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Abstract: This paper focuses on difficulties that primary school students have in facing mathematical
word problems. In particular, we are interested in exploring how they develop in the transition
from grade 2 to grade 5. The research basis of the hypothesis is that some difficulties detected in
grade 5 are already predictable in grade 2. Starting from the data collected in grade 5 by the National
Standardized Assessment, we carry out a quantitative analysis looking for word problems in which
students experience difficulties. Subsequently, we conduct a backward analysis of the grade 2 test of
the same cohort of students in order to identify a set of word problems linked with those selected in
grade 5 test. The analysis shows the presence of many common difficulties in the two grades. We
design and carry out specific educational activities concerning word problem-solving in grade 2.
check for These activities produce positive changes in the experimental class compared to the control class.
updates This could suggest that a previous intervention in grade 2 could allow overcoming future difficulties
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1. Introduction

The problem-solving process is one of the key elements in the design of mathematics
teaching/learning activities in all countries [1,2]. According to Schoenfeld [3], solving prob-
lems means finding a way out of a difficulty or a goal that is not immediately achievable.
In accordance with this thinking, problem-solving is one of the activities in which students
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Much research shows that most of the difficulties that students encounter in word
problem-solving concern, on the one hand, the implementation of a solving algorithm (see,
for example, [6,7]); and, on the other hand, the text comprehension (see, for example, [8,9]).

We are interested in this second point: over many decades, authors show that the
text has a strong influence on the solver’s interpretation and, therefore, on the resolving
processes he/she uses [10]. Several international research, for example, the pioneering one
presented by Nesher [11], show that in many cases, students try to infer directly from the
text the solution steps to solve the problem rather than representing the situation described
in the text.

The questions that guided our research are:

1.  What kind of difficulties do grade 5 students have in interpreting word problems text?
2. Which of these difficulties are already highlighted in grade 2 students?

2. Conceptual Framework

We chose to adopt various theoretical frameworks to develop the different research
phases. Regarding students’ difficulties in solving problems, we focused on text compre-
hension, defined as a process of “horizontal mathematization” [12]. For the quantitative
vertical study of the difficulties, we referred to the “chains of questions” [13]. Finally, about
the analysis of difficulties and the predisposition for early intervention, we referred to the
results of the work of Nesher [11], Gerofsky [14], and Daroczy and colleagues [9].

2.1. Understanding the Text as a Horizontal Mathematization Process

In previous research, author [13] considered the process of understanding the text of
word problems as “horizontal mathematization” [12].

Treffers [12] and Freudenthal [15] described the mathematization process as horizontal
and vertical, divided into two fundamental phases. According to Treffers [12], “through an
empirical approach, that is, through observation, experimentation, inductive reasoning, the
problem is changed so that strictly mathematical tools can approach it. The attempting to
schematize the problem is called “horizontal” mathematization mathematically. ( ... ) The
activities related to the mathematical process, problem solution, solution generalization,
and further formalization can be described as “vertical” mathematization.” [12] (p. 71). In
all phases of mathematical activity with word problems, both mathematizations integrate
each other [11,16]. In the early definition of horizontal mathematization, the emphasis is
placed on the transition from the real world to the mathematical world, just as talking
about vertical mathematization refers to the process only within the mathematical world.

Horizontal mathematization requires both a translation into the mathematical lan-
guage of the real situation through semiotic representations [17] and analysis and interpre-
tation of the mathematical results obtained in the context of the real situation. Therefore,
it is the process of transforming the problem in the context into a mathematical problem,
i.e.,, manageable through mathematical tools, concepts, and procedures. A model may be
defined as “a system of conceptual frameworks used to construct, interpret, and mathemat-
ically describe a situation” [18] (p. VIII). Therefore, horizontal mathematization requires
the pupil to identify the mathematical structure within the problem posed [19]. We can
therefore consider the comprehension of the word problem text as one of the main phases
of the horizontal mathematization process [13].

Consequently, it is the ability to extrapolate the information needed to analyze, set, and
solve the problem. Therefore, a priori a deep understanding of the situation and decoding
of the transmitted data of the text (even the implicit ones) is shown in several forms
(linguistic, arithmetic, algebraic, graphic, etc.). This also requires the ability to extrapolate
information from several representations expressed in different semiotic registers [17].
Vertical mathematization, instead, requires a reorganization and reconstruction of the
problem within mathematics through the manipulation of mathematical models, the use
of procedures and concepts, recognizing recurrent patterns and strategies to be used with
known or explored methods [13]. Moreover, it requires checking the problem conditions,
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the generalization of solving procedures, and the recognition of a possible application of
these procedures in similar problems. By making these mathematization phases explicit,
it is possible to analyze pupils’ competencies in a more targeted and conscious way and
foresee possible specific intervention actions in difficulties [16]. We hypothesize that
horizontal mathematization can have an impact on the vertical mathematization process as
they are defined.

