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Abstract: In vertical cold launch the missile starts without the function of the main engine. Over the
launcher, the attitude of the missile is controlled by a set of lateral thrusters. However, a quick turn
might be disturbed by various uncertainties. This study discusses the problem of the influences
of disturbances and the repeatability of lateral thrusters’ ignition on the pitch maneuver quality.
The generic 152.4 mm projectile equipped in small, solid propellant lateral thrusters was used as a test
platform. A six degree of freedom mathematical model was developed to execute the Monte-Carlo
simulations of the launch phase and to prepare the flight test campaign. The parametric analysis was
performed to investigate the influence of system uncertainties on quick turn repeatability. A series
of ground laboratory trials was accomplished. Thirteen flight tests were completed on the missile
test range. The flight parameters were measured using an onboard inertial measurement unit and a
ground vision system. It was experimentally proved that the cold vertical launch maneuver could be
realized properly with at least two lateral motors. It was found that the initial roll rate of the projectile
and the lateral thrusters ‘igniters’ uncertainties could affect the pitch angle achieved and must be
minimized to reduce the projectile dispersion.
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1. Introduction

1.1. Problem Background

Two main types of missile launching systems are commonly used [1]. The first are trainable
launchers which are pointed in the target’s direction together with the projectile. The second are
vertical launchers [2–4], with which a rapid turn maneuver of the projectile must be performed to
point the missile toward the target. The reaction time of the vertical launch system is smaller, which
allows one to realize omnidirectional defense and counteract the targets approaching from various
directions [5].

The vertical launch could be divided into two categories: “hot” (sometimes also called “hard”) and
“cold”. In a hot launch, the main motor is ignited inside the missile canister. In a cold launch, the energy
to eject the missile vertically comes from some external device (which is not part of the projectile), such
as a hot gas generator, a piston, a spring, or an elastic rope. During the initial unpowered, ascending
phase of flight, the projectile’s attitude is controlled precisely with small side thrusters. The main
motor is ignited after the rocket leaves the launching device when the missile is several meters above
the launcher and in a proper attitude (Figure 1).
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This method offers several advantages over trainable launchers and conventional hot vertical
launching [6,7]. In a cold vertical launch system, the gas management installation is not required
and no hot gas efflux interaction on the launcher takes place, which makes this system easier for
exploitation [8]. It is possible to achieve a 360◦ firing coverage in azimuth and a high rate of fire.
The thermal, visual, and acoustic signatures of the launcher might be reduced significantly, which
improves the system’s survivability on the battlefield. The minimum range could be also shortened,
which results in greater defensive capability. Ready to fire missiles could be stored in the canisters so
the system might be deployed in a very short time.

In the initial phase of flight, the total velocity relative to oncoming flow and resulting dynamic
pressure are very low, so the controlling of the projectile only by movable aerodynamic surfaces is
ineffective [9,10]. An efficient way to realize the rapid turnover maneuver is to use a gasodynamic
control. The thrust vector control could be used to improve maneuverability [11,12]. The maneuver
might be also realized with proportionally controlled side jets or a set of small, solid propellant lateral
thrusters. Such lateral thrusters spaced equally around the projectile body are used to control rocket
artillery projectiles [13], direct fire munition [14–17] such as hit-to-kill missiles, and the altitude of
spacecraft. The rapid turn must be carefully planned to ensure high maneuver repeatability.

1.2. Related Works

Cold vertical launch is often used in Eastern missile systems. Some land-based intercontinental
ballistic missiles (such as RS-28 Sarmat) use cold launch because for large caliber missiles the gas
efflux interaction with the launching device is a significant problem, and the benefits from using cold
launch grow with projectile size. This method is commonly used for submarine-launched ballistic
missiles (e.g., UGM-133 Trident II). There exist only a few anti-aircraft missiles with cold vertical launch
capabilities supported by lateral thrusters, e.g., CAMM, 9M330, 9M96, and Cholmae-2. The Russian
P-800 missile combines hot vertical launch with lateral thrusters mounted in the nose section to make
the projectile more agile in the initial phase of flight.
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The main motivation of this work results from the fact that the data for the abovementioned
existing systems are often classified and not widely available. Moreover, the present systems use more
than two lateral thrusters integrated with closed-loop control, which makes them quite complicated.

In the literature, the agile turn maneuver realized in the launch phase with lateral thrusters is
poorly described. Only a few works on this subject can be mentioned. Taur et al. [18] has evaluated the
theoretical analysis of the optimal open-loop trajectories which could occur in a soft vertical launch.
As a result, Taur has proposed a program that could realize the pitch attitude in the shortest possible
time. Numerical simulations of the initial phase of flight were performed by Glebocki et al. [19,20].
Ożóg et al. [21] presented wind tunnel investigations of the generic missile and Monte-Carlo simulations
of the launch phase. Veitch et al. in [22] presented the cold vertical launch concept with thrusters
located at projectile tail. In [23] Tekin et al. presented skid-to-turn with initial roll realized by thrust
vector and aero control. Harriss in [24] presented the design of a roll-decoupled thruster pack mounted
on a bearing which allows one to realize the rapid turn maneuver when the projectile is not stabilized
in the roll channel.

Due to the significant gap in the literature, there still exists a need for investigating this launch
method. Parameters like linear accelerations and angular rates of the projectile must be precisely
measured to understand the phenomena which take place during the quick turn maneuver.

1.3. Problem Definition

Repeatability is one of the most important features of the missile launching process. Several
factors, such as manufacturing errors, main motor thrust misalignment, and igniter time delays could
influence the projectile’s attitude after the completion of the cold vertical launch maneuver. As a result,
projectile dispersion might occur. First, in the ascending phase of flight, the projectile could freely
rotate around the longitudinal axis. To successfully perform the rapid turn maneuver and achieve the
commanded flight direction, the projectile could be controlled in the roll channel before the lateral
thrusters fire [24]. A set of nozzles mounted tangentially to the fuselage might be used to generate the
control rolling moment (like in CAMM missile), but this makes the whole system more complicated
and expensive. On the other hand, if the roll channel stabilization is not present, the initial roll rate
should be minimized to eliminate the undesired rotation effects. Second, the ignition time of the lateral
thrusters could vary between consecutive projectiles due to manufacturing errors such as propellant
grain geometric tolerances, uncertainties in the mass of igniter charge, and initial grain temperature.
The delay introduced by the igniters might disturb the launch process. As a result, the achieved
projectile pitch angle could differ significantly from the commanded one. When the thrusters are fired
too late, a flat trajectory might be achieved, and in the worst-case scenario, the projectile might fall
into the ground directly after launch. Third, the main motor delay uncertainty also might modify
the projectile’s attitude. The influences of abovementioned uncertainties on the rapid turn must be
understood. The time delay requirements for lateral thrusters and the main motor must be defined
precisely to achieve high maneuver repeatability.

The main contribution of this paper is the analysis of uncertainties in the cold vertical launch
phase. The influences of various disturbances on the maneuver repeatability were investigated using
the Monte-Carlo methodology. The effects of igniters’ delays on the resulting trajectory were studied.
The results of ground-based firings of the vertically cold launched projectile are shown. A low-cost
inertial measurement unit (IMU) was used to obtain the accelerations, angular rates, and magnetic
field components. Using these data, the developed mathematical model was validated and could be
used for the future design of similar systems.

This paper is organized as follows. Section 2 presents the used methodology and describes the
generic projectile, mathematical model, onboard instrumentation, and sensor model. Section 3 outlines
the results from Monte-Carlo simulations, followed by the presentation of ground laboratory tests.
Finally, real firings are described and the validation of the model is discussed. This article ends with a
conclusion and a summary of the main findings.
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2. Materials and Methods

2.1. Experiment Description

Ground firing experiments were planned to investigate the repeatability of the cold vertical launch
maneuver. The purpose of flight trials was to obtain the flight parameters (e.g., angular rates and the
linear accelerations) which are necessary for model validation. The other goal was to check in real
conditions the functionality of missile components.

It was assumed that only two thrusters will be used to complete the maneuver according to
the idea presented in Figure 1. Open-loop control was applied. It means that the times of firing for
the thrusters and the main motor were predefined before the launch by the system operator. It was
planned to fire 12 missiles: 6 with thrusters located before and 6 behind the center of mass.

At first, the scenario was planned and the system requirements were defined. Next, the projectile
aerodynamic characteristics were estimated. The preliminary mathematical model of the system was
developed to investigate various scenarios that could occur in real firings. Afterward, the launcher
and the test platform were designed and manufactured. Laboratory tests of the missile components
(e.g., lateral thrusters, main motor, onboard computer, and parachute) took place and the whole system
was integrated. Later the real flight trials were realized. Next, the post-flight analysis of the registered
data was completed. The developed model was re-tuned and the simulations were evaluated again to
compare the results with the flight data.

2.2. Test Platform

A high-performance, generic, single-stage missile used as a test platform is presented in Figure 2.
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Figure 2. The 152.4 mm generic projectile.

The missile caliber is 152.4 mm and its length is 1.72 m. The projectile is equipped with four
swept, unmovable fins mounted at the tail in a cruciform configuration. The projectile’s center of
mass locations before/after main motor burnout are xcg0 = 0.673 m/xcgk = 0.692 m, mass m0 = 15.97
kg/mk = 15.24 kg; the longitudinal moments of inertia Ix0 = 0.057 kgm2/Ixk = 0.056 kgm2; and the lateral
moments of inertia Iy0 = Iz0 = 3.617 kgm2/Iyk = Izk = 3.458 kgm2.

The solid propellant, main motor thrust characteristics that were obtained from measurements in
the engine test for grain temperature +21 ◦C and altitude h = 0 m are presented in Figure 3.

For the purpose of flight tests, for safety reasons, the amount of propellant was intentionally
limited to reduce the projectile’s range to 1000 m. As a result, the maximum missile velocity relative to
the ground was also restricted to approximately 90 m/s.

