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Abstract: This paper addresses a novel spherical formation tracking control problem of multiple
UAVs with time-varying delays in the directed communication network, where the dynamics of each
UAV is non-holonomic and in the presence of spatiotemporal flowfields. The state constraints (that
is, position and velocity constraints) are derived from our previous differential geometry method
and the F-S formulas. The state constraints and time delays in the directed communication network
bring many difficulties to controller design. To this end, a virtual-structure-like design is given to
achieve a formation with delayed information by using Lyapunov-Krasovskii functionals, and then
proposing a barrier Lyapunov function for the satisfaction of state constraints to design a novel
spherical formation tracking algorithm. The general assumption of the rate of change of time-varying
delays, and a certain initial position and velocity adjustment range are given. Simulation results
show the feasibility and effectiveness of the proposed algorithm.

Keywords: spherical formation tracking control; non-holonomic UAVs; state constraints; time delays

1. Introduction

The spherical formation tracking problem is such that each UAV tracks its planned
orbit on a given sphere, and the family forms a desired formation along the spherical
orbits. Compared with traditional tracking control for a single UAV, the spherical formation
tracking control for UAVs with better robustness, efficiency, and flexibility has received
more and more attention in a large number of applications of target localization [1-3],
three-dimensional space exploration [4-6], and data acquisition [7]. Most related research
focuses on the design methods under bidirectional or directed topologies. In [8-10], the
graph theory is given to design the consensus-based algorithm of multiple systems under
the bidirectional topologies, in which each UAV has access to its neighbors” information by
means of the equipment of communication devices. By combining with the leader-following
method, the followers aim to form a formation while tracking a leader’s trajectory under the
directed topologies in [11-13]. The virtual structure method also provides a solution to the
formation tracking control problem by adding a reference system in [14,15]. Some results
translate the formation tracking problem into the regular tracking problem by designing
an updating law for each curve parameter with its neighbors’ curve parameter [16-18].
To avoid the above complex design, the differential geometry method, that is, orbit ex-
tension [19-21], to achieve the orbit tracking and at the same time the consensus of the
generalized arc-length under bidirectional or directed topologies.

Most mechanical systems are required to suffer from some physical constraints in
some situations while there are existing non-holonomic constraints. Considering these
constraints, such as position constraint and velocity constraint, to the control problem
is of great theoretical and practical significance. In [22], a formation control law makes
use of the saturation function to satisfy with velocity saturation constraints of a number
of unicycles in the cases of bidirectional topologies. Taking advantage of the saturation
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function, the leader—follower formation motion of a group of non-holonomic UAVs in the
three-dimensional space becomes feasible in [23]. Different from the traditional saturation
constraints in [22,23], the velocity constraints, where each vehicle maintains the positive-
minimum linear velocity due to stall conditions, are also handled in the leader-follower
formation [24,25]. By utilizing the barrier Lyapunov function for multiple unicycles in [26]
and three-dimensional non-holonomic UAVs in [27], the velocity constraints due to the
transformation for the purpose of overcoming the effect of a flowfield are satisfied for
the formation tracking control of multiple unicycles. The barrier function is also applied
to deal with the tracking control problem with state constraints in [28,29]. However, the
aforementioned results only focus on the delay-free systems.

Time delays always appear in practice due to the harsh environment [30] and the
limitation of bandwidth [31], which may lead to system instability and poor performance.
In [31,32], the delayed consensus protocol is designed for the linear multi-agent systems,
and the frequency characteristic analysis method is applied to analyze the conditions of
time-invariant delays. Generally, the conditions of time-invariant delays are complex by the
method of frequency characteristic analysis. In addition, it is not suitable for the stability
analysis of the issue of complex nonlinear systems with time-varying delays due to strong
nonlinearity and coupling. Subsequently, the Lyapunov—Krasovskii functionals are given to
derive the condition of time-varying delays for formation tracking control [33,34]. In [35,36],
the containment control, that is, the followers are to track the convex combination of the
states of multiple leaders, makes use of the Lyapunov-Krasovskii functionalsto obtain
the condition of time-varying delays. Considering the state constraints in the time—delay
system, the Lyapunov—Krasovskii functionals are also employed by transforming the
constrained systems into constraint-free systems in [37]. However, such transformation is
restrictive, which means it is not suitable for generalized systems. By combining with the
barrier function for state constraints, the Lyapunov-Krasovskii functionals are proposed to
apply in the tracking control with time delays [38—40]. To the best of the authors’ knowledge,
it is worth noting that the spherical formation tracking control problem of multiple UAVs
with multiple state constraints and time-varying delays in the directed communication
network is still open.

In [27], the delay-free design has been given to achieve the spherical formation tracking
motion. Note that time delays always occur in the process of information interaction. This
paper reviews the spherical formation tracking control problem, but the time-varying
delays are under consideration. The time-varying delays in the directed communication
network make the control problem difficult due to the formation subsystem coupling with
the tracking subsystem. To decouple the formation subsystem and the tracking subsystem,
a virtual-structure-like design is proposed to form a formation with time-varying delays.
The Lyapunov-Krasovskii functionals are given to demonstrate the asymptotical stability
of the virtual-structure-like system under the condition of time-varying delays satisfying
assumption. Then, the barrier Lyapunov functions are proposed to design a novel spherical
formation tracking algorithm while satisfying state constraints. In consideration of state
constraints and time-varying delays, the main contributions of the proposed spherical
formation tracking algorithm are summarized as follows:

e Owing to time delays and velocity constraints in the formation subsystem coupling
with the tracking subsystem, a virtual-structure-like design is introduced to form a
formation with time delays in the directed communication network. It is noted that
the condition of the delays in assumption is weaker than these for tracking control
in [37-40];

¢  Based on the virtual-structure-like design and the barrier function, the velocity con-
straint is satisfied by limiting the initial velocity of each follower, which is different
from the manner [24,25].

