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Abstract: Hybrid rockets are attractive as post-boost stages and kick motors due to their inherent
safety and low cost, but it is not clear from previous research which oxidizer is most suitable for
maximizing ∆V within a fixed envelope size, or what impact O/F shift and nozzle erosion will have
on ∆V. A standard hybrid rocket design is proposed and used to clarify the impact of component
masses on ∆V within three 1 m3 envelopes of varying height-to-base ratios. Theoretical maximum
∆V are evaluated first, assuming constant O/F and no nozzle erosion. Of the four common liquid
oxidizers: H2O2 85 wt%, N2O, N2O4, and LOX, H2O2 85 wt% is shown to result in the highest ∆V,
and N2O is shown to result in the highest density ∆V, which is the ∆V normalized for motor density.
When O/F shift is considered, the ∆V decreases by 9% for the N2O motor and 12% for the H2O2

85 wt% motor. When nozzle erosion is also considered, the ∆V decreases by another 7% for the H2O2

85 wt% motor and 4% for the N2O motor. Even with O/F shift and nozzle erosion, the H2O2 85 wt%
motor can accelerate itself (916 kg) upwards of 4000 m/s, and the N2O motor (456 kg) 3550 m/s.

Keywords: ∆V; circle packing; dry mass; design optimization; fuel regression; nozzle erosion

1. Introduction
1.1. State of Hybrid Rocket Development

Hybrid rockets are one of the four main chemical rocket configurations conceived
during the birth of rocketry, which are: the solid, liquid, and hybrid bipropellant rocket
configurations; and the liquid monopropellant rocket configuration. These configurations
are distinguished by the storage phase and position of the fuel and oxidizer prior to opera-
tion. In the hybrid rocket, the fuel and oxidizer are stored in separate phases. Typically,
the fuel is a solid stored within the thrust chamber, and the oxidizer is a liquid supplied to
the thrust chamber during operation. The hybrid rocket configuration is attractive because
most liquid oxidizers and solid fuels are inherently non-flammable and non-explosive, as
is evidenced by the fire diamonds listed in Appendix A.

Nearly 70 years of hybrid rocket research and development took place in the 20th
century, but this progress was made on the sidelines of an industry heavily focused on solid
and liquid rocket development. The totality of 20th century research and development
results sufficiently demonstrate that hybrid rockets can achieve ballistic performance that is
on par with their solid and liquid rocket counterparts, however, during this period, hybrid
rockets failed to reach the same technological maturity level or market prominence. For
example, there are hundreds of technical reports documenting successful hybrid rocket
combustion experiments which achieve a specific impulse and density-specific impulse,
roughly on the average of the values of solid and liquid rockets. However, there are only a
few successful hybrid rocket launches that reached beyond the Karman line, and no public
demonstrations of orbital insertions or in-space maneuvers. Readers who are interested
in learning about this era of technological development should turn to the landmark
publication(s) by Kuo and Chiaverini for further details [1–3].
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Fortunately for the hybrid rocket developers of the 21st century, the appeal of an
inherently non-flammable and non-explosive chemical rocket has become an even more
attractive selling point for those interested in developing the emerging commercial space
market. A prominent example was made around the turn of the century, when Mojave
Aerospace Ventures was awarded the Ansari X prize for building and launching a spacecraft
capable of carrying three people to 100 km above the Earth’s surface, twice within two
weeks [4]. SpaceShipOne, the spaceplane that achieved these groundbreaking space flights,
was powered by a hybrid rocket built by the companies SpaceDev and Scaled Composites.
SpaceShipTwo, the successor to SpaceShipOne, is now nearing its commercial debut as the
world’s premier suborbital spaceplane under the parent company Virgin Galactic.

Since the maiden flight of SpaceShipOne, hybrid rockets have become the core tech-
nology of at least seven Earth-launch vehicle developers: Rocket Crafters/Vaya Space
(since 2010, USA [5,6]), Gilmour Space Technologies (since 2012, Australia [7,8]), TiSPACE
(since 2016, Taiwan [9,10]), Nammo (Nucleus project since 2017 [8,11]), HyImpulse (since
2018, Germany [12,13]), Firehawk (since 2018, USA [5,14]), and SpaceForest (SIR project
since 2018, Poland [15,16]); at least four new satellite thruster developers: T4i (since 2014,
Italy [17]), Utah State University (since 2014, USA [18,19]), NASA (Kick Motor project since
2016, USA [20,21]), and Hokkaido University (Kick Motor project since 2017, Japan [22,23]);
and at least one planetary ascent vehicle developer: NASA (MAV project since 2016,
USA [24,25]). In recent years, the Hokkaido University kick motor has become the focus
for the authors’ work.

1.2. Post-Boost Stages and Kick Motors

The underlying concept of this paper is that hybrid rocket propulsion should be eval-
uated for use in post-boost stages and kick motors, which make up a distinct category of
propulsion systems, defined here as: propulsion systems which are used to accelerate a
payload already in space, and are integrated into a mission at the expense of a launch vehi-
cles existing payload capacity. A depiction of this definition is shown in Figure 1, such that
the post-boost or kick can be counted as a “4th stage.” One key difference between launch
vehicle stages and post-boost stages or kick motors is the thrust-to-weight requirement.
Launch vehicle stages must produce enough thrust to create a net positive acceleration
against gravity, whereas post-boost stages and kick motors do not. Another important
difference is the envelope shape, i.e., space allocated for mounting the propulsion system.
Since the post-boost stage or kick motor shares the payload compartment with the satellite
that it is being used to accelerate, a larger post-boost stage or kick motor mass/volume
comes at the expense of the payload mass/volume. Other considerations which are partic-
ularly important for post-boost stages and kick motors are: the requirement for ignition in
low pressure conditions, and the necessity for multiple such ignitions; duration of oxidizer
storage, active cooling of the nozzle; integration with reaction control, thrust vector control,
and attitude control thrusters; and minimization of solid particle debris.

1.3. Considerations for Hybrid Rocket-Based Post-Boost Stages and Kick Motors

The differing requirements and operating conditions of post-boost stages or kick
motors and the launch rockets that bring them to space demand large shifts in research
and development priorities. Perhaps the most surprising and counterintuitive example is
regarding the efforts to improve solid fuel regression rates in hybrid rockets. Countless
hybrid rocket research has been, and continues to be, centered around increasing solid fuel
regression rate with the aim of increasing thrust-to-weight ratio. This is the underlying
motivation for the use of liquifying fuels, vortex generators, and energetic fuel additives.
However, post-boost stages and kick motors, which cannot be guided aerodynamically, may
be better off with low and/or less-intense thrust and vortex-free exhaust gas. Moreover,
liquifying fuels and fuel additives increase the risk of space debris pollution, which is a
major concern of the space industry [26,27]. From this vantage point, slow-burning and
pyrolyzing fuels are best suited for producing steady, reliable acceleration, which has
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a low risk of forming solid particle (space) debris in post-boost stages and kick motors.
The other major counterintuitive points, which are related to the impact of dry mass, i.e.,
non-propellant mass and Isp losses on change in velocity ∆V, are the focus of this research.

Figure 1. Depiction of post-boost stage and kick motor, and integration into launch vehicle.