2.2. The Standardized National Tests

We analyzed students’ difficulties in word problems starting from the results of the
Italian Standardized Assessment (INVALSI) tests. The questions of these tests are closely
related to the Italian Standards [20]. The questions of the tests are divided into 4 areas
(Numbers, Space and Figures, Relationships and Functions; Data and Probability), and
they relate to specific dimensions (Knowing, Solving Problems, Arguing). The INVALSI
tests are administered to grade 2, 5, 8, 10, and 13 students. We were interested in primary
school students: grades 2 and 5.

2.2.1. Quantitative Analysis

The results of the INVALSI surveys were analyzed using the Rasch model [21]. It
is a logistic model with one parameter that belongs to the question Response Theory
(IRT) category and produces a joint estimation of two types of parameters: a difficulty
parameter for each test question and an ability parameter for each student. The Rasch model
returns the probability that students choose the correct answer to a question, according
to the difficulty of the question and the student’s ability measured in the whole test. This
probability is represented by a curve called the characteristic curve of the questions. In
a similar way, it is possible to represent all the empirical data; in particular, there is a
characteristic curve for each option in the case of multiple-choice questions (or for wrong
or missing answers in open-ended questions). The graph that collects all the curves is the
Distractor Plot (DP).

The simple percentages of answers show the number of students who gave a certain
response but not their ability. The DP is useful in analyzing the data collected by the
National Assessment Institute because it shows the correlation between the percentages
and the student’s ability in the test.

Below we proposed an example of DP (Figure 1) to better understand the follow-
ing analyses.
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Figure 1. Example of characteristic curve.
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In Figure 1, the x-axis reports the Rasch score in terms of student ability in the whole
test (—2 represents the ability of a student who do not answer any question of the text; on
the contrary, 2 represents the ability of a student who does answer to all the questions of
the text).

The continuous line represents the model’s theoretical curve which reveals the theo-
retical probability of correct answer according to student ability. If the theoretical curve is
increasing, it means that as the student’s ability grows, his/her probability of responding
correctly increases. The dotted lines represent empirical data collected for each answer to
the question (options in the case of a multiple-choice question; correct/wrong/missing
answer in the case of open-ended questions).

In Figure 2, we can notice that the most attractive wrong option was B (blue dotted
line), which was chosen by a high percentage of students, including those of medium and
medium-high level of abilities. The curve began to decrease only beyond medium levels
(which in the graph corresponds to 0 on the x-axis) of students’ abilities in the test. The
curves of the other two options decreased, and they were chosen by students of low and
medium ability because the points of inflection correspond to low values of the x-axis.
Finally, it can be noted that only a few students did not answer the question, almost all of
whom lowest ability level are.

D25. In figure it is represented the game of Tangram with the pieces that compose it D2 In the square ABCD the middle points of side AB and segment OB are connected.

To which fraction of the area of Tangram does the colored piece correspond to?
A.
B.

C.

ggdoo

A
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c

How many triangles,as the colored one, can we exactly cover the surface of the square
ABCD with?

One seventh
ANSWET: .....ccevveacnannn

One eighth
One fifteenth

One sixteenth

Figure 2. Example of “chain of questions”.

2.2.2. The Chains of Questions

Authors [13] use the term “chain of questions” to refer to a set of questions belong-
ing to INVALSI tests of different school grades related to the same areas, mathematical
dimensions, and contents.

The questions in the chain are not identical because they change according to the
specific guidelines of each school grade. Students’ have to use similar procedures to solve
them. In this sense, it is possible to link the questions in a chain because they refer to the
same conceptual field [22], i.e., they belong to the same set of reference situations, the same
set of invariant operators, and the same set of language representations. Because of this
peculiarity, we defined the questions of the chains as “equivalent questions”.

In two works [13,23], the authors showed that the analysis of the chains of questions
allows us to link some difficulties that students encounter in particular grades to challenges
found in the tests that students have carried out in previous years. This means that the
tests carried out in the first grades of primary school have predictive power concerning
future difficulties in the following school grades.

In Figure 2. there is an example of a “chain of questions”. The task was similar but
not identical. The strategies developed to answer them can be compared. As authors say:
“The grade 6 question asks to cover while the grade 8 one to find a fraction, but in both
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the cases the operation to carry out the solution is the same: to compose the square using
triangles equivalent to the colored one” [23] (p. 1700).

2.3. Difficulties in the Text Comprehension

Since the 1980s, a lot of research has been carried out to study students’ difficulties
in understanding the text. A pioneering study was Nesher’s [11] who analyzed the word
problem-solving difficulties by considering the following aspects:

e  The logical structure (the type of operation required, the possible presence of extra or
missing information, ... );

e  The semantic component (the contextual relationships involved the word suggestions
in the problem);

e  The syntactic component (the structural variables, i.e., the number of words, position
of the parts making up the problem, ... ).

Over the years, research in the field has expanded and developed. Daroczy and
colleagues [9] proposed an extensive literature review on the subject. In their work, an
analysis of the results obtained in the last thirty years highlighted three main components
that can cause difficulties in the process of “horizontal” mathematization and therefore
influence the choice of the solving process in word problems:

e  The linguistic complexity of the problem text;
e  The numerical complexity of the data being presented in the problem;
e  The relationship between the linguistic and numerical components of the problem.