The remainder of this paper is organized as follows: Section 2 provides the formulation
of the spherical formation tracking control problem of a group of non-holonomic UAVs
with multiple state constraints and time-varying delays and states the virtual-structure-
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like design. Section 3 gives the dynamics of the spherical formation tracking system
and controller design by the method of dynamic surface control. Section 4 illustrates the
numerical simulations. Conclusions are summarized in Section 5.

2. Preliminaries and Problem Statement
2.1. Preliminaries

Consider a spherical formation tracking system composed of a virtual leader, labeled
as 0, and n followers, labeled as 1 to n. By virtue of the knowledge of graph theory,
the communication topology among them is modeled by a digraph G = {V,£} with a
non-empty set of nodes V = {Vy, V4, -+, V,} and a set of edges £ C V x V. The node
set V represents n followers and the virtual leader, and the edge set £ represents the
communication links among these nodes. An edge ()}, V;) denotes that the node V; can
receive information from the node V;, but not necessarily vice versa. The neighbor set
of the node V) is time-invariant and denoted by N; £ {V; : (V;,V;) € £} withi # j.
A directed path from node V; to node V) is a sequence of directed edges in the form
{(ViVi), Vi, Viy)s- -+ (Vi) Vj) }. A digraph is called a directed tree if there exists a node,
called the root, that has directed paths to all other nodes of the digraph.

For n followers, three matrices’ representations associated with the graph are em-
ployed. The detailed definitions of these matrices are given in the following description.
The adjacency matrix A = [a;;] € R"*" is defined by a;; = 1if (V};,V;) € £ and a;; = 0
otherwise, and the Laplacian matrix £ = [ll-]-] € R"™ " is determined by [;; = —a;; for
i # jand ljj = Y,,;a;. The virtual leader in the spherical formation tracking system
has no neighbors, which means that the virtual leader can not receive any feedback from
followers. However, the virtual leader can be a neighbor of any follower. Define a diagonal
matrix B = diag{by,- - - ,b,} € R"" such that b; = 1 if the virtual leader is a neighbor of
the follower V;; otherwise, b; = 0. The directed topology with time delays satisfies the
following assumptions.

Assumption 1. The digraph consisting of the virtual leader and n UAVs contains a directed
spanning tree with root V.

Assumption 2. The communication delays mapping by T : [0, +00) — R are bounded and such
that 0 < v < dand © < yu, where d > 0 is a positive constant and p > 0 is a non-negative
constant.

Lemma 1 ([41]). Suppose that Assumption 1 holds. The eigenvalues of the matrix H = £ + B
have positive real parts.

Remark 1. The literature [37] considers the constant time delays. The literature [38—40] consider
the time-varying delays satisfying © < u < 1. By contrast, the assumption of time-varying delays
in Assumption 2 is more general due to T < p with y > 0 instead of u < 1 in this paper.

A fixed inertial reference frame W:{ow, ex, ey, ez} is introduced to describe the posi-
tion of each UAV, where its origin oy, is the center of the sphere, its ey-axis intersects the
sphere at the equator and prime meridian in Greenwich, its e,-axis points at true north, and
its e,-axis complies with the right-hand rule. Let p; = [p.i, pyi, p.i]T € R3 be the position
of each UAV in W. The position of each UAV can also be defined by a spherical function,
the polar angle ¢; € [—71/2, /2], and the azimuthal angle ¢; € [, r]. Assume that the
desired orbit associated with each UAV is a circle C; on a given sphere S3 with the fixed
radius p; > 0. According to the geometric extension method in [27], a set of level spheres
can be obtained by extending S3 along its normal vector, in which each extended sphere
can be represented as a smooth function. Then, the spherical function is given by

1
Ai(t) =1——]||p; 1
(t) pi||P|| €]
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on an open set
0, = {pi R | (1) < &1} @)

where ¢; is the boundary parameter, and ¢; is a positive constant. The boundary parameter
¢; can be chosen as the value of the fixed radius p; associated with the given sphere S3.
From (1), the value of A; associated with the given sphere S% is zero.

2.2. Problem Statement

Consider a group of N non-holonomic followers moving in a spatiotemporal flowfield
and a non-holonomic virtual leader moving without a spatiotemporal flowfield in the fixed

T
inertial reference frame W. The mapping f,(t) = [ Frai (), fp,i(2), fpzi(t)} € R3 is the

spatiotemporal flowfield, which is a C! smooth and bounded function of the position p in
the fixed inertial reference frame W and the time t. Moving in the spatiotemporal flowfield,
the non-holonomic dynamics of each follower are given by

pi = vix; + fi(pi,t)

al’ = lel‘

0; = Qp,

I )
lei = Uy,

091‘ = Ug;s

where #; € R and 6; € R denote its pitch angle and yaw angle, respectively. x; =
[cos &; cos 6;, cos w; sin 6;, sin ai]T € R3 is the unit direction vector of the surge velocity.
v; € R, Oy, € Rand Oy, € R denote its surge velocity, its pitch angular velocity, and its
yaw angular velocity, respectively. uy, € R, uy; € R and uy, € R respectively denote its
surge acceleration, its pitch acceleration, and its yaw acceleration, which are the designed
control inputs. The dynamics of the non-holonomic virtual leader is the same as (3) with
replacing the subscript by 0 and removing the spatiotemporal flowfield. In the three-
dimensional space, the motion of the virtual leader satisfies the following assumption.

