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Abstract: This paper proposes a pose control scheme of for proximity maneuvering for tracking and
observing noncooperative targets with unknown acceleration, which is an important prerequisite for
on-orbit operations in space. It mainly consists of a finite-time extended state observer and constraint
processing procedures. Firstly, relative pose-coupled kinematics and dynamics models with unknown
integrated disturbances are established based on dual quaternion representations. Then, a finite-time
extended state observer is designed using the super-twisting algorithm to estimate the integrated
disturbances. Both observation field of view and collision avoidance pose-constrained models are
constructed to ensure that the service spacecraft continuously and safely observes the target during
proximity maneuvering. And the constraint models are further incorporated into the design of
artificial potential function with a unique minimum. After that, the proportional–derivative-like
pose-constrained tracking control law is proposed based on the estimated disturbances and the
gradient of the artificial potential function. Finally, the effectiveness of the control scheme is verified
through numerical simulations.

Keywords: proximity maneuver; noncooperative target tracking; extended state observer; disturbance
suppression; collision avoidance; artificial potential function

1. Introduction

The proximity maneuvering of spacecraft is generally defined as the operation of one
orbiting spacecraft moving in close proximity to another orbiting object [1], which is an
important prerequisite for conducting on-orbit servicing [2]. Active controlled proximity
maneuvering builds suitable relative motions for on-orbit operations [3], such as inspection,
capturing, refueling, facility maintenance, and debris removal. The control technology
for spacecraft proximity maneuvering is key to guaranteeing the safety, efficiency, and
precision of the approach process, and has attracted attention in both theoretical research
and engineering design. Target spacecraft are generally categorized into cooperative and
noncooperative types based on the degree of their cooperation with the chaser spacecraft [4].
Maneuver control for tracking cooperative targets in space has made significant progress
and is gradually maturing from theories to ground-based hardware-in-the-loop simulation
validation [5,6], and to on-orbit applications [7,8]. However, compared with cooperative
targets, various types of information about noncooperative objects are not easy to obtain,
making it difficult to directly apply tracking methods and techniques from cooperative
targets to noncooperative objects. At present, tracking noncooperative targets through
proximity maneuvering is still challenging and unsolved.

The main reasons for the significant difficulty in tracking noncooperative targets in
space include four aspects. (1) Noncooperative targets will not send pose information
to the chaser spacecraft in the absence of communication between the two participating
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entities, resulting in a lack of the relative motion state required for tracking. (2) There exists
strong coupling between position translation and attitude rotation. Efficient adjustment and
control of the relative pose are required to ensure spacecraft safety and meet task constraints,
especially in cases where the two spacecraft are close and their volumes are large [9].
(3) The noncooperative target itself may generate unknown pose maneuver accelerations
due to functional anomalies, as well as the unknown disturbance forces and moments
always existing in space. They will lead to a reduction in tracking accuracy. (4) Proximity
maneuvering is not just about flying near a target, but also performing certain specific
tasks such as observation, docking, and refueling. The actuators installed on the chaser
spacecraft also place some constraints on their relative pose.

In order to deal with the above difficulties, scholars and engineers have conducted rele-
vant studies considering one or several aspects of them. Acquiring relative pose and motion
states is relatively independent from the other three aspects. With measurement data from
laser, infrared, and visible vision [10,11], researchers have developed various estimation
algorithms to obtain the relative pose, the angular and linear velocity of noncoopera-
tive objects [12–14], specifically including convolutional neural network-based monocular
pose estimation [15], the simultaneous estimation of pose and shape [16], consecutive
point cloud-based estimation [17,18], template matching with sparse point clouds [19],
and Kalman filtering [20]. The coupling of rotation and translation comes from the close
correlation between the force/torque acting on the spacecraft and its pose. Many efforts
have been devoted to solving this problem. Subbarao and Welsh [21] proposed an attitude-
synchronization approach combined with relative position tracking to keep the docking
components of two spacecraft in a suitable orientation as the relative distance decreases.
Alex Pothen et al. [22] designed a pose tracking controller based on the Udwadia–Kalaba
equation for spacecraft proximity operations. Di Mauro et al. [23] proposed a differential-
algebra based solution algorithm to deal with the relative position tracking and attitude
synchronization problem, and performed hardware-in-the-loop experimental validation
on the ground. The negative effects of uncertain disturbance in proximity maneuvering
have also attracted some attention, and there are two main types of solutions for this
problem. One is to directly design a robust controller, and another is to design a feed-
back controller with an observer. Sun and Huo [24] combined backstepping and adaptive
control to, respectively, design position and attitude controllers considering parameter
uncertainties and unknown external disturbances for chaser spacecraft approaching a
noncooperative tumbling target. Gui and de Ruiter [25] designed a concurrent position
and attitude tracking law on a novel hybrid dual quaternion integral sliding mode that
incorporates hysteretic switching, making tracking errors globally finite-time-convergent
in the presence of actuator faults, mass and inertia uncertainties, and unknown external
disturbances. Wang et al. [26] developed an adaptive robust fault-tolerant control scheme
for spacecraft proximity operations. The tracking accuracy can also be effectively improved
by compensating for disturbances, which are usually estimated by a disturbance observer
or an extended state observer (ESO). Lee [27] proposed a nonlinear disturbance observer
for estimating environmental disturbances, which is used as a feedforward term in control
to enhance disturbance attenuation ability and robustness performance. Fu et al. [28]
developed a robust nonlinear model predictive control scheme with prescribed perfor-
mance based on a fixed-time neural network disturbance observer for on-orbit inspection
maneuvering. Dong et al. [29] designed a smooth six-degree-of-freedom (6-DOF) observer
based on the dual quaternion to estimate dual-angular velocity incorporating linear and
angular velocity, and further designed a feedback control law using the estimated states.
Sun et al. [30] designed an ESO to estimate and compensate for total uncertainty in relative
dynamics. The fixed-/finite-time ESO has the advantage of fast convergence, and can be
combined with the terminal sliding-mode control or backstepping method for tracking,
leading to a good dynamic response and low steady-state error [31,32]. Additional relative
pose constraints resulting from collision avoidance or specific missions are also important
topics in proximity maneuver control. Wang et al. [33,34] established appearance envelopes
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of spacecraft, which were used to formulate optimization constraints in model predictive
control to achieve proximity collision avoidance in flight. Lee et al. [35] proposed optimal
tracking control based on penalty function for real-time collision avoidance maneuvering
during spacecraft proximity operations. Li et al. [36] divided the approach corridor into
two phases according to the safety and mission requirements of spacecraft approach ma-
neuvering, and then constructed performance functions for designing control laws. Wang
et al. [37] proposed an equal-collision-probability-curve method for safe proximity maneu-
vering to reduce collision risk and save on fuel consumption. Ikeya et al. [38] presented a
learning-based reference governor to enforce mission constraints through learning, which
reduced modeling requirements.

At present, the simultaneous coordinated control of relative position and attitude is
still the focus of researchers’ attention, and spacecraft safety during relative motion, as
well as the specific mission requirements, are also widely considered. Most studies are
based on the assumption that the angular and linear acceleration of the target is known,
and directly use acceleration as an offset term in control law design [2,39,40]. However,
this assumption is feasible for cooperative targets but infeasible for noncooperative objects.
It is incredibly difficult to obtain the acceleration of noncooperative targets, which will
result in some items of their control laws being unable to be solved; thus, instructions for
actuators cannot be formed in practice scenarios. This paper investigates the pose control of
service spacecraft during their continuously visual observation for noncooperative targets
through proximity maneuvering. The main contributions of this paper include two aspects.
An ESO based on the super-twisting algorithm (STA) is designed to estimate unknown
disturbance terms, which are used in the control law to suppress their negative effects.
Moreover, observation and collision avoidance constraint models are established on a dual
quaternion to further design an artificial potential function (APF) with only one minimum.
The control law is developed on the basis of estimated disturbances and the APF, which
can enable the continuous observation of the target during the proximity maneuver and,
ultimately, stable tracking.

The remaining parts of this paper are organized as follows. Section 2 provides the
basics about quaternions and dual quaternions. Section 3 derives the relative pose kinemat-
ics and dynamics equations with unknown integrated disturbances. Section 4 formulates
the STA-based ESO for the disturbance estimation. Section 5 establishes field-of-view
(FOV) and collision avoidance constraint models using the relative pose dual quaternions.
Section 6 presents the proximity maneuver control law based on estimated disturbances
and the APF method. Section 7 establishes unknown-disturbance models and conducts
numerical simulations for the verification of the control law. Section 8 gives our conclusions.

