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Abstract: In this paper, cubic perturbations of the integral system (1 + x)?dH where H = (x2 + %) /2
are considered. Some useful formulae are deduced that can be used to compute the first three
Melnikov functions associated with the perturbed system. By employing the properties of the ETC
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given. Note that there are many cases for the existence of third-order Melnikov functions, and some
existence conditions are very complicated—the corresponding Melnikov functions are not presented.
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1. Introduction

In the study of planar systems of differential equations, one of the most challeng-
ing problems is the second part of Hilbert’s 16th problem. Consider a planar system of
differential equations in the following form

x=P(xy) 1= Q(xy), @

where P and Q are polynomials of degree 1. Then, the second part of Hilbert’s 16th problem
asks for the upper bound for the number of limit cycles in planar polynomial systems of
degree n and their relative positions (see [1,2], for example). Due to its difficulty, a weakened
version, now known as the weakened 16th Hilbert problem is posed by Arnold [3] that
asks for the upper bound for the number of limit cycles of the perturbed system

. _OH
X = En +€P(x,y),

oH

y= —@+€Q(x/y)/ @
where |e| < 1 and H(x,y) is a Hamiltonian function. The problem has been researched
for n = 2 by several research groups independently [4-6], and to answer this weakened
version, various methods have been developed, among them a popular method is based on
the Melnikov functions. By computing the higher-order Melnikov functions based on the
algorithm of [7,8], researchers have studied the number of limit cycles bifurcated from the
above perturbed system (see [9-20]). The results in [12] showed that quasi-homogeneous
polynomial Hamiltonian systems have a bound on the number of limit cycle bifurcations
from the period annulus at any order of Melnikov functions. Asheghi and Nabavi [16]
discussed the following perturbed system
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2 -
X = —y(1—x?) +e ¥ ajx'yl,
2 ®)
y=x(1-x?)—¢ ¥ bijx'y!.
i+j=0
They studied the limit cycles by using Melnikov functions up to order three and
proved that there are six or seven limit cycles of system (3).
Yang and Yu [17] considered the following system with n = 2

n P
x=y(l+x)?—e ¥ ayx'y,
i+j=0
n . 4)
y=—x(1+x)>+e ¥ byx'y,
i+j=0
using the Melnikov function of any order and proved that the upper bound for the number
of limit cycles is three.
Following the work of [17], Liu [18] studied the number of limit cycles bifurcated from
the origin of the following perturbed system

¥=—-y(1+x)°3+e i aijxiyf,
AL 5)
y=x(1+x)P3—e ¥ byx'yl
i+j=0

The main results showed that the first four Melnikov functions associated with the
perturbed system can yield five limit cycles.

For system (4), it is easy to see when € = 0; there exists a family of periodic orbits
Ty : H(x,y) = 3(x*+y?) = hfor 0 < h < 1/2 surrounding the origin. Then, the
higher order Melnikov functions can be defined in the following way: fixing a transversal
segment to the flow in (4) and using the energy level /i to parameterize it, the corresponding
displacement function is

d(h,e) = eMy(h) + €*Ma(h) +Ms(h) +--- ,h € (0, ;) (6)

where My (h) is called the kth-order Melnikov function of system (4). For example, the
first-order Melnikov function of system (4) takes the form

M (h) = ]{h (?(j:’;/))zdﬁ (li(jf’f))zdy. @)

If M;(h) # 0, every simple zero hy € (O, %) of M;j(h) corresponds to a limit cycle

of the perturbed system (4) near I',,. If M;(h) = 0, then the simple zero of M;(h) will
become very important in investigating the number of limit cycles of the perturbed system.
Similarly, we may use M3(h), My(h),- - - to study the number of limit cycles [9,10,13,15,17].

In this paper, we also consider system (4), but with n = 3. Thus, the system becomes a
planar cubic system. We will study the upper bound of limit cycles of the system by using
the higher-order Melnikov functions. Although, our system seems similar to the system
in [17,18], it needs more-difficult 1-form decompositions than theirs.

The organization of the paper is as follows: in Section 2, some Lemmas and formulae
are presented as preliminaries; in Section 3, the first three Melnikov functions are computed,
and the corresponding bifurcated limit cycles are given; in Section 4, a brief discussion
is presented.
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2. Preliminaries

Let

Qlxy)
(1+ x)2
then the Pfaffian form of system (4) is dH = ew.

The following Lemmas and Remarks shall be used to prove the main Theorems. The
algorithm of calculating My (h) is shown by Francoise [7] and Iliev [8].

P(x,y)

w= (1+ x)2 Yr

X+

Lemma 1 ([8,17]). Assume T}, is the period annulus defined by H(x,y) = h, the polynomial

function H(x,y) and the 1-form w satisfy § w = 0 if and only if there are two analytic functions
H=h
q(x,y) and S(x,y) in a neighborhood of T'j, such that w = qdH + dS.