Assumption 3. The virtual leader moves around its desired orbit on the target sphere.

Let

2
o5, = /205, (T (Ryg,)) = Il + (o)
visina; + fp,.
\/(vi COS & COS 6,-+fpxi)2+(v,- Cos ; sin 0i+fpyi)2

® for = arctan

7

pri = arctan 2 ( (vi cosw; sinf; + fpyi) , (vi cosa; cos 0; + fp.. )) 4)

be the total surge velocity projected into the lateral plane exoyey, the total pitch angle and the
T
total yaw angle, respectively, where f;; = {f,,xi,fpw,o} ,R=[Ry, Ry, R,]T, Ry = [0, —1,0] r

R, = [1,0, 0]%, R, = [0,0,0]", and vj; = v;cosa; is the surge velocity projected into the
lateral plane eyoyey,. Based on Equation (4), the Frenet-Serret (F-S) frame is established by

T
Xf, = {cos &f, COS prl., cosay, sin Gfm., sin D(fpz} ,

T
Y, = {— sintpi,cosﬁfpi,O} ,

T
2f, = {— sin &g, COS Bfw,, —sin &g, sin wa,, cos ”‘f,,z} , 5)
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where x Foi denotes the unit direction vector of the total velocity of each UAV, y Foi denotes the
unit principal normal vector and is perpendicular to the projection of x f,i Onto the lateral
plane exopey, and zy, denotes the unit binormal vector and complies with zy . = x¢, Xy,
with a cross-product symbol x. To overcome the effect of the spatiotemporal flowfield
from the established F-S frame (5) and [27], the F-S formulas of each follower is given by

on the set

pi = i xp
Ty (Ryfpi) &

X, = <xﬁi (Ryy,, )) Yf (k% tty, +Kay, Oa; + Koy, Qo + oy, )

25, (kag, o, + Koy, On, + kg, o+l )
v5, = —(Ryg,) (kg o o+ Ry, Qg+ kg, Qg+ dg, ) ©)
zf, = (z}pi (Ryfpi))yfpi (kofpi Uy, + I_(gfp,' Qq, + ]A(efm Qgp, + def;q)

=7, (K, oy g Oy o, O, + g, )
Of,; = kop tho, + kvf“Qai + ko, Qo + dvfh,

Qvf“ = {Uf” eR ‘ vfli(t) > sz} (7)

with fj1 being the maximum magnitude of f;;, where

op, = +hop, fiiyg, +
()R (i () )

ol (Ro))” (& (ryy)) (5, (Ro, ) ) (o1 (Ros )

T T . T T
- p,-yfpZ s (fp,yfp,) tan a; _1_f z( yfp,) - piyfpi
Uit " Ofii " Ufii " Ufi ,

(fPTime) (xpri (Ryf%’i))

Ui

Ufii ez Ui '
2 (R (5, (Ru)) (), () (4, (Rs))
B Yfii S Ufii I
v;cos’a; : +k9fm fl?yfpi n (f l?yfpi)(f l?(Rnyi)) |,
\/v%;—|fu||2+(ﬁ?(1<yf,,i)) %,% — Ilful*+ (£ (Rog,,))

(Flvs, ) (FE (Ryg,))

—v% cos a; sina; - T

7

(Frvs,, ) (1 (Ryg,, )

7 T T
kvfli :kefp,' fli yfpi + \/ ’

o=l furll >+ (fz? (Ryfm))z



Aerospace 2023, 10, 118 6 of 19
dvfli :dgfpi fl?yfpi T ( >2< ( ) ) 2 + fg; (Ryf’”i)
oIl (£ (Ry, )
T
T T fii fo
+ (0 (R ) (3 (R )) = . :
ot sl (77 (R, )
From the definition of the spherical function (1), sphere tracking is achieved if
(i (0)] < @ ®)

with a sufficiently small positive constant ;.

Note that the desired orbit C;' whose center is on the e; has the same desired polar
angle (,b;‘ € (—m/2,7/2), and the others can be translated into this case by the coordinate
system rotation. Define

¢;(t) = arctan Pi )
1piil
. T
with pj; = [Pxir Pyir 0] . Let
ey, = i — ¢; (10)
be the errors of orbit tracking. Orbit tracking is achieved if
limeq,i(t)’ < @ (11)
t—o0

with a sufficiently small positive constant ;.
Note that af, (t) and

5, (1) = arctanz(—Ef yr, E Ryfpi) (12)

are the angle tracking errors between the movement direction of UAV i and the tangential
vector of the orbit, where E;=[sin ¢;, — cos 1;, 0] T, Orbital angle tracking is achieved if

limay, (1) < @ 1)
tlgngoéfpi(t)’ < @y, (14)

with sufficiently small positive constants @3 and @;.
Define the azimuthal angle by

t 1
Pi(t) = /to _mvﬂi (s) cos oy, (s)ds. (15)
on the set
Oy, = {pi € % | p3,(t) + py,.(t) > 0}. (16)
The formation is achieved if
tim (90~ 9y = (97— 7)) | <@ € G 17)

where @s is a sufficiently small positive constant and ¢* = [}, 93, -+, ;] T is the time-

invariant formation pattern.
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Remark 2. In this paper, the spherical formation tracking system considers the non-holonomic
constraint in (6), the position constraints in (2) and (16), the velocity constraint in (7), and the
time-varying delays satisfying Assumption 2 in the directed communication network, which makes
the control problem more complex.

