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Abstract: This paper investigates a mixed-sensitivity control method for a class of drag-free spacecraft-
needed frequency-separation control, which overcomes the coupled problem of a multiple-in multiple-
out (MIMO) system with multiple sensitive-axes and disturbances of actuators . Firstly, the relative
dynamics equation is established based on the character of displacement error, which is separated by
that test-mass (TMs) tracking ideal orbit with high-frequency displacement and cavity of spacecraft
tracking TMs with low-frequency displacement. Secondly, the feedback gain matrix is obtained by the
LMI/SDP, which is devised by a general system containing a weight function. Finally, the simulation
results demonstrate the performance of the proposed method.
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1. Introduction

In recent years, drag-free spacecraft has been applied in an increasing number of fields,
and an incrementally increasing number of researchers have been attracted to carrying out this
work, thanks to the project Observations of the Earth’s Gravity (OEG) [1–3], the Verification
of Basic Theory (VBT) [4–6], and the Detection of Gravitational Wave (DGW) [7–9]. The
concept of drag-free was first introduced by Lange B in the 1960s [10]; then, it was realized on
TRIAD I, which was used to improve the precision of orbit determination [11]. GOCE was
a gravitational satellite lunched after CHAMP and GRACE; its technology of drag-free has
been quite sophisticated, which can precisely measure data of the earth’s gravitational field [2].
GP-B was a satellite for verifying general relativity, which has made the acceleration below
10−9 ms−2Hz−1/2 in the sensitive axis [4]. Projects of DGW represented by LISA [12], Taiji [13],
and TianQin [9] also demand high performance. The issue of drag-free could continue to be
studied in the future.

Many scholars have done valuable research in the area of control for drag-free, such
as PID [14], LQR [15], embedded model control (EMC) [16], H∞ [17], sliding model control
(SMC) [18,19], and adaptive control [20]. In order to obtain the estimated state of a drag-free
system that has complex parameter structures, a controller with a high-gain observer was
designed [21]. A LQR control based on modern optimal control theory was used to solve
drag-free and attitude control with cold interferometry [22]. For uncertain disturb, an
EMC [23] and an self-recurrent wavelet neural network disturbance observer [24] were
designed to estimate it and a SMC [18] was proposed to overcome it. There was a robust
predictive control (MPC) to constraint test-mass moving in the cavity [25]. For variation of
space parameters, an adaptive method was proposed to meet drag-free control [26]. These
studies have addressed both general and specific problems.

In order to establish that the signal of drag-free control is mixed in the scientific signal
in DGW, a mixed-sensitivity controller was designed to separate frequency-bands [27].
However, it only has robustness for parameter perturbation instead of robust stability for
disturbance and noise. To solve this problem, this paper designs a new mixed-sensitivity
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mentioned in reference [28,29] that is based on state space. Compared with output feedback
in the frequency domain, state feedback in the time domain is more mature for the attached
observer, the extended observer, and so on. Moreover, there is no need for decoupling.

To sum up, the control system of drag-free has achieved great things in the field of
theory and projects. This paper is built on previous designs of a mixed-sensitivity controller
based on state space that has robust stability against disturbance and noise and is available
for the MIMO system. The contribution of this paper is that a generalized system based
on state space is obtained by combining a drag-free system model based on a relative
dynamics equation and a filter based on a weight transfer function, and a state feedback
matrix ensuring closed-loop system is stable is obtained through Lyapunov’s second theory.

2. Model Building

Drag-free spacecraft has the test mass for scientific detection and the satellite body
for offsetting disturbance. Traditional drag-free spacecraft with single TMs places the test
mass on the ideal orbit and traces it depending on the spacecraft body.

2.1. Reference Coordinate System

In order to establish a relative dynamics equation for the body of spacecraft and the
TMs. There are four reference coordinate systems that have to be defined at least. The
reference frames are shown in Figure 1 and are

• The earth inertial reference coordinate system (IRS): The origin of coordinates is
located at the center of the earth. ix-axis points to the vernal equinox, and the iz-axis
is directed toward the n-pole. The iy-axis follows the right-handed rule.

