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Abstract: In a satellite-denied environment, a swarm of drones is capable of achieving relative
positioning and navigation by leveraging the high-precision ranging capabilities of the inter-drone
data link. However, because of factors such as high drone mobility, complex and time-varying channel
environments, electromagnetic interference, and poor communication link quality, distance errors and
even missing distance values between some nodes are inevitable. To address these issues, this paper
proposes a low-rank optimization algorithm based on the eigenvalue scaling of the distance matrix.
By gradually limiting the eigenvalues of the observed distance matrix, the algorithm reduces the rank
of the matrix, bringing the observed distance matrix closer to the true value without errors or missing
data. This process filters out distance errors, estimates and completes missing distance elements,
and ensures high-precision calculations for subsequent topology perception and relative positioning.
Simulation experiments demonstrate that the algorithm exhibits significant error filtering and missing
element completion capabilities. Using the F-norm metric to measure the relative deviation from the
true value, the algorithm can optimize the relative deviation of the observed distance matrix from
11.18% to 0.25%. Simultaneously, it reduces the relative positioning error from 518.05 m to 35.24 m,
achieving robust topology perception and relative positioning for the drone swarm formation.

Keywords: satellite-denied; UAV swarm; topology perception; relative positioning

1. Introduction

Unmanned aerial vehicles (UAVs), with their flexibility, efficiency, and relatively low
cost, have demonstrated significant application potential in military fields, such as aerial
reconnaissance [1], battlefield observation [2], damage assessment [3], battlefield suppres-
sion, ground attack, missile interception [4], aerial combat, and communication relay [5].
With the development of communication and artificial intelligence technologies, the con-
cept of UAV swarm formation has gradually emerged. Forming a swarm intelligence
system through data links enables multiple UAVs to achieve higher collective combat
effectiveness [6]. UAV swarm formations can simultaneously reconnoiter and monitor vast
areas and rapidly perceive and assess battlefield situations through information sharing
and collaborative processing mechanisms within the swarm [7]. Additionally, the swarm
can flexibly adjust its attack strategies based on battlefield conditions, enabling simulta-
neous or continuous distributed strikes against multiple targets [8]. Furthermore, UAV
swarm formations possess powerful electronic countermeasures, capable of disrupting and
paralyzing enemy communication and radar systems through coordinated jamming and
deception [9,10].

The effectiveness of UAV swarm formation operations relies on the swarm’s topology
control [11] and node positioning capabilities. In open battlefield environments, satellite
positioning systems, such as GPS [12], Beidou [13], and Galileo [14], can provide stable and
precise positioning services. However, under conditions where satellite navigation services
are denied, topology perception and positioning must rely solely on the swarm’s relative
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ranging and angle measurement information for calculation and control. Relative position-
ing techniques can utilize the distance information measured by the inter-drone data link to
calculate the relative positions of UAVs within the swarm and perform topology perception
calculations [15,16]. Once the absolute geographical coordinates of individual nodes are
obtained, the absolute geographical coordinates of all nodes can be determined [17]. How-
ever, In complex electromagnetic battlefield environments, radio signals may be affected
by factors such as high-intensity interference [18], channel attenuation [19], multipath
effects, and Doppler effects [20], leading to significant errors in distance valued and even
unobtainable distance values between some nodes. In this scenario, the obtained distance
matrix of the swarm deviates significantly from the actual distance matrix. If a relative
positioning calculation is performed directly, it leads to significant positioning errors, which
may prevent the drones from successfully completing assigned tasks.

To address this issue, this paper first analyzes the low-rank characteristics of the
distance matrix in UAV swarm formations. Subsequently, based on these low-rank char-
acteristics, an optimization method for the observed distance matrix is proposed. This
method utilizes a low-rank optimization algorithm based on eigenvalue scaling of the
distance matrix. By gradually limiting the eigenvalues of the observed distance matrix,
the rank of the matrix is reduced, thereby filtering out distance errors and estimating and
completing missing values. Relevant simulation experiments are conducted to verify the
effectiveness of the proposed method.