Without consideration of time delays, the formation tracking control in [27] for mul-
tiple UAVs uses the relative azimuthal angle instead of the absolute azimuthal angle by
using the symmetric property of the Laplacian matrix of the bidirectional graph due to
the formation subsystem coupling with the tracking subsystems. The asymmetric prop-
erty of the Laplacian matrix of directed graph and time delays make the design different
and more difficult. Hence, a virtual-structure-like system is given to form the formation
with time delays in this paper. As an example illustrated in Figure 1, the communication
topology among four followers and a virtual leader is on the left, and the communication
topology for the virtual-structure-like system is on the right, where the ith node V; in the
virtual-structure-like system is a reference associated with the ith follower V;, the node V,
in the virtual-structure-like system corresponds to the virtual leader Vj, and the edges of
the virtual-structure-like system are the same as the edges among all followers and the
virtual leader.

Under Assumption 3, the surge, pitch, and yaw accelerations for the virtual leader V)
are provided such that

Uy, = Ty,
uDé(] - O/
uvo
Ug, = 18
% pcos ¢y’ (18)

where v(t) is a smooth and bounded signal and vy (0) = v(0), Ag(0) = 0, ¢o(0) = ¢;,
x(0) = 0 and dy(0) = 0. Due to the time delays in the directed communication network,
the virtual-structure-like system ,; associated with formation is introduced by

Ori

'7‘1‘:771 19
i = 19)

with

BN

ori = = |lpuill (f((l/)n - le),t)—k(
j
+0i(Yri(t) = 9 = $o(t)))), (20)

where k is the azimuthal angle damping gain and is a positive constant, g is the az-
imuthal angle of the virtual leader, f((¢,; — ¢;),t) is a positive function which satis-

fies that | £((¢i — ), 1) — f(90,8)] < x| — 97 — ol and f( —97),0) < — 2 4

n
k (‘21 aj; (—27‘[ —Pr + 1p]*) + bi(—2m — l[)l*)) with x being a positive constant and f (¢, t)
j=

iy (it = T(0) = 97 = 9yt = 7(0) + )

denoting the azimuthal angular velocity of virtual leader such that

o = f (o, t). (21)

Let
ey, = Yri — Yi — o (22)

be the virtual-structure-like system error. Differentiating (22) along (19) and (21) yields

éy, = —kBey, (t) — kLey, (t — 7(t)) + F. (23)
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T .
where ey, = [eg,,,Cpar - ep,] ,and F = [F, B, -+ F,)" with F; = f((yi — 9F), 1) —
f (4o, t). By using Theorem 1 in [33], the resulting system (23) is asymptotically stable. As a
result, the formation objective turns to the virtual-structure-like system tracking objective
such that

t—00

i ((0) — 9 (0)| < % o)

where @ is a sufficiently small positive constant.

Remark 3. The stability of the resulting system (23) is proved by the following Lyapunov—
Krasovskii functional

V(t) = T (£)Pey, (t) + / (5)Qey, (5)ds + / /H3 5)Réy, (s)dsdp,  (25)

where P, Q, and R are positive definite matrices. The details can be found in [33].

Remark 4. Without the proposed virtual-structure-like system, it fails to deal with the issue of state
constraints and time delays in the directed communication network by directly using the Lyapunov
method. Based on the virtual-structure-like system, the delayed formation tracking problem with
state constraints is translated into the tracking problem with state constraints.

=

Figure 1. The communication topology in the virtual-structure-like system.

To satisfy the position and velocity constraints, a barrier function is introduced and
defined as follows:

Definition 1. For a;,b; € R, a barrier function hy(x;), defined on an open set (a;, b;) containing
the desired point Dy,, is semi-positive definite, convex, and C? continuous at every point of (a;, b;),
has the following properties:

(C1) limy, g, hy(x;) = 400 and limy, 4, Vhy(x;) = —o0o,

(C2) limy, _p, hy(x;) = +ooand lim, _,j, Vhy(x;) = +o00,

(C3) Vhy(Dy,) = 0.

The definition of spherical formation tracking control problem with state constraints
and time delays is given as follows.

Spherical formation tracking problem with state constraints and time delays. Suppose
that Assumptions 1, 2, and 3 hold. Consider the system (3) with the initial position of each
follower p;(0) € Q), Ny, and the initial velocity of each follower v;;(0) > fy,. Designing
a spherical formation tracking control law for each follower such that the control objectives
(8), (11), (13), (14), and (24) are achieved with position constraints (2) (16) and velocity
constraint (7).
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Remark 5. This paper achieves the velocity constraints (7) by limiting the initial velocity
01i(0) > fu, instead of vy, (0) > 2fpg. From the first equation of (4), the equation becomes

(o) = 0%, — 204, (fF (Ryg,)) + [l full®,
= (o~ | FE Ry |) = [ Ry [+ 150l 26)
According to (26) when t = 0, Equation
vii(0) > fum, (27)

yields
Ufli(o) > ZfM. (28)

In practice, fu, can be chosen as \/5f.