• The ideal orbit reference coordinate system (ORS): The origin of the coordinates is
located at the ideal orbit. The ix-axis points to the opposite direction of the center of
the earth. The iy-axis coincides with the velocity vector direction of the spacecraft.
They are located in the orbital plane. The iz-axis follows the right-handed rule.

• The spacecraft body reference coordinate system (SRS): The coordinate axes are parallel
to the ORS, but the origin of the coordinates is located at the center of the cavity.

• The TMs reference coordinate system (TRS): The coordinate axes are parallel to the
ORS, but the origin of the coordinates is located at the mass center of the TMs.

Figure 1. Reference frame.

2.2. Problem Modeling

The traditional gravity field determination uses two different control types.
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(1) The mode of displacement: The relative displacement is measured directly, and the
signal is transferred to the control system of drag-free in order to offset disturbance.

(2) The mode of accelerometer: The displacement due to disturbance is offset by the
control system of electrostatic suspension; then, the control system of drag-free adjusts
the body position according to the reaction force.

Now, let us consider gravitational wave detection. Because of the satellite formation
dimension, it has a problem measuring the frequency band. The signal of the gravitational
wave is only available in a certain frequency band instead of all frequency bands. In order
to avoid mixing the control signal into the gravitational wave signal, which makes data
processing more difficult, a frequency-separation idea was adopted. Only one threshold
value can exist for a mixed-sensitivity controller, so there are two designed controllers
for the control systems of drag-free and electrostatic suspension, respectively.The main
disturbances received by drag-free spacecraft in space are solar radiation pressure, which
acts on the outer loop at low frequency, and electrostatic force, which acts on the inner loop
at high frequency. In summary, it is obvious to offset the low-frequency disturbance with
mode 1 and offset the high-frequency one with mode 2.

There are three different displacement errors in Figure 2:
e1 = r1 − rl
e2 = r2 − rh
e3 = rgw

(1)

where e1 and rl are the relative position vector from TMs to the center of the cavity in the
TRS and displacement by low-frequency disturbance, respectively; e2 and rh are the relative
position vector from ideal orbit to TMs in the ORS and displacement by high-frequency
disturbance, respectively; r1 and r2 are outputs of displacement; and rgw is gravitational
wave signal.

Figure 2. Relative error of drag-free spacecraft.
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2.3. Dynamics Modeling

The consideration of the two-body equation is as follows:

d2rs

dt2 = −µ
rs

rs3 + us + ds (2)

d2rt

dt2 = −µ
rt

rt3 (3)

d2rt

dt2 = −µ
rt

rt3 + ut + dt (4)

d2ro

dt2 = −µ
ro

ro3 (5)

where rs represents the distance between the center of the cavity of the spacecraft and the
earth in the IRF components; rt represents the distance between the center of mass of the
TMs and the earth in the IRF components; and ro represents the distance between the ideal
orbit and the earth in the IRF. us and ut are the control force, which is comprised of cold air
thrust and electrostatic suspension force, respectively. ds and dt are the disturbing force,
which is comprised of the noise of the actuator and static.

Let (2) minus (3), (4) minus (5), to obtain the relative dynamics equation and transform
it into the CW equation as follows:

r̈1 = −2ω× ṙ1 −ω× (ω× r1)− ω̇× r1 + µ

(
rt

rt3 −
rs

rs3

)
+ us + ds (6)

r̈2 = −2ω× ṙ2 −ω× (ω× r2)− ω̇× r2 + µ

(
ro

ro3 −
rt

rt3

)
+ ut + dt (7)

where ω is the spacecraft or TMs angular velocity in the IRS, which is orbit angular velocity.
Since there is a coupling problem between the z-axis and the orbital angular velocity

vector in the CW equation, the z-axis is discarded. Note that the two-TMs drag-free
spacecrafts used in gravitational wave detection also have two sensitive axes in the orbital
plane and that frequency-separation is the most promising for gravitational wave detection.
Hence, it was practically meaningful to discard the z-axis. Equations (6) and (7) are
transformed into the form of the linear equation of the matrix as follows:[