This article aims to critically review the design and application of hybrid rocket propul-
sion systems for use as post-boost stages, or as kick motors, by filling in the information
gaps that remain in open literature, mainly: How well can hybrid rockets be expected to
perform in low height-to-diameter envelopes? How significantly do O/F shift and nozzle
erosion affect ∆V capability? Which of the common hybrid rocket oxidizers performs best?
Finally, how significantly do pressurizing feed systems increase dry mass? These questions
are answered by modeling both the mass of the hybrid rocket based on the configuration
within a specified envelope, as well as the time-varying specific impulse based on internal
ballistics calculations for propellant consumption rate and nozzle throat erosion rate.

2. Materials and Methods

The systematic evaluation of ∆V capability of hybrid rocket-based post-boost stages
in this paper aims to incorporate realistic estimations of the key terms of the governing
equation of ∆V: propellant mass, Mpropellant; total wet mass, Mwet; and (effective) time-
averaged specific impulse Isp (see Equation (1)). This is done by carefully framing the
problem at hand. First, the governing equation of ∆V is re-examined to highlight the key
concerns of the post-boost stage and kick motor design in context. Next, as is the case for
actual post-boost stages and kick motors, the envelope is defined. Then, a representative
set of oxidizers are selected for comparison of theoretical Isp, and the effect of motor
configuration on maximizing Isp. Note that hybrid rocket fuels have relatively little effect
on theoretical Isp, and for this reason high-density polyethylene (HDPE) is chosen as the
fuel material throughout. Next, to allow for a realistic estimation of masses, a standardized
formulation for all key components of the motor is made. Regarding the estimation of
time-varying Isp, this requires the simulation of internal ballistics in time, including the
effects of O/F shift and nozzle throat erosion, which is accomplished by creating a new
computational algorithm. Each of these steps are explained in detail through framing the
problem in the following subsections.

2.1. Maximizing the Change in Velocity, ∆V

The main design objective of any in-orbital rocket, including the post-boost stages and
kick motors under consideration in this study, is to achieve a change in velocity, ∆V in m/s.
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For a rocket where the specific impulse, Isp (in s), is constant, this ∆V can be calculated
according to Tsiolkovsky’s rocket equation:

∆V = gIsp ln
(

Mwet/
(

Mwet −Mpropellant

))
, (1)

where g is gravitational acceleration (≈9.8 m/s2), Mwet is wet mass in kg, and Mpropellant
is propellant mass in kg. Based on the definition for post-boost stages and kick motors
in Section 1.2, the Mwet is a constraint of the launch vehicle, and thus Equation (1) can be
considered predominately a function of Isp and Mpropellant, as shown by the contours in
Figure 2. For the purposes of demonstrating the sensitivities of ∆V to Isp and Mpropellant,
Mwet has been defined for convenience to be 100 kg. Thus, the values of Mpropellant shown
as the abscissa in kg, can also be interpreted as percentages of Mwet—i.e., propellant
mass fractions. The two key takeaways from Figure 2 are that: (1) both increasing the
Isp and Mpropellant of the propulsion system greatly improves ∆V; and (2) that increasing
the propellant mass has an even greater impact on ∆V than increasing the Isp. The latter
point will be the explanation for some of the surprising, or counterintuitive results of
this paper. Note that this takeaway is obvious from Equation (1), since ∆V is linearly
proportional to Isp, while Mpropellant is in the denominator of the logarithm term. However,
the non-linearity of the sensitivity to Mpropellant is difficult to intuit, and combined with lack
of a standardized mass formulation makes quantitative comparisons of propulsion systems
regarding Mpropellant challenging. Lastly, Isp is changing in time in most hybrid rockets, due
to a mixture ratio shift, typically referred to as “O/F shift.” Accordingly, the analysis in this
paper will consider the effect of both terms when evaluating performance (potential).

Figure 2. Propellant mass (fraction) has a greater impact on ∆V than Isp.

2.2. The Envelopes and Their Parametrization

Since the height-to-base ratio, H/B, of the motor envelope will affect the shape of the
thrust chamber, ultimately affecting the shape of the fuel stored inside the thrust chamber,
this term was chosen to be the independent variable of the envelope shape. Moreover, this
parameter also relates to the relative size of the post-boost stage or kick motor with regards
to the satellite it is accelerating, as depicted by the “small, medium, and large” cases in
Figure 1. By comparing the performance of similar motors under varying envelope shapes,
it will be shown whether a given motor is higher-performing as a short and flat motor or
tall and skinny motor. Moreover, since there is also reason to believe that variations in total
volume may also affect the performance, volume is controlled as a dependent variable.
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For convenience, the authors have set this volume to be one cubic meter. The resulting
envelopes, each one cubic meter in volume, are depicted in Figure 3. Note that although
the envelope volume was arbitrarily defined for convenience to be one cubic meter, the
resulting envelopes fit surprisingly well with many of the existing small to medium-launch
vehicle payload compartments, meaning that the motors presented in this paper will serve
as a valuable reference for actual post-boost stages.

Figure 3. The three rectangular-prismatic envelopes of this research; units of mm.

2.3. The Oxidizers, Their Theoretical Isp, and Effect on Motor Configuration

Four common hybrid rocket oxidizers are considered for this analysis: 85 wt% hydro-
gen peroxide (H2O2); nitrous oxide (N2O); dinitrogen tetroxide (N2O4); and (liquid) oxygen
(LOX). Most previous research, both theoretical and experimental, has been carried out
using one of these oxidizers, or a close cousin of these oxidizers. A summary of the basic
properties of these oxidizers is listed in Table 1. The theoretical vacuum Isp dependencies on
O/F are shown by the plots in Figure 4. These oxidizers are diversified in terms of density
and specific impulse, which makes them appropriate for comparison of ∆V performance.
High-density and high-specific impulse are expected to lead to high-performance, and vice
versa. Some other important considerations which relate to cost, handling, and feasibility
for use in a space environment have been listed as either positive or negative in Table 1.

There are three key takeaways from Table 1 and Figure 4, which hint at the most
important tradeoffs between oxidizers in terms of maximizing ∆V. The first is that the
variation in maximum Isp between oxidizers, 333 s for N2O to 357 s for LOX, or ±4% of
the median, is much less than the variation in density, 550 kg/m3 for N2O to 1440 kg/m3

for N2O4, or ±80% of the median. Thus, these variations in storage density, which affect
storage vessel size and mass, will have a greater impact on ∆V than variations of Isp.
Secondly, the sensitivity of maximum Isp to O/F is greater for LOX than the other oxidizers.
This means that although the LOX system has the greatest Isp potential, it is uniquely
vulnerable to performance losses due to O/F shift. Lastly, the location of optimum O/F
will determine the appropriate proportion of fuel mass, which means the appropriate
allocation of volume to the thrust chamber. Since the optimum O/F of LOX is one-third
that of N2O or H2O2 85 wt% (2.5 versus 7.5), the thrust chamber will be larger in size, while
the oxidizer pressure vessels will be smaller. Thus, if the mass per unit volume of the thrust
chamber is larger than the oxidizer vessels, the non-propellant mass of the system will be
larger and ∆V smaller. It will be shown in the following sections that this is in fact the case.
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Table 1. Summary of oxidizer properties.

Oxidizer Density, kg/m3 Positive Attributes Negative Attributes

H2O2 85wt% 1380 catalytic ignition possible unstable, dilutes in time
N2O 550 1 safe, self-pressurizing high ignition threshold
N2O4 1440 space heritage, stable highly toxic
LOX 1140 nontoxic, easy ignition cryogenic storage required

1 Density for safe storage up to worst hot case temperature of 309 K.

Figure 4. Comparison of theoretical Isp of the four oxidizers of this research.