3. Main Results

Let
N; = [—sin ¢; cos ¢;, — sin ¢; sin ip;, cos 4>i]T,
E; = [siny;, — cos y;, O]T,
D; = [— cos ¢; cos ip;, — cos ¢; sin P;, — sin gbi}T, (29)

be the north east down (NED) coordinate system. Differentiating (1) along the system (6),
the dynamics of A; associated with sphere tracking are

. 1 v 1 . .
A= f¢DiTxfpi = _Evf” (cos ¢; sin (5fpi + sin ¢; tan txfpi). (30)

i x};’i (Ryf”i)

Differentiating (10) along the system (6), the dynamics of ey, associated with orbit
tracking are

1 Yfii
37 (R, )

From the system (6), the dynamics of the angle error ay, are

by, = szfPi: i ”vf,l(smgblsméfp cospitanay, ). (31)

tiéfpl_ Zkaf le-i-k Q +k Qe +d (32)

Differentiating (12) along the system (6), the dynamics of the angle error 67, are

5fpi I valx COS(Sfp +k9f Uy, +k9f Qy, +k9f Qg +d9f (33)

Based on the virtual-structure-like system, the virtual-structure-like system tracking
error is defined by

ey, = Yi — Py (34)
Differentiating (34) along the system (6) and (19), the dynamics of (34) are given by
; 1 %fii T Uri 1
by, = — Eixs + = Vs (1 — cos d¢ ) - Coy s (35)
. T Pi . 1 Pi i
”ple xfpi (Ryfpz) ||plz|| lezH

_ P Yy
where oy, = Uy; — ¥ri with vy, = W
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From the above discussion, the open-loop equations for the spherical formation track-
ing control system with state constraints and time delays are given by (30), (31), (32), (33),
and (35).

Controller Design

The dynamic surface method is applied to this design process. Two steps are in-
cluded in the process of the dynamic surface method. The pitch and yaw angular ve-
locities {Q2y,, Q. } for each UAV are regarded as the virtual controls {Q,,;, Qg }. Step 1
obtains the surge acceleration uy,, the virtual pitch angular velocity ), and the virtual
yaw angular velocity Oy, by solvmg the designed equations: k, s W0 +k Qy, —l—k Qg ,

kgf

{u,X, ug, } are de51gned by means of the first-order fllters in step 2.
Step 1. Consider the open-loop spherical formation tracking control system composed
of (30), (31), (32), (33), and (35), and the barrier Lyapunov function is

uvl—i—k@ o, Q,xl+k9 o Qg and k; » uvl—f—kv i szl +ky Qg The pltch and yaw acceleratlons

i=1

- vfl; 2fM vri_sz .
+i221<1( —ZfM)+Uf,i_2fM 1), (36)

where 1) (A;) when x = A, a; = —¢;, b; = ¢;and D), = 0, and hy(¢;) whenx = ¢, a; = — 7,
b; = 7 and Dy, = ¢7, are barrier functions satisfying Definition 1. The detailed forms of the
barrier functions can be found in [27]. These barrier functions contribute to the objectives
of sphere tracking (8) and orbit tracking (11) with position constraints (2) and (16). In (36),
the third and fourth terms contribute to yielding the objective of orbital angles tracking (13)
and (14), respectively. The fifth term contributes to the objective of the virtual-structure-like
system tracking (24). The last term is the barrier function satisfying Definition 1, which is
used to guarantee the velocity constraint (7).

Differentiating (36) along the open-loop spherical formation tracking control sys-
tem yields

i( i)+he(¢i)— ln(coszxf )—In(cos? =L % ) Z m

n n 5
_ fo [~
Vi =) tanag, (A"‘fp,- + A“fp,-) +) tan— (A% T Aefp,»)

i=1 = 2
; _ el g
+ ) en, 7Bo, + 80, |, (37)
= (Ufzi - 2fM)
where
1 . 1
A,Xfpi = EVh,\(/\i)Uﬁj sin ¢; + WVhC(‘Pi)Ufu cos ¢; + dlep,"
1 1
Agfm =- ZEVhA(A,')UfH cos ¢; cos> 2’7 — ZWVhe(cpi)vﬁi sin ¢; cos? Tp