ẍ1
ÿ1

]
= −2

[
0 −ω
ω 0

][
ẋ1
ẏ1

]
−
[

0 −ω
ω 0

][
−y1ω
x1ω

]
−
[

0 −ω̇
ω̇ 0

][
x1
y1

]
+ µ

rt3

[
−x1
−y1

]
+ us+ds

(8)

[
ẍ2
ÿ2

]
= −2

[
0 −ω
ω 0

][
ẋ2
ẏ2

]
−
[

0 −ω
ω 0

][
−y2ω
x2ω

]
−
[

0 −ω̇
ω̇ 0

][
x2
y2

]
+ µ

ro3

[
−x2
−y2

]
+ ut+dt

(9)

Select state variables X1 = [x1, ẋ1, y1, ẏ1]
T and X2 = [x2, ẋ2, y2, ẏ2]

T. Equations (8) and (9)
are transformed into the form of equation of state as follows:

Ẋ1 = A1X1 + B1Us + B1ds
Y1 = C1X1

(10)

where
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A1 =


0 0 1 0
0 0 0 1

ω2 − µ

rt3 ω̇ 0 2ω

−ω̇ ω2 − µ

rt3 −2ω 0


B1 =


0 0
0 0
1 0
0 1

, C1 =

[
1 0 0 0
0 1 0 0

]

Ẋ2 = A2X2 + B2U t + B2dt
Y2 = C2X2

(11)

where

A2 =


0 0 1 0
0 0 0 1

ω2 − µ

ro3 ω̇ 0 2ω

−ω̇ ω2 − µ

ro3 −2ω 0


B2 =


0 0
0 0
1 0
0 1

, C2 =

[
1 0 0 0
0 1 0 0

]

The above comprises the relative dynamics equation of the drag-free system and the
electrostatic suspension system. The controller designed by two equations was used in
different frequencies.

3. Controllers Designing

Theorem 1 ([30]). For a system P

ξ̇ = Aξ+B1ζ1+B2ζ2
Y = Cξ

(12)

and a general system G about P

ξ̇ = Aξ+B1ζ1+B2ζ2
Z1=C1ξ+D1ζ1
Z2=C2ξ + D2ζ2
Y = Cξ

(13)

There ia a state feedback matrix K that is designed as the control law ζ2 = Kξ such that |p(G, K)| <
γ if there is a symmetric position definite matrix Y Y ÂT

+ ÂY − γB2
T YCT

1 B1
∗ −γI D1
∗ ∗ −γI

 < 0 (14)

where Â = A− C2B2; moreover, the K is designed as K = −(γB2
TY−1 + C2)

Proof. Only stability is demonstrated here. For system (13), select the Lyapunov function
as

V = ξTYξ > 0 (15)
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then

V̇ = ξ̇
T

Yξ + ξTY ξ̇

= (Aξ+B1ζ1+B2ζ2)
TYξ + ξTY(Aξ+B1ζ1 + B2ζ2)

= ξT(AT Y + YA+ B2
TKTY + YKB2)ξ + ζ1

T B1
T Yξ+ ξTYB1ζ

≤ ξT(AT Y + YA+ B2
TKTY + YKB2 + YB1B1

T) ξ+ ζ1
Tζ1

≤ ξT(AT Y + YA+ B2
TKTY + YKB2 + YBB1

TY + γ−1C1
TC1) ξ+ D1D1

= ξT(AT Y + YA+ B2
T(−γB2

TY−1 + C2)
TY + Y(−γB2

TY−1 + C2)B2

+ B1
TY + γ−1C1

TC1) ξ+ D1D

= ξ(ÂY + Y Â− γB2B2
T + B1

TY + γ−1C1
TC1) ξ+ D1D1

< 0

(16)

then the above equation is multiplied by Y and Y−1 simultaneously and replaced Y−1 with
Y . According to Schur complement, (14) was gained.

3.1. Weight Selection

This subsection discusses a weight-transfer function. The gravitational wave source
is in a specific frequency band that is from ω1 to ω2. According to Section 2.2, there is
a spacecraft controller for ω1 or less and a TMs controller for ω2 or the above. For each
engineering of gravitational wave detection, the frequency band of the wave source is
different. This paper adopted TianQin engineering with f (ω1 = 10−4Hz, ω2 = 1Hz).