2. Quaternions and Dual Quaternions

Quaternions were first introduced by Hamilton [41] and have advantages in attitude
representations, especially in effectively avoiding singularities. Dual quaternions were
introduced by Clifford [42] based on quaternions and can be used as pose representations.
The definition of a quaternion q is as follows:

q = q0 + q1i + q2 j + q3k (1)

where q0, q1, q2, q3 ∈ R, and the operation rules between i, j, and k are i2 = j2 = k2 = −1,
ij = −ji = k, jk = −kj = i, and ki = −ik = j. A quaternion can also be written in the
ordered pair of a scalar and a vector:

q = (q0, q⃗ ) (2)
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where q0 and q⃗ = (q1, q2, q3)
T ∈ R3 are referred to as the scalar part and vector part of the

quaternion q, respectively. And q is also treated as a real scalar in some situations if q⃗ is the
zero vector in three dimensions. The definition of a dual quaternion q is as follows:

q = qr + ϵqd (3)

where ϵ is a dual unit defined by ϵ ̸= 0 and ϵ2 = 0, and qr and qd are quaternions, which
are referred to as the real part and dual part of q, respectively. The detailed operation rules
of quaternions and dual quaternions can be found in [43]. In order to make the subsequent
content easy to understand, this section only lists some of them and other unique operation
rules defined in this paper as follows:

• Conjugation: q∗ = (q0,−q⃗ ) and q∗ = q∗r + ϵq∗d .

• Matrix generation: [q] =

[
q0 −q⃗ T

q⃗ q0I3×3 + [⃗q ]

]
and [q] =

[
[qr] 04×4
[qd] [qr]

]
, where

[⃗q ] =

 0 −q3 q2
q3 0 −q1
−q2 q1 0

.

• Dot product: p · q = (p0 · q0 + p⃗ · q⃗, 0⃗3×1) = p0 · q0 + p⃗ · q⃗.
• Circle product: p ◦ q = pr · qr + pd · qd.
• Scalar part: sca(q) = (q0, 0⃗3×1) and sca(q) = sca(qr) + ϵsca(qd).
• Vector part: vec(q) = (0, q⃗ ) and vec(q) = vec(qr) + ϵvec(qd).
• Sign extraction: sign(q) = (sgn(q0), sgn(⃗q )) and sign(q) = sign(qr) + ϵsign(qd),

where sgn(·) is a sign function and sgn(⃗q ) = (sgn(q1), sgn(q2), sgn(q3))
T.

• Function signk(·): signk(q) = (sgn(q0)|q0|k, sgnk (⃗q )) and signk(q) = signk(qr) +

ϵsignk(qd), where sgnk (⃗q ) = (sgn(q1)|q1|k, sgn(q2)|q2|k, sgn(q3)|q3|k)T and k ∈ R.

• Jacobian matrix of function p = f (q):
∂p
∂q

=

[
∂p0/∂q0 ∂p0/∂⃗q T

∂ p⃗/∂q0 ∂ p⃗/∂⃗q T

]
.

• Jacobian matrix of function p = f (q):
∂p
∂q

=

[
∂pr/∂qr ∂pr/∂qd
∂pd/∂qr ∂pd/∂qd

]
.

3. Relative Kinematics and Dynamics of Proximity Maneuver Based on Dual Quaternion

There are various relative position or attitude representations, which leads to different
kinematics and dynamics equations [44]. The service spacecraft needs to simultaneously
adjust its position and attitude, i.e., pose, relative to the target during the proximity
maneuver to maintain its observation of the target. Therefore, it is necessary to use the
relative kinematics and dynamics equations of a 6-DOF pose for control design. Since
dual quaternions are characterized by a compact structure and unified form in equation
derivations, this paper establishes relative kinematics and dynamics models for proximity
maneuvering by using dual quaternions as pose representations.

3.1. Pose Representations Based on Unit Dual Quaternions

According to Euler’s rotation theorem, for any two coordinate frames with the same
origin in three-dimensional space, it is always possible to rotate one frame around a fixed
axis passing through the origin by a certain angle to coincide with another. With this
physical property of rotation, if the I-frame rotates around the axis n⃗ by the angle ϕ to
coincide with the B-frame, then the orientation of B relative to I can be represented by the
unit quaternion qB/I:

qB/I = (cos(ϕ/2), sin(ϕ/2) ·⃗n) (4)

With the orientation representation qB/I and quaternion multiplication, the calculation
relationships of the coordinates for the same vector in the B-frame, v⃗ B, and in the I-frame,
v⃗ I, are as follows: {

vB = q∗B/Iv
IqB/I

vI = qB/IvBq∗B/I
(5)



Aerospace 2024, 11, 828 5 of 27

where vB = (0, v⃗ B) and vI = (0, v⃗ I) are quaternions generated by corresponding vectors.
The relative pose representation between two frames is further investigated when

their origins do not coincide. If the I-frame’s origin does not coincide with the B-frame’s,
the I-frame can be translated along the vector r⃗B/I, which is from the I-frame’s origin to the
B-frame’s, until their origins coincide, and then rotated around the axis n⃗ by the angle ϕ to
coincide with the B-frame. In this way, the pose of B with respect to I can be represented
compactly by the unit dual quaternion qB/I:

qB/I = qB/I,r + ϵqB/I,d = qB/I + ϵrI
B/IqB/I/2 = qB/I + ϵqB/IrB

B/I/2 (6)

where qB/I,r and qB/I,d are the real part and dual part of qB/I, respectively, and
rI

B/I = (0, r⃗ I
B/I) and rB

B/I = (0, r⃗ B
B/I) are quaternions generated by r⃗ I

B/I and r⃗ B
B/I, which

are coordinates of vector r⃗B/I in the I-frame and B-frame, respectively. Although the coordi-
nates of vector r⃗B/I are dependent on the specific frame, the dual part qB/I,d is independent
of the frame. Therefore, it does not emphasize in which frame qB/I,d is expressed. Accord-
ing to Equation (6), if the dual quaternion representation of the relative pose is known,
qB/I, then the relative attitude quaternion qB/I = qB/I,r, and the relative position vector
coordinates of the two frames’ origins can be calculated inversely as follows:{

rI
B/I = 2qB/I,dq∗B/I,r

rB
B/I = 2q∗B/I,rqB/I,d

(7)

Similar to unit quaternions, unit dual quaternions can also transform coordinates in
different frames through multiplication. For vectors v⃗r and v⃗d, their coordinates v⃗ I

r and v⃗ I
d in

the I-frame are combined to generate the dual quaternion vI = vI
r + ϵvI

d, where vI
r = (0, v⃗ I

r )
and vI

d = (0, v⃗ I
d). In the same way, their coordinates v⃗ B

r and v⃗ B
d in the B-frame generate

vB = vB
r + ϵvB

d , where vB
r = (0, v⃗ B

r ) and vB
d = (0, v⃗ B

d ). Then the relationship between vI and
vB satisfies: {

q∗
B/Iv

IqB/I = vB
r + ϵ(vB

d + vB
r × rB

B/I)

qB/IvBq∗
B/I = vI

r + ϵ(vI
d − vI

r × rI
B/I)

(8)

where vB
r = q∗B/Iv

I
rqB/I and vB

d = q∗B/Iv
I
dqB/I. Note that an extra cross product term appears

in the dual part of the transformed dual quaternion in Equation (8), which stems from the
unique structure and operation rules of dual quaternions.

3.2. Coordinate Frame Definition

For the determination of relative kinematics and dynamics, this paper prescribes four
coordinate frames related to proximity maneuver control, as shown in Figure 1.

X

Z

YO

zS

yS

xS

oS

zT

oT
yT

xT

zD

oDyD

xD
rS/I

rT/I

rD/T

Target spacecraft

Service spacecraft

Figure 1. Diagram of coordinate frames.
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(1) Earth-centered inertial frame O − XYZ

The origin O is at the center of mass of the Earth. The OX axis points towards the
vernal equinox in the equatorial plane. The OZ axis is perpendicular to the equatorial
plane and points towards the celestial north pole. The OY axis completes the right-handed
orthogonal frame. This frame is used to describe the translation and rotation of spacecraft
relative to inertial space.

(2) Service spacecraft body frame oS − xSySzS

The origin oS is at the center of mass of the service spacecraft. The three axes cor-
respond to the three principal axes of inertia of the spacecraft and point outward from
the spacecraft body. This frame is used to describe the body rotation of the service space-
craft relative to others, as well as the pose variations of the target observed from the
service spacecraft.

(3) Target spacecraft body frame oT − xTyTzT

The origin oT is at the center of mass of the target spacecraft. The three axes are along
the three principal axes of inertia of the target. This frame is used to describe the body
rotation of the target spacecraft relative to others, and set the desired relative pose for
proximity maneuvering.

(4) Desired frame oD − xDyDzD

The desired frame depends on the specific mission requirements. In this paper, the
origin oD deviates from the target spacecraft by a certain position, and the orientations of
three frame axes remain unchanged relative to the target. This frame is used to set control
objectives. Relative hovering of the target is accomplished when the service spacecraft
superimposes oS − xSySzS onto oD − xDyDzD via a proximity maneuver.

3.3. Kinematics Equations of Proximity Maneuver

According to the descriptions in Section 3.1, the unit quaternion qS/I is used to repre-
sent the attitude orientation of oS − xSySzS relative to O − XYZ, i.e., the attitude orientation
of the service spacecraft in inertial space. The attitude kinematics equations can be obtained
by taking the time derivative of qS/I as follows:

q̇S/I = ωI
S/IqS/I/2 = qS/Iω

S
S/I/2 (9)

where ωI
S/I = (0, ω⃗I

S/I) and ωS
S/I = (0, ω⃗S

S/I). ω⃗I
S/I and ω⃗S

S/I are representations of the
angular velocity vector ω⃗S/I in O − XYZ and oS − xSySzS, respectively.

