (5), and (6). On the calibration canvas, several angular brushstrokes
were painted, one of which is exemplified in Figure 12. The panel (a) presents a brushstroke
obtained with TCP z = 10 mm with two overlapped center lines: the solid line shown in
yellow is determined manually from the scanned image, and the dashed red line shows the
trajectory (x(α), y(α)) given by (5) and (6) for angles α(s) calculated by the Formula (7) for
values s ∈ [0, 80], and the estimated value of the brush radius is r = 13.0 mm.
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a b
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–  

–  

–  

Figure 12. (a) Example of an angular brushstroke obtained in experiment, (b) error in determining
the y value from this example.

In Figure 12b, an error estimation for y is given in experimental points shown by
yellow markers in Figure 12a. One can see that the error absolute value is relatively small
and its relative value does not exceed 2%, which is the level of measurement error, and
the overall error estimation for the closed-form solution for the equation of motion (6) is
RMSE = 0.05.

To visually estimate the quality of the obtained executable model, we present two
examples of thin angular brushstrokes for z = 3 mm in Figure 13: in panel (a), an experi-
mental brushstroke is shown, and in panel (b), the simulated brushstroke is presented. The
brushstroke model ignores paint distribution, so both brushstrokes are depicted in a solid
black color. One can see that while some details differ, the overall brushstroke modeling
quality is high.

a b

Figure 13. Comparison of two angular strokes: (a) experimental and (b) simulated.

The ability of the brush to perform smooth transitions between lines can be used in
robotic painting and calligraphy: replacing often used splines with natural curves given
by the brush equations of motion allows for sufficiently reducing the number of trajectory
points and thus costs for the brush trajectory optimization. To check the capability of the
executable model to reproduce a highly complicated brushstroke shape, an inscription
“Vincent”, stylized as the signature of Vincent van Gogh, was simulated using our executable
model and painted with the robot. Figure 14a shows the robot TCP trajectory designed
by the use of the method from [22], where thin black lines depict trajectory parts with
TCP z > 0, and colored thick lines depict different straight segments of the inscription
with the robot TCP z ≤ 0. Figure 14b presents the simulated inscription, and Figure 14c
gives the result obtained by the robot. One can see that a complicated shape of a piecewise
linear trajectory in Figure 14 leads to a smooth and recognizable result in Figure 14b that is
verified by the experiment in Figure 14c.
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a b c

Figure 14. Experiment with writing “Vincent” inscription: (a) Robot TCP trajectory, black thin lines
denote TCP path above the canvas, thick lines of random color denote the TCP path when the brush
touches the canvas, (b) simulation and (c) a result written by the robot.

The disparity between the results in Figure 14b,c is mostly related to an error cali-
brating the TCP height above the canvas, leading to slightly longer real brushstrokes in
comparison with the simulation.

One more experiment was carried out to estimate how more complex shapes deter-
mined with Bezier curves could be rendered with the proposed model. In Figure 15, the
test brushstroke set is presented. Figure 15a demonstrates TCP trajectories and simulated
brushstroke skeletons, and Figure 15b presents how these strokes were painted by the
robot: red strokes are real scanned strokes, and blue strokes are simulated.

Figure 15. Brushstrokes determined with Bezier curves. (a) Gray lines—robot TCP trajectories,
lines of random colors—stroke skeletons drawn with lines of different widths denoted by numbers.
(b) Blue strokes are simulated, and red strokes are real strokes from the experiment.

All strokes were painted from bottom to top. One can see a good correspondence
between the stroke width and the stroke’s curved shape. Nevertheless, a disparity between
stroke ends is clearly observed, which corresponds to a slight mismatch between model z
and the real z position of the robot TCP and slightly deeper tipping of the brush into paint
than that performed during calibration. Both these errors are due to the manual calibration
of the robot coordinate frame and filling the cuvette from where the robot was taking paint.
This shows the importance of fully automating the process of brush calibration and setup
maintenance in the future, which is the only way to ensure that the parameters are set up
with satisfactory precision.

3.5. Experiments with Liner Brush

The most interesting case for verifying the model is the liner brush, since this type of
brush is extremely thin and long-bristled compared to the other types of brushes, and com-
pliance plays the most important role here. An estimation of width and radius performed
for the synthetic liner brush “Gamma” number 1 from the calibration canvas is given in
Figure 16. This brush has a footprint width equal to 1–2 mm, and the length of the bristles
is 20 mm. The specific feature of the liner brush is the extremely small brush footprint
which allows painting thin lines and letterings. On the other hand, its disadvantage is a



Robotics 2024, 13, 94 18 of 22

relatively large radius in comparison to its width, which leads to the need to use trajectories
with small curvatures. Using the method of automatic brush path generation from [22],
we painted two variants of the lettering “Robot”, as shown in Figure 17. The number of
control points in the trajectories was relatively small, from 6 to 14 for each stroke. The
curvature of the strokes was at many points excessive for the given brush radius, which led
to disruptions on the letters’ edges. Nevertheless, the brush model predicted this non-ideal
behavior perfectly, and the mismatch between the predicted and actual trajectories given in
Figure 17 is relatively small. The video showing the process of writing the lettering with
the liner brush can be found in the reference [33].