However, these three dimensions are not exhaustive; sometimes there are very com-
plex problems: for example, the solver has to decode the problem by interpreting it into
more straightforward problems; or there may be irrelevant or missing data that require the
solver to decide what numerical and non-numerical data are needed for the resolution and
so on. Therefore, solving word problems involves other difficulties because they cannot be
solved with routine procedures, and the solver needs specific knowledge and expertise
in the disciplinary domain, heuristics, and metacognitive strategies [3]. Gerofsky [14], for
example, proposed three fundamental processes to be followed for correct implementation
of a word problem-solving strategy:

e  The correct contextualization of the problem, with all its implications;
e  The identification of all the information necessary for the resolution;
e  The implementation of the resolution processes and the resulting mathematical operations.

We also highlight that reading and interpreting a mathematical text does not only
mean decoding the question but also implies the ability to find out relationships between
the different parts of which it is composed. In this respect, Zan [24] started from the
assumption that there is a close link between “context” and “demand” followed by the
focus of the problematic situation: the more the two components are connected, the greater
will be the understanding. This connection is not always immediate; generally, the student
faces a “heteroposto” problem, i.e., formulated by an individual different from him. For this
reason, the solver is not the one who spontaneously asks himself the “question” following
the reading of the “context”, but it is imposed on him [25].

3. Methodology

Working on students” difficulties in the process of solving word problems from a
vertical perspective requires working in three main phases:

e Identify common difficulty patterns between the two grades (02 and 05) through a
quantitative analysis of the results collected by the mathematical INVALSI to identify
the questions’ chains;

Validate this analysis through an experimental quantitative study in a grade 2 class;
Implement early intervention teaching practices and verify their effectiveness.
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3.1. Choosing the Chains of Questions

This research aims to study the difficulties that children have in solving word arith-
metic problems. For this purpose, we selected an INVALSI grade 5 test and analyzed all the
questions related to the “Numbers” area and the “problem solving” dimension. Starting
with the grade 5 test, we explored the grade 2 test looking for possible questions related to
the same areas, mathematical content, and conceptual fields. The set of questions identified
in the first analysis consists of 4 grade 5 questions (8, 23, 30, 32) and 7 grade 2 questions
(2,4,8,9, 14, 16, 22). Below, we present an example of a chain of questions; in particular,
question D32 of the INVALSI mathematics grade 5 test (Figure 3) and question D4 of the
INVALSI mathematics grade 2 tests (Figure 4).

Antonella parks in a skyscraper parking garage which is located four floors
under the ground floor. She gets on the elevator for twenty-four floors. At
which floor will Antonella get out from the elevator?

A. 16
B. 20
C. 24
D. 28

Figure 3. D32 question of the INVALSI math grade 5—2011/2012.

Lucia’s mother is doing grocery shopping. The
(o] board shows the number you see here. The mum
got the ticket number 39. How many people will be
served before here?

A. 38
B. 3
C. 5

Figure 4. D4 question of INVALSI math grade 2—2008/2009.

Both problems present a realistic context, and they have multiple-choice questions.
To answering the question, the student must either work on the number line and count
in a progressive and regressive way or work through an additive model. Both questions,
therefore, relate to the conceptual field of additive structures [22]. The analyses of the
following word problems were developed considering the text in the original language
and not the text translated into English. Therefore, the following observations may not
be found in the English text. For example, subordinate sentences in the same period are
commonplace in the Italian language. Question D32 (Figure 4) asks the student to identify
the floor where the lift will open, where the student knows the starting floor, and the
number of floors to climb.

The question is multiple-choice; only one of the options is correct (B) chosen by
43.5% of the students. Referring to the factors highlighted by Nesher [24], we identified
some difficulties:

e In the logical structure: the problem requires students to change their perspective.
Usually, when you get on the elevator, you push to button for the floor you want to
get to (which is known), and if anything, you choose to count how many floors you
have climbed. In this case, the problem asks for reverse reasoning that is far from the
child’s experience.

e In the semantic component, the starting plane indicated as “fourth floor below level
zero” may not be easily referred to as “—4".
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e  The first period is composed of the main sentence and a subordinate one linked by
“that” in the syntactic component, which, in this case, has the function of a relative
pronoun and refers to the garage. Children could misunderstand and refer to the
relative pronoun to both Antonella and the skyscraper itself.

According to Daroczy and colleagues [8], some difficulties can therefore be found due
to the linguistic complexity of the problem text (in particular in the syntactic component);
the numerical complexity of the data in the problem (one of the plans is shown in word
form and refers to a whole number).

A little less than half of the students (43.5%) of the 2012 national sample (30,869 stu-
dents) provided a correct answer to the question. The others chose the wrong answer
options. Specifically, those who answered A (4.2%) presumably identified the number
of floors “above” zero (20 = 24 — 4) and then carried out the operation that might seem
suggested by the text, i.e., “remove 4”: 20 — 4 = 16. Those who chose option C (20.7%)
probably thought that Antonella had parked on the ground floor. In this case, they may
not have taken into account that Antonella parked on the floor “—4”. Finally, the students
who selected option D (22.8%) probably recognized an additive problem (add the number
of floors to go up to the starting floor) but could not manage the operation in the whole
number or could not decode the reference “below zero levels” (24 + 4 = 28).