The projectile was equipped with two sets of lateral thrusters: one mounted behind and one before
the center of mass. Each set was composed of four solid propellant lateral thrusters, but only two of
them were used to realize the rotation around the lateral axis of the missile. The minimum number of
thrusters required to realize the cold launch maneuver is two [18,19]. The thrusters’ locations from
the projectile base were xlt = 0.05 m and xlt = 1.276 m, respectively. Each nozzle was perpendicular to
the surface of the projectile. The lateral motor propellant grain was cylindrical and burned from the
frontal area. The lateral thruster thrust curves from some real tests are presented in Figure 4.
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Figure 4. Lateral thruster thrust curves.

The thrust curves are very close to each other, but some small differences could be observed.
That means that the repeatability of the combustion process cannot be neglected.

To reduce the range, the missile was additionally equipped with a recovery system compounded
from a rail-gun launched parachute. This kind of recovery system is widely used in the rocket research
community [25].

2.3. Mathematical Model of the Test Platform

Extensive flight simulations were performed to analyze the effects of disturbances on the rapid
turn and to plan the flight tests carefully. The missile was modelled as a six degree of freedom variable
mass rigid body with axial symmetry. The flat Earth approximation was used due to the projectile’s
short range (<1000 m). Constant gravity acceleration �9.81 m/s2 was applied. The air properties were
assumed according to [26]. Steady-state atmosphere was considered because for research purposes it
was planned to conduct the experiments in a good weather conditions. Fin cant angle misalignment
was included in the simulation.
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The coordinate systems that were used in simulations are presented in Figure 5.
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Onxnynzn is a nonmoving, earth fixed frame. The origin On was located at the top of the launcher.
The origin Ob of body-fixed frame Obxbybzb coincides with the projectile center of mass and moves
with it as the main motor expelled propellant from the projectile. Ogxgygzg is a vehicle-carried system
with axes parallel to Onxnynzn.
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1
2


0 P Q R
−P 0 −R Q
−Q R 0 −P
−R −Q P 0




e0

e1

e2

e3

− kE


e0

e1

e2

e3

 (4)

where m is projectile mass, U, V, W are linear velocities in the body frame Obxbybzb, P, Q, R are body
angular rates. Xb, Yb, Zb are forces expressed in the body-fixed frame, Lb, Mb, Nb are moments with
respect to the center of mass. I = diag

[
Ix Iy Iz

]
is the inertia matrix, and Ix, Iy, Iz are missile

moments of inertia. e0, e1, e2, e3 are quaternion elements, k—constant coefficient, E—coefficient that is
adjusted in each iteration (E = 0 in an ideal situation) which is defined as [29]:

E = e2
0 + e2

1 + e2
2 + e2

3 − 1 (5)
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Coefficient k is determined empirically and its value should be such that khi ≤ 1, where hi is
numerical integration step (for simulation it was assumed that k = 1).

The quaternions were converted to Euler angles [28,30]:

Φ = atan

 2(e0e1 + e2e3)

e2
0 − e2

1 − e2
2 + e2

3

 (6)

Θ = arcsin[2(e0e2 − e1e3)] (7)

Ψ = atan

 2(e0e3 + e1e2)

e2
0 + e2

1 − e2
2 − e2

3

 (8)

The forces acting on the projectile were calculated as [14]:

Fb =


Xb
Yb
Zb

 = Fg + Fm + Fa + Flt (9)

where Fg are gravity forces, Fm are main motor propulsive forces, Fa are aerodynamic forces, and Flt
are forces generated by lateral thrusters.

In a similar way, moments Mb in body axes with respect to the projectile center of mass could be
obtained as:

Mb =


Lb
Mb
Nb

 = Mg + Mm + Ma + Mlt (10)

The gravity forces were calculated as follows:

Fg = mg


− sin Θ

sin Φ cos Θ
cos Φ cos Θ

 (11)

where g is gravity acceleration. It was assumed that the origin Ob coincides with the projectile’s center

of mass during the whole flight so moments from gravity forces are zero Mg =
[

0 0 0
]T

.
Propulsive forces from the main motor were obtained as [31]:

Fm = Tm(t)


cos ΨT cos ΘT

cos ΘT sin ΨT

− sin ΘT

 (12)

where Tm is the main motor thrust, ΘT is pitch misalignment, and ΨT is yaw thrust misalignment angle.
The moments generated by the motor with respect to the projectile center of mass were calculated as:

Mm =


−xcg(t)

0
0

× Tm(t)


cos ΨT cos ΘT

cos ΘT sin ΨT

− sin ΘT

 (13)

Aerodynamic forces Fa were calculated as:

Fa =
1
2
ρV

2
0S


CX

CY
CZ

 (14)



Aerospace 2020, 7, 168 8 of 40

where ρ is the air density, V0 =
√

U2 + V2 + W2 is total flight velocity, S is the projectile cross-section
area. CX, CY, CZ are axial, side, and normal force nondimensional coefficients.

The aerodynamic moments were calculated as:

Ma =
1
2
ρV2

0Sd


CL + CLP

P
2V0

CM + CMQ
Q

2V0

CN + CNR
R

2V0

 (15)

where d is projectile diameter; CL, CM, CN are rolling, pitching, and yawing moments’ coefficients.
CLP, CMQ, CNR are roll, pitch, and yaw damping moments’ coefficients. Tests in the subsonic wind
tunnel were performed to obtain the aerodynamic characteristics of the projectile, and the resulting
data are presented in [21]. Additionally, Projectile Rocket Ordnance Design and Analysis System
(PRODAS) software was used to validate the aerodynamic coefficients. Base drag variation due to
main motor burn was included into the aerodynamic model. The center of pressure location as a
function of Mach number is presented in Figure 6. Additionally, the center of mass locations xcg0 and
xcgk (before and after main motor burnout, respectively) are marked by horizontal lines.
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Figure 6. Projectile center of pressure location.

From Figure 6 someone might observe that in the subsonic region the projectile stability margin is
positive (center of pressure is located behind the center of mass). From Mach = 1 the center of pressure
moves forward. The projectile becomes unstable for Mach numbers greater than 2.6, but this feature in
the context of the presented work is unimportant (the experiments took place in the subsonic region).

The forces generated by the lateral thrusters are:

Flt =
N∑

i=1

Tsk(t)


0

sin(2π(i− 1)/N)

− cos(2π(i− 1)/N)

 (16)

where Tsk is lateral thruster magnitude, i is the number of the thruster, and N = 4 is the number of
thrusters in the single set. i = 1 corresponds with a thruster located in the Obxbzb plane.
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Moments Mlt generated by thrusters with respect to the projectile center of mass are:

Mlt =


xlt − xcg

0
0

×
N∑

i=1

Tsk(t)


0

sin(2π(i− 1)/N)

− cos(2π(i− 1)/N)

 (17)

where xcg is the actual projectile center of mass location from the projectile base.
The center of mass location, mass, and moments of inertia of the projectile are time-dependent

and were parameterized by the main motor thrust curve.

2.4. Onboard Instrumentation

Inertial measurement units (IMU) are widely used to measure the flight parameters of
projectiles [32]. The onboard measuring equipment should be low cost, vibration proof, and small
in size, with low mass and energy consumption [33]. These requirements could be fulfilled using
microelectromechanical systems (MEMS)-based sensors [34]. The onboard computer of the projectile
is presented in Figure 7a. The instrumentation consists also of a strapdown inertial measurement
unit based on an ADIS16448 sensor (Figure 7b). It is composed of triaxial accelerometers, gyroscopes,
magnetometers, a thermometer, and a pressure sensor [35].
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Figure 7. (a) Onboard computer; (b) ADIS16448 sensor.

The range of the measured acceleration was ±180 m/s2, the angular rate was ±1000◦/s, and
the magnetic field was ±1.9 Gs. Initial sensitivity for gyro was 0.04◦/s/LSB (where LSB means least
significant bit). For accelerometers the sensitivity was 0.833 mg/LSB. Gyro bias repeatability was 0.5◦/s
and for accelerometers 20 mg. The axis to frame package misalignment was ±0.5◦ for both kinds of
sensors. The flight parameters data were registered with time step 0.03 s on the SD memory card which
was restored after the end of the flight. Additionally, the temperature of the sensor and output voltage
from the onboard power supply were measured.

The onboard computer was used to activate the projectile control channels. The launch was
detected when the initial acceleration measured along the longitudinal axis was larger than 30 m/s2

over time equal or larger than 100 ms. Five activation channels were used: first lateral thruster
firing (1 channel), second firing (2), main motor activation (3 and 4), recovery system deployment
(5). To achieve redundancy and minimalize the risk of projectile falling on the launcher due to main
motor igniter failure, the main motor activation channel was doubled. The RS232 interface was used to
program the time sequence of the igniter and to realize onboard computer management functions.

The measurements of the magnetic field are often disturbed by various metal components of the
rocket body, so its usefulness might be limited.
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2.5. Inertial Measurement Unit Error Model

Before the flight tests it was necessary to simulate the sensors outputs to check the requirements
on the IMU and identify potential problems that could occur during flight testing. The data output
directly from the developed 6DoF projectile model are related to the center of mass without any errors,
so a realistic simulation should include the sensor model [36]. The IMU was mounted in the center of
mass of the projectile before the main motor burnout. The main motor burning the lever arm between
the actual center of mass and IMU location influences the accelerations readings by angular rates [37].
The transformation between accelerations in the center of mass and sensed accelerations is [38–40]:

am∗
x

am∗
y

am∗
z

 =


ax

ax

ax

+ .
ω× rs +ω× (ω× rs) +

..
rs + 2ω×

.
rs (18)

where am∗
x , am∗

y , am∗
z are measured accelerations at the IMU location point, ax, ay, az are accelerations in the

projectile center of mass with respect to the navigation coordinate system Onxnynzn,ω =
[

P Q R
]T

is a vector of angular rates in the body-fixed coordinate frame Obxbybzb,
.
ω =

[ .
P

.
Q

.
R
]T

are body

fixed angular accelerations, and rs =
[

xIMU − xcg yIMU − ycg zIMU − zcg
]T

is the vector from the
center of mass Ob pointed to the IMU location.