Mol A 0 Ty [ 025 S8+ oy
| piill 9 0y .
Ny, = v; cosw; cos B; + v; COS &; sin 0;
vfli (Uri _ 2fM)(Ufli _ 2fM) apxz ( 1 1 fxz) apyz ( 1 1 1

v, 00y [Pzl
+fy1) i = (visine; + f) + ot > ey; + (05, — 2fm)? %fi



Aerospace 2023, 10, 118 11 of 19
Designing
A”‘fpi k,xf uvz—o—k Q. +IAc,,¢fm Qp, = _A“fm — ¢ sin &, .
X A U A i
Aefpi = kefi’i uvi+k9fpi Q“i+k9fpi Oy, = —Agfpi — 5
- o (02w
Avfli = kvfliuvi+kvfli Qai + kvfli Qei = _J(ZHT (A‘(if“ +C3€vlpi) (38)
1
where ¢, ¢, and c3 are the positive constants. Noting that
ke, ke, Kk
tXprv _l"fpi A“fPi o UllCOS afp
8k =| Kop, ’fefpl oy, 7( ) #0
v
kvfzi kvfli kvfli fi
under the condition that v;, > 2fy;, we have
—o-1(x (7 7+ 7 % YA (7. & _i 1
Wo; =8, (Agf i (k"‘fpi kvfr kvfli k“fpi) A”‘fpi (kgfp, kvfli kefp,- kvfli)
+Avf1 (kefp kafl’, kafl’: kefl’; ))
thi :gk: ( Gfpl ( ‘J‘fp “, afpl kvf“>+Atxf (kefp kvfl kefp]_ kvf”)
—Aop, (kefp,» k“f;i Ky, kg, ) ) ’
~ 1= - 4 r
Q; =8y, (Aefpi (k“fpi Koy, k“fpi k”fu) Bag,, (kofpi Fog, —kog, kefm)
+Avfzi (kefm k“fpi _kef}’i Ka, pi ) ) ’ (39)
Let the first-order filters for (),; and Qy, be
Tléai + Q“i = Qﬂti - TlAQ,Xl./ QIXI' (0) = QIX,‘(O)/
Tz()gi + 091. = Qgi — TZAQGi’ Qgi(O) = Qgi(O), (40)
where
_ _ of, Il piilleo
_ Pi Yi
AQ%’ - k"‘fpi tan fp; + kgfp- tan +kvf” (Ufu —2fm)?’
A fp ||Pli||3v¢,
k tan«x + ko, tan Lk, ——— T,
fri fo; i (v, — 2fm)?
and the positive time constants 7; and 1, are set later. Let the error variables be
EQai = thi — Oai, éQai = Oai — Qai,
eQB,- = 09[ - (291-/ 6_091‘ = OQ[ — Oei. (41)
Substituting (39) and (41) into (37) yields
) n_sin® i sin? (sz n
Vir=—a ’*C2Z 3 *C3Zevlp
i=1 COSaf, i=1 cos fpl =1
n
+) (fgnwiAQai + 20, A, T80, Ao, T 20, Aogi), (42)

i=1
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Along the design in (39), the spherical formation tracking control system for follower i
is rewritten as

: 1 . .
Aj=— Evﬁi (cos ¢; sin éfpl_ +sin¢;tanay, ),

_ 1 o
by, = — ||p'||vf”(sm¢i sindy, — cos¢;tanay, ),
1
1 1
i, =—cisinag + ;Vh/\(/\i)vfu sin ¢i—mvhe(‘l’i)vfu €os ¢i
i 1

+ I_Ctxfpi (6_0%. + 50,\,1,) + i(%i (509’_ + 5091_)/

of,, 1 o,
S + 27— Vhe(¢;) v, sin ¢; cos? %

2wl

. _ 0f, 1 )
0f, =—c2sin 7’ + ZEVhA(Ai)vf“ COs ¢p; cos
i i

ey, 0f,; sin pri +E9fp,- (e_ﬂ"‘i + EQ%‘) + Izgfp,- (EQ9i + 5091‘)’

pul
—c3(vs, — 2 2 vs — 2 2 Vg — 2 00,.;
O, = 3(0p, — 2fm) ev,, (07, = 2/m) ey, + S fM( Ori (v; cos a; cos 0;
P4l i [ p1ill Ori — 2fm \9pxi
00, ) 00, . 00,
+fri) + 78;7; (vi cos a; sin 6; +fyz‘)+$2(vi sina; + f;) + at”)
+ I_{vle' (éﬂl"i + EQ“:‘) + ’A{Ufli (6_091‘ T éﬂei)’
eLQai =Uq; — éai/
. 1 .
b0, = — —e0. — Do, — O,
éq,, £ %0, — Bay, — O,
¢o,, =ue, —
. 1_ -
6091' = — ?28091‘ — AQQ:’ — Q@i. (43)

Step 2. Consider the spherical formation tracking control system (43) and the following
barrier Lyapunov function:

Iv-o Iy (I¢, 1¢o
Vii=Vi+:Y e, +53.%, +52.%, +5.%,. (44)
23 23 23 2

Taking the derivative of Vj; yields

2 .2 %

. n_sm le ) " sin i n n
Vir < e Loa) Tl ), + ) (d, 80, +ia, A,

— cosu — fp; 2 —

i=1 P i=1 cos 2’ i=1 i=1

n
€0, Aoy, + 20, Moy, ) + Z Eﬂzx,- (uﬂé, - Q/X,) + Z o (_eﬂa,- Ag,

i=1 i=1

. n . n 1 .
~00,) + Y 0, (15, — O0) + Y20, (—Tzéggi —Aq, — Qgi), (45)
i=1 i=1
which suggests that
Uy, = —C48q, — D, + Qu,,

up, = —cséa, — A, + Qg (46)
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where ¢4 and c5 are positive constants. Substituting (46) into (45) yields

in2 .2 %y,
) n sin”ag, n_gin2 i n n "
Vir<s—c e Z ¢ 2 —c &2 —c &
= Z cosuy, ; Ofp; 3 2 vy 4 ; Qu, — 5 ; Qq,
=1 Pi i=1 cos - i=1 i=1 i—1