Lemma 2 ([7,17]). Let w = GodH +dQo + No, then My (h) = § w= ¢ Ny,
H —

(1) IfMl(]’l) = 0, then Ny = §odH + on Let go = Go+ 4o, Qo = QO + QQ; we have
w = godH + dQy, and qow can be decomposed into qow = G1dH + dQq1 + Ny, then
My(h)= ¢ qow= § Ny

H=h H=h

(2) If Ma(h) = 0, then Ny = q1dH +dQs. Let g1 = q1 + 1, Q1 = Q1 + Qu; we have
gow = q1dH + dQq, and qyw can be decomposed into g1w = GodH + dQy + Np; then
M3(h) = f Jiw = f Np;

By this way, szl( ) Mz(h) M;_1(h) =0, then gjw = gj1dH +dQjy1,j <

i — 2 and we assume q_1 = 1. WehaveM( )= ¢ giow= ¢ Nj_1, whereq;_rw =
H=h H=h

gi1dH +dQ; 1+ Nj_1.

Remark 1. The authors in [17] have noted that q;w = q;11dH + dQj,1, dQ; is not used in the
subsequent calculative process when i > 0. Thus, the specific form of dQ; for i > 1 will not be

shown in the following sections.

In the next lemma, an algorithm to decompose g;w is given to simplify the expression

of Mk(h)
Define
kXY k Xy ¢ _ Xy In(1+x)
p= dx, &= Ly, L=l x,
T AR AT Ak T T gk
r X'y In(1+x) Xy In?(1+x)
i (k0 R T de, ®)
Xy In?(1+x)
Aip = 1+ x)F dy, 7{ 500/ Ji(h ]{ A00/ k>0,
where Ji(h) and Ji(h) are called the generators of M;(h).
Therefore, w also can be rewritten as
3
= Z aljé + bl]wl]) )
5

Lemma 3. (i) For k = 2, there exist 1-forms w;; and 6;; as follows:
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dH xdx
8% = - , 0% =8b — 6%, 82, = 2HE2 —dy + 26}, — 63,
01 (1+ x)z (1+ x)z 10 = 200 ~ 200 02 00 — a4y 00 — 200
xdH x2dx dx
&y = - , 8% =650 — 208 +dy, Wl = ,
1 1+x72 (1) 20 = 900 00 T 4Y 00 (1+x)
5 xdx 5 x2dx ’ ydx dy 1
w = 7 w = 7 w, = - +(5 7
P P e T x? 1x Y
2
w%Z:Z dH de( H )7 xde,
1+x 1+x (1+x)
2 ydH ) 1
wi = — 2H&5, + 650 — 2600 + dy, 10
11 (1+ x)z 00 T 900 00 T 4y (10)
3
y 3ydH
wh =d(-yint+0) + b + 0, oy =a( 14 ) + T4~k
1 1 x3dx
2 _ _
wiy —d(2H<1 e +In(1 +x)>) 2<1 e +In(1 +x)>dH at 07
2
2 y-dH 2 2 2 > xydH 1 2
= — W, Wy =wj —Wi, O0H=-——=—wi+Wwiy
03 1+ x)z 12 21 11 11 12 1+ x)z 11 11
3d 2dH 3d
5%0 :2H(530 - ‘530) - (5%2, W%o = == 57 ‘5%1 == 2 e 2"
(1+x) (14+x) (1+x)
(i) Ifjis even,
2H — x?)? 4H? — 4Hx* + x*
Wk, :%dx = k+ dx
(1+x) (14x) 1)

_4H2d((k — 1)(—11+ x)kl) —4Hd (/ a _T_zx)kdx> + a —T—4x)kdx

4H? 8H
A~ i) *
4

2
(k—1><1+x>k*1dH‘d<4H/ uii)kd)

2

X
4 dH d
- /(1+x)k T

8H 2
- ((k—1><1+x>kf1 i f (1+x>kdx)dH+dQé4<x,H>,

k 24:H2 / x2 / x4 ;
2 oun [ av—6 [ dx |dH +dQ (x, H),
W <(k1)(1+x)k—1+ A+ 2 x—6 T+ x +dQks(x, H)
k 2 ‘
= T o e +dQu (x, H),
Yo =g naroertt T Qoa (x, H)

64H3 42 S
K 2

=\ e aa ot 96H/ d 748H/7d
wog ((k—l)(l-l-X)kl * (1+x)k * (1+x)k x

X6 K
+8/mdx)dH+dQ08(x,H),
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o _QH =)
04 — (1 +x )
8k =8H 0y — 12H (8§ — 20l5 + o852 + 6H (ot — 408" + 605>

dy = (2H —1)%6%) + (8H — 4)0k; 1 + (6 — 4H) 8k 2 — 48k + o4,
k=3 k—4
—adly? + ol
— by + 605, 1 — 15882 + 200K, 3 — 1565, + 605, — o6,
k k 2 k—1
8t =2Hdo — 00 — 059 > +2865

ok — (2H — x?)In(1 +x)dx B 2Hd/ In(1+x) gy — x?In(1+ x)dx
0z (1+x)k - (1+x)k (1+x)k