..
rs is linear acceleration of the IMU with respect to

body-fixed axes Obxbybzb resulting from the projectile center of mass motion.
The gyroscopes’ measurements do not need to be compensated for due to sensors offset with

respect to the center of gravity.
Various deterministic and stochastic errors are considered. The developed model of the IMU

accounts for mounting misalignment, scale, bias errors, and noise [41,42]. The error budget was
obtained from the ADIS16448 sensor datasheet [35].

Scale factors and bias generally could drift in time, because they depend on IMU device temperature,
but due to the short flight time of the projectile (<30 s) it was assumed that these quantities are constant.
Linear acceleration influence on gyro bias has been neglected.

The complete model of the triad of gyroscopes was formulated as [36,43,44]:
Pm

Qm

Rm

 = Ts
bKg




P
Q
R

+ bg + vg

 (19)

where Pm, Qm, Rm are measured angular rates. The manufacturing errors are always present in the real
system and it might influence the sensors’ readings [45]. If the sense axes and the IMU package are not
perfectly aligned with the body axis Obxbybzb, then some false readings on the other two axes will be
observed. Ts

b is a matrix which describes the angular orientation of sensor axes with respect to the
body axis system Obxbybzb [46]:

Ts
b =


cos Θm cos Ψm sin Φm sin Θm cos Ψm − cos Φm sin Ψm cos Φm sin Θm cos Ψm + sin Φm sin Ψm

cos Θm sin Ψm sin Φm sin Θm sin Ψm + cos Φm cos Ψm cos Φm sin Θm sin Ψm − sin Φm cos Ψm

− sin Θm sin Φm cos Θm cos Φm cos Θm

 (20)

where Φm, Θm, Ψm are IMU enclosure misalignments angles. In an ideal situation Ts
b is the identity

matrix. The IMU case to projectile body misalignment was assumed to be ±0.8◦.
Kg is the diagonal matrix which describes the scaling error

Kg =


sxg 0 0
0 syg 0
0 0 szg

 (21)
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where sxg, syg, szz are scale factors for each gyroscope. In an ideal situation Kg is the identity matrix.
bg is a static bias vector of the form

bg =


bxg

byg

bzg

 (22)

where bxg, byg, bzg are bias components for each axis. In an ideal case bg is a null vector.
vg is random noise

vg =


vxg

vyg

zzg

 (23)

where vxg, vyg, zzg are measurement noise components for each gyroscope axis.
In a similar way the accelerometers error was modelled as [43]:

am
x

am
y

am
z

 = Ts
bKa




am∗
x

am∗
y

am∗
z

+ ba + va

 (24)

where am
x , am

y , am
z and measured accelerations. The quantities am∗

x , am∗
y , am∗

z are calculated from Equation
(18). Ka is scaling matrix

Ka =


sxa 0 0
0 sya 0
0 0 sza

 (25)

where sxa, sya, sza are scaling factors for each accelerometer. ba is a static bias vector for accelerometers

ba =


bxa

bya

bza

 (26)

bxa, bya, bza are bias factors for each axis. va is noise vector

va =


vxa

vya

vza

 (27)

vxa, vya, vza are accelerometers’ noise.
A simplified method of including the noise data into the model was applied. The noise of the

gyroscopes and accelerometers was obtained from static measurements (Figure 8) and after removing
of bias implemented into the simulation.

The gyroscope bias is easily observable in Figure 8a. The z-axis was pointed vertical, so in Figure 8b
the value of the readings from this axis is � 9.81 m/s2. On the two others axes, the accelerometer bias is
observable because the IMU was not perfectly aligned with the surface of the laboratory table.

The outputs Pm, Qm, Rm and am
x , am

y , am
z from the model of IMU were quantized to make the

simulation more realistic. The turn on bias was simulated at the beginning of each projectile flight.
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𝑲𝒂 = [

𝑠𝑥𝑎 0 0
0 𝑠𝑦𝑎 0

0 0 𝑠𝑧𝑎

] (25) 
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3. Results

3.1. Monte-Carlo Analysis

The developed model was implemented in MATLAB/Simulink R2018a. The simulations were
completed on a desktop computer with Intel i7 CPU and 16 GB RAM. The projectile equations
of motion were integrated using the fourth-order Runge–Kutta algorithm with a fixed step size
hi = 0.001 s. Monte-Carlo sensitivity analysis was evaluated to prepare the flight tests and to investigate
the influences of launch parameters’ uncertainties and thrusters’ ignition delays on the projectile’s
trajectory. The most common disturbances that affect the projectile motion are mass uncertainties,
launcher vibrations, main motor thrust misalignments, fin mounting imperfections, and wind shears.
Each of the disturbances was separately modelled as a Gaussian [47–49]. The Marsenne–Twister
algorithm [50] was used to generate the pseudorandom numbers (random seed was set to 0 before
each scenario evaluation). The parameters for simulation are presented in Table 1. The error values are
based on laboratory tests.

Table 1. Parameters for Monte-Carlo simulation (mass and launch uncertainties).

No. Parameter Mean Value Standard Deviation Unit

1 m0 15.97 0.05 kg
2 mk 15.24 0.05 kg
3 Ix0 0.057 0.01 kgm2

4 Ixk 0.056 0.01 kgm2

5 Iy0 = Iz0 3.617 0.01 kgm2

6 Iyk = Izk 3.458 0.01 kgm2

7 U0 17 1 m/s
8 V0 0 0.1 m/s
9 W0 0 0.1 m/s

10 P0 0 10/20/30/40/50/60 ◦/s
11 Q0 0 1 ◦/s
12 R0 0 1 ◦/s
13 xn0 0 0.02 m
14 yn0 0 0.02 m
15 zn0 0 0.02 m
16 Φ0 0 0.2 ◦

17 Θ0 88 0.1 ◦

18 Ψ0 0 0.1 ◦

19 ΘT 0 0.01 ◦

20 ΨT 0 0.01 ◦
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Six different standard deviations of initial roll rate P0 from 10◦/s to 60◦/s with step size 10◦/s
were assumed to study the influence of the lack of stabilization in the roll channel on the resulting
dispersion. The initial pitch angle Θ0 is a bit smaller than 90◦, because when the main motor failure
occurs the projectile could fall back down on the launcher and some small deviation from vertical
direction prevents the infrastructure from destruction in such an emergency situation.

The lateral thrusters are rigidly mounted to the projectile fuselage, so the force generated by them
changes direction as the projectile rotates around the center of mass. In the ideal case, the roll rate of
the missile during the rapid turn should be zero because the forces generated by the thrusters lie then
in a vertical plane. Such a situation is difficult to achieve in a real system.

The projectile motion along the rails was not simulated. The simulation started from the time
when the projectile left the launcher. The time of a single run was set to 5.54 s, which corresponds with
the recovery system channel’s activation. The last phase of flight, when the projectile is descending
on the parachute, was not considered because it is out of the scope of this study. In the presented
simulation scenarios, it was assumed that the rapid turn maneuver was realized with the two thrusters
located before the center of mass. Open-loop control was realized, which means that the firing events
had been predefined before the launch using the lookup table. The nominal ignition times were
programmed before the simulations. The first lateral thruster delay was set to τ1 = 0.2 s, for the
second thruster τ2 = 0.33 s, and for the main motor ignition τ3 = 0.95 s. It was assumed that perfect
igniters were available, so the standard deviation from the nominal firing time value was 0 s. A set of
100 simulations was evaluated for each of the considered scenarios. It was assumed that the projectile
commanded pitch angle Θ was achieved in �2.5 s (immediately after main motor burnout, when the
projectile reaches maximum speed). The commanded pitch angle was set approximately to �31.5◦ with
the tolerance ±5◦. That means that the allowed pitch angle cannot be smaller than �26.5◦ or larger
than �36.5◦. Similarly, the yaw angle Ψ deviation from the firing plane Onxnzn was assumed to be
smaller than ±5◦, which means that the yaw angle was to be between –5◦ and +5◦. In fully operable
missile systems, such small inaccuracies could be compensated for in the later phase of flight by the
guidance unit. These tolerance requirements could be fulfilled only when the initial roll rate dispersion
and igniters’ repeatability are below certain thresholds, which must be found. This can influence the
manufacturing process parameters and stiffness of the launcher rails.

The projectiles were fired in the positive direction of the Onxn axis. The calculated trajectories in
the Onxnynzn coordinate frame for the best and worst cases are presented in Figures 9 and 10. The black
dashed lines mean the assumed tolerance and the trajectories should lie between them.

Aerospace 2020, 7, x FOR PEER REVIEW 13 of 41 

 

with the recovery system channel’s activation. The last phase of flight, when the projectile is 

descending on the parachute, was not considered because it is out of the scope of this study. In the 

presented simulation scenarios, it was assumed that the rapid turn maneuver was realized with the 

two thrusters located before the center of mass. Open-loop control was realized, which means that 

the firing events had been predefined before the launch using the lookup table. The nominal ignition 

times were programmed before the simulations. The first lateral thruster delay was set to 𝜏1 = 0.2 s, 

for the second thruster 𝜏2 = 0.33 s, and for the main motor ignition 𝜏3 = 0.95 s. It was assumed that 

perfect igniters were available, so the standard deviation from the nominal firing time value was 0 s. 