2. Related Work

In the implementation of relative positioning technology in denied environments,
some researchers have attempted to equip a single platform with multiple heterogeneous
sensors, such as cameras [21], barometers [22], inertial navigation systems [23,24], and range
and angle measurement devices [25,26]. These sensors, combined with multi-sensor data
fusion algorithms [27,28], aim to achieve positioning. However, multi-sensor systems
inevitably affect the flexibility of drones and are not suitable for large-scale, low-cost swarm
systems [29]. Other researchers have coupled data links [30] with inertial navigation sys-
tems using Kalman filtering algorithms [31] to achieve high output rate and high-precision
positioning. However, inertial navigation systems require a long initial alignment time
and need to be associated with absolute geographical coordinates for position calculations,
limiting their application scenarios [32]. Methods such as leader—follower [33,34] position-
ing and Link-16 [35] relative positioning are centralized positioning approaches. Their
positioning accuracy depends on the spatial position sensing capabilities of the central
node [36]. If the central node is damaged, all other nodes lose their positioning capabilities,
resulting in poor overall battlefield survivability for the swarm formation [37]. Relative
positioning techniques based on data links rely on the high-precision ranging capabilities of
the unmanned system’s data link to obtain pseudo-range information between nodes and
complete the calculation of their relative configurations. When the absolute geographical
positions of some nodes are obtained through a measurement and control system or inertial
navigation, visual navigation, and other means, the absolute geographical positions of
all nodes can be recovered [38]. This technology enables the integration of communica-
tion and navigation positioning without adding additional hardware [39], offering strong
resilience [40] and good positioning accuracy [41] to support flexible combat missions.

Overall, for multi-node, low-cost, lightweight drone swarm formations, it is difficult
to configure multi-source sensors because of constraints such as power consumption and
flexibility. For topology control under satellite-denied conditions, relying on the relative
ranging assistance function of the swarm’s data link to achieve topology perception and
relative positioning is a reasonable and suitable technical approach. However, there is
currently limited research and related work in this field. Moreover, existing research has
not optimized the distance matrix, resulting in relatively large positioning errors in cases of
large distance errors or missing distance values. This work utilizes the low-rank property
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of the distance matrix to enhance the robustness of the positioning system and ensures the
reliability of relative positioning for unmanned swarms under satellite denial.

3. The Low-Rank Property of Distance Matrices in Swarm Formation
We first analyze the rank of the distance matrix for drone swarm formation. In a

swarm formation consisting of N nodes, let r; represent the position vector of the ith drone
node. Then, the coordinate matrix Rz is defined as follows:

R = [1’1,1’2,...1’]\]} (1)

where N represents the number of drone swarm nodes and 3 represents the coordinate
dimension. Define drone swarm formation distance matrix as P = [p;j]nxn, where p;;
represents the Euclidean distance between the i-th node and the j-th node, as shown in
Figure 1.

distance node 1 node 2 node 3 node 4

node 1
= (0,1)‘

node 1 0 141 2 1.41
node 4
node 2 . node 2 141 0 1.41 2
r, = (—1,0) r, = (0,1)
P34 node 3 2 1.41 0 1.41
node 3 node 4 141 2 1.41 0

r3 = (0,-1)

Figure 1. Schematic diagram of distance matrix for drone swarm formation.

The inner product matrix for clustering formation is defined as Q = [g;j]nxn, where
qij = 1i - r]-T, which indicates the inner product of position vectors r; and ;. It can be easily
known that there is a computational relationship between P and Q:

P = diag(Q) - 17 +1- diag(Q) — 2Q @)

diag(Q) represents an N-dimensional column vector composed of the diagonal
elements of Q, i.e.,

diag(Q) = [Q11, Q2. .., Qnn]" (3)

Similarly, 1 represents an N-dimensional column vector with all elements being 1, i.e.,
1=[1,1,...,17 4)

According to the basic properties of matrix rank, the rank of the distance matrix P,
rank(P), satisfies the following inequality:

rank(P) < rank(diag(Q) - 17) 4 rank(1 - diag(Q)) + rank(—2Q) (5)