Then, the pose kinematics equations are derived on the attitude kinematics. The unit
dual quaternion qS/I is used to represent the pose of oS − xSySzS relative to
O − XYZ, i.e., the pose of the service spacecraft in inertial space. According to Section 3.1,
qS/I = qS/I + ϵrI

S/IqS/I/2, taking the time derivative of qS/I as follows:

q̇S/I = q̇S/I + ϵ(ṙI
S/IqS/I + rI

S/Iq̇S/I)/2

= ωI
S/IqS/I/2 + ϵ(ṙI

S/IqS/I + rI
S/Iω

I
S/IqS/I/2)/2

= ωI
S/IqS/I/2 + ϵ(ṙI

S/I + rI
S/I × ωI

S/I + ωI
S/Ir

I
S/I/2)qS/I/2

= (ωI
S/I + ϵ(ṙI

S/I + rI
S/I × ωI

S/I))(qS/I + ϵrI
S/IqS/I/2)/2

(10)

where rI
S/I = (0, r⃗ I

S/I), r⃗ I
S/I is the coordinate of r⃗S/I in O − XYZ, and ṙI

S/I is the time
derivative of rI

S/I. Let ωI
S/I = ωI

S/I + ϵ(ṙI
S/I + rI

S/I × ωI
S/I), which is referred to as dual

velocity of oS − xSySzS relative to O − XYZ. With the transformation Equation (8), the
6-DOF pose-coupled kinematics equations of the service spacecraft in inertial space can
be derived:

q̇S/I = ωI
S/IqS/I/2 = qS/Iω

S
S/I/2 (11)
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where ωS
S/I = ωS

S/I + ϵṙS
S/I, and ωS

S/I = q∗S/Iω
I
S/IqS/I and ṙS

S/I = q∗S/Iṙ
I
S/IqS/I.

From the derivations of Equation (10), the real part of the dual velocity ωI
S/I is the

quaternion generated by the attitude angular velocity vector expressed in O− XYZ, and the
dual part is the quaternion generated by the time derivative of r⃗ S

S/I expressed in O − XYZ.
According to the expression of dual velocity ωS

S/I, its real part is the quaternion generated
by the attitude angular velocity vector expressed in oS − xSySzS, and its dual part is the
quaternion generated by the time derivative of r⃗ I

S/I expressed in oS − xSySzS.
Similarly, for the target spacecraft, the unit dual quaternion qT/I = qT/I + ϵrI

T/IqT/I/2
is used to represent its pose relative to O − XYZ, and the time derivative of qT/I is obtained
as follows:

q̇T/I = ωI
T/IqT/I/2 = qT/Iω

T
T/I/2 (12)

Let qS/T = q∗
T/IqS/I; the calculation of qS/T is as follows:

qS/T = (qT/I + ϵrI
T/IqT/I/2)∗(qS/I + ϵrI

S/IqS/I/2)

= q∗T/IqS/I + ϵ(q∗T/I(r
I
T/I)

∗qS/I + q∗T/Ir
I
S/IqS/I)/2

= q∗T/IqS/I + ϵq∗T/I(r
I
S/I − rI

T/I)qS/I/2

= q∗T/IqS/I + ϵq∗T/Ir
I
S/TqS/I/2

= qS/T + ϵqS/TrS
S/T/2

= qS/T + ϵrT
S/TqS/T/2

(13)

where qS/T = q∗T/IqS/I is the quaternion representation of the attitude of the service space-
craft relative to the target, rS

S/T = (0, r⃗ S
S/T), and rT

S/T = (0, r⃗ T
S/T). r⃗ S

S/T and r⃗ T
S/T are coordi-

nates of the relative position vector r⃗S/T in oS − xSySzS and oT − xTyTzT, respectively. It
can be concluded from Equation (13) that qS/T is exactly the desired dual quaternion to
represent the pose of the service spacecraft relative to the target, taking the time derivative
of qS/T as follows:

q̇S/T = q̇∗
T/IqS/I + q∗

T/Iq̇S/I

= −q∗
T/Iq̇T/Iq

∗
T/IqS/I + q∗

T/Iω
I
S/IqS/I/2

= −q∗
T/Iω

I
T/IqT/Iq

∗
T/IqS/I/2 + q∗

T/Iω
I
S/IqS/I/2

= q∗
T/I(ω

I
S/I − ωI

T/I)qS/I/2

= q∗
T/IqS/I(ω

S
S/I − ωS

T/I)/2

(14)

Let ωS
S/T = ωS

S/I − ωS
T/I, which is referred to as the dual velocity of the service

spacecraft relative to the target. Then, the 6-DOF kinematics equation of the service
spacecraft relative to the target represented by the dual quaternion can be obtained:

q̇S/T = qS/TωS
S/T/2 = ωT

S/TqS/T/2 (15)

3.4. Dynamics Equations of Proximity Maneuver

This section derives the relative dynamics equations based on the kinematics equations.
With the mass and moment of inertia (calculated in oS − xSySzS) of the service spacecraft
denoted by m and M, respectively, the dual inertia matrix is generated as follows:

J =
[

Jm 04×4
04×4 JM

]
(16)

where Jm =

[
1 01×3

03×1 m·I3×3

]
, JM =

[
1 01×3

03×1 M

]
, 04×4 is a square 4 × 4 zero-element

matrix, 03×1 and 01×3 are zero-element vectors, and I3×3 is a square 3 × 3 identity matrix. J
is a symmetric positive-definite matrix according to the properties of the moment of inertia.
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Let JE = J·E, where E =

[
04×4 I4×4
I4×4 04×4

]
is a symmetric matrix and I4×4 is a square

4 × 4 identity matrix; one can further calculate JE ⊛ ωS
S/I = (Jm ∗ ṙS

S/I) + ϵ(JM ∗ ωS
S/I) by

calculating ωS
S/I = ωS

S/I + ϵṙS
S/I, where ⊛ and ∗ denote the multiplication of a matrix with

a dual quaternion and quaternion, respectively. Taking oS − xSySzS as the coordinate frame
for calculations, it can be determined by the theorem of momentum and the theorem of
moment of momentum that:

d(JE ⊛ ωS
S/I)

dt
= ((Jm ∗ r̈S

S/I) + ωS
S/I × (Jm ∗ ṙS

S/I)) + ϵ((JM ∗ ω̇S
S/I) + ωS

S/I × (JM ∗ ωS
S/I))

= (Jm ∗ r̈S
S/I) + ϵ(JM ∗ ω̇S

S/I) + (ωS
S/I × (Jm ∗ ṙS

S/I)) + ϵ(ωS
S/I × (JM ∗ ωS

S/I))

= JE ⊛ ω̇S
S/I + ωS

S/I × (JE ⊛ ωS
S/I)

= f S
G + f S

D + f S
C

(17)

where f S
G, f S

D, and f S
C are the dual quaternions formulated by the gravity and gravity

gradient torque of the Earth, unmodeled disturbance force and torque, and control force and
torque, respectively. The unmodeled part f S

D is detailed in Section 7. The calculation of f S
G is

as follows:
f S
G = −µJm ∗ rS

S/I/∥⃗r S
S/I∥

3 + ϵ(3µrS
S/I × (JM ∗ rS

S/I)/∥⃗r S
S/I∥

5) (18)

where µ is the gravitational constant of the Earth.
The time derivative of ωS

S/T = ωS
S/I − ωS

T/I is calculated through kinematics relation-
ships as follows:

ω̇S
S/T = ω̇S

S/I − ω̇S
T/I

= ω̇S
S/I − d(q∗

S/TωT
T/IqS/T)/dt

= ω̇S
S/I + q∗

S/Tq̇S/Tq∗
S/TωT

T/IqS/T − q∗
S/Tω̇T

T/IqS/T − q∗
S/TωT

T/Iq̇S/T

= ω̇S
S/I − q∗

S/Tω̇T
T/IqS/T + ωS

S/TωS
T/I/2 − ωS

T/Iω
S
S/T/2

= ω̇S
S/I − q∗

S/Tω̇T
T/IqS/T + ωS

S/T × ωS
T/I + ωS

S/T × ωS
S/T

= ω̇S
S/I − q∗

S/Tω̇T
T/IqS/T + ωS

S/T × ωS
S/I

(19)

Combining Equations (17) and (19), the 6-DOF dynamics equation of the service space-
craft relative to the target spacecraft represented by the dual quaternion can be obtained:

ω̇S
S/T = J−1

E ⊛ ( f S
G + f S

D + f S
C − ωS

S/I × (JE ⊛ ωS
S/I))− q∗

S/Tω̇T
T/IqS/T + ωS

S/T × ωS
S/I (20)

3.5. Unknown Integrated Disturbances

It is impossible to accurately calculate f S
D because it is related to various unknown

disturbance forces and torques, which may decrease the control performance of the prox-
imity maneuver. This is a negligible problem when two spacecraft are far apart. However,
maneuver error may cause spacecraft collision or the target intermittently being out of
the observation field of view when they are in close range. Sliding-mode control can
effectively cope with uncertain disturbances, but easily leads to chattering in control. In
addition, it is very difficult to obtain ω̇T

T/I, i.e., the translation and rotation acceleration of
noncooperative target spacecraft, which further increases unknown uncertainty. In order to
deal with the negative effects of the aforementioned two types of uncertainties on proximity
maneuver control, unknown space disturbances and maneuver acceleration of the target
are formulated as unknown integrated disturbances dS. Then, Equation (20) is rewritten
as follows:

ω̇S
S/T = J−1

E ⊛ ( f S
G + f S

C − ωS
S/I × (JE ⊛ ωS

S/I)) + ωS
S/T × ωS

S/I + dS (21)
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where dS = J−1
E ⊛ f S

D − q∗
S/Tω̇T

T/IqS/T is an unknown term, calculated in the body frame
oS − xSySzS.