A set of 100 simulations was evaluated for each of the considered scenarios. It was assumed that the 

projectile commanded pitch angle 𝛩 was achieved in ≅2.5 s (immediately after main motor burnout, 

when the projectile reaches maximum speed). The commanded pitch angle was set approximately to 

≅31.5° with the tolerance ±5°. That means that the allowed pitch angle cannot be smaller than ≅26.5° 

or larger than ≅36.5°. Similarly, the yaw angle 𝛹  deviation from the firing plane 𝑂𝑛𝑥𝑛𝑧𝑛  was 

assumed to be smaller than ±5°, which means that the yaw angle was to be between –5° and +5°. In 

fully operable missile systems, such small inaccuracies could be compensated for in the later phase 

of flight by the guidance unit. These tolerance requirements could be fulfilled only when the initial 

roll rate dispersion and igniters’ repeatability are below certain thresholds, which must be found. 

This can influence the manufacturing process parameters and stiffness of the launcher rails. 

The projectiles were fired in the positive direction of the 𝑂𝑛𝑥𝑛 axis. The calculated trajectories 

in the 𝑂𝑛𝑥𝑛𝑦𝑛𝑧𝑛 coordinate frame for the best and worst cases are presented in Figures 9 and 10. The 

black dashed lines mean the assumed tolerance and the trajectories should lie between them. 

 

(a) 

 

(b) 

Figure 9. Projectile trajectories projections on 𝑂𝑛𝑥𝑛𝑦𝑛 for various initial roll rate standard deviations. 

(a) 10°/s; (b) 60°/s. 

 

(a) 

 

(b) 

Figure 10. Projectile trajectories projections on 𝑂𝑛𝑥𝑛𝑧𝑛  for various initial roll rate standard 

deviations. (a) 10°/s; (b) 60°/s. 

In Figure 10, the 𝑧𝑛  coordinate has a negative sign because this axis is pointed down. 

Theoretically, in the ideal case when no disturbances were applied, all the trajectories should be 

coincident and lie in the 𝑂𝑛𝑥𝑛𝑧𝑛 plane. The uncertainties in the launching conditions significantly 

influence the trajectories achieved. The missile is not roll stabilized, so it can rotate freely around the 

longitudinal axis. As a result, the trajectories are different in elevation and azimuth. For larger 

Figure 9. Projectile trajectories projections on Onxnyn for various initial roll rate standard deviations.
(a) 10◦/s; (b) 60◦/s.



Aerospace 2020, 7, 168 14 of 40

Aerospace 2020, 7, x FOR PEER REVIEW 13 of 41 

 

with the recovery system channel’s activation. The last phase of flight, when the projectile is 

descending on the parachute, was not considered because it is out of the scope of this study. In the 

presented simulation scenarios, it was assumed that the rapid turn maneuver was realized with the 

two thrusters located before the center of mass. Open-loop control was realized, which means that 

the firing events had been predefined before the launch using the lookup table. The nominal ignition 

times were programmed before the simulations. The first lateral thruster delay was set to 𝜏1 = 0.2 s, 

for the second thruster 𝜏2 = 0.33 s, and for the main motor ignition 𝜏3 = 0.95 s. It was assumed that 

perfect igniters were available, so the standard deviation from the nominal firing time value was 0 s. 

A set of 100 simulations was evaluated for each of the considered scenarios. It was assumed that the 

projectile commanded pitch angle 𝛩 was achieved in ≅2.5 s (immediately after main motor burnout, 

when the projectile reaches maximum speed). The commanded pitch angle was set approximately to 

≅31.5° with the tolerance ±5°. That means that the allowed pitch angle cannot be smaller than ≅26.5° 

or larger than ≅36.5°. Similarly, the yaw angle 𝛹  deviation from the firing plane 𝑂𝑛𝑥𝑛𝑧𝑛  was 

assumed to be smaller than ±5°, which means that the yaw angle was to be between –5° and +5°. In 

fully operable missile systems, such small inaccuracies could be compensated for in the later phase 

of flight by the guidance unit. These tolerance requirements could be fulfilled only when the initial 

roll rate dispersion and igniters’ repeatability are below certain thresholds, which must be found. 

This can influence the manufacturing process parameters and stiffness of the launcher rails. 

The projectiles were fired in the positive direction of the 𝑂𝑛𝑥𝑛 axis. The calculated trajectories 

in the 𝑂𝑛𝑥𝑛𝑦𝑛𝑧𝑛 coordinate frame for the best and worst cases are presented in Figures 9 and 10. The 

black dashed lines mean the assumed tolerance and the trajectories should lie between them. 

 

(a) 

 

(b) 

Figure 9. Projectile trajectories projections on 𝑂𝑛𝑥𝑛𝑦𝑛 for various initial roll rate standard deviations. 

(a) 10°/s; (b) 60°/s. 

 

(a) 

 

(b) 

Figure 10. Projectile trajectories projections on 𝑂𝑛𝑥𝑛𝑧𝑛  for various initial roll rate standard 

deviations. (a) 10°/s; (b) 60°/s. 

In Figure 10, the 𝑧𝑛  coordinate has a negative sign because this axis is pointed down. 

Theoretically, in the ideal case when no disturbances were applied, all the trajectories should be 

coincident and lie in the 𝑂𝑛𝑥𝑛𝑧𝑛 plane. The uncertainties in the launching conditions significantly 

influence the trajectories achieved. The missile is not roll stabilized, so it can rotate freely around the 

longitudinal axis. As a result, the trajectories are different in elevation and azimuth. For larger 

Figure 10. Projectile trajectories projections on Onxnzn for various initial roll rate standard deviations.
(a) 10◦/s; (b) 60◦/s.

In Figure 10, the zn coordinate has a negative sign because this axis is pointed down. Theoretically,
in the ideal case when no disturbances were applied, all the trajectories should be coincident and lie in
the Onxnzn plane. The uncertainties in the launching conditions significantly influence the trajectories
achieved. The missile is not roll stabilized, so it can rotate freely around the longitudinal axis. As a
result, the trajectories are different in elevation and azimuth. For larger standard deviations of P0,
larger dispersions were obtained, which means that to improve the maneuver’s repeatability, the roll
rate P0 of the projectile should be as small as possible. Significant lateral dispersion has been observed
for the standard deviation of roll rate 60◦/s (Figure 9b). Some of the projectiles fall further than 50 m
from the plane Onxnzn. Some quantitative analysis of the errors was applied. The percentages of
projectiles which achieved the assumed lateral dispersion tolerance in the scenarios were: 97%, 92%,
86%, 82%, 79% and 78%, respectively. This means that the more uncertain the initial roll rate, the more
projectiles there were which landed out of the allowed side borders.

For a standard deviation of P0 equal to 60◦/s, the height at the end of flight varies from 0 m up
to 190 m (Figure 10b). One of the projectiles immediately after launch falls directly into the ground
at the range of 260 m from the launcher. The maximum heights obtained in all scenario are similar
(approximately 200 m), but the minimum changes significantly.

The visualization of the projectile trajectories in 3D is presented in Figure 11.

Aerospace 2020, 7, x FOR PEER REVIEW 14 of 41 

 

standard deviations of 𝑃0 , larger dispersions were obtained, which means that to improve the 

maneuver’s repeatability, the roll rate 𝑃0 of the projectile should be as small as possible. Significant 

lateral dispersion has been observed for the standard deviation of roll rate 60°/s (Figure 9b). Some of 

the projectiles fall further than 50 m from the plane 𝑂𝑛𝑥𝑛𝑧𝑛. Some quantitative analysis of the errors 

was applied. The percentages of projectiles which achieved the assumed lateral dispersion tolerance 

in the scenarios were: 97%, 92%, 86%, 82%, 79% and 78%, respectively. This means that the more 

uncertain the initial roll rate, the more projectiles there were which landed out of the allowed side 

borders. 

For a standard deviation of 𝑃0 equal to 60°/s, the height at the end of flight varies from 0 m up 

to 190 m (Figure 10b). One of the projectiles immediately after launch falls directly into the ground at 

the range of 260 m from the launcher. The maximum heights obtained in all scenario are similar 

(approximately 200 m), but the minimum changes significantly. 

The visualization of the projectile trajectories in 3D is presented in Figure 11. 

 

(a) 

 

(b) 

Figure 11. Projectile trajectories for various initial roll rate standard deviations. (a) 10°/s; (b) 60°/s. 

In the worst-case scenario (Figure 11b, black arrow), the trajectories are far from the desired 

direction. Such a situation is undesirable in real firings for safety reasons. 

Projectile angular rates 𝑃, 𝑄, 𝑅 are shown in Figure 12. 

 

(a) 

 

(b) 

Figure 12. Projectile angular rates for various initial roll rate standard deviations. (a) 10°/s; (b) 60°/s. 

Initial roll rate dispersion increases in the consecutive scenarios. In the last considered case, some 

of the projectiles achieved 𝑃0 up to 200°/s, which is unacceptably high. Over time, angular rate 𝑃 

converges to zero due to aerodynamic damping. The fin cant angle in preliminary simulations was 

assumed to be 0°. Angular rate 𝑄 is strongly influenced by the uncertainties. After lateral motors 

stopped, oscillations in pitch rate 𝑄 and yaw rate 𝑅 appeared, and they were dampened with time, 

which means that the projectile is statically stable (the center of pressure lies closer to the base than 

the center of mass). 

Figure 11. Projectile trajectories for various initial roll rate standard deviations. (a) 10◦/s; (b) 60◦/s.

In the worst-case scenario (Figure 11b, black arrow), the trajectories are far from the desired
direction. Such a situation is undesirable in real firings for safety reasons.

Projectile angular rates P, Q, R are shown in Figure 12.
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Figure 12. Projectile angular rates for various initial roll rate standard deviations. (a) 10◦/s; (b) 60◦/s.

Initial roll rate dispersion increases in the consecutive scenarios. In the last considered case, some
of the projectiles achieved P0 up to 200◦/s, which is unacceptably high. Over time, angular rate P
converges to zero due to aerodynamic damping. The fin cant angle in preliminary simulations was
assumed to be 0◦. Angular rate Q is strongly influenced by the uncertainties. After lateral motors
stopped, oscillations in pitch rate Q and yaw rate R appeared, and they were dampened with time,
which means that the projectile is statically stable (the center of pressure lies closer to the base than the
center of mass).