Figure 5 graphically depicts the consequence of thrust chamber size on the remaining
space available for the oxidizer and pressurizer storage, given the motor envelope profile
is square, and the circular cross sections for oxidizer vessels and pressurizer vessels are
selected for maximum area, in that order. Here, the parameter listed as D/B is the ratio
of thrust chamber diameter to the base dimension of the square envelope. The term AO/F
is the ratio of the cross-sectional area available for oxidizer vessels to that available for
the thrust chamber (containing the fuel). Granted that the area ratio does not translate
directly to propellant mass ratio, it is a primary factor. Other factors include the height of
the vessels, and the densities of the propellants. For example, referring to the optimum
O/F of the LOX case as an example, i.e., 2.5, and if the fuel and oxidizer have similar
densities, we can expect the optimum motor configuration to be closer to the middle of
Figure 5, when D/B = 1/2, which results in an AO/F = 2.3. Another insight from Figure 5
regarding the design of motors which require pressurizer gas is that larger oxidizer vessels
lead to smaller pressurizer vessels. Either a larger volume or greater pressure of pressurizer
gas is necessary for a larger oxidizer vessel volume. Thus, for the post-boost/kick motor
configuration in which oxidizer vessel volume comes at the expense of pressurizer gas
volume, increasing the pressurizer pressure is the only way to satisfy the requirements for
pressure-fed systems.
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Figure 5. Increasing thrust chamber size decreases oxidizer capacity nonlinearly.

2.4. Standardized Formulation of Motor Component Size and Mass

One key contribution of this research is the standardization of motor components for a
realistic estimation of motor mass, and propellant mass fraction. In Section 2.1 it was shown
that propellant mass fraction has the greatest impact on ∆V. In Section 2.2 it was shown that
different hybrid rocket oxidizers require different O/F, and that the density of the oxidizers
varies greatly. Thus, the motor mass and size will vary greatly for each oxidizer, and it is
not obvious which system will result in the greatest ∆V. What is important for comparison
purposes is that the aspect ratios, densities, and material strengths of each component are
fixed, so that even as the size and configuration of various motors are investigated, the
formulation of mass is consistent.

Figure 6 shows a breakdown of components of the thrust chamber, and pressure vessel
designs defined for the purposes of standardization. The thrust chamber design, comprised
of 19 subcomponents, is based loosely on actual thrust chambers used in previous research
by the authors. We are confident that this thrust chamber would function satisfactorily
if produced and assembled exactly as depicted. Furthermore, the production of this
thrust chamber is feasible almost anywhere in the world, because no highly advanced
manufacturing methods would be required. Consequently, it is not the lightest possible
solution for a thrust chamber, and would likely not be competitive in the marketplace.
Nonetheless, this design is advanced enough to satisfactorily perform the functions of a
post-boost stage or kick motor. It is important to point out that the nozzle skirt, assumed
to be conical with a half angle of 15 deg, is located outside of the envelope to prevent this
non-idealized design from taking up envelope space. This compromise does not greatly
affect the conclusions which can be drawn from this research.

The important point for the purposes of this research is that the thrust chamber and
pressure vessels scale with size according to engineering principles, so that the effect
of motor size, mass, and configuration on ∆V is captured in a realistic and repeatable
manner. The wall thicknesses, t (m), of the case and pressure vessels were determined by
Equation (2):

t = F.S.×MEOP× D/
(

2× σyield

)
, (2)

where F.S. is the factor of safety (=1.5), MEOP is maximum expected operation pressure
in Pa, D is the outer diameter of the case or vessel in m, and σyield is yield stress in
Pa. The MEOP of the pressure vessels depends on the storage pressure requirements,
which is determined for each motor given the volume available for the motor components.
However, MEOP for the thrust chambers would require advanced knowledge of maximum
chamber pressure during firings, and in this research it needed to be defined in advance of
computations. For this reason, it was set at a fixed value of 5 MPa. A summary of material
properties assumed for mass estimation are listed in Table 2.
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Figure 6. Component breakdown and depictions of thrust chamber and pressure vessel.

Table 2. Summary of material properties.

Category Material Density, kg/m3 Yield Stress, MPa Components, # 1

case aluminum 2700 260 1–6, 12, 13, 16, 17
fuel HDPE 955 not considered 10

insulator laminate 1300 not considered 7, 8, 11, 14, 18
liner, mixing graphite 1850 not considered 9, 15, 19
vessel (wall) FRP 1370 800 21, 23

1 refers to the component number(s) in Figure 6.

The benefit of standardizing the thrust chamber in this way is evident in the plots in
Figure 7, which show the dry masses, i.e., the mass without fuel or oxidizer, as functions of
outer diameter—where height-to-diameter ratio H/D = 4, MEOP = 5 MPa, and F.S. = 1.5.
The main takeaway is that the dry mass is much larger for the thrust chamber than the
pressure vessels. This means that hybrid rocket motors which require relatively large thrust
chambers, such as the LOX motor, will have a lower propellant mass fraction than motors
which can suffice with smaller thrust chambers. Note that the plot of the “Al liner” in
Figure 7 has been added to clarify the reason for this mass disparity, and its theoretical
limitations. The Al liner is a vessel with the same shape as the FRP vessel (see right-hand
side of Figure 6), but with the density and strength of the thrust chamber case. Thus, even
if the thrust chamber insulation, liners, mixing spacers, and nozzle skirt were abandoned, it
would never approach the light weight of the pressure vessels, at least not unless a similar
FRP construction was used for the thrust chamber as well. Stated another way, to make
LOX motors competitive in terms of propellant mass fraction, it is necessary for the thrust
chamber to be constructed with FRP, whereas this may not be necessary for the N2O and
H2O2 motors which have smaller thrust chambers.
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Figure 7. The thrust chamber is significantly more massive than the pressure vessels.

There are a few additional components included in the motor mass estimation, which
are more easily explained in conjunction with an overview of the oxidizer supply systems.
Two oxidizer supply systems are considered in this research. First is the supply system
for N2O. Due to the combination of a low storage density and large optimum O/F, it is
best to take advantage of the relatively high vapor pressure as a means for self-feeding
to the thrust chamber. The self-fed N2O system is depicted in the upper half of Figure 8.
Only one valve is required to control the flow, and no pressure regulation is necessary. The
remaining three oxidizers have very low vapor pressures, and are incapable of using the
self-fed configuration. Instead, a pressurizer gas, i.e., “pressurizer,” is used to force feed
the liquid oxidizer into the thrust chamber. The gas-fed supply system is depicted in the
lower half of Figure 8. Since (pressurizer) gas has a much lower density than the liquid
(oxidizer), it must be stored at a relatively high pressure, and regulated to the appropriate
feed pressure. Thus, two valves and a regulator are required for the gas-fed system. The
mass breakdown of these components is shown in Table 3. Due to a lack of open-source
information on high-flow rate regulators, the regulator mass is neglected in this research.
The tube mass is based on Swagelok 3/4” stainless steel tubing, where tube length is set
to the perimeter (i.e., 4B) of the envelope for each pressure vessel set. In other words, for
the self-fed N2O system, the tubing length is one envelope perimeter, whereas it is two for
the gas-fed systems. The valve mass is extrapolated from Marotta CoRe series valves for
the larger tube diameter. The valve mass is double for the LOX downstream valve to act
as a penalty for the cryogenic temperature conditions, which the valves are not designed
for. Lastly, a structure for holding the components in place and mounting solar panels
etc. is considered, such that the frame of gas-fed case is 50% heavier than the self-fed case.
This frame is a reference from a recent paper [28], which based this mass estimation on
CAD models.
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Figure 8. Simplified schematic of self-fed N2O supply, and gas-fed oxidizer supply systems.