In the subsequent ESO design, the dS will be treated as the state variable. If we enote
the time derivative of dS as α, we can obtain an extended state equation:

ḋS = α (22)

4. Design of ESO

Inspired by the STA [45,46], this paper designs an ESO to estimate unknown integrated
disturbances. The estimated disturbances will be incorporated into the control law to ensure
the tracking accuracy of the noncooperative target during proximity maneuvering. The
ESO corresponding to Equations (21) and (22) is as follows:{

˙̂ωS
S/T = J−1

E ⊛ ( f S
G + f S

C − ωS
S/I × (JE ⊛ ωS

S/I)) + ωS
S/T × ωS

S/I + d̂S + K1 ⊛Θ(∆ω/δ)
˙̂dS = K2 ⊛ Φ(∆ω/δ)/δ

(23)

where ω̂S
S/T and d̂S are estimated values of ωS

S/T and dS, respectively, ∆ω = ωS
S/T − ω̂S

S/T
is the estimated error, δ > 0 is a gain constant, and both K1 = diag(k11, · · · , k18) and
K2 = diag(k21, · · · , k28) are positive-definite diagonal matrices. In ESO (23), ωS

S/T and ωS
S/I

are treated as the values of the measured states, and f S
G and f S

C can be calculated using the
measured states. The functions Θ(x) and Φ(x) of x are as follows:{

Θ(x) = κ1sign1/2(x) + κ2x
Φ(x) = 0.5κ2

1sign(x) + 1.5κ1κ2sign1/2(x) + κ2
2x

(24)

where both κ1 > 0 and κ2 > 0 are constants.

Proposition 1. If the time derivatives of unknown integrated disturbances satisfy
√

α ◦ α ⩽ C,
where C is a constant, then the estimated errors of ESO (23) for the dual velocity ωS

S/T and the
integrated disturbances dS are able to converge to 0 in a finite time. And the upper bound of the
convergence time, Tmax, is estimated as follows:

Tmax =
δ

χκ2
ln(V1/2

1,0 /ϑ+ 1) (25)

where both χ > 0 and ϑ > 0 are constants, and V1,0 > 0 is related to the initial estimated errors.

Proof of Proposition 1. Denote the estimated errors of dS as ∆d = dS − d̂S. The differential
equations of ∆ω and ∆d are obtained by Equations (21)–(23) as follows:{

∆ω̇ = −K1 ⊛Θ(∆ω/δ) + ∆d
∆ḋ = −K2 ⊛ Φ(∆ω/δ)/δ+ α

(26)

Let η1(t) = ∆ω(δ·t)/δ and η2(t) = ∆d(δ·t), Equation (26) can be transformed into{
η̇1 = −K1 ⊛Θ(η1) + η2
η̇2 = −K2 ⊛ Φ(η1) + δ·α(δ·t) (27)

The elements of η1, η2, Θ, Φ, and α are written out, respectively, as follows:
η1 = (η11, (η12, η13, η14)

T) + ϵ(η15, (η16, η17, η18)
T)

η2 = (η21, (η22, η23, η24)
T) + ϵ(η25, (η26, η27, η28)

T)
Θ = (Θ1, (Θ2, Θ3, Θ4)

T) + ϵ(Θ5, (Θ6, Θ7, Θ8)
T)

Φ = (Φ1, (Φ2, Φ3, Φ4)
T) + ϵ(Φ5, (Φ6, Φ7, Φ8)

T)
α = (α1, (α2, α3, α4)

T) + ϵ(α5, (α6, α7, α8)
T)

(28)
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The Jacobian matrix of the function, Θ = Θ(η1), can be calculated:

W = ∂Θ(η1)/∂η1 = diag(0.5κ1/|η11|1/2 + κ2, · · · , 0.5κ1/|η18|1/2 + κ2) (29)

According to Equations (24) and (29), one can obtain:{
Θ̇ = ∂Θ(η1)/∂η1 ⊛ η̇1 = W ⊛ η̇1
Φ(η1) = W ⊛Θ(η1)

(30)

We construct the vectors η⃗ = (Θ1, η21, · · · , Θ8, η28)
T and α⃗ = (0, α1, · · · , 0, α8)

T; then,
˙⃗η is obtained by Equations (26)–(30):

˙⃗η = diag(W̃1, · · · , W̃8)diag(K̃1, · · · , K̃8)η⃗ + δ⃗α = W̃K̃η⃗ + δ⃗α (31)

where W̃i =

[
wi 0
0 wi

]
, wi = 0.5κ1/|η1i|1/2 + κ2, K̃i =

[
−k1i 1
−k2i 0

]
, i = 1, · · · , 8.

Since both K1 and K2 are positive-definite, K̃i is a Hurwitz matrix. Then, for any
symmetric positive-definite matrix Qi, there always exist a positive-definite matrix Pi
satisfying the algebraic Lyapunov equation K̃T

i Pi + PiK̃i = −Qi. The candidate Lyapunov
function V1(η⃗ ) is constructed as a quadratic function of η⃗:

V1(η⃗ ) =
8

∑
i=1

η⃗ T
i Piη⃗i = η⃗ TPη⃗ (32)

where η⃗i = (Θi, η2i)
T, and P = diag(P1, · · · , P8) is a symmetric positive-definite matrix.

Finding out the time derivative of V1(η⃗ ) yields:

V̇1(η⃗ ) = ˙⃗η TPη⃗ + η⃗ TP ˙⃗η

= (W̃K̃η⃗ + δ⃗α)TPη⃗ + η⃗ TP(W̃K̃η⃗ + δ⃗α)

= η⃗ T(K̃TW̃TP + PW̃K̃)η⃗ + 2δ⃗αTPη⃗

(33)

Due to the special form of W̃, K̃, and P, K̃TW̃T = W̃TK̃T = W̃K̃T and PW̃ = W̃P hold,
which leads to:

V̇1(η⃗ ) = η⃗ TW̃(K̃TP + PK̃)η⃗ + 2δ⃗αTPη⃗

= −η⃗ TW̃Qη⃗ + 2δ⃗αTPη⃗

= −
8

∑
i=1

wiη⃗
T
i Qiη⃗i + 2δ⃗αTPη⃗

(34)

where Q = diag(Q1, · · · , Q8) is a symmetric positive-definite matrix.
From Equation (24), one can obtain:

κ1|η1i|1/2 ⩽ |Θi| ⩽ ∥η⃗i∥ (35)

Therefore, wi ⩾ 0.5κ2
1/∥η⃗i∥+ κ2 holds.

Using λmin(·) and λmax(·) to represent the minimum and maximum eigenvalues of the
matrix, respectively, we have λmin(Pi)∥η⃗i∥2 ⩽ η⃗ T

i Piη⃗i ⩽ λmax(Pi)∥η⃗i∥2 and
λmin(P)∥η⃗∥2 ⩽ η⃗ TPη⃗, which further leads to:
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V̇1(η⃗ ) ⩽ −
8

∑
i=1

(0.5κ2
1/∥η⃗i∥+ κ2)λmin(Qi)∥η⃗i∥2 + 2δ

√
α ◦ α∥P∥∥η⃗∥

⩽ −
8

∑
i=1

λmin(Qi)

(
κ2

1(η⃗
T
i Piη⃗i)

1/2

2λ1/2
max(Pi)

+
κ2η⃗ T

i Piη⃗i

λmax(Pi)

)
+

2δC∥P∥
λ1/2

min(P)
(η⃗ TPη⃗ )1/2

⩽ −2γκ2
1

8

∑
i=1

(η⃗ T
i Piη⃗i)

1/2 − 2χκ2

8

∑
i=1

η⃗ T
i Piη⃗i + 2δσ(η⃗ TPη⃗ )1/2

(36)

where γ = min(γ1, · · · ,γ8), γi = 0.25λmin(Qi)/λ1/2
max(Pi), χ = min(χ1, · · · ,χ8), χi =

0.5λmin(Qi)/λmax(Pi), and σ = C∥P∥/λ1/2
min(P). Combining Equations (32) and (36) yields:

V̇1 ⩽ −2(γκ2
1 − δσ)V1/2

1 − 2χκ2V1 (37)

Since γ, χ, σ, κ1, and κ2 are all positive constants, choosing δ ⩽ γκ2
1/σ inevitably leads

to V̇1 ⩽ 0 (V̇1 = 0 if and only if V1 = 0), which indicates that V1(η⃗ ) is a strong Lyapunov
function. Therefore, the trajectory of η⃗ will converge to the origin in a finite time.