For the first and second terms on the right side of the inequality, since the ranks of
both the vector diag(Q) and the vector 1 are 1,

rank(diag(Q) - 17) + rank(1 - diag(Q)) < 2minrank(diag(Q)),rank(1’) =2  (6)
For the third term on the right side of the inequality, since Q = X X and the rank of

Xis2,
rank(—2Q) < minrank(X"),rank(X) = 3 7)
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In summary, it can be concluded that rank(P) < 4. Since the number of nodes N in the
drone formation is usually much larger than 4, i.e., rank(P) < N, and the drone swarm
formation distance matrix P can be regarded as a low-rank matrix.

The low-rank property suggests that there is a high linear correlation between the row
or column vectors in the distance matrix P, and most rows or columns can be represented
by linear combinations of other rows or columns, indicating that P itself contains relatively
low information content. However, according to simulation results, because of distance
errors and missing distance values during actual flights, the rank of the observed drone
swarm formation distance matrix often jumps to N, no longer satisfying the low-rank
property and containing a significantly larger amount of information. This increase in the
rank suggests that the observed distance matrix contains significantly more information
compared to P, and the amount of additional information is related to distance errors and
missing values.

We consider reducing the rank of the observed distance matrix to eliminate information
unrelated to the intrinsic values of distances, filtering out distance errors, filling missing
distance values, and ultimately achieving high-precision approximation and reconstruction
of the distance matrix.

4. Eigenvalue Scaling-Based Low-Rank Optimization Algorithm for UAV Swarm
Formation Distance Matrix

The eigenvalue scaling-based low-rank optimization algorithm (ESLO) utilizes norm
approximation, regularization relaxation, and other methods to model the low-rank op-
timization problem of the UAV swarm formation distance matrix. It achieves numerical
solutions for low-rank optimization by gradually scaling the eigenvalues of the matrix,
thereby reducing the rank of the observed distance matrix, eliminating distance errors,
and estimating missing distance elements simultaneously.

4.1. Problem Modeling

Let Onxn denote the observed distance matrix during the actual flight of the un-
manned aerial vehicle swarm formation. Let w represent the index set of all non-missing
elements in the observed distance matrix O, i.e., w C [n7] X [n2] (Where ny = 1,2,...,N
and ny = 1,2,..., N). Define the operator 5(-) as the projection operator, i.e.,

X,‘j, (l,]) cw

[Se(X)]ij = { 0, otherwise ®)

The low-rank optimization problem for the observed distance matrix is formulated as

min rank(X)

s.t. Oij = [SM(X)] ®)

ijs
where X represents the distance matrix to be optimized. Let () denote the vector composed

of the N eigenvalues of X:
Q=[o,0,...,0n]" (10)

where 0; represents the i-th eigenvalue of X. The rank of X is equivalent to the L0 norm of
the eigenvalue vector ():
rank(X) = Q] (1)

Since solving the LO norm of a vector is an NP-hard problem that cannot be solved in
polynomial time, the nuclear norm is used as an approximation. The nuclear norm of the
distance matrix X is defined as

N
X[ =) o 12)
i=1
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Using the nuclear norm essentially replaces the LO norm of the eigenvalue vector ()
with the L1 norm, allowing the optimization problem to be solved in polynomial time.
The optimization problem is then formulated as

min | X

13
.0y = [Su(X)]; -

To accelerate the convergence of the solution, regularization terms can be added.
The low-rank optimization problem for the observed distance matrix of the UAV swarm
formation is finally modeled as

) 1
min p|X]. + | X[}

(14)
s.t. 0 = [Sw(X)]ij,
where | - | represents the Frobenius norm of the matrix, calculated as
1
X|r = (3ox5)? (15)
L]

y is a positive constant. Theory suggests that as 4 — co, the optimal solution of
problem 14 converges to that of problem 13.