Table 3. Summary of oxidizer supply component mass estimation.

Component Reference Mass Estimation Quantity

valve Marotta CoRe 1.6 kg/valve 1 2 (self-fed), 4 (gas-fed)
tube Swagelok 1

2 ” 0.25 kg/m 4B (self-fed), 8B (gas-fed)

structure [28] 60 × B2H (self-fed),
90 × B2H (gas-fed)

1

1 the mass of valves downstream of LOX valves are penalized to be: 3.2 kg/valve.

2.5. Internal Ballistics Simulation Algorithm

In hybrid rockets, it is necessary to predict the fuel mass consumption rate which
results from boundary layer combustion, as well as the change in chamber pressure and
nozzle expansion ratio due to nozzle erosion. Carrying out these calculations may not
be straight forward, even when the necessary empirical correlations exist. It is not only
due to the fact that governing equations for fuel consumption rate vary greatly for the
various types of hybrid rocket designs, but until recently, there was no empirical basis
for predicting nozzle erosion. For these reasons, it has been challenging to propose an
“all-purpose” algorithm for hybrid rocket performance prediction and comparison.

The algorithm introduced in the paragraphs below was conceived to allow for the
prediction and comparison of hybrid rockets of varying oxidizer supply methods, fuel
grain designs, and nozzle designs based on the general form of internal ballistics equations,
which consistently appear in the latest experimental research. The algorithm is presented in
a way which allows for modifications to accommodate the various types of hybrid rockets
of interest to the reader. An example of a specific performance comparison based on this
algorithm can be found in reference [22].

The general principle of the algorithm is to use the characteristic exhaust velocity
equation, chemical equilibrium equations, and fluid mechanical equations in the feed
lines to determine the oxidizer mass flow rate and chamber pressure prior to estimating
the conditions in the nozzle and thrust produced by gas expansion through the nozzle.
Depending on the hybrid rocket system being evaluated, multiple iterative calculations
may be required to determine oxidizer mass flow rate, fuel mass flow rate, and the pressure
cascade between the oxidizer vessel and the chamber. This is because these terms are
often interdependent and non-linear in nature. A flow chart of the algorithm is shown in
Figure 9. It is necessary to enter the algorithm with several initial conditions, which include
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but are not limited to: initial masses, volumes, pressures and temperatures of oxidizer, fuel
and pressuring gas when used; flow coefficients of the oxidizer supply line and injector;
the oxidizer injection geometry; the fuel port geometry and configuration; the nozzle throat
diameter, exit diameter and contour is some cases; and atmospheric conditions. Within
the body of the algorithm mass flow rates, surface regression rates and acceleration are
determined, and integrated in time through numerical integration.

Figure 9. Computational flow chart of the hybrid rockets internal ballistics simulation algorithm.

Given the values of the initial nozzle throat area At [m2], fuel port radius rfu [m], fuel
density ρfu [kg/m3], burning surface area Abs [m2], and an educated guess for oxidizer
mass flow rate

.
mox [kg/s], the fuel mass consumption rate

.
m f u [kg/s], chamber pressure

Pc [Pa], and characteristic exhaust velocity c* [m/s], can be determined by the system of
Equations (3)–(5):

Pc = c∗
( .

mox +
.

m f u

)
/At, (3)

c∗ = f
( .

m f u,
.

mox, Pc

)
→ f ≡ NASA CEA, (4)

.
m f u = f

(
Abs,

.
mox, Pc, r f u, ρ f u . . .

)
→ f ≡ aAbsρ f uPm

c

( .
mox/πr2

f u

)n
, (5)

Here, Equation (3) is the characteristic exhaust velocity equation rearranged for cham-
ber pressure. Equation (4) is representative of the chemical equilibrium calculations that
result in a theoretical value for characteristic exhaust velocity. For example, the NASA
CEA software suite can serve as function “f ” of Equation (4) [29]. Equation (5) is repre-
sentative of the range of possible fuel mass consumption rates that result from empirical
correlations for fuel regression rate and corresponding fuel geometries. The dependent
terms of Equation (5) have been deliberately left incomplete to express the fact that these
functional dependencies depend on the type of hybrid rocket design employed. However,
the f provided adjacent to the equation is the form used in this research—see Table 4
for values of empirical constants. The key takeaway from this system of equations is
that they are non-linearly interdependent, and in most cases must be solved using an
iterative technique.
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Table 4. Empirical constants of Equations (5) and (7).

Propellants 1 a, m, n of Equation (5) β1, β2, β3, b, E, n of Equation (7)

N2O 8.1 × 10−8, 0.43, 0.53 [32] 0.10, 2.09, 3.77, −0.07, 2996, 0.15 [31]
LOX a 1.5 × 10−6, 0.26, 0.36 [33] 4.6 × 10−5, 5.43, 6.36, −0.02, 6436, 1.02 [30]

1 The fuel is HDPE in both cases; a for single-port fuel.

Given the value of chamber pressure, oxidizer phase and corresponding flow coef-
ficients, and cross-sectional areas of the supply line, CD [-] and AD [m2], the pressure
cascade can be determined according to the functional dependencies listed as Equation (6)
or related fluid mechanical correlations.

(a) incompressible :
.

m = CD AD

√
2ρ∆Pup,dw

(b) compressible :
.

m = CD AD

√√√√2ρupPup

(
γ

γ−1

)[(
Pdw
Pup

) 2
γ −

(
Pdw
Pup

) γ+1
γ

]

(c) choked :
.

m = CD AD

√
2ρupPup

(
2γ

γ+1

) γ+1
γ−1

(d) flashing :
.

m = CG AD

(6)

Here, the furthest downstream pressure denoted by the subscript “dw”, is the chamber
pressure, for which the upstream pressure denoted by the subscript “up,” is the injector
inlet pressure. Note that an iterative technique is necessary for calculating the upstream
pressure of a compressible flow based on the downstream pressure. Since the furthest
upstream pressure is set by the designer, this value can serve as a reference point for
adjusting the oxidizer mass flow rate iteration. The system of Equations (3)–(6) are closed
when the supply pressure resulting from the guess for oxidizer mass flow rate matches the
value set by the designer.