L 1_ = o 1_ =
+ Z (o (—HEQM — thi) + 2 €Qgi <_T2609' - Qgi). 47)

Let ¢, M1, and M be positive constants. Suppose that the value of barrier Lyapunov func-
tion in the set q):{()tl‘, Cpis Af, s §fpv’ eyp;s

vf, — Uri),énai,5091,,8_0“1.,8_091,)|V11 < c}, which
yields that ‘f)ai

o ) ’ < M. By using Young’s inequality, one has

-2
N 0, 2 g2 M B3
e, On; < 2 (20, ) + 5 < 2k (eo, iy
i 2p? i 2 2[-52 2
-2
A Qei . 2 :B% MZ 2 :B%
en, Qg < 28 (606) +5 < —= 2[52 +5

Then, Equation (47) becomes

) n smzzx n 5sz
VHS_ClziCOS“f 21 % _C3Z€v¢ 64260 —65260
1=

nf1 M (1 M3
_z§<1—1_2ﬁ2> 1_21<T2 2ﬁ2> + Z(ﬁl+ﬁ2> (48)

Along the control laws (39) and (46), the closed-loop spherical formation tracking
system for follower i is

Aj=— plvf” (cos ¢; sindy, +sing; tanucfp,),
i ' l
é ——Lv (sing;sinéy, — cos¢;tanay, )
; il fii i fri ! Tri?”
. 1 1 i 1
if, =—cisinag + Evh)\(}\i)vfli sin 4’i—the(4’i)Ufn €os ¢;

+ l_c"‘fpi (EQ%' T EQ%‘) ™ ’Ac”‘fpi (6_091, + €Q9i>’

) ) )
. - . fpi 1 2 fpl- 1 . 2 fP,‘
of, = —casin > —i—ZEVhA(/\i)vf“ COs ¢; coS > +2the(¢i)vﬂi sin ¢; cos >

1 _ ~ A _ -
le ” Ty Uf, sméfp +k9f (eQ‘X]_ + eﬂwi) + kefm (eﬂe, + egei),

—C3(Uf” — sz) evwi (vfli — ZfM)z vfll —_ 2fM

0
Of, = ey, ( Ori (v cos a; cos b;
i 1Pl Vri = 2fm

vy . 00, ) 0,
+fxi)+ﬁ;(vicoswi5m9i+fyi)+$2(0ismﬂéi+fzi)+ a:)

+l_(vfli (éﬂﬁi + EQ%‘) + f(vfli (EQ(’i - éﬂ‘?i)’
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eq,, = — o, —Aa,,
- 1 =
eq, =— —¢€a, —Da, —
T 1
eq, = — 580, — Doy,
. 1_
€0, = = %0 ~ A, — Dy, (49)

Theorem 1. Suppose that Assumptions 1, 2, and 3 hold. Consider the system (3) with the initial
position of each follower p;(0) € Oy N Qy, and the initial velocity of each follower v};(0) > far, .
Under the following conditions:

2 2

,0<T2< 2,
2p2 2p3

spherical formation tracking control problem with state constraints and time delays can be solved by
the control laws (39) and (46) based on the virtual-structure-like system (19).

0<t < (50)

Proof of Theorem 1. Equation (48) is rewritten by

Vit < —(1— )Wy — oWy + Wy, (51)
where 0 < ¢ < 1and
n s1n21x (5f
Wi :Clz 22 +C3Z€vlp +C4Z€Q +C5Z€09'

cos zxf vi

llcosz
L1 M 2 n(1 M3

- R + PR
21<r 2 )0 B\ )]

Wdﬁ%i(ﬁ%ﬁ%)-

i=1

i=1

and

Since V;;(0) < c on the constrained set, choosing the parameters c1, ¢, ¢3, ¢4, ¢5, 71, T2
to satisfy that —oW;(0) + Wy, < 0, which derives that V;;(0) < —(1 — o)W (0) < 0. When
Vii(t) > ¢, it obtains that Vj;(t) < 0. Obviously, it is concluded that Vj;(t) < c. According
to the conditions (C1) and (C2) of the barrier functions in (36), we conclude that the control
objectives of the position constraints (2) (16) and the velocity constraint (7) are satisfied.
According to Theorem 4.18 in [42], we conclude that all the signals of A;, ey,, & Forr ) fopr €U

converge to the small neighborhoods of zeros. [

Remark 6. In [24,25], the velocity constraint is satisfied by tuning the parameters related to a lot
of information such as the velocity adjustment range. This paper requires that the initial velocity
v1;(0) for each follower is greater than a fixed constant fyy, based on the virtual-structure-based
design. By contrast, this manner is more simple.

Remark 7. Ref. [37-40] only design the Lyapunov-Krasovskii functionals to achieve the stability
of time—delay systems. This paper proposes the barrier Lyapunov function based on the Lyapunov—
Krasovskii functionals for the time—delay systems to achieve stability.