The DP of the question (Figure 5) shows the correlation between the probability of
choosing an answer and the student’s ability in the test. In this case, we can observe that
the probability of choosing the wrong options decreased as the student’s skills increased
(option A and C) and vice-versa, the correct answer curve increased (option B). This was
not the case for option D, which had a peak of choice for average ability students in
the test. This suggests that some average-skill students probably correctly identified the
additive model to solve the question but cannot handle the “below zero” information.
Reconnecting with the criticality observed in the text components may indicate difficulty
in the semantic component.

Probability

1
0.9 4
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0.7 4
064
054
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034
024
0.1

_ Characteristic Curve(s) By Category
Weighted MNSQ 1.05 item:43 (D32)
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-+- ltem43:6

Latent Trait (logits) @ ltem43:7

Delta(s): 0.30 -O- ltem43:8

Figure 5. Characteristic curve about question D32 test grade 5—2011/2012.

Question D4 (Figure 5) shows a similar situation but with natural numbers. In addition,
this question is a closed answer; among the choice options, only one is correct (B) chosen
by 39.3% of the students of the 2009 national sample (43,333 students). We found in the text
of the problem some critical aspects highlighted in the previous question; in particular:

In the logical structure because students may not recognize the situation as familiar;
In the semantic component, one numerical data is in the text while the other is
presented in the image. In addition, it is described as the “number you see” without
any reference to the picture.

e In the syntactic component, in a sentence appear two “that” with two different func-
tions: conjunction and relative pronoun in the second case, “that” refers to one of the
two numerical data.
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In terms of complexity components [8], the linguistic complexity of the text is high:
the text is very long. The choice to represent numerical data with two different semiotic
registers could increase the numerical complexity, and therefore the relationship between
the linguistic and numerical components is less explicit. Regarding the wrong answer
options, students who chose option A (33.5%) may have recognized an additive problem
but considered 0 as the starting number and not 35. Those who chose option C (22.3%)
may have done the counting (35, 36, 37, 38, 39) without also considering the person served
(35) and the mother (39).

In the DP (Figure 6), the correct option (B) had an increasing trend; the wrong answer
option A had a decreasing trend. The trend of option C was an exception: a slight increase
to an average skill level appears again as in the previous problem.

Characteristic Curve(s) By Category

item:4 (D4_Numeri)

Weighted MNSQ 1.05

037 Legend

Item 4: 1
Item & 2
ltem 4 3
ltem 4 7
ltem 4 &
Item &: 9
— Item 4 Model Prababilty Category 2

Thomo e

Probability

i
Latent Trait (logits)

Delta(s):  0.52

Figure 6. Characteristic Curve and DP of the question D4 of the mathematics INVALSI test of the
school year 2008/2009.

The curves for options D (Figure 6, grade 5 item) and C (Figure 5, grade 2 item) had
a similar trend. In addition, considering the previous analysis of the two items, we can
hypothesize that there is a similar difficulty behind the choice of the two options. Students
who chose D probably recognized the additive structure in the elevator item but had
difficulty using the information compared to the mathematical model selected. Likewise,
in the grade 2 item, students who chose option C maybe identified the appropriate additive
structure, but they probably could not adapt it to the model.

Therefore, we can hypothesize that the difficulties that emerged from the INVALSI
grade 2 test may be linked to the difficulties found in the future grade 5. In both cases, we
identified possible causes related to critical aspects in the logical structure and the text’s
semantic component. In the same way, we selected other items from grade 5 (listed in
Appendix A) and grade 2 (listed in Appendix B).

In the following table (Table 1), the selected items from grade 5 are classified accord-
ing to the conceptual field and the critical points present in the components shown by
Nesher [24].
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Table 1. List of the selected items in the 2008/2009 mathematics INVALSI test. “X” indicates the components where
complexities appear in the text of the item.

. Complexity in the Complexity in the Complexity in the
Item Conceptual Field Logirc)al S:I}'Iucture Semanlt)ic Co}rlnponent Syntaclt)ic Co}rlnponent
D2 Multiplicative structures X X
D4 Additive structures X X X
D8 Additive structures X X
D9 Multiplicative structures X X
D14 Multiplicative structures X X X
D16 Multiplicative structures X X
D22 Additive structures X

3.2. Participants

The sample of students involved in the experimentation consists of two grade 2 classes
of the school “Colozza” in Campobasso (south of Italy). Class 2 A was the experimental
class, while class 2 B was the control class. The experimental class was composed of
22 students (10 males and 12 females), of which 21 students were seven years old, and
one was six years old; the control class was also composed of 22 students (13 males
and 9 females), all seven years old. The methodological premise for carrying out the
experimentation was the homogeneity of the sample: the number of pupils involved for
each class, the ratio between the number of male and female pupils, their age.