Once the chamber pressure and combustion gas properties have been determined,
the heat transfer to the nozzle throat can be estimated using numerical methods, however
this modeling of transient heating at the throat is intensive, depends significantly on the
geometry and materials used, and is not unique to this algorithm. There is no satisfactory
generalization of the equations necessary for heat transfer modeling, and thus for the
sake of continuing the nozzle erosion rate calculations, a constant nozzle throat wall
temperature will be assumed. Here, the intent of the authors is to assume a nozzle wall
temperature that will lead to relatively high erosion rates for the given conditions at
the throat, however not unrealistically high as to defy precedent from previous research.
Although the uncertainty in throat wall temperatures of previous research—see [30,31]—is
relatively large, estimations for nozzle throat wall temperatures, even in the most severe
cases of nozzle throat erosion, approach a steady state near 80% of the adiabatic flame
temperature of combustion gas in the thrust chamber, Tc. Accordingly, it will be assumed
that nozzle wall temperature Tw [K], is 80% of the chamber pressure Tc, which can be
output from NASA CEA simultaneously with c* as done in Equation (4). This assumption
will result in an exaggeration of the nozzle erosion rates because according to [30,31],
nozzle erosion does not begin until the surface reaches temperatures around 1500 K to
2000 K, and it takes a non-negligible amount of time for the nozzle (throat) surface to reach
and surpass these temperatures. However, the exaggerated effect of nozzle erosion on
motor performance is acceptable for the sake of understanding the impact on ∆V.

The generalized form of the function for determining nozzle erosion rate,
.
rn [m/s], is

listed as Equation (7)

.
rn =

β1Φβ2 Tb
wPn

exp(β3Φ + E/Tw)

(
ρw

ρn

)(
Re0.83Sc0.44

CO DCO,w

d

)
, (7)
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where dn (m) is nozzle (inner) diameter, DCO,w [m2/s] is the binary mass diffusivity of CO
in air calculated at the nozzle wall temperature, P (Pa) is (local) pressure, Re (-) is Reynolds
number, ScCO (-) is the Schmidt number of CO as calculated at the nozzle wall temperature,
Φ (-) is the equivalence ratio of combustion gas, ρn (kg/m3) is nozzle material density,
and ρw is the density of combustion gas calculated at the wall temperature (kg/m3). Note
that this equation was only recent proposed, and before there was no correlation which
included a nozzle temperature term. Currently, the empirical constants β1,2,3, b and n, as
listed in the example formula of Equation (7), have only been determined for graphite
nozzle erosion under the use of oxygen [30] and nitrous oxide [31]. The empirical constants
of Equations (5) and (7) as they pertain to this research are summarized in Table 4.

At the same stage in the algorithm, all the terms necessary for determining thrust are
available, according to the set of Equations (8) and (9):

Pe = f (Ae, At, Pc, γ)→
(

Pe

Pc

) 1
γ

√√√√√γ + 1
γ− 1

1−
(

Pe

Pc

) γ−1
γ

 =
At

Ae

(
γ + 1

2

) 1
1−γ

, (8)

F =
( .

mox +
.

m f u

)
c∗

√√√√√ 2γ2

γ− 1

(
2

γ + 1

) γ+1
γ−1

1−
(

Pe

Pc

) γ−1
γ

+ (Pe − Pa)Ae, (9)

Here, the nozzle throat and exit areas, At and Ae [m2], are defined within the initial
conditions at the start of the algorithm, whereas

.
mox,

.
m f u, and Pc are determined by calcu-

lations completed earlier in the algorithm. NASA CEA or a similar chemical equilibrium
solver is necessary for determining the specific heat ratio of combustion gas, γ, but it is
worth mentioning that NASA CEA can be used to carry out Equations (8) and (9) as well.

The next section of the algorithm is to numerically integrate mass flow/consumption
rates, regression and erosion rates, and acceleration to determine the remaining propellant
mass and feed pressure, fuel and nozzle geometry, and overall change in velocity. In the
self-fed N2O motor, whether liquid N2O remains and how much remains, is determined
by treating the oxidizer vessel as a control volume and tracking the total enthalpy of this
control volume. Here, the enthalpy values are a reference from the NIST online database,
and are obtained by using the equilibrium method outlined in reference [34]. After liquid
N2O has been depleted, the remaining gas N2O is supplied to the thrust chamber similar
to a gas blowdown feed system.

The final section of the algorithm is to determine whether the rocket must be shut
down or not. Simulations in this research are shut down when one of the following is true:
(1) the fuel is depleted; (2) the oxidizer is depleted; (3) the chamber pressure falls below
1 atm; (4) the nozzle throat is consumed.

3. Results

The results are presented in two parts. The first part compares the ∆V of the post-boost
stage/kick motors using the four oxidizers—i.e., H2O2 85 wt%, N2O, N2O4, and LOX—
under the assumption that O/F and At are constant during combustion. This means that the
algorithm in Section 2.5 is unnecessary, and ∆V can be determined according to Equation (1)
alone. The second part focuses on the two highest performing cases to investigate to what
degree O/F shift and nozzle throat erosion are likely to degrade ∆V. In both parts, the
independent variable is the ratio of thrust chamber diameter to envelope base, D/B, which
also determines the space available within the envelope for the oxidizer vessels, and in
turn the pressurizer vessels for the gas-fed motors. Moreover, ∆V is calculated based only
on the masses of the thrust chamber, oxidizer supply system, and structure as outlined in
Section 2.4. For this reason, the results of ∆V are larger than should be expected in practice,
which would include the additional non-propellant masses of the payload, bus etc.
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3.1. Ideal Post-Boost Stage and Kick Motor Results

In this first part of the research, the ideal performance of each kick motor will be
investigated. Here, “ideal” means that the Isp is assumed to be constant in time based on the
values as presented in Figure 4. This assumption entails that the O/F is also constant in time,
which is determined according the standardized motor designs in Section 2.4, configured
as shown in Section 2.3, constrained to the envelopes introduced in Section 2.2. The only
independent parameter is the thrust chamber diameter, which once defined, constrains
the pressure vessel designs as well. Simply put, the thrust chamber diameter determines
the O/F for a given envelope. Since O/F determines Isp, the thrust chamber diameter
determines the Isp. Consequently, the oxidizer mass flow rate and related equations from
Section 2.5 are not necessary for calculating ∆V as determined by Equation (1). However,
when referencing Isp from NASA CEA, chamber pressure is required as an input. For
the sake of identifying the ideal performance of each motor, this pressure was set to a
relatively high value of 5 MPa for all calculations. The results of this simplified analysis are
used to inform us of the maximum possible performance of the standard motor designs of
this paper.

The results of the calculations for ∆V for each of the four oxidizers: H2O2 85 wt%,
N2O, N2O4, and LOX, are shown in the plots in Figure 10 for each of the three envelopes:
H/B = 1/2, H/B = 1, H/B = 3/2.

Figure 10. Ideal performance of hybrid rocket-based post-boost stages or kick motors using: (a) H2O2 85wt%, (b) N2O, (c)
N2O4, or (d) LOX as oxidizers.

One key takeaway from this comparison is that the H2O2 85 wt% motor has the
highest ∆V for the given envelope constraints, while the LOX motor has the lowest. Based
on Isp and storage density alone, this conclusion is rather unexpected. When considering
the mass penalty for requiring a large thrust chamber, LOX-based post-boost stages need
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to be highly optimized for thrust chamber mass to become competitive with the other
oxidizers. Another key takeaway is that when the mechanism of achieving a given O/F
is not considered, the tall and skinny motors perform better than the short and flat ones,
for all oxidizers. This is also a consequence of the mass penalty of the thrust chamber.
The thrust chamber mass increases with the square of the diameter, but proportionally
to height, meaning that taller and skinnier thrust chambers have greater propellant mass
fractions which lead to greater ∆V. Figure 11 shows that the thrust chamber diameter which
optimizes ∆V in the cubic (i.e., H/B = 1) LOX motor is less than that which optimizes Isp.
In the ideal case where all propellants are consumed, this would mean that the motor is
operating at an O/F slightly more O-rich than the optimum value. In other words, the LOX
motor should be operated in more fuel rich conditions, but it cannot be because the mass
penalty of increasing the thrust chamber size is too great.

