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1. Introduction

In this paper, we study the following n-dimensional system of undamped abstract
evolution equations with memory:

e(F)uy + k(0)A%u + /00o K (s)A%u(t —s)ds + f(u) = g(x), (x,1) € Qx [1,+),

u(x,t) =0, x €90, t € [1,+), 1)

u(x, t) = uo(x,t), u(x, t) = ui(x,t), xe€Q, te (—oo,1,
where Q) is a bounded domain of R" (n > 3) with a smooth boundary 9}, A is a Laplacian
operator with the Dirichlet boundary condition, with domain D(A) = H>(Q)) N H}(QY), and

2n n

ge (1
€<n+2'2

), n =3, @)

Through the linear time convolution of function A%u(-) and memory kernel k(-), the
fading memory term replaces the damping term and plays the role of energy dissipation in
system (1). It follows that the solution semigroup (or the solution process) of undamped
evolution equations with fading memory can generate a dissipative dynamical system.

Especially in recent years, one of the key problems in the study of abstract evolution
equations with fading memory has been the asymptotic behavior of the solutions when
time tends to infinity. Therefore, it has attracted the attention and research interest of
many scholars (see, e.g., [1-4] and the references therein). Influenced by this, we also
carried out a study of this issue. The problem in (1) we studied arises from isothermal
viscoelasticity theory and describes the energy dissipation of an isotropic viscoelastic
material (see, e.g., [5-10]). Therefore, it has a strong background in mathematical physics,
and it can be naturally transformed into many concrete mathematical models such as the

Mathematics 2022, 10, 2198. https:/ /doi.org/10.3390/math10132198

https:/ /www.mdpi.com/journal/mathematics


https://doi.org/10.3390/math10132198
https://doi.org/10.3390/math10132198
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com
https://orcid.org/0000-0001-9524-1410
https://doi.org/10.3390/math10132198
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com/article/10.3390/math10132198?type=check_update&version=2

Mathematics 2022, 10, 2198

2 of 21

semilinear wave equation, Sine-Gordon equation, relative quantum mechanical equation,
semilinear hyperbolic equation and the floating beam equation (see, e.g., [11-15]).

However, as far as we know, the undamped abstract evolution equations with fading
memory is less considered. This is mainly because it is more difficult to verify the compact-
ness of the solution semigroup (or solution process) and estimate the asymptotic regularity
of solutions than in the damping case. Moreover, it is worth emphasizing that the energy
dissipation of the system is only dependent on the fading memory term.

Regarding the abstract evolution equations with fading memory, known results are
all in the case of ¢(f) = 1 and the asymptotic behavior of the solution can be studied
by applying the usual dynamical system theory. Nevertheless, when ¢(+) is a positive
decreasing function, the standard theory fails to discuss the dissipative property involved
in evolution equations. Therefore, the time-dependent terms are at a functional level; this
can be found in (4).

To this end, let £(t) be a positive decreasing function which vanishes at infinity
and satisfies:

sup(le(t)] + ['(H)[] < L, 3)
teR

where L > 0. In this case, the natural energy functional associated with the system is
defined in the standard way:

Qf(t):/Q|A%u|2dx+s(t)/0|ut|2dx+/0 y(s)/Q\Agnt\zdxds, @)

which shows a structural dependence on time. Moreover, it is not hard to see that the
vanishing property of ¢(+) transforms the dissipative property and holds back the existence
of absorbing sets in the usual sense, that is, the bounded sets of the phase space absorb
all the trajectories after a certain period of time. In such a case, Conti et al. [16,17] put
forward the notions and established theories of time-dependent attractors (the modified
pullback attractors theory). The main idea is to obtain the existence of absorbing set and
attractors by restricting the attraction domain of the compact pullback attracting family in
the phase space.