3.3. Experimental Plant

We administered to both classes a pre-test consisting of the seven selected items from
the 2008/2009 INVALSI test of grade 2 (listed in Appendix B). In order to enrich the data
collection, we chose to leave a blank space between the items, asking the students to
motivate their answers. They could freely choose how to do it; for example, students could
use arithmetic expressions, drawings, diagrams, or others. This test has two main aims:

e  The analysis of students” answers allowed us to validate the a priori assumption
described before on grade 2 students’ difficulties;

e  The comparison between the results of this first test and the one we administered at
the end of the didactic intervention allowed us to measure its effectiveness.

We dedicated the first part of the didactic intervention to a guided discussion on
the items with a high percentage of wrong answers to deepen the analysis of the pre-test
answers. This discussion was proposed first to pairs of students chosen by the experimental
team and the teacher and then the whole class. The purpose of this choice was to allow
cooperative work among the students. We administered the test carried out by the partner
to each student to enhance discussion and sharing, first in the couple and then in the class.
We led the discussion with guiding questions:

What does the question ask?

What is the correct answer?

How did you answer?

What difficulties did you encounter?

Rewrite the text of the question more simply and quickly; how would you do it?

Ol W=

Then a second didactic intervention was carried out through a laboratory methodology,
also in pairs, and focused on the solution of new items. (Listed in Appendix C). The items
were constructed ad hoc; they were equivalent to those of the pre-test concerning the
previous definition and the same critical aspects in the textual components highlighted in
the theoretical framework [8,24]. Throughout the activity, we observed the situation, giving
only a few simple guidelines on approaching the tasks. Still, without giving procedural or
other indications, the students had to proceed independently and rely on the comparison
with their partners. At the end of the experimentation, a post-test (listed in Appendix D)
was administered to both sample classes; it was composed of new items, also created
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equivalent to those of the pre-test, in order to verify if the didactic interventions produced
some changes in the experimental class, compared to the control class. The experiment
lasted just over a month (from 19 February to 1 April 2019).

4. Results

In the previous paragraph, we described the three experimental phases: administra-
tion of the pre-test to the whole sample; guided discussion and subsequent workshops
with the experimental class; administration of the post-test to the whole sample. In this
paragraph, we will describe the results collected at each phase. The first phase of the
experimentation was carried out in both sample classes; it consisted of administering the
seven items selected from the grade 2 INVALSI test (No. 2, 4, 8,9, 14, 16, 22). The following
graphs show the percentage of correct answers in the pre-test items (Figure 7).

100%

80%
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95.20%
0,
0 90.40% 100%
80.90% 20.90%
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D2 D4 D8 D9 DI4 DI6 D22 D2 D4 D8 D9 DI4 DI6 D22

Figure 7. Percentages of correct answers to pre-test items in the sample classes.

The experimental class and the control class were chosen a priori. We noted that the
correct response percentage in the experimental class was often lower than in the control
class. However, the comparison between the response percentages allowed establishing a
certain homogeneity in the answers given by the students of the sample classes (difference not
exceeding 20%). They were consistent with the national sample of the INVALSI test in 2009.

The second experimentation phase only involved the experimental class and was
divided into two consecutive didactic developments: a guided discussion on the pre-test
items and new laboratory activity. The first didactic intervention highlighted the main
difficulties encountered by the students and their proposals for solutions to the items. As
an example, we showed some evidence observed in the discussion of question number 4
proposed as an example in the previous paragraph (Figure 3). Some students explicitly
stated that they did not fully understand the problematic situation. For example, students
who answered A stated that they had “forgotten the number 35” (student 3) because it
was not explicitly present in the text but only in the picture. In this case, therefore, their
attention was focused only on the text and not on the other representations present. It,
thus, became clear that the semantic difficulty was due to the choice to represent parts of
the text not in verbal form, which caused the students’ difficulties. Some pointed out that
they were not familiar with questions that present information through an image. Precisely
for this reason, although they understood the situation described in the text, they imagined
that the first customer had been served and counted the customers still to be served from 1
(Figure 8).
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MAT2

A Prn s (AE 1 MA \,',F\’i ey .
o TERCH X ‘L b AP “I chose the A because Lucia’s mom got the
PREIO (L OU R I i 4 number 39, and there are 38 people in the
e queue”.

Figure 8. Answer given by student 22 of the experimental class.

Students who chose option C showed difficulties in decoding the logical structure of
the problem. They stated that they counted the natural numbers from 35 to 39, counting
also the extremes. Students who responded correctly applied various strategies. Some
students said they simply trusted the numbers between 35 and 39 (e.g., student 15 says:
“I counted: 36, 37, 38; it’s 3”). Similarly, someone transcribed the numbers in succession
on the paper and then counted them. Other students, looking at the response options,
proceeded by exclusion. Student 2 stated that it was impossible to choose answer A because
“38 is too large a number and cannot be between 35 and 39”. Similarly, option C was excluded;
for example, student 8 claimed that: “between the number 35 and the number 39 there is a
number smaller than 5”. In another way, some students argued for exclusion by adding the
answer choices to 35; student 7 said the numbers are “foo big to get to number 39”. Finally,
some students tried to find the difference between numbers. Student 21 said: “the right
number between 35 and 39 is exactly 3”; he referred to the range between 35 and 39 without
considering 35 and 39. (Figure 9).