Figure 11. ∆V is optimized with a smaller thrust chamber than that which optimizes Isp.

Lastly, it is useful to compare the four oxidizers directly, as is shown in the plots in
Figure 12. Here the plots for the cubic envelope have been selected for comparison purposes.
As previously mentioned, and obvious from Figure 12a, the H2O2 85 wt% outperforms the
others in terms of ∆V by a margin of more than 15%, with N2O4 as the next best performing,
and LOX as the least performing. However, there is one more consideration that is essential
for understanding all the tradeoffs at hand. In the context of an actual launch, where these
motors are added to the payload compartment at the expense of the space and mass of
the payload, the wet mass of these motors must also be considered. To account for this
important factor, a “density change in velocity,” ∆Vρ ((m/s)/(kg/m3)), term is introduced,
and is shown in Figure 12b. The density change in velocity is determined by dividing the
∆V by the motor density, defined as the wet mass divided by the envelope volume. This
calculation is shown as Equation (10) for clarification:

∆Vρ = ∆V×Venvelope/Mwet. (10)
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Figure 12. Comparing the ideal ∆V and ∆Vρ of each oxidizer.

The N2O motor outperforms the other motors by a margin of 50% in terms of density
change in velocity. In other words, the N2O motors are significantly lighter than the others
when taking up the same envelope space, and have a similar self-∆V.

In this research which controlled for the envelope volume as Venvelope = 1, dividing by
Mwet alone would result in the same values for ∆Vρ. However, if volume is not included in
Equation (10), the ∆Vρ would scale with mass for all other cases where the volume is not
one. Thus, as a term which is applicable to extrapolation, the motor density must be used.
In this sense, the density change in velocity contains all the information important to the
end user, who understands both the envelope volume and mass limitations of the launch
vehicle. For an end user with little space yet ample mass budget, the H2O2 motor is the best
option. For an end user with ample space yet a strict mass budget, the N2O motor is best
option. Answering the question of where exactly the line is drawn in selecting between
these two types of systems is outside the scope of this paper.

3.2. Impact of O/F Shift and Nozzle Erosion on Ideal Performance

In this second part of the research, more realistic estimates of ∆V will be calculated to
understand how well hybrid rockets align with their theoretical ideal performance. This
time, the ∆V are calculated according to the internal ballistics simulation algorithm in
Section 2.5. These calculations are carried out in two sets. In the first set of calculations,
nozzle throat erosion is neglected, and in the second it is calculated by assuming that the
nozzle throat wall temperature Tw is always 80% of the combustion gas temperature at the
throat, which is the upper end of the values that the authors have experienced in practice.

Due to the increased number of possible outcomes and avenues of investigation
available, as well as the increased computational cost of calculating ∆V, the decision
was made to focus this part of the research on the two most promising candidates from
the previous section: H2O2 85 wt% for maximizing ∆V; and N2O for maximizing ∆Vρ.
Moreover, the empirical formulations for the H2O2 85 wt% are not available in the literature,
and so the empirical coefficients for the LOX case in Table 4 were implemented instead.
Since the mass fraction of hydrogen content in H2O2 85 wt% is roughly 7%, meaning
that the remaining 93% is oxygen, this approximation seems appropriate enough for the
purposes of the investigation at hand.

In addition to the thrust chamber diameter ratio D/B, the thrust chamber injector flow
area AD and nozzle throat area At need to be treated as independent variables. Due to
the nature of the algorithm, which contains multiple iterative loops as well as decisions
to switch between mass flow rate equations, a brute force method was used to find the
greatest ∆V within a 2D domain of AD and At for every value of D/B. This domain was
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created by defining the injector as having 10 holes, and varying the size of the injector
hole diameters dinj, and nozzle throat diameters dt, to ensure a wide range of flowrates,
chamber pressures, and thrusts would be considered. These domains of calculations
are summarized in Table 5. Note that the authors originally tried several optimization
techniques to reduce the number of calculations required to find the maximum ∆V, however
no method consistently converged on a value that matched or bettered the brute force
method described above, which calculated ∆V along a grid of fixed values. In other words,
the landscape of the solution space is changing drastically for every value of D/B and
between oxidizers.

Table 5. Domain of calculations.

Independent Variable Increment Lower Value Upper Value

Thrust chamber diameter ratio, D/B 1/40 1/40 36/40
Injector hole diameter, dinj

1 0.5 mm 0.5 mm 3.5 mm
Nozzle throat diameter, dt 5 mm 10 mm 50 mm

1 The injector is assumed to have 10 holes.

One benefit of using a brute force grid search type for the maximum ∆V is that the
contour maps of the solution space can be checked at will. The contour maps of the
highest performing motors are shown in Figure 13. The solution space of the N2O motor
in Figure 13b, although not easy to replicate with simple algebra, is much more straight
forward than the solution space of the H2O2 85 wt% motor in Figure 13a. In a positive way,
there is not such a narrow range of injector hole diameters—roughly 1.5 to 3 mm—that
result in ∆V > 3500 m/s when the throat diameter is 30 mm. Furthermore, there is an even
larger range, two separate ranges in fact, of such values for the H2O2 85 wt% motor where
∆V > 4000 m/s. However, of some concern for applying these motors in practice is that
in both cases these regions reside next to cliffs of meaningless solutions (∆V < 500 m/s).
Further investigations regarding this landscape require an analysis outside of the purview
and objectives of this research. The results of ∆V for each type of motor without nozzle
erosion for each envelope are plotted in Figure 14, and the corresponding results of ∆Vρ

are plotted in Figure 15. One takeaway from Figures 14 and 15 is that the thrust chamber
diameter ratio that corresponds to the maximum ∆V of the H2O2 85 wt% motor is only
slightly affected by the envelope shape, and more so for the H2O2 85 wt% motor than the
N2O motor when internal ballistics simulations are used to estimate ∆V. This is because
there is simply much more oxidizer mass than the nitrous oxide motor due to the higher
density. Recall from Figure 4 that the optimum O/F are close in value for both oxidizers, yet
since the density of H2O2 85 wt% is more than twice that of N2O, a larger thrust chamber
containing twice as much fuel is necessary to achieve this optimum O/F. Meanwhile, the
fuel length is fixed, so variation in burning surface area during firing is exacerbated and
leads to more sporadic results. Another takeaway is that plots of both motors skew to
the left—i.e., lower D/B—for lower values of H/B. Once again, this trend reflects the
dependence of fuel and oxidizer mass on thrust chamber diameter when the height is
fixed. Since the skew is to the left, it means that the shorter the H/B, the smaller the motor
diameter which is needed to maximize performance, regardless of the oxidizer used. Lastly,
the magnitude of the skew is greatest for the ∆Vρ plots in Figure 15b, which show that the
most mass efficient motor of this study is the short and flat—i.e., H/B = 1

2 —N2O motor,
with ∆Vρ > 8 m4/kg-s.
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Figure 13. Examples of the ∆V solutions spaces without nozzle throat erosion.

Figure 14. Realistic ∆V solutions spaces for all three envelopes without nozzle throat erosion.