The obtained roll, pitch and yaw angles are presented in Figure 13.
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The roll angle Φ varies with time. In the worst case, the roll angle changes rapidly over ±180◦,
which means that several projectiles rotated more than 180◦ around the longitudinal axis (Figure 13b).
The pitch angle Θ starts decreasing after the first thruster fires. Next, Θ decreases linearly when the first
and second lateral thrusters are working simultaneously. Pitch angle stabilizes when both thrusters
expell the propellant. For the smallest standard deviation, the pitch angle curves are nearly coincident.
The pitch angle Θ is the most repeatable for the smallest roll rate deviation of 10◦/s. At the end of the
simulation Θ was in range between 7.5◦ and 25◦ (Figure 13a). On the other hand, in the last case the
final pitch angle was from −12.5◦ to 22◦ (negative values mean that some of the projectiles were in
descending flight). The yaw angles change when both thrusters work simultaneously. In the worst
case yaw angle falls in the range from −30◦ up to 9.5◦.
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The requirements on the pitch Θ and yaw Ψ angles are fulfilled only when roll rate standard
deviation is smaller than 10◦/s. For larger uncertainties, the trajectories’ dispersion is too large when
related to assumed a priori repeatability.

Next, the sensitivity analysis was evaluated to assess the influences of lateral thrusters and main
motor ignition uncertainties on the projectile trajectories. The ignition time might be different from
its nominal value due to manufacturing errors and the initial temperature of the propellant grain.
Additionally, the time delays for thrusters located before and behind the center of mass could be
different. Several firing delay combinations might occur. For example, the first lateral thruster might
be fired too early, the second too late and the main motor too early. To illustrate this effect, several flight
scenarios for some deterministic combinations of delays have been simulated. It was assumed that the
time difference between nominal and achieved ignition time is 0.011 s. The possible combinations of
igniters uncertainties for the assumed worst-case scenarios are presented in Table 2.

Table 2. Igniters’ uncertainty combinations.

Case No. τ1 [s] τ2 [s] τ3 [s]

1 0.2 − 0.011 0.33 − 0.011 0.95 − 0.011
2 0.2 − 0.011 0.33 − 0.011 0.95 + 0.011
3 0.2 − 0.011 0.33 + 0.011 0.95 − 0.011
4 0.2 − 0.011 0.33 + 0.011 0.95 + 0.011
5 0.2 + 0.011 0.33 − 0.011 0.95 − 0.011
6 0.2 + 0.011 0.33 − 0.011 0.95 + 0.011
7 0.2 + 0.011 0.33 + 0.011 0.95 − 0.011
8 0.2 + 0.011 0.33 + 0.011 0.95 + 0.011

It was assumed that the only source of disturbances was igniters, so the maneuver took place
in the Onxnzn plane. The obtained trajectories are presented in Figure 14. The reference, nominal
trajectory (blue solid line) is shown for comparison. Entry in each legend corresponds with a case
number from Table 2.

The trajectory depends on combinations of thrusters’ firings. In cases 1, 2, 7 and 8 the trajectories
are very close to the nominal one (the end difference is below several meters). In cases 3 and 4 the
final trajectory is too flat when compared to the nominal one because the second thruster was fired too
late. In cases 5 and 6 the trajectory is too steep because the second lateral motor was fired too early.
Main motor firing delay results in quite a small divergence of trajectories.

The comparison of pitch angles Θ for various combinations of igniters’ delays is shown in
Figure 15.

Even very small time differences with respect to nominal ignition times could affect the pitch
angle by several degrees. In cases c and d the final pitch angle is smaller with respect to nominal one.
On the other hand, in e and f angle Θ is too large.

To isolate the influences of ignition uncertainties on the maneuver repeatability, the ideal launch
conditions were assumed (which means that all standard deviations from Table 1 were set to zero).
In this way, the maneuver was realized only in the plane Onxnzn. Six various standard deviations from
nominal values of τ1, τ2 and τ3 have been considered. The nominal pitch angle (measured after main
motor burnout) was equal to �31.5◦ as in the previously described scenarios. The parameters for the
Monte-Carlo simulation are presented in Table 3.

Table 3. Parameters for the Monte-Carlo simulation (igniters’ uncertainties).

No. Parameter Mean Value [s] Standard Deviation [s]

1 τ1 0.2 0.001/0.003/0.005/0.007/0.009/0.011
2 τ2 0.33 0.001/0.003/0.005/0.007/0.009/0.011
3 τ3 0.95 0.001/0.003/0.005/0.007/0.009/0.011
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Figure 14. Projectile trajectories’ projections on Onxnzn for various τ1, τ2, τ3 delay combinations:
(a) τ1 = 0.189, τ2 = 0.319, τ3 = 0.939; (b) τ1 = 0.189, τ2 = 0.319, τ3 = 0.961; (c) τ1 = 0.189, τ2 = 0.341,
τ3 = 0.939; (d) τ1 = 0.189, τ2 = 0.341, τ3 = 0.961; (e) τ1 = 0.211, τ2 = 0.319, τ3 = 0.939; (f) τ1 = 0.211,
τ2 = 0.319, τ3 = 0.961; (g) τ1 = 0.211, τ2 = 0.341, τ3 = 0.939; (h) τ1 = 0.211, τ2 = 0.341, τ3 = 0.961.
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Figure 15. Projectile pitch angles for various τ1, τ2, τ3 delay combinations: (a) τ1 = 0.189, τ2 = 0.319,
τ3 = 0.939; (b) τ1 = 0.189, τ2 = 0.319, τ3 = 0.961; (c) τ1 = 0.189, τ2 = 0.341, τ3 = 0.939; (d) τ1 = 0.189,
τ2 = 0.341, τ3 = 0.961; (e) τ1 = 0.211, τ2 = 0.319, τ3 = 0.939; (f) τ1 = 0.211, τ2 = 0.319, τ3 = 0.961;
(g) τ1 = 0.211, τ2 = 0.341, τ3 = 0.939; (h) τ1 = 0.211, τ2 = 0.341, τ3 = 0.961.

A set of 100 simulations has been evaluated for each scenario. The obtained trajectories in the
Onxnynzn frame are presented in Figure 16.
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Figure 16. Projectile trajectories’ projections on Onxnzn for various τ1, τ2, τ3 standard deviations: (a)
0.001 s; (b) 0.003 s; (c) 0.005 s; (d) 0.007 s; (e) 0.009 s; (f) 0.011 s.

In the ideal case for perfect igniters, all the trajectories should be coincident with each other.
The missile trajectories depend strongly on the igniters’ repeatability. The larger uncertainties, the
greater dispersion has been obtained. For 0.001 s the projectile altitude at the end of the flight was
between 150 and 160 m (Figure 16a). The largest differences in elevation angles were observed for
the standard deviation of igniters equal to 0.011 s, and then the height of the projectile at the end of
simulation varied from 74 to 200 m (Figure 16f).

The projectile pitch angles Θ for various scenarios are shown in Figure 17. The black markers
mean the allowed angular tolerance.
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The obtained results indicate that the projectile’s pitch angle depends on igniters’ repeatability.
That means that lateral thrusters’ ignition uncertainties’ should be as small as possible to achieve
greater maneuver repeatability.

Using the pitch angles Θ from Figure 17, which occurred in the first 2.5 s of the flight, a set of
histograms has been obtained (Figure 18).

The more bins concentrated around the nominal value of the pitch angle, the better. The histograms
are more flattened for larger standard deviations of τ1, τ2 and τ3. In Figure 18a,b, all projectiles fall
into the assumed tolerance 31.5◦ ± 5◦. In Figure 18c some of the missiles achieved pitch angles out of
the allowed range. It was found that the requirement of deviation ±5◦ from the nominal value 31.5◦

of the pitch angle in 2.5 s of flight could be met when the lateral thrusters’ ignition time standard
deviation is smaller than or equal to 0.003 s. For larger uncertainties, the obtained trajectories are too
flat or too steep when compared to the commanded value. In the last considered scenario (Figure 18f)
the dispersion was the largest, and the angle achieved Θ falls within the range from 15◦ up to 41◦,
which is totally unacceptable.

The results of the numerical simulations were used to formulate the requirements on the parameters
of the motor igniters and the onboard computer. The safety analysis was evaluated before the real
tests. The worst-case scenario which defines the geometric parameters of the required area for tests is
when the recovery system fails and the projectile flies at ballistic flight at the maximum range. It was
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concluded from the numerical simulations that the circular area with a radius of 700 m from the launch
point on the missile test range must be prepared to ensure the required level of safety.
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(a) 0.001 s; (b) 0.0003 s; (c) 0.005 s; (d) 0.007 s; (e) 0.009 s; (f) 0.011 s.

3.2. Ground Tests

Ground tests were performed before the flight trials to investigate the influence of the delay
ignition of the second lateral motor on the resulting pitch angle. The projectile was mounted on
a test stand in such a way that the missile was free to rotate around the lateral axis. High-quality
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bearings were used to minimize friction between the supporting frame and the rotation axis. Several
experiments for various delay combinations were performed. The lateral motors in ground tests were
located before the center of mass. In Figure 19 the photos of test number 1 from a high-speed camera
are presented. Below each picture, there is a timestamp measured from the first thruster ignition.
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second motor firing took place (Figure 19b), and when both thrusters operated simultaneously 

(Figure 19c–e) the lateral forces approximately balanced each other, but the projectile still rotated at 

Figure 19. Ground tests of the lateral thrusters (test 1).