According to Equation (37), one has:

V1/2
1 ⩽ (V1/2

1,0 + ϑ)e−χκ2t − ϑ (38)

where V1,0 is the initial value of V1, and ϑ = (γκ2
1 − δσ)/(χκ2) > 0. The upper bound on

the time that η⃗ converges to the origin can be further estimated as follows:

tmax =
ln(V1/2

1,0 /ϑ+ 1)

χκ2
(39)

Since the elements of η⃗ are from recombination of the elements of η2 and Θ, both η2
and Θ also converge to 0 in time tmax. According to Equation (24), Θ = Θ(η1) is bijective,
and η1 also converges to 0 in time tmax. Therefore, ∆ω(t) = δ·η1(t/δ) and ∆d(t) = η2(t/δ)
converge to 0 in time Tmax = δ·tmax.

Remark 1. Proposition 1 is based on the hypothesis that time derivatives of unknown integrated
disturbances α are finite. The unknown integrated disturbances dS include unmodeled space
disturbances f S

D and maneuver accelerations of the target spacecraft ω̇T
T/I. They are related to

the positions and velocities of service the spacecraft, and the ability of the actuators of the target.
Therefore, finite α represents the limited maneuver capabilities of service spacecraft and actuator
performance of the target. This hypothesis is applicable in practice.

Remark 2. Proposition 1 indicates that the ESO (23) can effectively estimate unknown integrated
disturbances. Therefore, in the design of proximity maneuver tracking control, the estimated
disturbances can be used as compensation terms to suppress their negative effects.

5. Constraint Modeling

The scenario considered in this paper is that the service spacecraft performs proximity
maneuvering and visual observation around the target, and stably tracks it. There are
two constraints on the relative poses of the two spacecraft during the whole process. On
the one hand, the service spacecraft needs to keep the target within the observable range
of the camera, resulting in an FOV constraint. On the other hand, the relative motion in
proximity leads to a risk of collision for the two spacecraft, which introduces a collision
avoidance constraint.
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5.1. FOV Constraint Model

The construction of an FOV constraint is based on the workable observation envelope
of the camera. In this paper, the camera uses a circular lens, and a cone is accordingly
selected as the observation envelope. The constraints on observation are first established
through geometric relationships, and then transformed into constraints on the relative pose
dual quaternion qS/T.

5.1.1. Geometric Constraints on Observation

Without loss of generality, it is assumed that the axis of the camera lens coincides with
the oSzS axis of the service spacecraft body frame, and the vertex of the cone envelope, N,
is the intersection of the lens surface and the oSzS axis, as shown in Figure 2. The position
coordinates of N are (0, 0, zN)

T in the oS − xSySzS. In theory, the workable observation
envelope of the camera is an infinitely high cone. The half FOV is denoted by θ, which
depends on the performance of the camera itself.

zSyS

xS
oS

N
θ

rS/T

oT

Service spacecraft

Target spacecraft

Figure 2. Conical FOV constraint.

To deal with observation constraint, current studies tend to treat the target spacecraft
as a mass point, and directly confine the motion of the point within the FOV. This method
may lead to incomplete observation when the target is near the FOV boundary because the
camera can actually observe only a part of the target and the part outside the boundary is
undetectable. To solve this problem, this paper takes the shape of the target spacecraft into
account, and a sphere with a radius of RT is used as its envelope. With the camera FOV
and the target envelope, a new envelope is formed to constrain the position of the target
centroid in the FOV of the service spacecraft. In this way, incomplete observation of the
target during the proximity maneuver is effectively avoided.

To derive the new envelope equation, the FOV boundary profile on the oS − xSzS plane
is drawn as shown in Figure 3. When the target spacecraft moves within the FOV of camera,
since the target envelope is a sphere, the new envelope can be obtained by translating the
original FOV boundary along the oSzS axis by some distance. The new vertex is denoted by
N′, whose position coordinates are (0, 0, zN + RT/ sin θ)T; then, envelope equation for the
motion of oT in oS − xSySzS is as follows:

z = (cot θ)
√

x2 + y2 + zN′ (40)

where zN′ = zN + RT/ sin θ. If oT is kept within the new envelope in the frame oS − xSySzS,
then vector r⃗ S

S/T should satisfy:

βFOV = −u⃗·⃗r S
S/T − (cot θ)∥U⃗r S

S/T∥ − zN′ > 0 (41)

where u⃗ = (0, 0, 1)T and U = diag(1, 1, 0).
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zS

xS
oS

θ

θ

rS/T

oT

The FOV boundary

New envelope

Target spacecraft envelope

N′

N

RT

RT

Figure 3. FOV boundary profile on oS − xSzS plane.

5.1.2. Dual Quaternion Representation of FOV Constraint

In Equation (41), βFOV = βFOV (⃗r S
S/T) is the function of r⃗ S

S/T, and βFOV > 0 is used as
the constraint on the centroid position of the target spacecraft. However, this paper uses
dual quaternions to represent the relative pose of the two spacecraft, and therefore, it is nec-
essary to find out the function βFOV = βFOV(qS/T) with qS/T as the independent variable.
There exists the following:

u⃗ · r⃗ S
S/T = q⃗u · (q∗S/TqS/TrS

S/T) = (qS/TrS
S/T) · (qS/Tq⃗u) (42)

where q⃗u = (0, u⃗) is a dual quaternion generated by u⃗. Then,

qS/Tq⃗u = [q⃗u]× ∗ qS/T (43)

where [q⃗u]× =

[
0 −u⃗ T

u⃗ −[⃗u]

]
. From Equations (42) and (43), we obtain:

u⃗ · r⃗ S
S/T = (qS/TrS

S/T) · ([q⃗u]× ∗ qS/T) = qS/T ◦ (Ku⃗ ⊛ qS/T) (44)

where Ku⃗ =

[
04×4 [q⃗u]

T
×

[q⃗u]× 04×4

]
=

[
04×4 −[q⃗u]×
[q⃗u]× 04×4

]
is a symmetric matrix. One further obtains:

∥U⃗r S
S/T∥

2 = r⃗ S
S/T · r⃗ S

S/T − (⃗u · r⃗ S
S/T)

2

= (qS/TrS
S/T) · (qS/TrS

S/T)− (qS/T ◦ (Ku⃗ ⊛ qS/T))
2

= 4(qS/T ◦ qS/T − 1)− (qS/T ◦ (Ku⃗ ⊛ qS/T))
2

(45)

Combining Equations (41), (44) and (45) yields:

βFOV = −βT − (cot θ)
√

4(qS/T ◦ qS/T − 1)− β2
T − zN′ > 0 (46)

where βT = qS/T ◦ (Ku⃗ ⊛ qS/T). Equation (46) is exactly the FOV constraint represented in
terms of the dual quaternion qS/T.

5.2. Collision Avoidance Constraint Model

A collision may occur during the observation of target spacecraft due to the close
range of the service spacecraft during a proximity maneuver. For the spacecraft’s safety,
collision avoidance control is necessary, which requires that the shapes of the spacecraft do
not overlap in space. However, spacecraft have various shapes, some of which are complex,
making it difficult to obtain their accurate shape models, especially for noncooperative
targets. Furthermore, even if accurate models are established, mathematical equations of
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models are very cumbersome. Therefore, simple geometries, such as spheres, ellipsoids,
polyhedrons, etc., are generally used as models to conservatively describe the overall shape
of spacecraft to keep them from potential superposition via active control. The envelope of
a target was constructed as a sphere in FOV constraint modeling. A sphere with radius RS
was also used as the envelope of the service spacecraft in collision avoidance. The condition
that the two spacecraft do not collide is as follows:

βCA = ∥⃗r S
S/T∥

2 − (RS + RT)
2 > 0 (47)

Further representing βCA as the function of qS/T, one has:

βCA = 4(qS/T ◦ qS/T − 1)− (RS + RT)
2 > 0 (48)

Equation (48) is exactly the collision avoidance constraint represented in terms of the
dual quaternion qS/T.

6. Control of Proximity Maneuver

Control law design is the focus of spacecraft proximity maneuver research, which
determines the tracking accuracy of the target, the completion of observation tasks, and
the safety of the spacecraft. This paper designs a proportional–derivative-like control law,
which incorporates the unknown disturbances estimated by the ESO and deals with the
pose constraints using the APF method.

6.1. Maneuver Tracking Objective

The proximity maneuvering of service spacecraft is also a process of pose adjustment
for the subsequent implementation of on-orbit operations. The objective of maneuver track-
ing is to make spacecraft autonomously transfer to the desired relative pose while satisfying
observation and safety constraints. Depending on the relative pose required for subsequent
missions, the service spacecraft keeps relatively stationary with the target spacecraft in
the end.