Figure 15. Realistic ∆Vρ solutions spaces for all three envelopes without nozzle throat erosion.
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The results of ∆V for each type of motor with nozzle throat erosion for the cubic
envelope are plotted in Figure 16, and the corresponding results of ∆Vρ are plotted in
Figure 17. Table 6 summarizes the best performing cases for each motor with and without
nozzle erosion. By narrowing the presentation of results down to a single envelope,
the plots within each figure can compare the three cases of: ideal motor performance,
motor performance base on internal ballistics simulations without nozzle erosion, and
corresponding simulations with nozzle erosion. In this way, Figures 16 and 17 most directly
answer the main questions of the research objectives, regarding how well hybrid rockets
can be expected to perform in theory, and to what degree O/F shift and nozzle throat
erosion affect this performance.

The results of Figures 16 and 17, and Table 6 are enlightening. O/F shift and/or O/F
design challenges related to fuel regression rate are responsible for a major departure from
theoretical ∆V in both motors: a decrease of roughly 600 m/s, or 12% from 5000 m/s to
4400 m/s in the H2O2 85 wt% motor; and a decrease of roughly 400 m/s, or 10% from
4100 m/s to 3700 m/s in the N2O motor. It is also clear that nozzle erosion is more
detrimental to the H2O2 85 wt% motor, leading to an additional departure from theoretical
∆V of 300 m/s or 7%, versus 150 m/s, or 4% for the N2O motor.

Figure 16. Comparison of ∆V solutions spaces for cubic envelope.

Figure 17. Comparison of ∆Vρ solutions spaces for cubic envelope.
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Table 6. Summary of best cases.

Solution H2O2 85wt%
No Erosion | Erosion

N2O
No Erosion | Erosion

Thrust chamber diameter ratio, D/B 43% | 43% 35% | 35%
Injector hole diameter, dinj

1 1.5 mm | 1.0 mm 3.0 mm | 2.5 mm
Nozzle throat diameter, dt 30 mm | 30 mm 30 mm | 20 mm

Change of velocity, ∆V 4379 m/s | 4053 m/s 3698 m/s | 3545 m/s
Wet Mass, Mwet 916 kg | 916 kg 465 kg | 456 kg

Density-∆V, ∆Vρ 4.8 m4/kg-s | 4.4 m4/kg-s 8.0 m4/kg-s | 7.8 m4/kg-s
1 The injector is assumed to have 10 holes.

Interestingly, both the H2O2 85 wt% motor and N2O motor result in similar values
for initial throat diameter and combustion time when nozzle erosion is neglected, making
this comparison particularly relevant. It is worth mentioning that this similarity is unin-
tentional. Recall that all possible sets of nozzle throat diameter and injector hole diameter
are considered for both motors (see Table 5 and Figure 13), and the motors which resulted
in the highest ∆V are selected from this body of results. No other selection criteria are
employed, and no other constrains are placed on the calculations outside of the shutdown
criteria (see Section 2.5 final paragraph).

Figures 18 and 19 elucidate the internal ballistics calculations that result in the plots of
Figures 16 and 17, and solutions of Table 6. Figure 18 shows the O/F shift and nozzle throat
diameter histories of the highest performing cases from Figure 17, with and without erosion.
The figures were not made to have matching axes, due to the variations in magnitudes of the
abscissa and ordinates for each motor, with and without erosion. Thus, a direct comparison
cannot be made between subfigures. Instead, a brief summary of key takeaways will be
presented here instead.

First, comparing Figure 18a,c shows that O/F shifts from high to low in both H2O2
85 wt% motors, and that the main difference between motors with and without nozzle
erosion is the range over which O/F shift occurs: from 16 to 9 without nozzle erosion; and
from 12.5 to 10.5 with nozzle erosion. Comparing Figure 19a,c shows that the impact of
O/F shift on Isp is significant. The value of Isp quickly surpasses 340 s in the H2O2 85 wt%
motor without nozzle erosion, however never reaches this value when erosion occurs.

Second, comparing Figure 18b,d shows that the O/F shift differs between the N2O
motors with and without nozzle erosion. In the motor without nozzle erosion, O/F
increases from six to seven, before decreasing back to six by the end of the firing. In
the motor with nozzle erosion, O/F increases from 4.5 to 8.5, where it remains relatively
steady until the end of firing. The reason O/F shift is positive at first is related to the
mass flux exponents n of Equation (5) and Table 3. When n > 0.5—as in the reference
value for N2O—and oxidizer mass flow rate is constant, O/F shift is positive and vice
versa. However, during firing, the N2O supply mode switches from flashing liquid flow
to choked gas flow, leading to a rapid drop followed by a gradual decrease in flow rate
until the end of the firing. This explains why the O/F shift switches from being positive
to negative during firing. When nozzle erosion occurs, the chamber pressure decreases,
leading to a decrease in fuel mass consumption flow rate (see Equation (5)). As a result, the
O/F remains relatively constant, even though both propellants’ flow rates are decreasing
in time.

The reason this flow change takes places is related to the storage conditions of N2O in
the oxidizer vessels and the self-fed supply procedure. The N2O is stored at 550 kg/m3

so that it remains as a saturated liquid even at the critical temperature of 309 K. However,
the self-feeding supply of N2O refrigerates the mass remaining in the vessel, which means
that the density of the liquid portion of oxidizer increases in time, taking up less and less
volume per unit mass. At some time, no liquid remains in the oxidizer vessels and the N2O
is supplied as a coked gas in a blow-down configuration.
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Figure 18. Comparison of O/F and throat diameter histories.

Figure 19. Comparison of thrust and specific impulse histories.
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Comparing Figure 19b,d shows that the impact of the O/F shift on Isp is significant in
the N2O motor as well. The Isp of the motor without nozzle erosion remains between 328 s
and 333 s, or 1.5% of the mean for the entire duration of firing, whereas it varies between
295 s and 325 s, or 4.8% of the mean in the motor with nozzle erosion. Furthermore, the
thrust of the N2O motor rapidly drops roughly 2800 N in value about 1/3 into firing.

4. Discussion
4.1. Technologies for Reducing O/F Shift and Nozzle Erosion

There are four key technologies currently under development by the authors and
other researchers which aim to eliminate O/F shift, and as a result will also reduce the
impact of nozzle erosion. Recall that for both the H2O2 85 wt% and N2O motors, O/F
shift alone results in departures from theoretical ∆V of around 9–12%, which are further
exacerbated by nozzle erosion by an additional 4–7%. Thus, eliminating O/F shift and
nozzle erosion completely will lead to improvements in ∆V of 14–19%.

The first technology which may eliminate O/F shift is the axial-injection end-burning
(AIEB) type hybrid rocket fuel. This type of fuel has a porous fuel grain through which
oxidizer flows, such that combustion takes place along the aft-end surface of the fuel,
rather than within the openings in the fuel. In this configuration, the burning surface area
remains constant in time, and the fuel mass consumption rate depends solely on chamber
pressure. Thus, O/F remains constant so long as the chamber pressure remains constant.
Recently, this technology has matured, with demonstrations from three institutions and
the use of various fuel and oxidizer materials [35–38]. The main issues remaining are the
prevention of flame-spreading into the fuel at pressures greater than 1.5 MPa or so, losses
in combustion efficiency due to the ejection of unburned fuel particles [39,40], and the
negative effect of nozzle erosion on chamber pressure.