) / A+ b arr 1 agk,,

(1+x)
"In(1+ x) " x%In(1 4+ x) -
k k
Q4 _—(—SH/ Tk dx+4/ Aot dx |dH +dQgy,

I

k k Ak _ Ak k-1
Afy =2HAfy — Ay — gy ? + 245, ",
Afy =(2H—1)*Afg+ (8 H — 4)Af ' +

k=2 _ g Ak=3
+ (6 4H) MGy 2 — 4057 + B,

If jis odd,

k _ —y J k-1 _ J k-1
“o d((k—l)(1+x)“) F 1%, = dSg (0 ) + o
O L T C R

0j _(1+ x)k 0,—1 0,j—17

_ In(1+ x) J k-1 J sk
0y =a( [ G g) + ot et
j J sk
= dSg(x,y) + g Ag T—12%j-1

r ¥y ln(1+x)

k-1
=g - Of 1 + 05, .

Proof. (i) Here, we use partial integration and the Laurent expansion method to decompose
wizj and Jizj, and some decompositions have been proved in [17].

wh :1?xdx =yd(x —In(1+x)) =d(y(x —In(1+x))) — (x — In(1 + x))dy

=d(—yIn(1+x)) + wly + A,

1 3 32 3 3
2 _.3 _ 4 Y Y _a4(__Y Y 2
“os =Y d( 1+ ) d( 1—0—x>+ xdy d( 1+x>+2(1—0—x)dy

14 1 +x
) _x(QH-x%) 1 X (12)
wi, = TR = 2Hd T« +In(1+x) i+ x)zdx
1 x3dx
=d|2H 7+ln(1+x) -2 ——i—ln(l—i—x) dH — ——,
1+x (1+x)
Y 2
% = W W= ot~ el
x(2H
530 wdy = ZH((SOO 500) - 5%2'

The Formula (10) is obtained. The proof of (ii) is omitted. [
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Lemma 4. The generators Ji.(h) shown in (8) can be obtained through Maple software

1 4hm 6hrt
h)=-2n({1- — ), h) = ———=, h) = ——,
hi = =2n(1 ), R0 = i 0 =
4h7t(h+2) 5hrt(3h +2) 6hrt(h? 4 6h + 2)
Ja(h) =————7, Js(h) = ———=75, Jo(h) =
4( ) (1—2]/1)7/2 5( ) (1—2h)9/2 6( ) (1—2]’1)11/2
L _ 7hmt(5h% + 10h + 2) e 2h7t(5h3 4 60h? + 60h + 8)
J7(h) = (172;1)13/2 o Js(h) = (172;1)15/2 ’
]01(”1) = 7{ wgl = 27th.
H=h
Define
chosk()ln(l—i-rcose) e
F(r) —0/ rp—— de, Gg(r) :/o cos" 01In(1 + r cos 6)d6,
then

27 2(1—1r2) )
Fy(r) = In ,
o) == (1+\/1—r2
F(r)_zﬂ 1—V1—r2) 2y 14VI-2  2m (217
B 2 r” 2 2V1-12 /

1+vV1—72
V1I—72 2n(1—v1—12
Golr) =27 T G = ( y )

The proof of the expressions Fy(r), F»(r), Go(r) and Gy (r) can be seen in [10].
Lemma 5. The following expressions can be deduced by using the above formulae

§ M =—22R0) ~B0), T0) = —1Gi(), i) = ~rFi(r) = Fo(r) = Golr),
H=h
Br) =rRy(r) + 1a(r), () = 310) + 5 () + R0)) s Tuolr) = ~2Ga(r),

where

— 2 _ 2 _
Gz(r):n<ln1+\/1 4 —l—\/l r; 1—1—;), r = V2h.

op Y+, yd(;hﬁ(l +x)> = d(iylnz(l + x)) - %lnz(l +x)dy
1 1
= d<2y1n2(1 + x)) - EAgozf
therefore

1

1 0
j{ O = ) ]4 Apop-
H=h H=h

Letr = v2h, x = rcosf and y = rsin 6, then

(13)

(14)

(15)

(16)

(17)

(18)

(19)
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27 > 21
1 o [sin“@In(1+rcosf) 5 [ (1—cos?8)In(1+rcosf)
1+ rcosf 1+ rcos®
H=h

0
= r*(Fo(r) = Fa(r)),

which implies ¢ AJ, = —2r*(Fy(r) — Fx(r)). We also have
H_

=h

_ 27
Jo(r) = 7{ In(1+ x)dy = —r/ cos01In(1 +rcos0)dd = —rGy(r).

H=h 0
=0 [ Inl4x), 27 cos@In(1+rcosf) .
hir) = 7{ 1+x a ——r/o 1+rcosf 46 = —rh(r)

H=h

2711 1 0 ! L do = F G
_—r/o n(1+ rcos )<r_r(l—|—rc059)> = Fy(r) — Go(r).
By
, 27 —
E\(r) :/ 7c059(1n(1+rcosg) 1)d9
0 (14 rcosb)
we have
- In(1+ x) 27 cos 0 In(1 +rcos )
— S de

fa(r) (1+x)2 4y /0 (1+rcosf)?