4.2. Problem Sloving

To solve the low-rank optimization problem 14 of the observation distance matrix for
the drone swarm formation, the Lagrange multiplier method is considered. Based on the
optimization objective and constraints, the Lagrange function L(X, A) is defined as

1
L(X, M) =H|X|*+§|X|12:+/\([5w(X)Lj—Oij) (16)

where A represents the Lagrange multiplier. The optimal values X* and A* satisfy the
following condition:

X*, A" = supyinfy L(X,A) (17)

To find the optimal values X* and A*, an alternating iteration method can be used.

Given Ay, X (k41 is obtained by satisfying the following condition:

AL(X, A)

—_— =0 (18)
90X X (k1) Mk)

This equation can be solved by applying scaling to the eigenvalues of the matrix.
Eigenvalue decomposition of X ;) gives

Y- 0
Xp=V| 0 ... o]|V! (19)
0 0 YN

where ; represents the i-th eigenvalue. By setting an eigenvalue scaling threshold y,
eigenvalues less than y are scaled to 0, while eigenvalues greater than y are reduced by u.
This scaling is achieved using the eigenvalue scaling function /(- ):

h(7;) = sgn(v;) - max(abs(7;) — 1, 0) (20)
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According to 'y; = h(7i),X(k41) is computed as
'yll ... 0
Xs1) = V| 0 o|vT (21)
0 0 7y
Additionally, A ;1) is updated using the following formula:
Aks1) = Ay T € 50(0 = X) (22)

where € represents the iteration step. After completing the low-rank optimization of the
actual observation distance matrix, the algorithm automatically filters out some observa-
tion distance errors and simultaneously estimates and recovers missing distance values.
The effect is illustrated in Figure 2.

distance error

distance matrix
(true value)

distance matrix
(after low rank optimization)

distance matrix
(actual observation)

node 4 distance \nod.ﬂ\ node 2 /n)é{ node 4 distance
5 node 1 0 @ none 5.70 node 1 0
node 2 3.25 0 4.50 4.15 node 2 3.05 0 4.10 4.00
node 3 4.50 0 8.05 node 3 @ 4.10 0 8.00

)pd( 5.70 4 8.05 0 pede 4 5.20 4.00 8.00 0

missing distance value

distance | node 1 node 2 mode 1 | node2  node3 | node4

node 1 0 4.85 5.20

node 2 3 0

node 3

node 4

Figure 2. Schematic diagram of low-rank optimization of distance matrix.

4.3. Overall Scheme

It is important to note that since the relative positioning algorithm requires aggre-
gating node distance information to a single node for calculation, this approach is not
suitable for positioning calculations during high-speed movements of drones. Therefore,
this work focuses only on rotary-wing drones, ensuring that they can maintain hovering
during relative positioning operations, thus achieving temporal and spatial alignment of
distance information.

During the relative positioning operation, the swarm establishes a self-organized
connectivity network and then conducts information exchange at different time intervals.
For instance, at time ¢1, node 1 transmits a signal, and nodes 2,3, ..., N receive the signal
and calculate their distances from node 1. At time ¢;, node i transmits a signal, and the
remaining nodes receive the signal and calculate their distances from node i. Additionally,
each node maintains a local distance matrix and shares it with other nodes through the
network. Then, all the acquired distance information is aggregated to the master node of
the drone swarm, where the ESLO is completed.

In addition, in the case where the electromagnetic environment is too poor to obtain
sufficient distance information, the nodes can only temporarily rely on their own navigation
equipment for positioning. Additionally, the swarm nodes need to quickly adjust their
spatial positions to an open area and wait for improved communication conditions before
performing relative positioning.