Va) ‘ N RN
CELTo af PERGHE P fERO 33 “I chose three because starting from 35; it needs 3 to get
AR RIVARE: TA 48 TICE RV E g 18 (the student misspelled 18 to mean 38)”

Figure 9. Answer given by student 18 of the experimental class.
Some students performed the difference between 39 and 36. Other students performed
the difference: “39-3” (Figure 10), “36 is correct because it is the successor of 35”.
A PAT ‘Q‘\_,i STO QWLTATO 135&55 170 Fﬂ?ﬁ

\ “I found this result because I did 39-3".

Figure 10. Answer given by student 19 of the experimental class.

The guide question that aroused the most interest among the students was the one
asking to reformulate the text of the question (guide question number 5). Below are two
examples of answers given by the students (question number 4, Figure 3). Response to
question-guide 5 of the couple 6: “Lucia’s mom wants to go shopping. The scoreboard indicated
number 35. She has the number 39. How many people are in front of her in the queue?”

Answer to question-guide 5 of couple 9: “Lucia’s mum is at the supermarket. Her mother
has ticket number 39. They are serving number 35. How many more people have to wait?”

The students’ proposals noted that the reformulations did not present any criticality
in the semantic component (both numerical data are shown in the text) and the syntactic
component (the periods are concise: all the subordinate sentences are eliminated).

In the laboratory activity, researchers and the teacher did not intervene in the children’s
discussions but simply collected the answers given to each item. In the following graph
(Figure 11), there is the correct response percentage to the items of the laboratory activity.
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Percentages of correct answers
laboratory activity
100% 90% —90%
80% 80%  80%
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0%

20%
0%

DI D2 D3

Figure 11. Percentages of correct answers to the items of the laboratory activity carried out by the

experimental class.

From the charts, it can be seen that the correct answer percentages were very high
except for question no. 4, which received a low percentage of correct answers (20% of the
pairs). The purpose of the workshop activity was to leave students free to confront and
explore problems independently. For this reason, no intervention was made even when a
negative result was found in one of the items. In conclusion, we administered the post-test
to both sample classes. The graphs (Figure 12) allow comparing the performance of the
sample: the experimental class obtained, in most cases, higher or equivalent results to the
control class.

100%

80%

60%

40%

20%

0%

Percentage of correct answers Percentage of correct answers
experimental class control class
90% 100%
0,
80% 72.70% 72.70%

80% 1727709 63.60%
‘W osew . 6360%

60%
BEREA R

40% l

20% l

0%

Figure 12. Percentages of correct answers to post-test items in the sample classes.

The data collected showed that in both classes, there was little difference in perfor-
mance in items 1, 2, and 7. In items 3, 4, and 6, however, we noted that the performance
of the experimental class was higher than the performance of the control class. Only in
question 5, the experimental class’s correct answers were lower than that of the control class.
Similar to the pre-test, the post-test items also related to the conceptual field of additive
or multiplicative structures and had some critical points in some text components. In
Table 2, the items are shown concerning this classification. In the last column, a comparison
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between the performance of the students of the two classes is shown: indicates that
the corrected response percentages were equal (with an error of 0.05); “+” means that the
corrected response percentages of the experimental class were higher than those of the
control class; “—" indicates that the corrected response percentages of the experimental
class were lower than those of the control class.

Table 2. List of the selected items in the post-test. “X” indicates the components where complexities appear in the text of

the item.
1 . Complexity in the Complexity .in the Complexity.in the Comparison between
tem Conceptual Field Logical Structure Semantic Syntactic the Performance of
Component Component the Sample Classes
1 Multiplicative structures X X =
2 Additive structures X X X =
3 Additive structures X X +
4 Multiplicative structures X X +
5 Multiplicative structures X X X —
6 Multiplicative structures X X +
7 Additive structures X =

The table shows that the experimentation seems to have had a good effect on additive
word problems regardless of the text component where complexities are present. Students
show good results also in multiplicative word problems except for one item: this was the
only multiplicative word problem that had complexity in all components.

5. Conclusions

This research focused on difficulties that students experience with word problems.
Both ideographic and nomothetic analyses were carried out: the purpose was to analyze
difficulties that primary school students have in word problems at the national level from
a quantitative point of view and then analyze the individual protocols. The main focus of
the study was to develop a methodology for early detection of students’ difficulties in their
school career and to take action to overcome them.

For the early detection of difficulties, we were inspired by the chain of questions of
the INVALSI tests of mathematics [13] of the problem-solving dimension. The chains of
questions are tasks belonging to different mathematical tests, administered in different
years to different school grades students. Such tasks are not identical, but they are related
to the same mathematical content, referred to the same dimension, and afferent to the same
conceptual field [22]. The chains of questions analyzed in this paper were related to word
problems belonging to the conceptual field of additive and multiplicative structures. This
analysis was useful to highlight the difficulties encountered by the children in grade 5 and
previously in grade 2. In this way, we showed that most of the difficulties encountered
in grade 5 could be related to previous difficulties that emerged in grade 2. From this
perspective, we can hypothesize that the results of the grade 2 INVALSI tests can be
predictive of the future results of grade 5 tests. The predictive power of the chain of
questions allowed us to hypothesize possible didactic suggestions to intervene immediately
and avoid the difficulties observed in a certain school grade propagate or even increase in
subsequent school grades.