H=h

/ 27 cos /
Because

27 In(1 4+ rcos 0)
Foo(r) := [ —WLTTCOSY)
02(7) /0 (1+rcosf)?

27 1 rcos 6 -
/0 n( +rcos€)<1+rcose (1+rcos€)2>d9 o(r) + L2(r),

on the other hand, we have

/ 27 cosH(1 — 2In(1 + r cos O

Fop(r) = / ( ( 3 ))dG,
0 (1+rcosh)

therefore,

N 2 cosfIn(l+rcosh) (1 27 cosf 1y

J5(r) 7_r/0 (1+7rcosf)3 49 = r(i./o (1+rcos0)3 EFOZ(r)>
1 - /

= 35() + 5 (Ro(r) + Ta(r)) -

27
7{ Ay = f xIn(1+x)dy = —r* /0 cos? 01n(1 + rcos 0)dd = —r*G (1),
H=h H=h '

, 27 cosd 0 1 [ 2
GZ(r)_/() 1+rcos€d9_7r73 jé 1+xdy
H=h

2yt 2 7'((1’4+r2+2m72>

= dx = s
P (1+x)ViZ =2 r3(r2 —1)

1+VIi—2 Vi—P2-1 1
<ln + . g r; +2) for G,(0) = 0.

Gy(r) =m

(20)

(21)

(22)

(23)

(24)

(25)

(26)
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The Chebyshev criterion will be used in the following (see [16,21,22] for example).

Let fo, f1,.--,fn—1 be analytic functions on an open interval L of R. An ordered set
(fo, f1, - fu—1) is an extended complete Chebyshev system (in short, ECT system) on L if,
foralli =1,2,..,n — 1, any nontrivial linear

/\0f0 (JC) + /\1f1(x) + ...+ Al-fi(x) (27)
has at most i — 1 isolated zeros on L counted with multiplicities.
Lemma 6 ([21]). (fo, f1,---, fu—1) is an ECT system on L if, and only if, for eachi = 1,2, ...,n,

Wi_1(x) = W[fo(x), fi(x),---, fic1(x)] #0 (28)

forall x € L.

Remark 2. If (fo, f1,., fu_1) is an ECT system on L, then for eachi = 1,2,...,n — 1 there exists
a linear combination (27) with exactly i — 1 simple zeros on L (see, for instance, Remark 3.7 in [22]).

3. The Calculation of My (h)
3.1. The Melnikov Function of First-Order My (h)
Lemma 7. The 1-form w of (9) can be expressed

w = JodH +dQo + N, (29)
where
do =do(x,y) = agsy” + (bn _ bn)y | (412 — 6;30 +3bos)y | 01 — an Jrzazl
(14x) +x (14 x) (30)
-2 2 2bgy — 2b
4 1~ 2y + 1ﬂi3x+ 02 12 4 4y +2(agz — b1p) In(1 4 x),

a03 + box — bio

dQO :dQO(x,y, H) = —2( + (LZ03 — blZ) 111(1 + X))dH“r

1+x
bosy® — (bia — ags — boa)y? + bory n (b1a — ags)y* + (a12 — aso + 3boz — by1)y qx
(1+x)? T+x
(a1 = b30)x® + (@11 — by0)x* + (ap1 — b1g)x — bpp)dx
(1+x)?
+ ((a12 — a3p + 3boz — b1) In(1 + x) + a2 — ag2 — azp + a12 (31)
by 3bosy?
Tz Pon—bn— 370 Jdy,

No =Agwd; + (HAy + Ax)d3y + (HA11 + A1g)dy + AgAYy, with
Ao =a30 — a1z + by — 3boz, A1 = 2agp — 2a12 — 2b11 + 22y,

Anp =ag0 — a10 + 420 — a2 — a30 + a12 + by — bay,

Ay =2a30, A1 = 2a0p +ayg — 2a12 — 2ap0 + 2a30 + boy — 2b1q + 2b23.

Theorem 1. M;(h) has at most three zeros, i.e., system (4) has at most three limit cycles by the
first-order Melnikov function, and the upper bound for the number of limit cycles is reached.

Proof. Letz = +/1—2h,z € (0,1); by Lemmas 2,4 and 5,
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My (h) = ]{ No = AoJ1(h) + (hAz1 + Ag)Ja(h) 4 (hA11 + Aro) J1(h) + AoJo(h)
H=h

2
ng =2(ap — ayo + ax — azp),
ny =2(ap + a1 — a1p — 2az0 + 3azg + by — by + ba1),
n3 =(—2ap + 3a1p — azg + 3b3 +2by1 — 3by1), ng4 = (—ajp —azy — 3bz + byy).