The three circular black and white visual markers were added at the projectile’s surface to measure
the attitude precisely. At the beginning of the experiment, the projectile was at rest and the rotation
was initialized by the first motor firing up (Figure 19a, the flame is still invisible). Next, the second
motor firing took place (Figure 19b), and when both thrusters operated simultaneously (Figure 19c–e)
the lateral forces approximately balanced each other, but the projectile still rotated at a nearly constant
angular rate. When the first thruster expells the propellant, the rotation slows down (Figure 19f).
Finally, the second thruster also ends its operation (Figure 19g) and the final pitch angle is achieved
(Figure 19h). The obtained relations between thruster ignition delays and the pitch angles for the four
ground tests are presented in Table 4. The ignition delay was calculated as a time difference between
the firing of the second and first lateral thrusters.

The difference in total angle between test number 2 and 3 is very small (only 1.49◦), which means
that the thrusters’ repeatability influenced the results.
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Table 4. Ground tests results.

Test No. Ignition Delay [s] Initial Angle 1 [◦] Final Angle 2 [◦] Total Angle [◦]

1 0.050 −13.97 12.55 26.52
2 0.10 −8.09 43.98 52.07
3 0.125 −13.92 39.64 53.56
4 0.150 −10.41 54.15 64.56

1 Clockwise deviation from the vertical direction. 2 Counterclockwise deviation from the vertical direction.

3.3. Flight Tests

After completing laboratory trials, flight tests were conducted in the form of ground firings in
June and July 2019. The main goals of tests were to check the integration of the whole system and
investigate the cold launch maneuver repeatability. The projectile was launched with a stationary
launcher (Figure 20).
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Figure 20. (a) The 3D CAD model of the launcher; (b) the launcher fully deployed before flight tests.

The projectile was mounted to the rails with two sliders. The projectile launch was initiated
remotely. The missile was ejected by an elastic rope. A set of high-speed cameras (Memrecam HX-3,
GoPro Hero 7, NIKON D7200) was put around the launcher to observe the launch phase from various
directions. Additionally, a quadcopter unmanned aerial vehicle equipped in the camera was used to
observe the test range and localize the impact points of the projectiles.

Thirteen projectiles were fired during the flight tests for both thrusters’ locations. It was assumed
that the whole test campaign would be graded positive if at least four tests were to be completed
successfully. In six firings the lateral thrusters were mounted behind the center of mass and in seven
trials after. In 11 launches the maneuver was completed successfully. Two tests (1 and 13) failed
due to mechanical fracture of the thrusters’ propellant grain, and as a result, only one motor worked.
The control channels’ parameters were programmed before each flight and adjusted according to the
obtained results to achieve the best projectile performance.

The measured wind velocity in the first series of firings (tests from 1 to 7) was below 2 m/s with
gusts up to 2.5 m/s. In the second series (tests from 9 to 13) the wind speed was between 3.5 m/s and
5.5 m/s.

The registered data are necessary for model validation [51]. Next, the model after firing trials was
re-tuned based on acquired data and the simulations were completed again. Some of the results from
research are presented below.
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In test number 3 the thrusters were mounted before the center of mass. The commanded pitch
angle (achieved at main motor firing) was set to 45◦. After laboratory trials it was concluded that it
is better to define the commanded angle at main motor ignition, rather than after burnout. The first
thruster ignition delay was set to τ1 = 0.5 s, the second thruster τ2 = 0.6 s, main motor ignition
τ3 = 1.25 s and the parachute deployment 5.9 s. In Figure 21 the footage of the launch phase from flight
number 3 is shown. Below each photo, time measured from the launch command (which takes place at
t = 0 s) is presented.
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Figure 21. The launch phase of the missile (test 3, lateral thrusters before the center of mass). 
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Figure 21. The launch phase of the missile (test 3, lateral thrusters before the center of mass).

The main motor firing takes place when the center of mass of the missile is at a height of �12 m
from the ground (Figure 21e,f). The final pitch angle of the missile when the main motor ignition took
place was approximately 32.5◦, which is significantly smaller than the commanded value 45◦.

The registered data were used to validate the developed projectile model. The convention of the
sensors axes is presented in Figure 22.
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Figure 22. Sensor axis convention (projectile ready to launch).

In Figure 23, the accelerations am
x , am

y , am
z measured during flight tests and obtained from the

numerical simulation (after re-tuning of the model) are presented. The vertical dashed lines mean the
times of control channel activation: the first lateral thruster (black), the second lateral thruster (blue),
main motor ignition (red) and recovery system deployment (green).
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Figure 23. Accelerations (test 3, lateral thrusters before the center of mass).

Time 0 s corresponds with the launch command. The initial peak and oscillations which are visible
in am

x acceleration before 0.3 s resulted from the projectile motion along rails because the projectile was
accelerated by an elastic rope. Similarly, on am

y and am
z between 0 s and 0.3 s a significant oscillation



Aerospace 2020, 7, 168 26 of 40

occurred because of the launcher lateral vibrations. The main motor firing took place in 1.2 s, which is
visible as a nearly rectangular pulse on the am

x axis. Small differences between measurement and the
model are the result of properties of the propellant grain and temperature effects. After the first lateral
thruster firing at am

y a rectangular pulse occurred. Similarly, from when the first motor expelled the
propellant, a second peak is visible at 1.2 s with the opposite sign. The main motor firing took place
when the thrusters already operated. The disturbances after 5.9 s on all the axes are results of parachute
deployment and deceleration of the missile. The rest of the flight was not shown because the projectile
was descending on the parachute and this portion of flight is not important for the considerations
presented here.

Figure 24 presents a comparison of angular rates Pm, Qm, Rm.
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Figure 24. Angular rates (test 3, lateral thrusters before the center of mass).

The initial roll rate Pm after launcher clearance was approximately −60◦/s. In the ideal situation,
it should be 0◦/s. It was concluded that launcher rail misalignments occurred. The roll rate changes
with time due to fin mounting errors. The obtained results show that the fin misalignment was greater
(approximately 0.3◦) than assumed in preliminary simulations (nearly 0◦). Some differences between
the model and reality were observed, especially after main motor burnout. The roll rate oscillates
between −100◦/s and −240◦/s. This effect might be explained by the fact that some of the fins were
shadowed from inflow by the projectile fuselage and other fins. As a result, asymmetric flow occurred
and the additional rolling moment was generated. These phenomena were not fully predicted in the
model. The ignition of the first lateral thruster resulted in changing the Rm yaw rate of the projectile.
When the second thruster was fired, Rm decreased. Pitch rate Qm also changed because of the roll of
the missile and motion coupling in two lateral channels.

A similar analysis was conducted for the thrusters mounted behind the center of mass. In test 5
the commanded pitch angle Θ was assumed to be 45◦ (the same as in test number 3). The value of
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τ1 was again set to 0.5 s, τ2 = 0.6 s, and τ3 = 1.250 s. The activation of the parachute was set to 3.9 s.
The video footage for test number 5 is presented in Figure 25.
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Figure 25. The launch phase of the missile (test 5, lateral thrusters behind the center of mass).

The missile pitch angle Θ at main motor firing (Figure 25f) was approximately 52.5◦, which is
more than the desired value 45◦.

The accelerations measured in test number 5 are presented in Figure 26, and angular rates in
Figure 27.

Two rectangular pulses resulting from lateral thrusters’ firings are visible on am
y . Both lines

of am
y acceleration are very close to each other up to 2.8 s. After 2.8 s a small divergence between

model and experimental data was observed, which resulted from the aerodynamic data inaccuracies.
Similarly, am

z obtained from the model after 2.8 s was too high. Parachute deployment took place at 3.9
s. The maximum peak on all three axes was achieved at 4.5 s.

The oscillations on all three axes before 0.3 s resulted from movement along rails. The roll rate
after leaving the launcher was –40◦/s. That means that the projectile rotates anticlockwise (looking
from the base) and the rails’ misalignment is so significant that it cannot be neglected in the analysis.
The roll rate Pm decreases and increases again. Probably, the main motor roll damping affects the
projectile dynamics. The firing of thrusters influences the pitch rate Qm. The pitch damping in the
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model after 2 s is a bit underestimated. It must be remembered that semi-empirical codes were used to
predict most of the aerodynamic coefficients (especially dynamic damping moments) and this method
has limited accuracy. After the first thruster firing a characteristic trapezoidal pulse at Rm occurred.
The main motor ignition caused that the damping yawing motion appeared. The model after re-tuning
agrees quite well with the experimental data. After parachute deployment at 3.9 s a significant rotation
about all three projectile axes took place.Aerospace 2020, 7, x FOR PEER REVIEW 27 of 41 
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The summary of the flight tests is presented in Table 5. The nominal firing times are shown.
Projectile Euler angles, linear velocities, and position coordinates were estimated offline using registered
angular rates and linear accelerations.

In test number 9 the projectile was seriously damaged due to touchdown and the IMU data
from the flight recorder were lost. It might be concluded that eight from the overall 13 flights ended
positively (61.6%) and three partially positively (23%). According to formulated earlier criteria (at least
four positive trials), the whole test campaign was graded successfully.

The projectile’s impact point locations obtained in the experiment are shown in Figure 28. The GPS
(Global Positioning System) receivers have been used to acquire the geographical coordinates of the
projectiles after landing. Predicted lateral dispersion has been marked with blue lines and in an ideal
situation; all impact points should lie between them. A safety factor equal to three (when related to the
preliminary theoretical predictions) was applied to define these borders.
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Table 5. Summary of the flight tests results.