In our specific case, the 2012 grade 5 INVALSI test was compared backward with the
2009 grade 2 test, administered to the same cohort of students. The comparison allowed
us to point out that some difficulties in grade 5 had already emerged in grade 2 tasks. In
particular, we focused on the process of horizontal mathematization [12]; we analyzed the
texts of word problems to highlight possible criticalities in their components among those
highlighted by Nesher [10] logical structure, semantic component, syntactic component.

Based on this evidence, the experimental work was set up and involved a sample of
grade 2 students from “Colozza” school in Campobasso in the south of Italy. A pre-test
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was initially administered to both classes; it was constructed using the word problems
selected from the grade 2 INVALSI test to assess skills and knowledge ex-ante. Subsequently,
the activity was carried out only on the experimental sample. We started from a guided
discussion with the students on the pre-test results to investigate whether the difficulties
encountered were, in fact, in agreement with the experimental hypotheses. Then we did a
workshop in pairs to solve new word problems. These problems were designed ad hoc
to be equivalent and maintained the same complexity in terms of the textual components
highlighted in the theoretical framework [9,10]. At the end of the experimentation, we
administered a post-test to both sample classes, with new word problems equivalent to
those of the laboratory activity and the pre-test, to verify if the didactic interventions had
produced some changes in the experimental class compared to the control class.

The data collected showed a fair improvement in the experimental sample, probably
due to the didactic interventions made in the period between the pre-test and post-test
administration. The guided discussion after the administration of the pre-test was useful
to show that the difficulties encountered by the students were due to the lack or misinter-
pretation of the text of the problems caused by the observed complexities in the textual
components. The experimentation and, in particular, the discussion highlighted the co-
herence between the a priori hypotheses and the actual obstacles students encountered
in the test. The weaknesses in the semantic and syntactic components played a crucial
role in the process of horizontal mathematization, which subsequently influenced vertical
mathematization. The discussion also compared the various strategies adopted by the
students to make them helpful material to be exploited in the next workshop activity.

The experiment had a positive effect on grade 2 students. This fact allowed us to
hypothesize that early identification of the difficulties and a specific intervention could help
to overcome future obstacles in understanding the text of word problems in the arithmetic
field. Only for one question, the student’s performance in the experimental class was lower
than in the control class. However, it was the only question with weaknesses in all three
text components and related to the conceptual field of multiplicative structures. This may
suggest that early intervention has been successful in the conceptual additive field but
still too early in the multiplication field. This is a conceptual field not yet widely explored
by students at this school level, and for this reason, word problems in that field may be
difficult to manage in the presence of critical aspects in the text.

Such a study emphasizes the formative value of standardized assessment. Indeed, a
central issue in epistemological and educational debates is integrating the results, methods,
and theoretical tools of standardized assessment into the formative assessment process [26].
These results showed that standardized assessments can provide teachers with tools and
benchmarks for diagnostic assessment [27], which is about finding out what students
have and have not achieved, as well as their strengths and weaknesses related to different
contents. All this is already known; what is new is that test results from later grades (in
our case, grade 5) can also be a diagnostic and formative assessment resource for the lower
grades (grade 2) and vice versa. Therefore, we can state that students’ results in previous
grades tests can be interpreted as predictive of possible performance in the subsequent
grades. Hence, our analysis can provide information for designing timely educational
interventions to support students in difficulty.

However, the positivity of the experimentation should be consolidated by proposing
subsequent experimentation to the same cohort of students when attending grade 5. A
critical point of the experiment was the too-small size of the sample. Although this study
started from a purely quantitative basis, the interviews and the subsequent educational
intervention had a qualitative perspective and involved a tiny group of students. In order
to overcome this limitation of the research, in the future, we intend to carry out more
similar experiments on a numerically significant sample in order to validate or not what
emerged here also in grade 5 students.

A possible future perspective for this study could be to extend such research to the
other dimensions of the INVALSI tests in Mathematics, such as “Knowing” or “Arguing”,
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to see whether grade 2 tests can also be a tool to highlight early difficulties and intervene
accordingly. In another way, one could consider the same chain of questions by extending
it to school grades above 5, organizing, also in this case, specific educational interventions.
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Appendix A. INVALSI Test Grade 5 of A.S. 2011/2012

Question 8
Uncle Elena goes to the pastry shop; he buys a chocolate cake and a cream cake. The total price
for the two cakes is 24 euros. The chocolate cake costs 6 euros extra than the cream cake.

a. How much money is the cream cake?
b. How did you find the answer?

Question 23
Carla decided to go to England for six months. Before leaving, she exchanges 2000 euros in
pounds. At the bank, the exchange rate is: 1 euro = 0.95 pounds. How many pounds will Carla
receive? Write calculations to find the correct answer and then write the result.
Result:... ... ... ... ... pounds.