1—22 m(l—z
:Ml( > — (23 )(n4z4+n3z3+n222+n0(z+1)>, (32)

It is easy to verify that (z + 1,22, z%,z%) is an ECT system for z > 0 by Lemma 6 and

i 9(1ng,N2,13,114)
since 20304

9(a10,a30,b11,b21)
appropriate coefficients by Remark 2. [

= —8 # 0. Therefore, M;(h) has exactly three zeros when taking

3.2. The Melnikov Function of Second-Order My (h)
M;j (h) = 0 implies that ng = ny = n3 = ng = 0; solving them, we have

agp = — azo + a0 — bo1, a0 = —2a30 + 2a0 — bo1, a1p = —azp + boy — 3bgs,

(33)
b11 =2a30 + 3bos + app.
Let (33) hold; we compute M (h). First, it has

No =aso (2H8ky — 2H8%y + 288 — 2630 + B + 2wo )

(2(1 +x)%In(1 4+ x) + 63 xy? —2x — 1)dy
=aszp > +2ydx
(1+x)

(x2 —x—1)dy (34

2
g [ XYY
_a30< +2In(1+x) + T x

(1+x)2

dH 2 x—1
=a3q (X]/ +d(2h’1(1 +x) + lefx>]/>/

+ Zydx)

(1+x)
which implies that

x2

—x—1

- asoyx ~
=———, dQp=d|2In(1+x)+
qo0 (1+x)2 QO < ( )

by Lemma 2. Then

70 = qo+do = fo(x) + go(x,y),
_agy — a1 +ax; | a1 — 2ap + 2a03 + 2bgy — 2byo
fo(x) = 5 I
(1 -+ x) +Xx
2In(1+ x)(ag3 — b12),
agay? + (2a30 +3bos +agp — ba1)y (b1 —2a30)y | azoyx
go(x/y) - 2 27
(14 x) 1+x (14 x)
dQo =dQo + dQy = Oy (x) + O (x,y) + h(x)dH,
((a21 — b30)x® + (a11 — byo)x? + (agq — b1g)x — bog)dx
(1+x)2
3 _ _ 2 2 2 b
Oalx,y) = bosy - ((ag3 — b12)x . bo2)y” | (x*az0 + xa302+ 01)y i
(1+x) (1+x) (1+x)

x2azy + (a0 — a30)x — 3bosy® + azg — azo — by
+ 14+ x dy,

+ax+

(36)
M (x) =~

’

2(ag3 +boz — bia)

h(x) =— 1+x

—2(ap3 — b12) In(1+x), and w = qodH + dQp.
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Lemma 8. The 1-form qow can be decomposed into
qow = q1dH +dQ1 + Ny, (37)
where

71 =qoh(x) + 45 + 910,

4(agz3 — byp)(agz +bgp — b
d10 =2(a037b12)2ln2(1+x)+ (25%372a(1)2+4a84+ (@03 — b12) (403 + bo2 12))

1+x
208, +3B3  ad,+ B3 203, +BY,  4ad,(—3x%+2H —3x—1)
x In(1+x) + 3+ >+ + 3
3(1+x) (1+x) 14+x 3(1+x)
7 Bl (2x® —y* +3x+1)  y(3ad; +Blp) | 205, (2H +3 +4x)
(1+x)° 1+x (1+x)
+,3(2)3 (]/2 + 2x + 2) 2(a03 — b12)(3yb03 + 2a03 + 2bgp — 2b12)
(1+x)° T+x '
Sad 100 5
Ny =<4<305 +,884> H2+2</382 - 305 2/384+“33)H582+ 5“35 + Bhy — s (38)
1, 3\ 3 o 40ags 3 3 3 o 20ags
T3%1 + Boo |00 + | | 2852 + + 8B4 + 3003 | H + 2B, — Boo — -3

3 1
—4p34 + 2053 — 5“83 + 5“81 + :3%0) 550 + (2(ag3 — b12) (bor — az0)
5”‘35 3 3 2 4 3 2 4 3 1 )51
—4 -3 Bos | H — Bop + 2Bz + 105 + 6804 + gy — g3 + 33 + Boo | doo
5
- (2(%3 — b1p) (a3 + 3bo3) + 5“35 + Boy + Bl — ady + oo + 30‘%3) wiy

+ (2(!103 — blZ)(“ZO — 3b03 — 3L130) — D((l)l — ﬁ(l)z — 30(%3)A80.
Proof. Following (36), we have

qow =qo(qodH + dQo) = q5dH + qodQo = qdH + (fo(x) + go(x,y)) (1 (x)
+ M (x,y) + h(x)dH)
=(q§ + qoh(x))dH + fo(x)Q (x) + go(x, 1) (x) + qo(x, ) (x,y)

4 k+1 3 k+1
=(q5 + qoh(x))dH + fo(x)On (x) + Y Y- afjeofy + Y Y- Bl (39)
=0 j=1 k=0j=0

3
22 ;21 Al L 0 0
+ ) &0 + RopQgp + &g, gy
=
050 | Al Al 4 Al Al | 30 AO , 70 AO
+ B10910 T Bo2202 + PooBoo + Booloo + Prolio-

and the expressions of oci-‘]- and /S’l‘] are omitted.