Flight Number 1 2 3 4 5 6 7 8 9 10 11 12 13

Date (YYYY-MM-DD)/Time (hh-mm) 2019-06-14/
14:37 UTC

2019-06-14/
16:26 UTC

2019-06-14/
17:34 UTC

2019-06-17/
12:55 UTC

2019-06-17/
13:35 UTC

2019-06-17/
14:16 UTC

2019-06-17/
15:45 UTC

2019-07-05/
07:35 UTC

2019-07-05/
07:56 UTC

2019-07-05/
09:22 UTC

2019-07-05/
09:37 UTC

2019-07-05/
10:03 UTC

2019-07-05/
10:18 UTC

Thrusters Location: 1 Forward Forward Forward Aft Aft Aft Aft Aft Aft Forward Forward Forward Forward

Time from
launch:

I thruster firing [ms]: 500 500 500 600 600 650 650 650 650 500 500 500 500

II thruster firing
[ms]: 650 650 600 500 500 500 500 500 500 650 650 650 650

Main motor firing
[ms]: 1500 1500 1250 1250 1250 1300 1300 1300 1300 1300 1300 1300 1500

Parachute
deployment [ms]: 5900 5900 5900 3900 3900 3900 5900 5900 5900 5900 5900 5900 5900

Nominal pitch angle [◦]: 2 30 30 45 45 45 30 30 30 30 30 30 30 30

Projectile position after landing [◦]: 3 52.303128N 52.303318N 52.303054N 52.302400N 52.302217N 52.303050N 52.301933N 52.299944N 52.302750N 52.301767N 52.303500N 52.303817N 52.303200N

21.187892E 21.188386E 21.191082E 21.190933E 21.191083E 21.194067E 21.194050E 21.196115E 21.188100E 21.194633E 21.185817E 21.195100E 21.187100E

Projectile position after landing [m]: 4 −15.801 5.341 −24.035 −96.808 −117.171 −24.480 −148.772 −370.094 −57.862 −167.243 25.593 60.866 −7.789

41.746 75.444 259.346 249.182 259.414 462.961 461.802 602.661 55.935 501.570 −99.796 533.425 −12.278

Projectile position at parachute
deployment [m]: 4

16.877 42.141 342.200 106.360 114.454 175.929 348.414 331.275 Lack of
data 335.353 −46.861 256.588 −5.868

−12.596 28.442 65.681 45.259 4.752 39.715 −10.209 −47.069 Lack of
data −36.507 −1.116 84.695 0.283

Results: Negative Partially
positive Positive Positive Positive Positive Positive Positive Partially

positive Positive Partially
positive Positive Negative

1 Forward—before the center of mass; aft—behind the center of mass. 2 Pitch angle is measured from the horizontal plane: 0◦ when the projectile is oriented horizontally, 90◦ when the
projectile is pointed vertically (ready to launch). 3 Latitude (N—north) and longitude (E—east). 4 Position north and east in meters, coordinates (0, 0) centered at launcher location in the
first phase of flights.
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Figure 28. The impact point locations (north direction at the top of the map).

A significant dispersion in the nominal launch direction has been observed. Projectiles 1, 2, and 9
landed too close to the launcher due to lateral motor failures (test 1 and 9) or were too high in roll rate
(test 2). Projectiles 11 and 13 landed behind the launcher (thruster failure occurred in both trials and
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only one motor was operational). Projectile number 8 landed further than other missiles and on the
right side of the demanded flight direction because of the broken parachute cord (the object was not
slowed down properly by the rescue system). The obtained results indicate that the real dispersion was
greater than in preliminary simulations (some of the points are located outside the allowed borders).
Regardless of this fact, the goals of the flight trials were achieved.

The estimates from flight data and predicted projectile location coordinates (projections on ground
plane) at parachute deployment are presented in Figure 29.
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Figure 29. Displacements at parachute deployment (origin of the coordinate frame centered at launcher
location in the first phase of tests, positive latitude to the north, positive longitude to the east).

The data for tests 1, 11, and 13 are not shown because these trials were not relevant. In flight 9
onboard registered data were lost because of uncontrolled touchdown of the projectile. The locations
of points at parachute deployment are different from ground impact points (Figure 28) because of wind
that influenced the projectile’s motion during the descending phase. The projectile fell not ideally
vertically, but moved laterally due to wind gusts. The dispersion at the parachute deployment is
smaller than on the ground. The predictions from the developed model are not very precise. Due to
that, a safety area was defined during the flight tests.

In Figure 30 the scatter plot of measured and predicted pitch angles at the main motor ignition is
shown. The pitch angles were measured using image processing methods on the launch phase footage.
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Figure 30. Dispersion of pitch angles at main motor firing (obtained from video footage and numerical simulation).

Quite a high dispersion of pitch angles was observed in the experiments. The pitch angle at main
motor ignition for tests 1, 11, and 13 was beyond the scope of interest because only one lateral thruster
worked properly and the projectile rotated too much around the center of mass. For that reason, for
these three trials the differences between the model and experiments are very large. For other cases,
the measured pitch angle varied from 4.8◦ up to 52◦. For cases 2–10 and 12 the model coincides quite
well with the experimental data.

In Figure 31a the projectile velocities U, V, W (in Obxbybzb frame) for flight test number 3 calculated
using the simulation and estimated from flight tests are presented. In Figure 31b the comparison of
numerically predicted and estimated positions (in Onxnynzn coordinate system) is shown. In Figure 31c
Euler angles are compared.

The axial velocity U decreases in the ascending, unpowered phase of flight. Next, the main motor
ignition takes place and the projectile accelerates. The maximum projectile velocity U in the experiment
was approximately 90 m/s. Later, in the passive portion of the flight, the projectile velocity decreases
again due to aerodynamic drag. The lateral components V and W are much smaller in magnitude
and some damped oscillatory motion is clearly visible. Some differences between the model and
experiments were observed due to uncertainties in aerodynamic characteristics.

The projectile moved laterally (in left) from the vertical shoot plane Onxnzn. The flight ended at
the moment of parachute deployment, so this is not the same as ground position (after projectile fall).

The roll, pitch, and yaw angles agree well up to 2 s of flight. After main motor burnout the
predicted roll and pitch yaw angles diverges from experimental data.

A similar analysis was performed for test number 5. The obtained velocities (in a body-fixed
axis system Obxbybzb) are presented in Figure 32a and the position (in Onxnynzn frame) is shown in
Figure 32b. In Figure 32c the comparisons of roll, pitch, and yaw angles are presented.
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Figure 31. (a) Projectile velocity; (b) projectile position (test 3, lateral thrusters before the center of
mass); (c) Euler angles.

The main motor firing took place when the projectile velocity was nearly 4 m/s. The maximum
velocity did not exceed 90 m/s. The oscillations occurred in V and W velocity components.

The achieved range was about 110 m. The projectile moved left from the demanded flight direction.
The maximum height was approximately 150 m above the ground. After 2 s of flight, some divergence
between model and flight data was observed.

Roll, pitch, and yaw angles obtained from the experiment and simulation are quite similar.
After main motor burnout, predicted pitch angle diverges from the measured value.

Next, some additional analysis was performed to evaluate model accuracy. The differences in
time between the values of signals obtained from the model and the inertial measurement unit flight
data were calculated. Later, the mean values of the differences were obtained; 90th percentiles for
absolute values of differences were calculated. The smaller the errors are, the more reliable the model
is. In Table 6 the mean errors and 90th percentile values for the xn, yn, zn coordinates and roll, pitch,
and yaw angles for the differences between the model and flight data for the phase of flight from
launch guide clearance to main motor ignition are shown.
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Figure 32. (a) Projectile velocity; (b) projectile position (test 5, thrusters mounted behind the center of
mass); (c) Euler angles.

Table 6. Mean error and 90th percentile (from launch guide clearance to main motor ignition).

Flight Number 2 3 4 5 6 7 8 10 12

Mean error
xn [m] −0.2488 −0.0188 −0.0312 −0.0316 −0.0373 −0.0545 −0.0332 −0.0592 −0.2014
yn [m] −0.2059 −0.0214 −0.0662 −0.0169 −0.0521 −0.0291 0.0302 0.0008 −0.0829
zn [m] −0.3307 −0.0015 0.0120 0.0148 0.0036 −0.0141 −0.0036 −0.0171 −1.1704
Φ [◦] 7.1416 0.8765 6.9302 −2.2923 −0.4534 −0.9227 −3.6369 −0.1954 6.4360
Θ [◦] 0.9950 −1.0482 −0.5608 −1.4967 −1.7322 −4.6415 −3.6441 −2.7312 −4.8897
Ψ [◦] 5.5798 0.2315 6.6055 −2.5187 0.0964 −1.0370 −0.3300 1.0658 −0.4549

90th percentile
xn [m] 0.4161 0.0468 0.0826 0.0705 0.0760 0.1319 0.0716 0.1450 0.2920
yn [m] 0.3939 0.0465 0.1660 0.0441 0.1242 0.0748 0.0734 0.0045 0.1054
zn [m] 0.5889 0.0067 0.0295 0.0335 0.0078 0.0327 0.0227 0.0425 1.8304
Φ [◦] 12.2989 1.4353 13.6337 4.2564 2.1060 2.0032 9.6460 1.3444 17.6549
Θ [◦] 4.4989 1.5623 1.3480 2.7248 2.8874 9.0548 6.6079 5.0795 10.5973
Ψ [◦] 12.1665 1.1023 13.2632 4.1704 2.2862 1.9113 1.3250 1.5504 1.3854

For test number 9 the data from IMU were unavailable, and estimation of true projectile attitude
and position was impossible. In tests 1, 11, and 13 the mean error for Euler angles is significantly
larger than for other cases due to lateral motor failures (these tests were not relevant). The model was
not designed to analyze such scenarios. Due to those reasons, data for these flights are not shown.
Neglecting the abovementioned four trials, it might be concluded that the mean error of position is not
larger than −1.1704 m in the worst case (test number 12, zn coordinate). The mean error of attitude is
smaller than 7.1416◦ (test number 2, roll angle).
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In Table 7, calculated errors for the phase of flight from the main motor ignition to parachute
deployment are presented.

Table 7. Mean error and 90th percentile (from main motor ignition to parachute deployment).