5. Drone Swarm Formation Topology Perception and Relative Positioning

After reconstructing the observation distance matrix through a low-rank optimization
algorithm based on eigenvalue scaling, distance errors are effectively filtered out, and miss-
ing values are simultaneously completed. At this point, high-precision topology perception
and relative positioning calculations can be performed.
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In the topology perception calculation of the swarm formation, let X represent the
result of the low-rank optimization of the observation distance matrix. According to the
conversion relationship between the distance matrix and the inner product matrix, the inner
product matrix Q = [g;;]nx N can be calculated as

11y, 185, 188, )
i = 5 Nzxuj+ﬁ?;xiv_ﬁzzxuv_xij (23)

u=1 u=1v=1
By performing eigenvalue decomposition on Q, we obtain
Q= UuAu’ (24)

where U is the matrix of eigenvectors and A is the diagonal matrix of eigenvalues composed
of the eigenvalues. By retaining only the first two eigenvalues in A and the corresponding
eigenvectors in U, the relative coordinate matrix can be calculated as

Y = atu’ (25)

The drone swarm formation performs spatial topology perception based on ranging
values, enabling the establishment of a relative coordinate system with the origin of the
coordinates set at the centroid of the swarm formation. Topology perception also maps the
position of each node into the relative coordinate system, establishing the spatial positional
relationship between nodes, as illustrated in the figure below.

After completing topology perception, when the absolute coordinates of some nodes
in the swarm formation are known, the transformation relationship between the relative
coordinate system and the absolute coordinate system can be calculated, allowing the
inference of the absolute coordinates of all nodes and completing the relative positioning
calculation. In summary, the overall computational flow of topology perception and relative
positioning for the drone swarm formation based on low-rank optimization is as follows in
Algorithm 1, and the corresponding calculation results are shown in Figure 3.

Algorithm 1 Topology Perception and Relative Positioning for Drone Swarm Formation
Based on Low-rank Optimization

Input: observation distance matrix O, eigenvalue scaling threshold y, iteration step e,
iteration count g
Output: relative coordinate Y5y, absolute coordinate H
Require: A =0, X(g) = 0; iteration count t =1

1: while not converged do

2. Eigenvalue decomposition on A )
Scale eigenvalues using the function h(-)
Calculate X (k+1) according to Equation (21)
Calculate A4 ;1) according to Equation (22)
if t > ( then

Break
else
t=t+1

10:  end if
11: end while
12: Calculate the inner product matrix B
13: Eigenvalue decomposition on B
14: Retain only the first two eigenvalues of B and corresponding eigenvectors of U
15: Solve for the relative coordinate Y according to Equation (25)
16: Calculate transformation relationship between relative and absolute coordinate system
17: Infer the absolute coordinates H of all UAV nodes




Aerospace 2024, 11, 466

8 of 16

relative coordinate system

. initial node
node 1 . .node 4

. relative coordinate

node 2 ode 4 system node
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awareness relative and absolute
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Oabsolute coordinate

system node
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relative coordinate system

node 1 O relative .

node 4O positioning node 1

<—I node 2 °
node ZO node 3
o @)

(]

Figure 3. Effect of algorithm calculation result.

6. Experiments

To validate the performance of the low-rank optimization-based topology perception
and relative positioning algorithm for drone swarm formations, it is necessary to establish
a simulation experimental environment. Eight drone nodes in the swarm are randomly
distributed within a 20 x 20 km? area, and their true coordinate values are recorded
as ;. The true distance matrix between the swarm nodes is designated as P. For the
purpose of relative positioning, the absolute coordinates of three nodes are randomly
designated as known. To simulate distance errors and missing distance elements, random
Gaussian distance errors and random masks of partial elements can be applied. The distance
errors are Gaussian random variables with a mean of zero, and their standard deviation
characterizes the intensity of the distance errors.

The evaluation of the algorithm’s performance in the simulation experiments primarily
focuses on two aspects: the relative deviation degree of the true value A and the relative
positioning error . The relative deviation degree of the true value A is calculated as follows:

= XLl 000 (26)
|P|F

It is evident that a smaller A suggests a smaller numerical difference between X and
the true value P, indicating a better effect of low-rank optimization. The relative positioning

error f3, is calculated as
1

! {(Vi —z) (ri — Zi)} ’ (27)

PN,

1=z

l
—

Here, z; represents the calculated node coordinates. A smaller B suggests that r; and
z; are closer, indicating more accurate positioning calculations. In addition, as mentioned
above, most current studies directly perform positioning calculations based on raw dis-
tance information, and there are currently no relevant distance information optimization
methods like ESLO. Therefore, this paper directly compares the performance with relative
positioning methods that do not incorporate low-rank optimization.