The second technology which may eliminate the O/F shift is the active control of
oxidizer supply to match the fuel consumption rate during firing. This technology has
been demonstrated with some success in the SOFT and A-SOFT type hybrid rockets [41,42].
The main challenge of the active oxidizer flow for O/F control is that estimating the fuel
mass consumption rate in real time requires some additional technology, which has not
matured yet.

The third and fourth technologies are related to the prevention or reduction of nozzle
throat erosion. The third technology is the use of an erosion-resistant material at the noz-
zle throat. For example, Kamps et al. reported that coating the throat of a conventional
graphite nozzle with SiC prevented erosion completely in a five second firing test [43].
D’lia et al. [44] and Whitmore et al. [45] achieved erosion reduction in longer firing dura-
tions using throat inserts made of customized erosion-mitigating materials with varying
degrees of success. The fourth technology is the active cooling of a carbon-based nozzle-
with the aim of delaying or preventing nozzle throat erosion, which has only recently been
proposed. The basis of this technology is that the nozzle throat erosion rate is negligibly
small at temperatures below 1500 K, and increases rapidly with temperatures between
1500 K and 2000 K. Thus, if the nozzle can be cooled to 2000 K or below, erosion can be re-
duced, and if it can be cooled to 1500 K or below, erosion can be prevented. Initial findings
which support the viability of an actively cooled carbon-based nozzle have been reported
by Ito et al. [46]. Note that with either technology, hybrid rockets using nitrous oxide will
have roughly half the erosion rate of hybrid rockets using pure oxygen, or oxygen-rich
oxidizers such as high weight percentage hydrogen peroxide, because of the decreased
presence of oxidizing species in the combustion gas—see [30,47].

4.2. Nonintuitive Nature of the Results

The findings of Sections 2 and 3 may be obvious to some readers; however, they came
as a surprise to the authors. When entering into this study the authors felt as a general
principle that oxidizers with a greater density would tend to be more mass-efficient, and
consequently when considering the density change in velocity (∆Vρ), N2O, which has
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the lowest density, would have the worst performance. Only after grasping the impact
of requiring the pressurizing systems of the other oxidizers to fit into the limited space
surrounding the oxidizer vessels was it clear to what extent the pressurizing feed systems
reduce ∆Vρ. This outlook is reflected in previous research as well. Nitrous oxide appears
to have been neglected from an otherwise groundbreaking analysis in previous research,
based on the viewpoint that the relatively low storage density would prevent it from being
comparable in performance to other oxidizers [48]. Lastly, LOX is commonly selected
for use as an oxidizer for its high Isp. For this reason, we expected the LOX motor to
match or perhaps surpass the other oxidizers in ∆V. In fact, LOX resulted in the overall
worst theoretical ∆V and ∆Vρ. The reason is that LOX performs best at an O/F of around
two, which is at least twice as low as the optimum O/F of the other oxidizers. Since the
thrust chamber can never be made as light as the surrounding pressure vessels, there is a
non-negligible penalty to require larger fuel grains. In the rocket design conditions of this
study, this penalty was so large as to completely negate the advantage that LOX has in Isp.

5. Conclusions

Hybrid rockets are now the core technology for numerous Earth launch vehicle busi-
ness ventures, which means that the current state-of-the-art hybrid rockets have achieved
sufficiently high thrust-to-weight ratios as to compete with conventional liquid-bipropellant
rockets and solid rockets. This is a testament to the decades of R&D focused on achieving
high thrust-to-weight ratios with the hybrid rocket propellant configuration. Now there
is increasing demand for a non-explosive yet powerful rocket for in-space transportation,
beckoning hybrid rocket developers to propose solutions. However, the high thrust-to-
weight ratio hybrid rockets of previous development are not directly transferable to use as
in-space thrusters are, often categorized as “post-boost stages” and “kick motors.” That is,
post-boost stages and kick motors have mass and volume restrictions that are fixed by the
launch vehicle, and they do not benefit from accelerations greater than Earth’s gravitation
acceleration. Moreover, they have additional requirements, such as multiple ignitions
in vacuum, and careful control of solid particle debris. This paper carefully evaluated
key aspects of hybrid rockets to evaluate their potential for use as post-boost stages and
kick motors. A robust design algorithm, which is applicable to all major hybrid rocket
configurations, was presented and used to evaluate the effect of O/F shift and nozzle
erosion on ∆V.

The results may be surprising even to experienced rocket engineers because the
complexity of interactions between design constraints is nonintuitive and impossible
without the help of a computer. Among the four most common liquid hybrid rocket
oxidizers: H2O2 (85wt%), N2O, N2O4, and LOX, H2O2 is shown to outperform the others
in theoretical ∆V by more than 10%, even though it does not have to the highest Isp. In
terms of theoretical density ∆V, which is a term for normalizing ∆V by the density of
the thruster, N2O outperforms the other oxidizer by 50%, even though it has the lowest
storage density. Furthermore, LOX has both the worst theoretical ∆V and density ∆V, even
though it has the highest Isp. This is due primarily to the mass penalty of requiring a larger
thrust chamber or pressurizing system, and having to fit the pressurizing system in the
limited space around the oxidizer vessels and thrust chamber. Further analysis of the
top-performing motors, the H2O2 85 wt% and N2O motors, shows that they lose 9–12% in
∆V due to O/F shift. Moreover, the H2O2 85 wt% motors lose another 7% in ∆V due to
nozzle throat erosion, and the N2O motors another 4%. Nonetheless, even with O/F shift
and nozzle erosion, a one-cubic-meter H2O2 85 wt% motor can accelerate itself (916 kg)
upwards of 4000 m/s, and a N2O motor (456 kg) 3550 m/s.
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Nomenclature

a, m, n fuel regression rate constants, Equation (5)
A area, m2

AO/F oxidizer-to-fuel cross-sectional area ratio
b, E, n, β1, β2, β3 nozzle erosion rate constants, Equation (7)
c* characteristic exhaust velocity, m/s
CD, CG dimensionless flow coefficients
d inner diameter, m
D outer diameter, m or binary mass diffusivity, m2/s
D/B (thrust chamber) diameter-to-base ratio
F thrust, N
F.S. factor of safety
g (Earth) gravitational acceleration, ∼=9.8 m/s2

H/B (envelope) height-to-base ratio
H/D (envelope) height-to-(thrust chamber) diameter ratio
Isp specific impulse, s
MEOP maximum expected operation pressure, Pa
.

m mass flow rate, kg/s
M (initial) propellant mass, kg
M (initial) wet mass, kg
O/F oxidizer-to-fuel-mass ratio
P pressure, Pa
r nozzle throat or fuel port radius, m
Re Reynolds number
Sc Schmidt number
t (wall) thickness, m
T temperature, K
∆V change in velocity, m/s
∆Vρ density change in velocity, m4/kg-s
ε nozzle expansion ratio
γ specific heat ratio
Φ equivalence ratio, Φ > 1 is fuel-rich
ρ Density, kg/m3

σ tensile strength, Pa
Subscripts
bs burning surface
c thrust chamber (position)
dw, up (orifice) downstream, upstream (position)
e, t, w (nozzle) exit, throat, wall (position)
fu, n, ox fuel, nozzle, oxidizer
inj injector
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Appendix A

Figure A1. Comparison of Chemical Rocket Configurations.
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