By using the ideas in [16,17], some breakthrough progress was made in the research of
the existence of time-dependent attractors and the regularity of solutions for the evolution
equation problems. The semilinear wave equations have been treated in many papers, see,
for example, [16,18-21]. Conti et al. [16] proved the existence and regularity of a time-
dependent attractor, and they [18] obtained the asymptotic structure of a time-dependent
attractor. Meng et al. [21,22] discussed and investigated the longtime dynamical behav-
ior for the semilinear wave equation with nonlinear damping and the extensible Berger
equation via a contractive function method, respectively. In addition, Meng et al. [20] gave
some necessary and sufficient conditions to guarantee the existence of a time-dependent
attractor. Liu et al. [23,24] considered the longtime dynamical behavior and achieved
the existence of time-dependent attractor for the plate equation on a bounded domain
or unbounded domain via an operator decomposition or a contractive function method,
respectively. Furthermore, the time-dependent asymptotic behavior of the nonclassical
reaction—diffusion equation was studied in [25,26].

Motivated by the ideas in [9,16,17], we were interested in analyzing the dynamical
behavior of the undamped abstract evolution equations with fading memory, under the
assumption that the nonlinear term satisfies critical growth. It is worth mentioning that the
asymptotic regularity of the solutions and time-dependent attractors for the problem in (1)
are discussed and investigated firstly in our paper.

The main goal of the present paper was to study the asymptotic behavior of the
solutions of system (1). For the existence of time-dependent attractors, the compactness
verification of the family of processes is a key ingredient. However, the critical nonlinearity,
the memory space that lacks compactness and A that is a fractional operator all contribute
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to the essential difficulties of the compactness verification. Furthermore, it seems hard
to directly apply the methods of [9,16,17] to verify the asymptotic compactness in the
time-dependent function space. Therefore, it is very important to study how to handle
these natural difficulties brought by the critical nonlinearity, noncompact memory term and
fractional operator in the undamped model when verifying the asymptotic compactness.
At the same time, this is also a main problem in the research of the asymptotic behavior of
nonlinear dynamical systems. By applying the process theory of time-dependent space,
asymptotic a priori estimate and the technique of operator decomposition, we conquer the
above difficulties, verify the compactness of the process and obtain our main results (see
Theorem 5, Lemma 9 and Theorem 6).

The structure of the paper is as follows: in preliminary Section 2, we give a definition
of some function sets, present the assumptions and recall some known abstract results;
in Section 3, we state and prove our main results on the existence and regularity of a
time-dependent attractor and the asymptotic regularity of solutions for system (1).

2. Preliminaries

In this section, we introduce some notations and abstract results about a time-dependent
dynamical system.

Let H = L?(Q) and let A = —A. A can be viewed as a self-adjoint and unbounded
operator in H with domain D(A).

We presume that {A;};cy and {w;};cn are eigenvalues and eigenvectors of A, then
{w;}jen can form a group of orthogonal basis of H, and

0< M <)\2<</\], )\]—>OO, asj—>oo.

Define the powers A? of A with domain D(A?) C H as follows:

D(A% ={ucH, ;Afe(u, wj)? < oo}, (5)
]:
and
(u,0)20 = (A%, A%), NulZg = 1A% -1, (6)
here, (-, -)29 and || - ||z are the inner product and norm in D(A?). Obviously, A? is also

unbounded and self-adjoint.

Set Vy = D(A?), for 0 € (25, ). Then, Vo = H = L2(Q), D(A?) = Vp, D(A"%) =

V_g. In the paper, we assume that the forcing term g(x) only belongs to V_y. The spaces H
and Vj are endowed with the following inner products and norms, respectively:

(u,v):/ﬂu(x)v(x)dx, ||u|]2:/Q]u(x)|2dx, Yu,ve H; (7)

(1,0 = / Atu(x)ASo(x)dx,  ||u)? = / |ASu(x)[2dx, Yu,veVe  (8)
Q Q
Therefore, we know that the compact embedding is
Vgl — ng, asfp > 6,, (9)

the continuous embedding is

Vp sLicm, (10)
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and the following Poincaré inequality holds:
/\?/ |o|2dx < / |Agv|2dx, Vo e V. (11)
Q Q
In addition, concerning the memory kernel function in system (1), we presume that

k(o) =1,k (s) <0, Vs e RT.
Suppose also that y(s) = —k'(s) and that it satisfies:

u(s) € CHRHNLYRT), u(s) >0, 4'(s) <0, VsecRF; (12)
| n)as =k 13)
W (s)+0u(s) <0, VseRT, (14)

where ko, J are two positive constants. Furthermore, consequently, the kernels k(s) and
#(s) decay to zero with an exponential rate.