From Lemma 3, we can calculate the decomposed expressions of w’é j and 5’6]» for k > 2.
Together with
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2
why =d(yIn(1+x)) =AYy, wly =d(2HIn(1+ x)) —2In(1 + x)dH — mdx,
14+1In(1+x) 14+ 1In(1+x)
2 _af 3 2
003d( T+x y)+3y Trx ¢
1+1In(1+ x)
= d<—1+xy3> +3(60 + M),
2(1+1In(1+x)) -
2 _2U+In(l+Xx)) 2
- 1 1
Qp, = — (In(1+ x))*dH + dQp (x, H), Ofy = d<23/1n2(1 + x)) - §A802/
1+1In(1+x) 1+1In(1+x) -
0 =~y )+ FEEE = oyl + a5 (1), (o)

0% =dy(1+x)(In(1 +x) — 1) — (1 + x)(In(1 + x) — 1)dy
= —AQy — Ay — wiy +4dS (x,y),

2
1y In(l+x)  yln(l+x) >, yhn(l+x) — ayln(l+x)
Ay = Tz dy = 201 dy” = e dH “1irx dx
_yIn(+x) Sy b
=z dH —yd((1+x)(In(1+x) — 1) 21n (1+x))
In(1+x - 1
:%dh{ +dSpy(x,y) + Ao + Ay + wpy — §A802r
1 _ Y 2_ Y 1 Y 0 _ A0
502—72(1+x)dy 71+de wyq 1+de+d(yln(1+x)) wyy — Ago-

By (39) and (40) and the expressions of w’éj and 575]-, (37)is given. O

Theorem 2. Let My(h) = 0; My (h) has at most four zeros, then system (4) has at most four limit
cycles by the second-order Melnikov function, and the maximum number can be attained.

Proof. Letz = /1 —2h,z € (0,1). Together with Lemmas 2, 4 and 5,

2 _
M2<1 ZZ ) = n(ZZ5 1)(1626+1525+Z4Z4+l322(2+1)+ll(z+1))' 41

The function (z + 1,2z%(z + 1), z%,2°,2%) is an ECT system for z > 0 by Lemma 6. Fur-

thermore, when we take bgs = a1 = b3y = byg = ag3 = ag1 = bop = by = byg = a0 =0,

d(Iq,13,14,15,1
then m = 4a11b21((5a30 — 3b21)a%1 + b1p (4[102 + 21asg — 2bg; — 7b21)a11

+ 3b%,(—2bo1 + 3azp + agy — by1)) # 0; it follows from Remark 2 that M, (k) has exactly
four zeros by choosing appropriate coefficients i € (0, %) O

3.3. The Third-Order Melnikov Function

Let My(h) = 0,1e,l; =13 =1y =I5 = lg = 0 of Theorem 2. By using the Maple
software, there are 28 cases. Some cases are short; however, some cases are very long, and
we cannot continue to compute the higher-order Melnikov functions. Here, we only show
five cases.
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1
Case (1) ap = 3by1, axg = 2by1, a3z = bo1 = bay, bop = —ap3 — S0+ a1,
bos = — b1, bio = ags;
4 4
Case (2) agr = a1 + 3403 — 2bga, agy = —3bps, a11 = 2ay + 303 — 2bga,
5
axy = — 6boz, azg = byy = 0, by = —6b3, b1p = 34037

2 2 2
Case (3) am = ax + gblz —2bgy, agz = gblzl ay = 2ay + §b12 — 2bgy,

a2 =bo1, apx = azp = bz = by1 = 0;

Case (4) am = a1 — 2boz, a2 = 3b21, Aoz = b1z, a11 = 2(az1 — bea), 42)
a0 =azp = ba1, bog = —ba1;
Case (5) apx = az0, 03 = b1z = 0, by = azp = —bys,
by = — (a20 — bor + bos) (2801 — @11 + 2b2)
azo + 3bos
by = — 2a1a30 + 2a01bo3 — 2a11bo1 — a11bo3 + 4a20b02 — 2a20b20 — 2bo1b2 + 2bg1b2o
2(a0 + 3bo3)

_ Sboaboz — 3bobao
2(ag0 + 3bez)
by — — M1 bos — a20bo2 — a20b20 — 2boobos — 4bosbao.
2(an0 + 3bo3)

Assume that M; (h) = My(h) =0, then
qw = f2dH +dQs + Ny. (43)
Lemma 9. In Case (1), there exists (43), where

71 =q1 +§1 = fr(x) +g1(xy),
(ag1 — a1y + az)? n 2a03(agy — a1 + a1 + by — by + by — b3o)

X) =
M) = 31+ 1)
—2(ag1 — a11 + az1) (4403 — a11 + 2a1)
- 3(1+x)? (44)
 —2ags + (3ag1 — a11 — ay — 3byg + 6bag — Ib3p) a0z — 6(ao1 — a11 + az1)an
3(1+x)?