4. Simulation Results

In order to verify the effectiveness of the proposed spherical formation tracking
control algorithm derived in Theorem 1 for dealing with the spherical formation tracking
control problem with state constraints and time delays, a simulation example is given. The
simulation example first demonstrates the spherical formation tracking motion, which aims
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to verify the implementation of the control objectives of sphere tracking, orbit tracking,
orbital angles tracking, and the virtual-structure-like system tracking. Then, the formation
motion is shown under different designs, which aim to verify the implementation of the
formation based on the virtual-structure-like system. The simulation results verify the
effectiveness of the proposed spherical formation tracking algorithm in Theorem 1.

Consider the directed network as shown in Figure 1. By the method of differential
geometry, each follower tracks its planned orbits on a target sphere and forms a desired
formation along the spherical orbits. The desired states related to the target sphere and the
desired formation of four followers are given in the following description. Fori =1,2,3,4,
the fixed radius of the target sphere is p; = 8. The polar angles in the desired orbit of the
target sphere are ¢5 = 0, ¢; = 71/3, ¢; = 71/6, ¢35 = 0 and ¢; = —/6. The azimuthal
angles associated with the desired line formation on the target sphere are y7 = 7/5,
Y5 = /5,93 = m/5,and P; = /5.

Consider the dynamics of each follower in (3). In the process of simulation, the initial
positions for four followers are

[Px1(0), py1(0), p21(0)]" = [7,1,8]", [px2(0), p2(0), p2(0)]" = [7,6,4]",
[Px3(0), py3(0), p=3(0)] " = [7,6,—4]", [pxa(0), pya(0), pa(0)] " = [7, 1,8,

,ay(0)]"=[1/7,7/7,
7/7,7/8]T, and the initial surge velocities for four followers are [v1(0),v2(0),v3(0), v4(0)] T
= [15,12,12,12]". The spatiotemporal flowfields are

fpxl fpr fpx3 fo4

fpyl fpyz ny3 flﬂy4
f Pz1 f Pz2 f Pz3 f Pz4
08 09 1.1+ sint 1.2 +sin(p2, + pya)
=| 11 1.2 0.8+sin(2t)cost 0.9 + cos(p.4)
28 28 2.5+ sint 2.9 + sin pog cos(ply + piy)

and the initial pitch angles for four followers are [x1(0), x2(0), 3(0)

7

and the maximum magnitude of fj; is fyr = 4. Since v};(0) = v;(0) cos a;(0), v;;(0) > fa,
is obtained when choosing fu, = V5fum. According to Remark 6, v;;(0) > fy, yields
v5,(0) > 2fp. ; = 4 s set for the position constraint (2) .

According to the spherical formation tracking algorithm given in Theorem 1, the
control gains are selected as c; = 10, c; = 10, c3 = 5, ¢4 = 6, and c5 = 6, and the time
constants in the first-order filters are set as 77 = 0.001 and 1, = 0.001. The trajectories
of four followers with different colors are shown in Figure 2a, where 0, A, and % de-
note the different positions att = 0s,t = 85, and t = 10 s, respectively. From this
figure, four UAVs converge to the given orbits on the target sphere and form the formation
with a sufficiently small neighborhood of zeros. The plots of A;, ey,, ey,, & I and « fo
are demonstrated in Figure 2b—f, respectively. Figure 2b—f shows that the control objec-
tives of sphere tracking, orbit tracking, orbital angles tracking, and virtual-structure-like
system tracking are achieved. A comparison is given to demonstrate the effectiveness
of the formation with the virtual-structure-like design in (19). Figure 3a,b show that the
formation with the proposed controller and non-delay controller that removing the term
f((¢ri —;),t) and delayed information, respectively. It is indicated that the proposed
controller can yield the convergence of the formation but the formation associated with
the non-delay controller divergences at t — co. Consistently with Theorem 1, the spherical
formation tracking control problem with state constraints and time delays is solved.
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Figure 2. Spherical formation tracking motion with time delays: (a) spherical motion trajectories;
(b) plot of A;; (c) plot of ey,; (d) plot of ey,; (e) plot of ag, ; (f) plot of df, -
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Figure 3. Formation in the case of (a) the proposed controller and (b) the non-delay controller.

5. Conclusions

This paper deals with the spherical formation tracking problem of non-holonomic
UAVs with state constraints and time delays. The state constraints include position and
velocity constraints, and time delays existing in the directed communication network are
time-varying. Since the tracking subsystem coupling with the formation subsystem, a novel
virtual-structure-like design is proposed to achieve formation with time delays satisfying a
more general assumption, which aims to transform the formation tracking problem into
the tracking problem. The asymptotical stability of the virtual-structure-like system is
obtained by virtue of the Lyapunov-Krasovskii functionals. In the simulation results, a
comparison also demonstrates the effectiveness of the formation based on the virtual-
structure-like design. Based on the virtual-structure-like design, the barrier Lyapunov
functions are designed to develop a novel control scheme for tracking control and satisfy
the position and velocity constraints for each UAV. A more simple manner for maintaining
state constraints is given. The simulation results verify the effectiveness of the proposed
spherical formation tracking algorithm.

Actually, input delays always occur in the feedback control loop, which is also called
sensor-to-controller delay or controller-to-actuator delay. Different from time delays in
the directed communication network, input delays have a delayed effect on the output
of the controller. As a result, it can result in a delayed response from actuators. Input
delays enable to make the system nonlinearity more complex, which results in many
difficulties in stability analysis and controller design. In the future, it is of interest to solve
the spherical formation tracking problem of non-holonomic UAVs with state constraints
and input delays.
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