6.1. Hyperparameter Optimization for ESLO

The ESLO algorithm proposed in this paper incorporates two crucial hyperparameters:
the iterative step size € and the eigenvalue scaling threshold u. These hyperparameters
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have a significant impact on the algorithm’s performance and require optimization experi-
ments to ensure its effectiveness. With the distance error intensity set to 10 m and the mask
rate set to 20%, experiments are conducted to test different combinations of superparame-
ters. The eigenvalue scaling threshold u is varied from 10! to 10”7 with a gradient setting,
with each parameter spaced by an order of magnitude. The iterative step size € is set to
gradient values of 10-2,107%,0.5,1, and 2. The evaluation metric used for these tests is the
relative deviation degree of the true value A, and the results are presented in Table 1 below.

Table 1. The influence of iteration step size and eigenvalue compression amplitude for ESLO.

A(%) 10! 10? 103 10* 10° 10° 107
1072 11.28 2.36 2.70 1.67 4232 67.85 89.35
101 11.18 2.34 0.26 0.27 0.64 57.33 73.22
0.5 10.58 2.35 0.25 0.25 0.31 2.23 68.68
1 11.38 2.27 0.25 0.26 0.27 0.62 47.71

2 89.08 48.15 13.60 13.01 4.08 4.36 7.10

Experimental data indicate that a distance error intensity of 10 m and a random 20%
element missingness naturally result in a 12.90% relative deviation of the true value. When
using the rank-reduction optimization algorithm with (e, ) set to (1072,107), the relative
deviation of the true value reaches 89.35%, indicating that the algorithm is completely
ineffective. However, when (e, 1) is set to (1071, 10'), the relative deviation of the true value
is reduced to 11.18%, suggesting that the low-rank optimization algorithm has achieved a
certain level of error filtering and completion. Furthermore, when (e, 1) is set to (1,103),
the low-rank optimization algorithm nearly achieves complete error filtering for the matrix
and accurately complements missing elements, resulting in a relative deviation of the true
value of only 0.25%.

Analyzing the trends in the data from Table 1, it can be observed that for a given
iterative step size, as the eigenvalue scaling threshold increases by orders of magnitude,
the relative deviation of the true value first decreases and then increases. Similarly, for a
given eigenvalue scaling threshold, the relative deviation of the true value also first de-
creases and then increases with the increase in the iterative step size. This suggests that
there exists a range of values for (¢, ) that optimizes the performance of the ESLO. In the
experimental settings described above, the algorithm achieves optimal performance when
the iterative step size € falls within the range of [1071,1], and y falls within the range of
[103,10°].

With the optimized parameters, the experiment can proceed to test and verify the
algorithm’s error filtering capabilities, missing distance element complementation abilities,
and overall optimization performance separately.

6.2. Error Filtering Capability

During the verification of the algorithm’s error filtering performance, the element
missingness in the distance matrix (mask rate of 0%) is not considered, and only Gaussian
errors are applied to the distance errors. The experiment controls the error intensity by
adjusting the standard deviation of the distance errors, with values ranging from 5 m to
100 m with a gradient interval of 5 m. Each error intensity level is tested 50 times, and the
average values are taken for analysis. The evaluation metrics include the relative deviation
degree of the true distance matrix value and the relative positioning error. The results are
presented in Figure 4.

The experimental results demonstrate that the low-rank optimization algorithm for
UAV drone swarm formation distance matrices based on eigenvalue scaling can effectively
reduce the relative deviation degree of the true value and the relative positioning error.
The reduction magnitude is correlated with the intensity of the distance errors. When
the distance error intensity is 5 m, the relative deviation degree of the true value without
low-rank optimization is 0.18%, and the relative positioning error is 15.54 m. After applying
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low-rank optimization, the relative deviation degree of the true value decreases to 0.05%,
representing a reduction of 0.13%, while the relative positioning error decreases to 8.32 m,
a reduction of 7.22 m. On the other hand, when the distance error intensity is 100 m,
the relative deviation degree of the true value without low-rank optimization is 3.78%,
and the relative positioning error is 272.40 m. After applying low-rank optimization,
the relative deviation degree of the true value decreases to 2.31%, a reduction of 1.47%,
and the relative positioning error decreases to 182.50 m, a reduction of 89.90 m.