Flight Number 2 3 4 5 6 7 8 10 12

Mean error

xn [m] −0.1847 −3.5012 6.6953 6.5349 −2.3807 −3.6740 4.4036 −1.6894 34.3138

yn [m] 1.9534 6.7380 6.5140 −2.5694 5.8000 −23.0947 −30.6974 −7.8907 29.4633

zn [m] −4.6852 14.8725 6.2747 −0.7169 −2.3809 25.8254 19.0830 15.4702 15.5533

Φ [◦] −1.5164 −5.1513 −43.4231 −7.8804 9.6307 −9.8136 −21.4121 −18.1197 58.5144

Θ [◦] 14.3996 −6.5306 −8.7469 −5.7552 1.8439 −10.3835 −9.7991 −7.6187 −15.3859

Ψ [◦] 12.2608 5.0300 17.3938 0.1760 7.2533 −7.0502 −13.6167 −5.4303 13.2285

90th percentile

xn [m] 1.0338 6.5893 17.0451 14.2016 5.6614 7.8568 7.3294 5.5473 67.5822

yn [m] 5.9457 14.0069 16.0941 5.3563 15.1916 47.4902 64.3578 17.0308 60.6868

zn [m] 10.8209 32.2830 16.4532 1.3357 5.1362 54.6102 40.2059 33.3072 36.9491

Φ [◦] 66.5019 268.9701 28.4429 18.2725 226.1356 109.3345 41.3030 113.8990 87.9003

Θ [◦] 19.8762 8.7405 12.6294 8.3592 5.9208 14.2330 11.9204 10.2717 18.1685

Ψ [◦] 18.9189 9.3504 23.2817 4.4185 11.6549 8.8623 16.8968 7.4314 19.0809

The mean errors for phase of flight from the main motor ignition to parachute deployment are
larger than for the first portion of trajectory. It might be concluded that model possesses quite good
relevance for the turnover maneuver, but for the later phases of flight the accuracy is smaller, mainly
due to aerodynamic characteristics uncertainties.

4. Conclusions

Various disturbances could affect the quick turn maneuver of the vertically cold launched missile
and deteriorate the projectile performance. This paper presents a parametric analysis of uncertainties
that could affect the rapid turn maneuver. It has been postulated that for a missile that is uncontrolled in
roll channel, only two thrusters located at the opposite sides of the fuselage are required to successfully
complete the maneuver and achieve small projectile dispersion. The contribution of this paper to the
existing literature is the understanding of how these disturbances influence the initial phase of flight.
This work confirmed the numerical simulation results presented in [19]. It also extends the research
presented by Ożóg in [21].

First, using the 6DoF numerical simulations, it was discovered that important sources of
disturbances are launch uncertainties, especially initial angular velocity P0. It was shown that
the initial roll rate P0 of the projectile could influence significantly the achieved pitch angle, because
the projectile rotates freely around the longitudinal axis. To achieve the nominal pitch angle, forces
generated by lateral thrusters should lie ideally in the vertical plane. Such a situation is difficult to
obtain in reality due to the projectile’s very slow axial spin after launcher exit. The initial roll rate
should be minimized to ensure the high repeatability of the rapid turn maneuver.

Second, the maneuver repeatability is influenced by the time delays of lateral thrusters and main
motor igniters. To achieve the maximal launch replicability, the igniters of side thrusters should be
as close to the nominal values as possible. To ensure proper completion of the rapid turn maneuver,
the uncertainties must be below some thresholds. Using Monte-Carlo analysis it was obtained that
when the commanded pitch angle (after main motor burnout) was set to 31.5◦ with tolerance ±5◦, the
standard deviation of ignition time should be below 0.003 s. For igniter uncertainties greater than
0.003 s the resulting projectile dispersion was unacceptably high. The same effects occurred during
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flight tests. From the IMU data and fast-camera footages it was found that the delay time of igniters
was smaller than 0.01 s (the exact value was difficult to measure).

Third, the flight tests have shown that the main motor ignition cannot take place too late, and that
it optimally should be realized after the first lateral thruster ignition. In test 2 the main motor started
operation after lateral thrusters’ burnout, and as a result, the projectile hit the ground immediately
after launch (the pitch angle achieved was too small).

Fourth, the linear accelerations’ and angular rates’ time histories for the agile turn maneuver
were obtained during real firings. To realize the maneuver, the thrusters should be located as far
from the center of mass as possible to ensure a greater pitching moment arm. The locations of the
thrusters do not influence the pitch angle only if the arm length is the same for both steering kits. It was
experimentally proved that the minimum number of thrusters which allows one to realize the rapid
turn and achieve nominal trajectory is two, which confirms the thesis presented in [18]. The flight tests
fill partially the gap in the publicly available literature on the subject of cold vertical launch. It extends
significantly the knowledge about cold vertical launch presented up to this time.

Fifth, the model of the missile we developed was validated using real data obtained from the
onboard inertial measurement unit and could be used in further investigations. The model of the
inertial measurement unit was used to simulate the sensor outputs. In the post analysis phase, it was
found that the fin misalignment in reality was greater than assumed in pre-flight simulations. It caused
the additional spin driving moment to occur. Aerodynamic characteristics must be estimated precisely
to match the model response to flight data. On the other hand, in the real firings quite a high lateral
dispersion was observed, which means that the lack of roll stabilization in a cold launched missile is a
significant challenge. A high degree of reliability of the missile components must be ensured to realize
rapid turn properly.

The interest in developing vertically cold launched projectiles probably will grow in the near
future. Further investigations should concentrate on more flight tests in various weather conditions
to investigate the influences of wind on rapid-turn repeatability. Equipping the projectile with more
lateral thrusters should also be considered. Roll stabilized control might be implemented. Closed-loop
control could be utilized to improve the maneuver repeatability.
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Notation: The following symbols and abbreviations are used in this manuscript:
Latin symbols
ax, ay, az linear accelerations, [m/s2]
am

x , am
y , am

z linear accelerations measured by IMU, [m/s2]
am∗

x , am∗
y , am∗

z linear accelerations at IMU location, [m/s2]
ba bias vector for accelerometers, [m/s2]
bg bias vector for gyroscopes, [◦/s]
bxa, bya, bza bias factors for accelerometers, [m/s2]
bxg, byg, bzg bias factors for gyroscopes, [◦/s]
CL, CM, CN rolling, pitching, and yawing moments coefficients, [-]
CLP, CMQ, CNR roll, pitch, and yaw damping moments coefficients, [-]
CX, CY, CZ axial, side, and normal force coefficients, [-]
d projectile diameter, [m]
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e0, e1, e2, e3 quaternion elements, [-]
E quaternion norm, [-]
Fa aerodynamic forces, [N]
Fb total forces in body-fixed frame Obxbybzb, [N]

Fg gravity forces, [N]
Flt forces generated by lateral thrusters, [N]
Fm forces generated by main motor, [N]
g gravity acceleration, [m/s2]
h altitude, [m]
hi numerical integration step, [s]
k coefficient which drives the norm of the quaternion state vector to 1.0, [-]
Ka accelerometers scaling matrix, [-]
Kg gyroscopes scaling matrix, [-]
i number of the thruster, [-]
I inertia matrix, [kgm2]
Ix0, Iy0, Iz0 moments of inertia before main motor burnout, [kgm2]
Ixk, Iyk, Izk moments of inertia after main motor burnout, [kgm2]

Lb, Mb, Nb
rolling, pitching, and yawing moment in the body-fixed frame Obxbybzb with respect to
the center of mass, [Nm]

m projectile mass, [kg]
m0 projectile initial mass, [kg]
mk projectile mass after main motor burnout, [kg]
Ma aerodynamic moments, [Nm]
Mb total moments in body-fixed frame Obxbybzb, [Nm]
Mg moments due to gravity, [Nm]
Mlt moments due to lateral thrusters, [Nm]
Mm moments due to main motor, [Nm]
N number of lateral thrusters, [-]
P, Q, R projectile angular rates in the body-fixed frame Obxbybzb, [◦/s]
Pm, Qm, Rm projectile angular rates measured by IMU, [◦/s]
rs vector describing the position of IMU in the body-fixed frame Obxbybzb, [m]
sxa, sya, sza scale factors for accelerometers, [-]
sxg, syg, szg scale factors for gyroscopes, [-]
S projectile cross section area, [m2]
t time, [s]
Ts

b matrix of transformation from the body-fixed frame Obxbybzb to IMU axis, [-]
Tm main motor thrust force, [N]
Tsk lateral thruster magnitude, [N]
U, V, W projectile linear velocities in the body-fixed frame Obxbybzb, [m/s]
va vector of accelerometers noise, [m/s2]
vg vector of gyroscopes noise, [◦/s]
vxa, vya, vza accelerometers noise, [m/s2]
vxg, vyg, vzg gyroscopes noise, [◦/s]
V0 total flight velocity, [m/s]
xcg the actual center of mass location (from the projectile base), [m]
xcg0 the initial center of mass location (from the projectile base), [m]
xcgk center of mass location after main motor burnout (from the projectile base), [m]
xIMU, yIMU, zIMU inertial measurement unit location coordinates (from the projectile base), [m]
xlt lateral thruster location coordinate (from the projectile base), [m]
xn, yn, zn projectile center of mass coordinates in the frame Onxnynzn, [m]
Xb, Yb, Zb axial, side and normal force in the body-fixed frame Obxbybzb, [N]
Greek symbols
Φ, Θ, Ψ projectile roll, pitch, and yaw angles, respectively, [◦]
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Φm, Θm, Ψm IMU enclosure misalignment angles with respect to the body-fixed frame Obxbybzb, [◦]
ΘT pitch misalignment angle of the main motor thrust, [◦]
ρ air density, [kg/m3]
τ1 first lateral thruster firing time delay, [s]
τ2 second lateral thruster firing time delay, [s]
τ3 the main motor firing time delay, [s]
ΨT yaw misalignment angle of the main motor thrust, [◦]
ω vector of angular rates in the body-fixed frame Obxbybzb, [◦/s]
Abbreviations
CPU central processing unit
IMU inertial measurement unit
DOF degree of freedom
LSB least significant bit
MEMS microelectromechanical systems
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