The pose of the desired frame oD − xDyDzD with respect to the target spacecraft is
denoted by the dual quaternion qD/T, i.e., the desired state, which is defined as follows:

qD/T = qD/T + ϵrT
D/TqD/T/2 (49)

where the quaternions qD/T and rT
D/T = (0, r⃗ T

D/T) denote the desired relative attitude and
position, respectively, and r⃗ T

D/T is the desired relative position vector observed in the
oT − xTyTzT. The error dual quaternion qE can be further determined as:

qE = q∗
D/TqS/T = [q∗

D/T]⊛ qS/T (50)

The objective of maneuver tracking is to realize lim
t→+∞

qS/T = qD/T, i.e., lim
t→+∞

qE = 1,

i.e., the unit dual quaternion, in the presence of unknown disturbances while the constraints
are strictly satisfied.

6.2. APF Design

The artificial potential field method is effective to deal with constraints, and was
initially aimed at obstacle avoidance planning for robots. It was developed and applied to
design a control law for spacecraft rendezvous and docking [47], and generate proximity
flight trajectories in the vicinity of space stations [48], etc. For a controlled system, one
can define a scalar characteristic function, i.e., the APF, associated with state variables.
The function has a minimum at the desired state, while it takes very large values in the
undesired state set. By taking the negative gradient of the APF as the control action, the
states of the system can be guided towards the desired state, exactly corresponding to the
minimum of the APF, while avoiding falling into the state set formed by constraints. If the
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APF is a convex function of state variables, the system will eventually reach and stabilize
at the desired state with the control action. However, if the APF has multiple minima,
the system will eventually stabilize at a certain state corresponding to one of its minima.
Therefore, it is better to formulate an APF with a unique minimum.

The APF is generally designed as a combination of attractive and repulsive potential
functions. The attractive potential function takes the desired state as the global minimum,
and its negative gradient can drive the system state to the desired state. This paper defines
the attractive potential function as follows:

Va = ka∆q ◦ ∆q (51)

where ka > 0 is a constant coefficient, and ∆q = qE − 1. The repulsive potential function
increases as the relative pose approaches the constraint boundaries, at which the function
is infinite. In this way, the motion state cannot cross the boundaries during proximity
maneuvering, thus ensuring that the constraints are satisfied. This paper defines the
repulsive potential function as follows:

Vr = kr∆q ◦ ∆q(β−1
FOV + β−1

CA) (52)

where kr > 0 is a constant coefficient. Combining Equations (51) and (52) yields the
global APF:

Vp = ka∆q ◦ ∆q + kr∆q ◦ ∆q(β−1
FOV + β−1

CA) (53)

Due to the introduction of ∆q ◦∆q as a product term in the repulsive potential function,
the global APF still has a minimum at qD/T. Obviously, the global APF, Vp, satisfies the
following: (1) for any qS/T, there is Vp ⩾ 0; (2) Vp = 0 if and only if qS/T = qD/T.

Since ∇Vp = ∂Vp/∂qS/T is used in the subsequent control law design, it is calculated
as follows:

∇Vp =
2Vp

∆q ◦ ∆q
[q∗

D/T]
T ⊛ ∆q − kr∆q ◦ ∆q(

∇βFOV

β2
FOV

+
∇βCA

β2
CA

) (54)

where ∇βFOV and ∇βCA are as follows: ∇βFOV = −2Ku⃗ ⊛ qS/T + (cot θ)2 4qS/T − 2βTKu⃗ ⊛ qS/T

βFOV + βT + zN′

∇βCA = 8qS/T

(55)

To check whether the global APF, Vp, is convex or not, the Hessian matrix is
further calculated:

∇2Vp = 2(ka + kr(β−1
FOV + β−1

CA))[q
∗
D/T]

T[q∗
D/T]

+ 2kr∆q ◦ ∆q(β−3
FOV∇βFOV(∇βFOV)

T + β−3
CA∇βCA(∇βCA)

T)

− 2kr(Ξ + ΞT)− kr∆q ◦ ∆q(β−2
FOV∇

2βFOV + β−2
CA∇

2βCA)

(56)

where the matrix Ξ = [q∗
D/T]

T ⊛ ∆q(β−2
FOV∇βFOV + β−2

CA∇βCA)
T, and ∇2βFOV and ∇2βCA

are the Hessian matrices of βFOV and βCA with respect to qS/T, respectively. Note that the
dual quaternions are treated as column vectors if necessary in Equations (54)–(56).

From Equation (56), it can be seen that the first term on the right side is a positive-
definite matrix and the second is a positive-semi-definite matrix, while the last two matrices
are indefinite. Since the two spacecraft are subject to the gravity of the Earth, the relative
motion state representations are always finite magnitudes. Therefore, all scalar or matrix
entries contained in ∇2Vp are finite in the 6-DOF space defined by βFOV > 0 and βCA > 0.
The first term on the right side in Equation (56) contains a constant coefficient ka, and the
last two terms contain kr. If ka ≫ kr, the matrix ∇2Vp can be positive-definite, which
guarantees that Vp is a convex function of qS/T and thus has a unique minimum. Therefore,
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as long as the initial and desired relative poses satisfy the constraints and the control law is
designed based on the global APF, βFOV > 0 and βCA > 0 can always be satisfied and the
state qS/T can reach and stabilize at qD/T.

6.3. Control Law Design

With the disturbances estimated by the ESO and the global APF based on the FOV
constraint and collision avoidance. The proportional–derivative-like feedback control
law with disturbance compensation is proposed to achieve the proximity maneuvering of
service spacecraft and observation of the target. This is summarized in Proposition 2.

Proposition 2. Considering the spacecraft proximity maneuver tracking system given by
Equations (15) and (21) with unknown disturbances and pose constraints, we design a proportional–
derivative-like feedback control input applied to service spacecraft as follows:

f S
C = −kpvec(q∗

S/T(E ⊛∇Vp))− kd(E ⊛ ωS
S/T) + ωS

T/I × (JE ⊛ ωS
T/I)− f S

G − JE ⊛ d̂S (57)

where both kp > 0 and kd > 0 are constant coefficients. Then, under control law (57), the relative
pose of two spacecraft can converge and stabilize to the desired pose, i.e., lim

t→+∞
qS/T = qD/T and

lim
t→+∞

ωS
S/T = 0. Moreover, the FOV constraint and collision avoidance constraint are strictly

obeyed during the whole proximity maneuver, i.e., βFOV > 0 and βCA > 0.

Proof of Proposition 2. According to the proof of Proposition 1, there exists a symmetric
positive-definite matrix D for the estimated error of disturbances ∆d, such that Vd = ∆d ◦ (D⊛
∆d) satisfies V̇d ⩽ −Vd. Consider the following candidate Lyapunov function:

V(qS/T, ωS
S/T, ∆d) = 2kpVp + ωS

S/T ◦ ((EJE)⊛ ωS
S/T)/2 + kvVd (58)

where EJE = diag(JM, Jm) is obviously a symmetric positive-definite matrix. Then, ωS
S/T ◦

((EJE)⊛ ωS
S/T) ⩾ 0 holds for any ωS

S/T. ωS
S/T ◦ ((EJE)⊛ ωS

S/T) = 0 if and only if ωS
S/T = 0.

Therefore, V ⩾ 0 holds for any qS/T, ωS
S/T, and ∆d. V = 0 if and only if qS/T = qD/T and

ωS
S/T = ∆d = 0.

The time derivative of V is calculated as follows:

V̇ = 2kpV̇p + ωS
S/T ◦ ((EJE)⊛ ω̇S

S/T) + kvV̇d

= 2kp∇Vp ◦ q̇S/T + (E ⊛ ωS
S/T) ◦ (JE ⊛ ω̇S

S/T) + kvV̇d
(59)

Substituting Equations (15), (21), and (57) into Equation (59) yields:

V̇ = kp∇Vp ◦ (qS/TωS
S/T) + (E ⊛ ωS

S/T) ◦ (−kpvec(q∗
S/T(E ⊛∇Vp))− kd(E ⊛ ωS

S/T)

+ ωS
T/I × (JE ⊛ ωS

T/I)− ωS
S/I × (JE ⊛ ωS

S/I) + JE ⊛ (ωS
S/T × ωS

S/I) + JE ⊛ ∆d) + kvV̇d
(60)

Regrouping some terms in Equation (60) can yield:

kp∇Vp ◦ (qS/TωS
S/T) + (E ⊛ ωS

S/T) ◦ (−kpvec(q∗
S/T(E ⊛∇Vp)))

= kp(E ⊛ ωS
S/T) ◦ (q

∗
S/T(E ⊛∇Vp)) + (E ⊛ ωS

S/T) ◦ (−kpvec(q∗
S/T(E ⊛∇Vp)))

= kp(E ⊛ ωS
S/T) ◦ sca(q∗

S/T(E ⊛∇Vp))

= 0

(61)
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and

(E ⊛ ωS
S/T) ◦ (ω

S
T/I × (JE ⊛ ωS

T/I)− ωS
S/I × (JE ⊛ ωS

S/I) + JE ⊛ (ωS
S/T × ωS

S/I))

= (E ⊛ ωS
S/T) ◦ (JE ⊛ (ωS

S/T × ωS
S/I)− ωS

S/I × (JE ⊛ ωS
S/T)− ωS

S/T × (JE ⊛ ωS
T/I))

= (EJ ⊛ (E ⊛ ωS
S/T)) ◦ (ω

S
S/T × ωS

S/I)− (E ⊛ (JE ⊛ ωS
S/T)) ◦ (ω

S
S/T × ωS

S/I)