4

O |ow-rank optimization
© no low-rank optimization

relative deviation degree (%)

0 20 40 60 80 100
distance error intensity (m)

O |ow-rank optimization
© no low-rank optimization 1

N

)]

o
T

N

o

o
T

150

100

relative positioning error (m)
[¢)]
o

0 1 1 1 1
0 20 40 60 80 100

distance error intensity (m)

Figure 4. Low-rank optimization algorithm error reduction ability.

These results clearly indicate that the low-rank optimization algorithm filters out
errors effectively and improves the accuracy of positioning measurements, especially under
conditions of high distance error intensity.

6.3. Missing Element Completion Capability

In the experiment on the missing distance element completion ability of the algorithm,
we do not consider distance errors in the distance matrix but only focus on the situation
of partial element missingness. The mask rate is set in a gradient manner from 5% to
95% with an interval of 5% between each level. For each mask rate, 50 experiments are
conducted, and the average values are taken for analysis. The evaluation metrics also
include the relative deviation degree of the true value and the relative positioning error.
The results are presented in Figure 5.
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40

© |ow-rank optimization
© no low-rank optimization

30 -

10 |

relative deviation degree (%)
N
o

0 20 40 60 80 100
mask rate (%)

80

O |ow-rank optimization
© no low-rank optimization

relative positioning error (km)

0 10 20 30 40 50 60
mask rate (%)

Figure 5. Low-rank optimization algorithm missing element completion capability.

The experimental results demonstrate that when the mask rate is 5%, the relative
deviation degree of the true value is 8.12%, which is reduced to 4.13% through low-rank
optimization. At a mask rate of 95%, the relative deviation degree of the true value is 39.08%,
which is reduced to 31.10% with low-rank optimization. Regarding the relative positioning
error, when the mask rate reaches 15%, the positioning error without optimization reaches
3.53 km. Although the relative deviation degree of the true value is numerically only 12.02%
at this point, the excessively large positioning error can be directly judged as a failure of
relative positioning calculation. However, with low-rank optimization, the positioning
error is reduced to 0.54 km, still providing a basically accurate spatial position. On the
other hand, when the mask rate reaches a high value and there are too many missing
elements in the distance matrix, the low-rank optimization algorithm is unable to provide
an approximate estimation for the missing elements. For instance, at a mask rate of 45%,
the low-rank optimization algorithm produces a positioning error of 3.08 km. When the
masking rate is high, there a significant lack of distance information, resulting in the
positioning numerical results being randomly distributed based on factors such as the
initial value of iteration and the number of iterations. Therefore, these results do not possess
actual physical significance.

In summary, the low-rank optimization method computes and completes missing
elements, bringing the calculated distance matrix closer to the true value. More importantly,
the algorithm ensures that the observed distance matrix maintains a low-rank property as
much as possible, which better aligns with the inherent characteristics of the distance matrix.



Aerospace 2024, 11, 466

12 of 16

6.4. Integrated Optimization Capability

In the comparison experiment on integrated optimization capability, both distance
errors and missing element values are taken into account. The performance of the low-
rank optimization method is contrasted with the unoptimized approach based on multiple
factors: iterative process, the relative deviation degree of distance matrix true value, relative
positioning error, and computation time. The experiment involves a total of eight nodes,
with the absolute positions of three nodes known. The distance error intensity is set to
10 m, and the mask rate is 20%. The iterative step size € of the optimization algorithm is set
to 1, and the eigenvalue scaling threshold y is 10%. The iterative process of the low-rank
optimization algorithm is shown in Figure 6.