A simple mixed-sensitivity controller for a closed-loop system is shown in Figure 3.
The weighting filter We is used to adjust the steady-state error between the input and
the output, which is also called the shape of sensitivity. The requirements for selecting
We are large steady-state errors when in the tracking band and small ones when in the
non-tracking band. To reach the requirement, select the following transfer function:

We =

[
ωs+a

ω−1s+1 0
0 ωs+a

ω−1s+1

]
(17)

where ω is ω1 or ω2, and a is a constant. For the system of multiple-input and multiple-
output, it is an n-order matrix. Since the sensitivities of the x-axis and y-axis are identical,
the elements of We are uniform. They can be different if their sensitivities are different.

Figure 3. Block diagram of mixed-sensitivity control.

The weighting filter Wu is used to adjust the shape of the control sensitivity and
to represent actuator limitations and robustness. The requirement for selecting Wu is
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matching it to the We, which makes LMI available. The specific requirement is available
from reference [31]. To reach the requirement, select the following transfer function:

Wu =

[
ω−1s+a

ωs+1 0
0 ω−1s+a

ωs+1

]
(18)

Substitute ω1 to (17) and (18). The real weighting filter for the control system of
drag-free is as follows:

We1 =

 10−4s+1
104s+1

0

0 10−4s+1
104s+1

Wu1 =

 103s+1
10−4s+1

0

0 103s+1
10−4s+1

 (19)

As in Figure 4, when the frequency is above 10−4 Hz, the magnitude response declines
gradually. It represents the fact that We has a simple filtering effect that separates frequency
at 10−4 Hz.

Figure 4. Sensitivity of We−1.

Substitute ω2 to (17) and (18). The real weighting filter for the control system of
electrostatic suspension is as follows:

We2 =

[ s
s+1 0
0 s

s+1

]
Wu2 =

[
10−1s+1

s+1 0
0 10−1s+1

s+1

]
(20)

As in Figure 5, when the frequency is below 1 Hz, the magnitude response declines
gradually. It represents the fact that We has a simple filtering effect that separates the
frequency at 1 Hz.

We does not determine the sensitivity of the closed-loop system, but its filtering
effect is the same with the closed-loop system. Specific parameters can be chosen in the
experiment.
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Figure 5. Sensitivity of We−2.

3.2. Gain Matrix

As Figure 3, e is the error between disturb input and metrical output. u is the control
signal. Ve is the coefficient of e representing the ideal upper limit. Vu has the same function
for u. To meet the form in reference [28], construct two new variables as follows:

ê = e + CX
û = DWuVu−1u

(21)

3.2.1. Drag-Free

Considering (13), Z1 and Z2 are controlled outputs; they can be replaced by We and
Wu, which impact the sensitivity of the closed-loop system. The new general system is
shown in Figure 3. In order to solve LMI in the time domain, translate (19) into an equation
of state. As follows:

XWe1 = AWe1XWe1 + BWe1e
YWe1 = CWe1XWe1 + DWe1e

(22)

where

AWe1 =

[
−10−4 0

0 −10−4

]
, BWe1 =

[
1 0
0 1

]
CWe1 =

[
10−4 0

0 10−4

]
, DWe1 =

[
10−8 0

0 10−8

]
and

XWu1 = AWu1XWu1 + BWu1u
YWu1 = CWu1XWu1 + DWu1u

(23)

where

AWu1 =

[
−104 0

0 −104

]
, BWu1 =

[
1 0
0 1

]
CWu1 =

[
−1011 0

0 −1011

]
, DWu1 =

[
107 0
0 107

]
Regarding system (10), it is a real system. To meet the frequency-separation of the drag-

free control signal, set the general system S1 based on the state space. The state variables of
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X1 and XWe1, XWu1 are the set general state variable XS1 = [X1
T , XWe1

T , XWu1
T ]T , which

meet the general system requirement. Then, the general system S1 is as follows:

ẊS1 = AS1XS1 + BS11ê + BS12û
YS11 = CS11XS1 + DS11ê
YS12 = CS12XS1 + DS12û

(24)

where

AS1 =

 A1 0 0
−BWe1Ve−1C1 AWe1 0

0 0 AWu1


BS11 =

 0
BWe1

0

, BS12 =

 B1VuDWu1
−1

0
BWu1DWu1

−1


CS11 =

[
0 CWe1 0

]
, CS12 =

[
0 0 CWu1

]
DS11 = DWe1, DS12 = I

Considering (14) and (28), the gain matrix K1 of the general system (28) can be solve
by LMI (14). To have the optimal solution of γ, try to solve the following SDP with (14):

min
Y,γ

γ Y AS1
T + AS1Y − γBS12BS12

T −YCS11
T BS11

∗ −γI DS11
∗ ∗ −γI

 < 0
(25)

Moreover, the K1 is designed as K1 = −VuDWu1
−1(γB12

TY−1 + C12).
Figure 6 shows the closed-loop system for the control system. Importantly, for the

high-pass filter, it is available to adopt integral quantity, which produces large errors at
high frequency.

Figure 6. Block diagram of control system.

3.2.2. Electrostatic Suspension

Like Section 3.2.1, firstly, the transformation of the transfer function matrix (20) into
the form of state equation is as follows:

XWe2 = AWe2XWe2 + BWe2e
YWe2 = CWe2XWe2 + DWe2e

(26)

where
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AWe2 =

[
−1 0
0 −1

]
, BWe2 =

[
1 0
0 1

]
CWe2 =

[
−1 0
0 −1

]
, DWe2 =

[
1 0
0 1

]
and

XWu2 = AWu2XWu2 + BWu2u
YWu2 = CWu2XWu2 + DWu2u

(27)

where

AWu2 =

[
−1 0
0 −1

]
, BWu2 =

[
1 0
0 1

]
CWu2 =

[
0.9 0
0 0.9

]
, DWu2 =

[
0.1 0
0 0.1

]
Similarly to the general system S1, it is possible to institute a new general system S2

of TMs control and a new general state variable XS2 = [X2
T , XWe2

T , XWu2
T ]T . Then, a set

of state equations for the control system of electrostatic suspension is as follows:

ẊS2 = AS2XS2 + BS21ê + BS22û
YS21 = CS21XS2 + DS21ê
YS22 = CS22XS2 + DS22û

(28)

where

AS2 =

 A2 0 0
−BWe2Ve−1C2 AWe2 0

0 0 AWu2


BS21 =

 0
BWe2

0

, BS22 =

 B1VuDWu2
−1

0
BWu2DWu2

−1


CS21 =

[
0 CWe2 0

]
, CS22 =

[
0 0 CWu2

]
DS21 = DWe2, DS22 = I

It is easy to solve the SPD, which is similar to (29) as follows:

min
Y,γ

γ Y AS2
T + AS2Y − γBS22BS22

T −YCS21
T BS21

∗ −γI DS21
∗ ∗ −γI

 < 0
(29)

Moreover, the K2 is designed as K2 = −VuDWu2
−1(γB22

TY−1 + C22)
It is noted especially that the electrostatic suspension system in Figure 6 only allows

for the high-frequency signal pass, so it is available to adopt a derivative quantity. This is
because the steady-state error is changed by the phase error of We and the real system P.
When choosing derivative quantity, there is a phase error that is worse than the integral
ones.

4. Simulation and Discuss

In this section, the previously proposed control method is verified by a series of
simulated experiments through the TianQin model, whose ideal orbit is circular, and the
semi-major axis parameter is r = 105 km. Assume the initial position and velocity of
the spacecraft and TMs are p = [0 m, 0 m]T , v = [0 m/s, 0 m/s]T , respectively. Because
the disturbance acted on spacecraft in space is mainly solar radiation pressure that is of
minimal quantity, assume Ve is at 10−8 magnitude. The Drag-free spacecraft carries micro
propulsion, so Vu is assumed at 10−4 magnitude. In order to simplify this model, the
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inner loop uses the same parameters as the outer loop. Regarding the actuator noise and
disturbance, they uniformly use 10−9 magnitude. To sum up, we have