= ((EJE)⊛ ωS
S/T) ◦ (ω

S
S/T × (ωS

S/I − ωS
S/I))

= 0

(62)

According to Equations (61) and (62), Equation (60) can be simplified as:

V̇ = (E ⊛ ωS
S/T) ◦ (−kv(E ⊛ ωS

S/T) + JE ⊛ ∆d) + kpV̇d

= −kdωS
S/T ◦ ωS

S/T + ωS
S/T ◦ (EJE ⊛ ∆d) + kvV̇d

⩽ −kdωS
S/T ◦ ωS

S/T + ωS
S/T ◦ (EJE ⊛ ∆d)− kv∆d ◦ (D ⊛ ∆d)

(63)

The column vector x⃗1 is constructed by arranging entries of the real and dual parts
of ωS

S/T in sequence, respectively. The same operations on ∆d are used to construct x⃗2.
Equation (63) can be equivalently transformed into:

V̇ ⩽ −
[

x⃗1
x⃗2

]T[ kdI8×8 −EJE/2
−EJE/2 kvD

][
x⃗1
x⃗2

]
= −X⃗HX⃗ (64)

where I8×8 is a square 8 × 8 identity matrix. It follows from the matrix theory that one can
choose suitable coefficients kd and kv such that H is a positive-definite matrix and thus
V̇ ⩽ 0 holds. V̇ = 0 if and only if ωS

S/T = ∆d = 0.
Since V ⩾ 0 and V̇ ⩽ 0, V and the related quantities Vp, qS/T, and ωS

S/T are all bounded
and lim

t→+∞
V(t) exists. Vp being bounded indicates that βFOV ̸= 0 and βCA ̸= 0 always

hold when t ⩾ 0. Therefore, as long as the initial relative pose satisfies the constraints,
i.e., βFOV(t = 0) > 0 and βCA(t = 0) > 0, for the their continuity over time in this system,
βFOV(t > 0) > 0 and βCA(t > 0) > 0 hold, i.e., the relative pose of the two spacecraft will
always satisfy the observation and collision avoidance constraints. After integrating both
sides of Equation (63) and taking the limit with t → +∞, in view of the boundedness of V(0)
and existence of lim

t→+∞
V(t), lim

t→+∞

∫ t
0 (ω

S
S/T ◦ ωS

S/T)dt exists. Then, there is lim
t→+∞

ωS
S/T = 0

according to Barbalat’s lemma, and further, lim
t→+∞

ωS
S/I = ωS

T/I. Based on Equation (21), the

boundedness of ωS
S/I, dS, Vp, qS/T, and ωS

S/T leads to ω̇S
S/T being bounded. Finding the time

derivative of Equation (21), since ω̇S
S/T is bounded and

√
α ◦ α ⩽ C, ω̈S

S/T is also bounded.
It can be determined that lim

t→+∞
ω̇S

S/T = 0 using the Barbalat’s lemma. Finally, combining

dynamics Equation (21) and control input Equation (57), lim
t→+∞

ωS
S/T = 0, lim

t→+∞
ω̇S

S/T = 0,

and lim
t→+∞

∆d = 0 are used to obtain lim
t→+∞

vec(q∗
S/T(E ⊛∇Vp)) = 0, through which it is

further derived that lim
t→+∞

qS/T = qD/T.

A block diagram of the proportional–derivative-like feedback control system is shown
in Figure 4.
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∆
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Figure 4. Diagram of proximity maneuver control scheme.

Remark 3. Proposition 2 indicates that ESO-based pose-constrained tracking control law (57) is
able to make service spacecraft safely approach and observe noncooperative targets through proximity
maneuvers. Stable hovering of the two spacecraft can ultimately be achieved even in the presence of
unknown disturbances.

7. Numerical Simulations and Analyses

This paper verifies the performance of the proposed ESO and control scheme using
numerical simulations. The simulation scenario is as follows: the service spacecraft carrying
the optical camera reaches proximity to the noncooperative target spacecraft from a distance
through pose maneuvering along with the observation of it, and eventually achieves a
position relatively stationary to the target. The target spacecraft operates along a standard
Keplerian orbit, whose altitude of perigee and apogee are 400 km and 600 km, respectively,
and the corresponding orbital elements are shown in Table 1. In addition, the attitude of
the target is Earth-oriented, with one of its surfaces being maintained towards the Earth.
Therefore, the rotation angular velocity of the target is equal to its orbital angular velocity.

Table 1. The orbital elements of the target spacecraft.

Orbital Element Parameters Numerical Magnitude

Semi-major axis (km) 6878.1366
Eccentricity (-) 0.01454

Inclination (deg) 45
Argument of periapsis (deg) 90

Longitude of ascending node (deg) 60
True anomaly at initial time (deg) 0

At the start, the camera is oriented exactly towards the target spacecraft. The initial
relative position vector and attitude quaternion of the service spacecraft to the target are
r⃗ T

S/T,0 = (−158.4,−211.2, 77)T m and qS/T,0 = (0.6, (−0.64, 0.48, 0)T), respectively. Thenitial
relative linear and angular velocity vectors are ˙⃗r T

S/T,0 = (0.02, 0.03,−0.015)T m/s and ω⃗ T
S/T,0 =

(0.08,−0.06, 0.05)T deg/s, respectively. The initial position vector and attitude quaternion of the
target spacecraft relative to the O−XYZ frame are r⃗ I

T/I,0 = (−4150.744, 2396.433, 4792.866)T km
and qT/I,0 = (0.2391, (0.3696,−0.0990, 0.8924)T), respectively. The corresponding linear
and angular velocity vectors are ˙⃗r I

T/I,0 = (−3862.052,−6689.269, 0)T m/s and ω⃗ I
T/I,0 =

(0.03998,−0.02308, 0.04617)T deg/s, respectively. At the end of the proximity maneuver, the
desired relative position vector and attitude quaternion of the service spacecraft to the tar-
get are r⃗ T

D/T = (50, 0, 0)T m and qD/T = (
√

2/2, (0,−
√

2/2, 0)T), respectively, and both the
desired relative linear and angular velocity are 0. The mass, moment of inertia, and sphere
envelope radius of the service spacecraft are m = 60 kg, M = diag(15.6, 10.8, 11.5) kg·m2,
and RS = 2.1 m, respectively. The sphere envelope radius of the target spacecraft is
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RT = 1.5 m. The parameters related to the camera are θ= 45 deg and zN = 1.2 m. The
unknown integrated disturbances dS = J−1

E ⊛ f S
D − q∗

S/Tω̇T
T/IqS/T, which result from

f S
D = (0, f⃗ S

D ) + ϵ(0, τ⃗ S
D) and ω̇T

T/I, where f⃗ S
D and τ⃗ S

D are space disturbance forces and
moments applied to the service spacecraft, respectively, and ω̇T

T/I is related to angular and

linear acceleration of the target spacecraft. Space disturbance forces f⃗ S
D are induced by

J2 perturbation, atmospheric drag, solar light pressure, three-body gravity perturbation,
etc. Since the J2 perturbation has a significant advantage over other perturbations, f⃗ S

D is
divided into two parts, i.e., J2 perturbation f⃗ S

J2
and other minimal perturbations f⃗ S

O . Then

f⃗ S
D = f⃗ S

J2
+ f⃗ S

O , and f⃗ S
J2

can be transformed from f⃗ I
J2

, which is given by [49]:

f⃗ I
J2
= −

3µmJ2r2
E

2∥⃗r I
S/I∥4



(
1 − 5(

z I
S/I

∥⃗r I
S/I∥

)2
)

x I
S/I

∥⃗r I
S/I∥(

1 − 5(
z I

S/I
∥⃗r I

S/I∥
)2
)

y I
S/I

∥⃗r I
S/I∥(

3 − 5(
z I

S/I
∥⃗r I

S/I∥
)2
)

z I
S/I

∥⃗r I
S/I∥

 (65)

where J2 = 1.0826355× 10−3, rE is Earth’s mean equatorial radius, and r⃗ I
S/I = [x I

S/I, y I
S/I, z I

S/I]
T

represents the position vectors of the service spacecraft in the O − XYZ frame. Since other
perturbations are very small, their short-term impacts are very limited. Thus, f⃗ S

O is modeled
with reference to gravity as follows:

f⃗ S
O = mg

 3.2
5.5
8.6

× 10−6 (66)

where g is the local gravitational acceleration of the service spacecraft. Although Equation (66)
is not an exact model, it reflects the correct order of magnitude of other perturbations.
Space disturbance moments τ⃗ S

D are induced by atmospheric drag, solar radiation, terrestrial
magnetism, etc. They are related not only to the positions, velocities, and space environ-
ments, but also to the characteristics, of the service spacecraft, such as the shape, material,
mass distribution, and area–mass ratio. Therefore, it is extremely difficult and complex
to establish a model for τ⃗ S

D . However, the order of magnitude of different disturbance
moments on near-Earth spacecraft is 10−4 N·m in practice. To simply the simulation, τ⃗ S

D is
modeled as a sine function, a cosine function, and their combination with the same cycle of
change as its orbit. The specific expressions of τ⃗ S