Hereafter, we introduce a new unknown function 7’ (x, s) and let it be equal to u(x, t) —
u(x,t—s), (x,s) € A xR, t € [1,+0c0). In virtue of the presumption k(co) = 1, then the
problem in (1) can be written in the form:

{ (O + At [T () A ()5 4 f) = g0 He [ore)
= =i+ up, t € [1,400),
with the initial-boundary conditions are:
u(x,t) =0, '(x,s) =0, x € 00, t € [T, +00),
u(x,t) =up(x,t), ur(x,t) = uy(x,t), x€Q, te (—oo,1, (16)
n7(x,s) = up(x,T) —up(x, 7 —s), (x,5) € Q x RT,

where the unknown function u(-) satisfies the condition as follows: there exist two positive
constants R and ¢ = min{$, % }, such that

/ e~ || Viu(—s)|ds < R, 17)
JO

were || - || denotes L>-norm, and A is the first eigenvalue of the operator —A with a Dirichlet
boundary condition.

We assume that ¢ € V_g and the nonlinear function f(v) € C!(R) with f(0) = 0
satisfies the following conditions.

Growth condition:

0<p <2y n>3,

F/(s)] < C(1+s|P),¥s € R, (18)
p > 0and is arbitrary, n=1,2.

The assumption in (18) will be used to verify the compactness about the solution process.
Dissipation condition:

1iminf@ > —Af, (19)

|s| 200 S
and in view of (19), we obtain

2(F(s),1) = —(1 = v)|sllg — C*,
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and we also presume that
2(f(s),5) = 2(F(s), 1) — (1 = v) sl — C*, (20)

where 0 <v <1, C* > 0,F(u) = [, f(r)drand || - || is the norm of Vj.

Considering the assumption about memory kernel (), let L]% (RT; Vp) be the family of
Hilbert spaces of the Vp-valued functions on R*. The scalar product and norm are defined
by the formula:

e o 8 e [
(@ )po = | ns) [ Afpatpdxds lglZs = [ ps) [ [aTpPdxds. )

Then, we introduce the family of Hilbert spaces 117
HITT = Voo x Vo x L2(RT; Vooo),
and endowed norm
2030 = 10t 0, 1) g = NtllG + () e Z 4 117" 15 (22)
Clearly, when ¢ = 0, the family of Hilbert spaces H! is defined by:
H) = Vo x H x L2(RT; Vp), (23)
endowed with the norm:
12130 = Il Ga,1ee, 1) 15,0 = Nullf + ()l 12 + 11" 7. (24)
By use of assumptions (12)—(14), we can gain the preliminary result as follows ([27]).

Lemma 1. If assumptions (12)—(14) about the memory kernel function p(s) hold, then for any

nt e Cl([t,t] ;L%(R*; V), 0<r<20, Vt>T1,0¢€ (nz—fz, L), there exists a positive constant

0
5, such that (1%, 775t>y,r = §||’7t %,/,.

We also need the following abstract results to prove the existence of time-dependent
attractors.