n 2a03(—ap + 4agz — a1 + by — 9Ib30)

2
2 — b3y) M,
301+ ) + a31 + 2a03(a21 — b3o)
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g1(x,y) Zﬁ (a%3y3 + %“031721 (5x +2)y* + (2(ﬂo1 —an +ax)ag + b§1>y
—2(agy — a11 + az1)bar)
y((10a3; — agzary + 2a03a21 + 6b3; )y — 3by1 (4ag1 + 2a03 — 5a11 + 6a1))
3(1+x)°
N ¥(2b21 (aps + a21)x + (2a03a21 + b3, )y — b1 (2a03 — a11 + 2a21))
(1+2)°

’

G2 =q190 + q17(x) + 920,
5
Ny = <4b21ﬂ03(ﬂ21 — b3o) + &0 — 102 — 3805 — 5535 - ’784)“’81 + (4(az1 — b3o)agsbn
1 1 2 ) A0 0 7z 5 ) 50 1.6
—Co1 — Moz — 3503) Ago + | 1110 — 5507 —7ge | 610 T 5501
1
+§(2H -1y (7587 + 5’786) +(2H -1) (5(6)5 + ’784)

1 1 1

t3 (5’7(5)2 + 3583) (2H - 1))‘580 + (1581 + 180 + %(ZH —1)? (20’734
1 5)

12015 + 2585 + 16828, ) + § (41, + 1675, + 383 + 16365 ) (2H — 1)

6
2k + 208 )0+ (385 — o — 50+ i+ 8 + s
—4nt, + 202, — 13 U366 4505 ) (2H — 5

Toa + 2102 — Moz + Moo + 5 o7 + 5106 ) ( )
7%54 33 2H—3 51 137%574 2 24746

3 Cos + 3104 ) ( ) ) 600 + 5501 — 7503 — o2 1o + 2603 — 460

1

—45, + 215, + 3 (677%2 + 2413, + 9835 + 40535) (2H-1)

1 4
) (4’734 + 5@85) (2H —3) — 5 (7587 + 5’786) (6H — 5)) &30

1 3 3
+ (3531 - 5583 — 150 + 130 + 5583 + 211,
3 4 x4 5 1 2 (e xd 3

+<'702 + 41704 + Goz + 5@05) (2H-1)+ g(ZH -1) (5505 + 3’704)

3
5

~2(2H - 3)(&s + k) - S2H - D(H - 5) (726 + 513) )

Proof. Under Case (1), there exist M1 (h) = My(h) = 0, Together with Lemma 2, N7 can be
written as Ny = §1dH + A0 by f N; = 0. By Case (1), we have
H=h

1
Ni =3bn (2(2H —1)(4Hags + 3ag1 — 2a03 — 3a11 + 3a21)539 + (8Hags

+9ap1 — 4agz — 9a11 + 9&21)530 —2ap3 (SH(%O + 3A80 - 3(530 + 8(081))

. 4a03b21y4 _ by (4u03x2(x + 2) — 2(35!01 +ag3 —3a11 + 3a21)x)
3(1+x)° 3(1+x)? (46)
_ byi(—3agy — 6ag3 +3a1; —3az1)  2byy (2xagz — agy + 2a3 + an — ax )y dy
3(1+x)? (14 x)°

2
— §a03b21 (31In(1 + x)dy + 8ydx)
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:E]N]dH + dQl,where
- 2b21y(3a03x2 - 2]/21103 + 9xagz — 3ag; + 6ags + 3a11 — 3a21)
" 3(1+x)° ’
dQl —4q 2b21a03y3(1 + ZX) by 2((103 +ap; — Ay + 1121) _ (1101 —day + 1121) 47)
3(1+x)2 1+x (1+x)2
2
—§b21a03(2x + 3M)>y> .

By Lemma 2, g1 = §1 +§1 := fi1(x) + g1(x,y). Then, we have qyw = g190dH +
q1dQop, where
711dQo =q1 (M (x) + M (x,y) + h(x)dH) = q1h(x)dH + f1(x) (x)
+81(%,y) 0 (x) + 11 2(x, y)

=q1h(x)dH + f1(x )+ Z Z 60]“10/ + Z Z ’70]50]
k=j—1j=1 k=j—1j=2 (48)
4
+ Y (160060 + 161661) + 13605 + EJ Q01 + E§H O, + B30
k=0
+ 752002 + T50A%.

O

Theorem 3. Let My(h) = My(h) = 0 and Case (1) hold. M3(h) has exactly six simple zeros;
moreover, system (4) has exactly six limit cycles by the third-order Melnikov function.