D are as follows:

τ⃗ S
D =

 7.2(sin(υ) + cos(υ))
8.1 cos(υ)
9.5 sin(υ)

× 10−4 N·m (67)

where υ is a true anomaly. Although Equation (67) is not theoretically analyzed, it is in
line with the real situation in terms of the order of magnitude and is sufficient to verify
the proposed algorithm. ω̇T

T/I represents the unknown maneuver accelerations of the
target spacecraft. Using the transformation, ωT

T/I = q∗
T/Iω

I
T/IqT/I, ω̇T

T/I can be calculated
as follows:

ω̇T
T/I = q∗

T/I(ω̇
I
T/I + ωI

T/I × ωI
T/I)qT/I = q∗

T/Iω̇
I
T/IqT/I (68)

where ω̇I
T/I = ω̇I

T/I + ϵ(r̈I
T/I + ṙI

T/I × ωI
T/I + rI

T/I × ω̇I
T/I), rI

T/I = (0, r⃗ I
T/I), ωI

T/I = (0, ω⃗I
T/I),

r⃗ I
T/I and ω⃗I

T/I are the position and angular velocity vectors of the target spacecraft relative
to the O − XYZ frame, respectively. According to the orbital elements and Earth-oriented
attitude of the target, one can obtain r⃗ I

T/I,
˙⃗r I
T/I,

¨⃗r I
T/I, ωI

T/I, and ω̇I
T/I. Based on the above

analysis, the integrated disturbances dS can be simulated as realistically as possible to
verify the performance of the proposed ESO and control scheme. In the ESO, both the
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initial values of ω̂S
S/T and d̂S are assigned by 0. The other parameters can be divided into

two groups, i.e., the parameters of the ESO and control law. In the ESO, these values
affect the convergence rate of disturbance estimation errors and can be chosen according
to Proposition 1 as follows: κ1 = 0.7, κ2 = 0.8, δ = 0.001, k11 = · · · = k14 = 1.0 × 10−4,
k15 = · · · = k18 = 1.5 × 10−3, k21 = · · · = k24 = 1.6 × 10−9, k25 = · · · = k28 = 5.6 × 10−7.
In the control law, the parameters of the APF are ka = 0.75 and kr = 2.5 × 10−5, which
satisfies ka ≫ kr. The parameters of the proportional–derivative-like feedback control law
are similar to the PD controller and can be chosen according to Proposition 2 as follows:
kp = 0.005 and kd = 2. In addition, considering the limitations of actuator capabilities,
the torque and force that can be provided on each axis of the service spacecraft body
frame are limited to [−2, 2] mN·m and [−750, 750] mN [50], respectively. The evolution of
the absolute and relative translation and rotational dynamics is propagated by the high-
precision fourth-order Runge–Kutta algorithm. The numerical simulation results are shown
in Figures 5–14.
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Figure 5. Relative attitude quaternions.

0 1000 2000 3000 4000 5000

-200

-150

-100

-50

0

50

100

T S/
T

Figure 6. Relative positions.
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Figure 7. Relative angular velocities.
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Figure 9. Three-dimensional trajectory of service spacecraft in oT − xTyTzT frame.
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Figure 10. Constraint variables βFOV and βCA.
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Figure 11. Active control torque on the service spacecraft.
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Figure 13. ESO-based estimations of angular acceleration disturbances.
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Figure 14. ESO-based estimations of linear acceleration disturbances.

Figures 5 and 7 show the changes in the relative attitude quaternions and angular
velocities of the service spacecraft to the target, respectively. It can be seen that the service
spacecraft adjusts its attitude significantly within 3000 s of the beginning of the proximity
maneuver, and finally converges to the desired attitude at about 5000 s after slow regulation.
Figures 6 and 8 show the changes in the relative positions and linear velocities, respectively,
and indicate that the service spacecraft can reach the vicinity of the desired position
within 3000 s. It further conducts slight adjustments and finally coincides with the desired
position at about 5000 s. The good synchronization and coordination of the attitude and
position changes are attributed to the integrated model based on the dual quaternions
and control design. From the perspective of control performance, the two components
of the relative attitude quaternion, i.e., q0 and q3, exhibit a slight overshoot, while the
other two components, i.e., q1 and q2, and the three components of the relative position,
i.e., rx, ry, and rz, show no overshoot, indicating that the pose changes smoothly. Table 2
lists the control errors of the relative attitude quaternion, position, angular velocity, and
linear velocity at 3000 s, 4000 s, and 5000 s, respectively. From Table 2, we can see that
the service spacecraft closely approaches the desired pose at about 3000 s, and the control
errors of both relative pose and velocity subsequently decrease further. The steady-state
error magnitude of the relative attitude and the relative angular and linear velocity can
reach 10−5. The steady-state errors of the relative position are slightly larger, but still within
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a reasonable range. The relative pose and velocity changes demonstrated in Figures 5–8
illustrate that the designed APF can effectively perform proximity maneuver planning,
and the proposed control law has high tracking accuracy. The three-dimensional motion
trajectory in Figure 9 indicates that the service spacecraft aims at the desired position, and
approaches it almost in a straight line, which also indicates that there is no overshoot in the
position control. In the early stage of maneuvering (0∼3000 s), the changes in the angle
of view are significant with the variations in the relative position. Therefore, the service
spacecraft needs to adjust its attitude quickly to avoid losing observation of the target. Once
the service spacecraft reaches the vicinity of the desired position, the distance between the
two spacecraft will not change much anymore; thus, it is able to maintain observation with
slight attitude regulations. The variations in βFOV and βCA in Figure 10 further explain
this process. The attitude is quickly rotated to meet the FOV constraint during the service
spacecraft approaching the desired position within 2000 s. Figure 10 also shows that the
constraint variables βFOV and βCA are always greater than 0, indicating that the service
spacecraft can observe the target and avoid collision in the entire process. Therefore, the
AFP effectively deals with the constraints of the proximity maneuver. Figures 11 and 12
give the changes in active control torque and force, respectively, both of which do not
exceed the set limits. Their synergistic effects make the relative pose changes in the service
spacecraft to the target consistent with the need for real-time visual observation. The
relative pose is stabilized at the desired value, but the input torque and force still cannot
be zero due to continuously tracking the target spacecraft. Figures 13 and 14 show the
estimations of the angular and linear acceleration of unknown integrated disturbances by
the ESO, respectively. Although the estimation errors are significant at the start, the ESO is
still able to estimate and keep tracking unknown angular and linear accelerations with high
accuracy after 100 s and 20 s, respectively. It can be concluded that the designed STA-based
ESO has good performance and achieves the stable tracking of unknown disturbances
in a finite period of time. It is of great significance to obtain unknown disturbances for
the control of proximity maneuvering, because effective compensations of disturbances
in the control law can offset their influences on relative pose motion, thereby improving
tracking accuracy.

Table 2. The control errors of relative poses and velocities at different time points.

Time Points 3000 s 4000 s 5000 s

Errors of qS/T (-) (3.32, (−8.75, 3.39,−1.49)T)×10−3 (5.18, (−12.9, 5.20,−2.33)T)×10−4 (9.69, (−17.9, 9.70, 0.616)T)×10−5

Errors of r⃗ T
S/T (m) (−0.0437,−0.8839, 0.1386)T (−0.1197,−0.2294,−0.0345)T (−0.1405, 0.0221,−0.0598)T

Errors of ω⃗ T
S/T (deg/s) (1.12,−1.03, 1.57)T × 10−3 (1.69,−1.53, 2.42)T × 10−4 (2.09,−2.30, 3.68)T × 10−5

Errors of v⃗ T
S/T (m/s) (0.509, 14.3,−3.96)T × 10−4 (−7.89, 25.8,−5.52)T × 10−5 (5.36, 22.3,−0.681)T × 10−5

In conclusion, these numerical simulation results show that the 6-DOF pose tracking
control scheme for proximity maneuvering proposed in this paper has high accuracy,
satisfies the requirements of the proximity observation task, and effectively avoids collision
for safety.

8. Conclusions

This paper proposes an ESO-based pose-constrained control scheme for service space-
craft proximity maneuvering, which is used to track and observe a noncooperative target,
and performs simulation verifications as well. Relative kinematics and dynamics equations
with unknown disturbances by dual quaternion representations can effectively incorporate
the pose-coupled characteristics of the proximity maneuver system in a simple and compact
form. The designed STA-based ESO achieves high-accuracy estimations of unknown dis-
turbances in a finite time. Therefore, the negative effects of disturbances can be eliminated
by using their estimated values as compensations in the control law. The two constraint
models represented by the relative pose dual quaternions can effectively characterize the
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requirements of real-time observations for missions and collision avoidance for safety. A
global APF consisting of an attractive and a repulsive potential function is designed using
the constraint models. When the coefficient of the attractive potential function is much
greater than that of the repulsive potential function, the global APF possesses a unique
minimum in the constraint space, which is the key to achieving the desired pose. The
proportional–derivative-like feedback control law is developed with estimated disturbances
and an APF. The law is able to drive the service spacecraft to continuously observe the
target spacecraft in real time through proximity maneuvering and ultimately achieve stable
tracking with the desired pose.
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