K1 =


[

−0.0003 4.5668× 10−7 −0.0343 −7.0955× 10−18

−4.5668× 10−7 −0.0003 −7.0955× 10−18 −0.0343

]
[

6.4859× 10−14 −8.1725× 10−17 1.4999 3.9603× 10−27

8.1725× 10−17 6.4859× 10−14 −3.9603× 10−27 1.4999

]


T

K2 =


[
−1271× 104 2.1452 −1080× 102 3.5709× 10−10

−2.1454 −1271× 104 −2.0884× 10−10 −1080× 102

]
[

29.6746 −6.6837× 10−6 −0.0013 −4.2445× 10−14

6.6837× 10−6 29.6746 4.2445× 10−14 −0.0013

]


T

Figure 7a shows the spacecraft, which is comprised of the outer-loop tracking step
signal, where the red and blue lines denote the displacement of the spacecraft, and the
green line denotes the tracking signal. The first two lines and the third line had a better
fit, and the error is less than the magnitude. Figure 7b shows the TMs, comprised of the
inner-loop tracking ideal orbit. The curves fit better than the outer loop and drop gradually
to 0 when the step signal stabilizes, which conforms previously designed property.

Figure 7. Tracking of step signal: (a) outer-loop, (b) inner-loop.

Figure 8 shows the tracking effect of the outer loop at different frequencies, where (a),
(b) shows it has a good tracking effect in the low-frequency band, and (c), (d) shows it has
no-tracking at high frequency. This verifies that this controller can meet the requirement of
control signal filtering in the high-frequency band.
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Figure 8. Tracking of sine signal for drag−free at (a) 1 µHz, (b) 0.01 mHz, (c) 10 mHz, (d) 1 Hz.

Figure 9 shows the tracking effect of inner loop at different frequencies, where (a), (b)
shows it does not track in the low-frequency band, and (c), (d) shows it has tracking at high
frequency. This verifies that this controller has good properties of control-signal filtering in
the low-frequency band.

Then, the merit of robustness of the control method in this paper is presented and
discussed as follows. In order to show the difference between this controller and the
traditional mixed-sensitivity controller, which is H∞ based on the small gain theorem, a
contrast figure is shown as follows.

Figure 10a shows the tracking effect of an outer loop that uses a frequency-domain-
based control strategy. It can be seen that the axis has tracking sine disturbance. However,
looking to Figure 10b, it is obvious that the curve has a large tracking error when the
actuator is impacted by external noise.

Figure 11 shows the tracking effect of the outer loop at 0.01 mHz with the actuator
noise and the disturbance of different frequencies.

Figure 12 shows the tracking effect of the inner loop at 3 Hz with the actuator noise
and the disturbance of different frequencies.

Figures 11 and 12 show it has still good tracking with the tracking-frequency noise
and no-tracking-frequency noise of the actuator. This indicates that the controller has good
robust stability when the system has mixed disturbance.
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Figure 9. Tracking of sine signal for electrostatic suspension at (a) 1 µHz, (b) 1 mHz, (c) 3 Hz,
(d) 10 Hz.

Figure 10. Tracking of drag−free using frequency-domain-based controller (a) with noise and (b) with
no noise.
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Figure 11. Tracking of drag−free with disturbance of (a) 1 µHz and (b) 1 Hz.

Figure 12. Tracking of electrostatic suspension with disturbance of (a) 1 µHz and (b) 10 Hz.

5. Conclusions

The mixed-sensitivity control of a drag-free spacecraft with systems of drag-free and
electrostatic suspension have been investigated in this paper. The tracking error has been
separated according to the high or low frequency of disturbances. Then, the CW equations
of TMs with respect to the ideal orbit and the center of cavity with respect to TMs have
been devised. Furthermore, we have developed two mixed-sensitivity controllers of the
MIMO system based on state feedback in state space for drag-free and electrostatic suspension,
respectively, which have the advantages of overcoming the disturbances and noise of the
system. Finally, the performance of the controllers has been demonstrated by a simulation
experiment.
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