Proof. Letz = +/1—2h,z € (0,1). By Lemmas 2-5, it yields

7{ N, = bz£ — 1) (k10z'® + koz® + ksz® + k728(z + 1) + ksz*(z + 1)
24z el (49)

+k3Z (z+1) +k(z+1)),

Itis easy to verify that (z+1,22(z +1),z*(z+1),2%(z + 1), 28, 2%, 210) is an ECT system
according to Lemma 6. Let 417 = a7 = 0; one can obtain that

a(klr k3/ k5/ k7r kSr k9/ klo)
9(ao1, @03, boo, b10, b20, b21, b30)
—4a03(28ags + 40b1g + 64boy — 247b30)ad, + a3 (218ags — 16b1g + 328b0 — 777b3g ) a3, (50)

725183(146103 + 16bg — 27b19 + 97byo — 167[73())&01 + 56a33(b00 — byg + byy — b30)> #0

= —513684799488b,1 a0, (160(a03 — 3bsg)ad,

by Remark 2, one can choose enough coefficients such that M3(h) has exactly six
simple zeros. [

By taking similar steps, we consider Cases (2)—(5).

Theorem 4. Let My (h

(i) in Case (2), M3

( My (h) =0, then
(
(i) in Case (3), Ms(
(
(

) =

) has at most six zeros;

) has exactly four simple zeros;
(iii) in Case (4), M3(h)
(iv) in Case (5), M3(h)

has exactly five simple zeros;

h
h
h
h) has exactly six simple zeros.
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Proof. Let z = /1 — 2h. (i) In Case (2),

M3(h)=M3(1_222> - sz
H=h

b
- “01382§” {32&10329 — 4(46a03 + 45ay — 45b3)z® + 3(262a93 + 36042,
+15b; + 60byg — 480b3)z” — 3(386ag3 + 444ay; + 105bg, — 40by (51)

+380b20 — 11641730)26 — 3(2a03 — 72&21 — 15b00 — 99b02 + 155b10
—367by + 651b30)24 (Z + 1) + 27(4{103 — 17bgy — 6bg + 25b19 — 33byg

+41b30)22(2 + 1) + 27O(b00 — byg + by — bgo)(z + 1)} .

Here, we can prove that the function (z +1,z%(z +1),z*(z + 1), 2%,27,28,2%) is an ECT
system. However, the corresponding seven coefficients are not independent, and M3(h)
has at most six zeros.

(ii) In Case (3), by Lemmas 2-5

Ms(h):M3<1_zzz) = ]{ N,
H=h

_ % (10821 + 541z — 108b30)2" + (~180az1 — 36bos

—74byy — 108bag + 396b30)z° + (36021 + 45bgy — 54by1g + b1y + 144byg
—27Ob30)24 (z+1) —9(7bgo + 3bop — 11b19 — b1p + 15bp9 — 19D3)

Z2(z+1) +45(z + 1) (bo — bio + boo — 1730)}-

(52)

Since the function (z + 1,z%(z + 1),z*(z + 1), 2% 2”) is an ECT system and the cor-
responding five coefficients are free parameters, by Lemma 6 and Remark 2, M3(h) has
exactly four simple zeros.

(iii) In Case (4),

122 m(z—1
M;(h) :M3( 22 > = (12227 )[K8z8+1<7.z7+1<6z6+K5z4(z+1)

(53)
+ K22 (z+1) + Ky (z + 1)].

One can verify that the function (z + 1,z%(z +1),z*(z + 1), 2°,27, 2%) is an ECT system,
and when by, = 0, then we have
a(Klr K3/ K5/ K6/ K7/ KS)
(a1, bao, boo, b1o, bao, b12)
—b10 + bao — b3o) — b12((8boo — 11b19 — 21b12 + 20bz0 — 29b30) a2
—21b12 (4b00 — buﬂ)b%l + 3b01 blz((32b00 — 36b10 — 29b12 + 4:8b20 — 60[730)(121

—b12(96bgo — 12b1g — 8bag — b3g) )by + 1263, b2, (az; + 8bag — 17b30)) £ 0.

= —29859840bg1 b3, b3, (5bg1 — 2by1) (36a§1b§1(b00

(54)

By Lemma 6 and Remark 2, M3(h) has exactly five simple zeros.
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(iv) In Case (5),
1—22
M3(h) =M3< 7 )
n(z—1) 10 9 8 6 4 55
:—W[Cloz +C92 +CSZ +C7Z (Z+1)+C5Z (Z+1)+ ( )

322 (z4+1) + 1 (z+ 1)},

By Lemma 6, we know that (z +1,2%(z + 1), z*(z + 1),2%(z + 1), 28, 2%, 210) is an ECT

d(c1,c3,65,07,C8,C9,C . .
system. Furthermore, we have a(an(,;m,3a2§,b21,2209,b01£)bo3) # 0; then M3(h) has exactly six

simple zeros by Remark 2. [

4. Conclusions

Based on the previous results, by deducing some new formulae in Lemmas 3 and 5,
the first three Melnikov functions of system (4) with n = 3 are considered. There are
many third-order Melnikov functions; since some cases are difficult to compute, we just
list five cases. We obtain exactly six limit cycles. It is difficult to obtain the conditions of
the existence of the fourth-order Melnikov functions; we do not continue to consider the
fourth-order Melnikov function.
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