Figure 16. Estimated values of w and r for the 1 mm liner brush: (a) dependence of the brushstroke
width of the TCP z, (b) dependence of r on the TCP z.

a b

Figure 17. Two variants of the lettering “Robot” written by the robot using a 6 mm round brush
(upper row) and the 1 mm liner brush (lower row). In the panel (a), the trajectory of the robot TCP is
overlaid on images of letterings, and the brushstroke skeletons shown in green were obtained from
the model (4). In the panel (b), images of letterings only are given.

One more experiment was carried out to clarify the repeatability of the brush trajectory.
It is known that the brush is subject to the hysteresis effect, which is expressed by preserving
the bristle deflection after the brush makes a stroke. This effect is strongly related to the
brush wetness but is not easily controlled, so it may spontaneously occur in practice. In the
experiment, the robot wrote five letters of the English alphabet “abcdo” in series, as shown
in Figure 18a.
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Figure 18. (a) An inscription “abcdo” written with a liner brush four times, (b) the reference trajectory,
overlapping colored images of different sample inscriptions, (c) the histogram of distances between
points in the painted and reference trajectory. The maximal obtained displacement is 5 mm.
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Figure 18b shows all four inscriptions overlapped and a simulated trajectory with
reference points marked with crosses. It is clearly seen that several elements of letters were
rather variable, such as the upper parts of the letters “c” and “a”. To verify the repeatability
numerically, we plotted the histogram of distances between the points of the painted and
reference trajectory, as shown in Figure 18c. The maximal obtained displacement is 5 mm,
but the typical values are near zero. One can see a nearly linear decay of counts in a
logarithmic scale, which relates to nearly exponential decay on a linear scale.

4. Discussion: Recommended Calibration Algorithm

First, brush footprints should be obtained for different values of z using the setup
shown in Figure 8a. The matte glass can be purchased in a glass shop or manufactured
manually, for example, by sanding an acrylic glass. The brush tip should be wet, and the
length of the wet region of the bristles should correspond to the amount of paint that is
intended to be used in a real painting process. For example, in our experiment, the brush
was tipped into the paint by 7 mm, so the footprint’s maximal height was 7 mm.

Second, a set of angular calibration brushstrokes as shown in Figure 6b should be
painted with different values of z to obtain a reliable estimation of the brush parameter r
and its dependency on z, which is described as a polynomial like (25).

Third, the parameter b should be estimated. The best result can be obtained using
video footage as shown in Figure 7. The value of b is obtained using the Formula (18).
A simpler but less accurate result is achieved from straight calibration strokes as shown
in Figure 6a. Using the polynomial approximation, a function (24) should be estimated
describing how the distance between the brush tip and the thickest part of a brush footprint
depends on z. Then, the Formula (17) is used to obtain values of b. For further use, a
smooth dependency of values of b on z should be obtained in the form of a linear law (23).

Using angles α and β for calibration is more error-prone, but in some cases, it is also
useful for estimating parameters r and b.

The described brush calibration process contains several manual operations in the
experimental result processing, which can be automated. For example, determining the
parameter r from the angular brushstroke can be performed with an algorithm consisting
of the following stages. First, the stroke skeleton can be found by a simple deterministic
algorithm such as that described in the work [34]; then, the point of maximum skeleton
deflection can be found using the Hough transform. From the y coordinate of this point,
r is found as follows: r = y0 − y, where y0 is the maximal robot TCP y coordinate while
drawing the angular brushstroke.

5. Conclusions

In this paper, a physically motivated model of a round painting brush was proposed.
Equations of motion of the brush contact patch are presented in the form of ordinary differ-
ential equations and their closed-form solutions, which are useful in various applications
including robot trajectory optimization and brushstroke simulation. Approximation of the
model parameters’ dependencies from the robot TCP distance from the canvas z is given,
and the method for these parameters calibration was discussed. Both equations and the
executable models were carefully verified in several tests.

Future work will include developing a path-planning algorithm based on an iterative
optimization of the robot trajectory and designing software utilizing the proposed model.
We plan to test this algorithm in a feedback-guided painting process with acrylic paints.
The proposed model will be extended to brushes of other shapes, such as flat brushes. The
studies with fully automatic brush calibration are also yet to be performed. In addition to
that, an interactive program for designing robot calligraphy and lettering will be developed,
allowing calligraphers to implement their ideas using the painting robot instead of writing
the inscriptions manually. The brush model in this program would be used for real-time
path planning and brushstroke simulation ensuring the selected brush is suitable for the
designed inscription.
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