50

low-rank optimization
40 F —no low-rank optimization

30 - 1

20 7

10 | 1

relative deviation degree (%)

0 500 1000 1500 2000 2500 3000
iteration
1000

low-rank optimization
800 1

600 1 1

400 r 1

200 1 1

distance error intensity (m)

O 1 1
0 500 1000 1500 2000

iteration

Figure 6. Distance matrix relative deviation degree and relative positioning error to iteration.

The unoptimized distance matrix exhibits a relative deviation degree of 11.18% from
the true value, with a relative positioning error of 518.05 m. Because of the relatively
large setting of the eigenvalue scaling threshold parameter, the optimization algorithm
experiences excessively large relative deviation degrees and relative positioning errors
during the initial iterations, rendering the relative positioning solution ineffective. However,
as the number of iterations reaches around 50 to 500, both the relative deviation degree and
the relative positioning error rapidly decrease to lower levels and maintain a convergent
state, with values of 0.25% and 35.24 m, respectively. The converged distance matrix
exhibits minor differences from the true value, resulting in higher precision in relative
positioning solutions, as shown in Figure 7.
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Figure 7. Low-rank optimization relative positioning node distribution map.

In terms of computation time, the simulation experiments were conducted using
an AMD Ryzen 7 CPU with Matlab 2022 running on a Windows 10 operating system.
The single-iteration time for unoptimized relative positioning was 4.05 milliseconds. The to-
tal computation time for low-rank optimization relative positioning was 205.14 milliseconds,
with 3.02 milliseconds spent on relative positioning calculations. The eigenvalue scaling-
based low-rank optimization algorithm for clustered formation distance matrices consumed
a total of 202.12 milliseconds, completing 500 iterations with an average of 0.41 milliseconds
per iteration. Analysis reveals that the main computational time was occupied by the sin-
gular value decomposition of the distance matrix in each iteration step of the low-rank
optimization, with a complexity of O(N3).

7. Discussion

The UAV swarm formation, leveraging low-rank optimization through the eigenvalue
shrinkage low-rank optimization (ESLO) algorithm, enables the observed distance matrix
to converge toward the true value. This approach enhances the precision of topological
perception and reduces the relative positioning error within the swarm. Simulation ex-
periments demonstrate that the performance of the algorithm is closely related to two
parameters: the iterative step size and the eigenvalue scaling threshold. Furthermore, there
exists an optimal parameter range that minimizes both the relative deviation degree from
the true value and the relative positioning error.

Error filtering experiments reveal that the algorithm possesses the ability to filter
out distance errors, and this capability becomes more pronounced in scenarios with high
distance error intensities. The missing element completion experiments show that, in cases
where some elements of the distance matrix are missing, the algorithm can approximate
the missing values, thereby reducing the positioning error. However, when the degree of
missing elements exceeds a certain threshold, the algorithm becomes unable to perform
effective relative positioning calculations.

Finally, comprehensive experiments considering both distance error and distance
missing elements indicate that, during the iterative optimization process, the algorithm
gradually reduces the relative deviation degree from the true value and the relative posi-
tioning error. It converges to a neighborhood close to the true value of the distance matrix.
Our algorithm significantly reduces the relative positioning error, effectively enhancing
the robustness of the relative positioning algorithm and strengthening the survival and
operational capabilities of the UAV swarm formation.
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8. Conclusions

With the rapid development and widespread application of drone technology, the field
of relative positioning for UAV swarm formations is poised to present even richer research
content and broader application prospects. On the one hand, ranging accuracy is a core
factor that significantly impacts relative positioning. Therefore, further research is required
in the area of data link technology for UAV swarm formations, aiming to enhance the
distance and angle measurement capabilities of the data link. Additionally, there is a need
to explore relative positioning methods that can comprehensively utilize both distance and
angle measurement information.

On the other hand, there is a need to integrate relative positioning navigation functions
with communication capabilities, enabling a unified design of hardware and software for
both communication and navigation. This approach can help reduce costs and energy
consumption, while simultaneously enhancing the swarm’s collaborative capabilities,
mission execution efficiency, and overall system robustness.
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