Question 30
Marta loves comic strips. Her grandmother gave her 20 euros, and Marta decided to spend them
on buying some comics that cost 2.20 euros. How many comics can she buy at most?

Question 32
Antonella parks in a skyscraper parking garage which is located four floors under the ground
floor. She gets on the elevator for twenty-four floors. At which floor will Antonella get out from
the elevator?

A 16
B. 20
C. 24
D. 28
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Appendix B. INVALSI Test Grade 5 A.S. 2008/2009

Question 2

Giovanni buys some pencil boxes like this one: [ ... ]
He has 18 pencils overall. How many boxes has he bought?

A2
B. 3
C. 6

Question 4

Lucia’s mum is doing grocery shopping. The board shows the
number you see here. The mum got ticket number 39. How
many people will be served before her?

A, 38
B. 3
C. 5

Question 8
Carlo thinks of a number; he adds 26 and obtains 41. Who will guess the number Carlo thought
about between Matteo, Laura, and Chiara?

A. Matteo: is the number 25
B. Laura: is the number 15
C. Chiara: is the number 67

Question 9
Do the double of 14, and then double the solution that you have obtained again. What number do
you arrive at?

A 28
B. 42
C. 56

Question 16
Daniele has three packs of 40 cards each. Nicola has 120 cards. How many cards has Nicola to
buy to have the same cards number as Daniele?

A 80
B. 40
C. 0

Question 22
Giovanni buys 2 pencils boxes like this in the picture.
But then he loses 3 pencils. How many pencils are left?

A9
15
c. 3

&
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Appendix C. Items about the Laboratory Activity Carried Out in the
Experimental Class

4 Question 1

Antonio is on the first floor of his apartment
building. He has to come up to the fifth floor to
t =] his grandmother. How many floors will

$ Antonio come up to go to his grandmother?

Question 2

These days Emanuele is reading “The Jungle
Book”, and he has read to page 74. There are 12
pages remaining to the end. How many pages
does the book have?

o
o © o
[ele]
o 0 50
o
%o o, .
Question 3
5 5 o Mum gives some fruit candies to her children.
(o] . . . .
00 o Laura has six boxes with 5 candies each. His

brother Paolo has 25 candies organized in a big
can. How many more candies has Paolo than
Laura?

Laura’s candies

Paolo’s candies
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Question 4
A Natale riceve un’altra scatola contenexts il doppio dalle For his birthday, Damiano receives a box that
costruzioni cha gli ha regalatola norma. . .

contains 16 lego from his grandmother.
At Christmas, he receives another box that
contains twice as many lego as his
grandmother gave him.

Chuants costruzioni possisde ora DamianeT

Serivi l'oparazions cha hai svolto qui >

Question 4

How many lego does Damiano have now?
Write the calculation you did .

At Epiphany, he receives twice as many lego
that he owns.

How many lego does Damiano have overall?
Write the calculation you did ... ... ... ... ...

Chuants costrzioni ha adasso in tutto Dlamiane? Serivi | operazions che
hai swolto QUi % o

Question 5
Choose a number. Subtract 5 from this number. What do you get? Add 27 to the result. What
number do you get?

Question 6
Anastasia has 14 euros in her pouch, and the father gives her another 5 euros. While Anastasia
was going to the library to buy a book, she lost 4 euros. How many euros remains for her to buy
the book?
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Appendix D. Post-Test

Question 1

Francesca buys some tempera boxes like this in
the picture. She has 35 temperas overall.
How many boxes has Francesca bought?

A5
B. 6
C. 10

Question 2

In the football rank, Juventus is in position
Squadra number 1. If it lost the next game, Juventus
JOUENTUS moved to position number 6. How many

positions is the football team relegated to?
1 Juventus A1

B. 5
c. 7

Question 3
An airplane is heading to Rome. When it lands at the airport, 28 people get in. Now on the
airplane, there are 70 people overall. How many passengers were the airplane carrying before
landing in Rome?

Question 4
Rachele has split a pizza into 8 slices, and she ate half. Then her sister Alice wanted to eat half of
the number of slices Rachele ate.
How many pizza slices are left?

A 8
B. 4
C. 2

Question 5
Guido has 83 books in the basement. His brother Marco has 4 bookcases. Each one contains
20 books. How many books does Marco have to add in his bookcase to own the same number of
books as Guido?

A3
B. 20
C. 63

Question 6
Three teachers talk about children of their classroom:
Teacher Tiziana says: today in 3"A, there were 10 children.
Teacher Irma says: today in 3°B, there were half the children in 3"A!
Teacher Maria says: today in 3°C, there were twice as 3"A.
How many children there are in 3"B and in 3°C?

- In 3B there are 20 children; in 3°C 5

- In 3"B there are 5 children; in 3°C 20
- In 3"B there are 7 children; in 3°C 24
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Question 7

Little Red Riding Hood’s grandmother is
bringing 3 full baskets of apples to her
grandchild, like you see in the picture. While
she is walking into the woods, the
grandmother loses 10 apples. How many
apples does the grandmother have still to give
to Little Red?

A9
B. 26
C. 36
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