Lemma 2 ([28]). Let (M,d) be a metric space and also let U(t,T) be a Lipschitz continuous
dynamical process in M, i.e.,

d(U(t, T)my, U(t, T)mp) < CeXEDd(my, my),

for appropriate constants C and K which are independent of m;, t and t. Assume further that there
exist three subsets M1, My, M3 C M such that

d(U(t, )My, U(t, T) M) < Llefvl(tfr),

d(U(t, T)My, U(t, T)M3) < Lye 2077,

for some v1,vp > 0and L1, Ly > 0. Then, it follows that
d(U(t, T)My, U(t, T)M3) < Le V=),

where v = Kl&fivz and L = CLy + Ly.
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Lemma 3 ([13,29,30]). Let u(s) € C*(R*) N LY(R") be a nonnegative function that satisfies
the following: if there exists so € R such that u(sg) = 0, then p(s) = 0, for all s > so. Moreover,
let By, By and By be Banach spaces satisfying

BO ‘—)Bl — Bz,

where By and By are reflexive, and the embedding By — By is compact. Assume that C C
L3, (R*; By) and it satisfies

(i) € C Ly(R*; Bo) N Hy(RY; By);
(i) supyec 7(s)|3, <hs), ¥s € RT, h(s) € L (RF).

Then, C is relatively compact in L}%(RJr ;B1).

Subsequently, we review some basic concepts and abstract results about a process on
a time-dependent system ([16,18,25]), which are used to study the long-time behavior of
solutions.

Definition 1. Let X; be a family of normed spaces. A two-parameter family of operators {U (¢, T) :
Xr — Xi, T < t, T € R} is said to be a process, if for any T € R,

(i) U(t, ) = Id is the identity operator on X<;
(i) U(ts)U(s,t)=U(t 1), VT <s< L

Assume that X; is a family of normed spaces. For every t € R, we introduce the R-ball
of Xti
Bi(R) = {z € Xi[l|z]lx, < R}.

The Hausdorff semidistance of sets A, B of X; is denoted by:

0t(A, B) = supdisty, (x, B) = sup inf ||x — y||x,.
x€A xeAYEB

Definition 2. A family € = {C;}cr of bounded sets Cy C X is called uniformly bounded, if
there exists a constant R > 0 such that C; C By(R), ¥Vt € R.

Definition 3. A uniformly bounded family B; = {B¢(Ro)}ser is called a time-dependent
absorbing set for the process U(t, T), if for every R > 0, there exist a ty = to(R) < tand Ry > 0
such that

TS t—1t) = U(t, T)ET(R) C Bt(RO)

The process U(t, T) is said to be dissipative as it possesses a time-dependent absorbing
set.

Definition 4. The smallest family A = {A¢}ier is called a time-dependent attractor for the
process U (t, T), if 2 satisfies the following properties:

(i) Each Ay is compact in X ;
(ii) A is pullback attracting, that is, it is uniformly bounded, and the limit

lim 8 (U(t,T)Cq, Ar) = 0

T——00
holds for every uniformly bounded family € = {C;}4cg and every t € R.
Theorem 1 ([16]). If U(t, T) is asymptotically compact, that is, the set

K = {R = {K;}scr| Each Ky is compact in Xy, R is pullback attracting }
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is not empty, then the time-dependent attractor 2 exists and coincides with A = {As}ier. In
particular, it is unique.

Definition 5. A function t — Z(t) and Z(t) € Xy is a complete bounded trajectory (CBT) of the
process U(t, T), if and only if

(i) supyeg [|Z(8)[|x, < oo;
(ii) Z(t) = U(t, 1) Z(7),VT <t, TER.

Definition 6. A time-dependent attractor A = { At }ier is invariant, if for all T < ¢,
U(f, T)AT = At.

Theorem 2. If the time-dependent attractor 2 = { Ay }cr of the process U(t, T) is invariant,
then it coincides with the set of all CBTs of the process U(t, T), that is,

A= {Z|t - Z(t) € Xy and Z(t) is a CBT of the process U (t, T)}.

3. Time-Dependent Global Attractor in H/
3.1. Well-Posedness

We start with the general existence and uniqueness of the solutions of the prob-
lem in (15) and (16). Based on the standard Faedo—Galerkin approximation method, see,
e.g., [14], the following results can be easily obtained and the time-dependent function &(t)
does not bring about any essential difficulties.

Theorem 3. Let () be a bounded domain in R" with smooth boundary 0Q). If (12)—(14) and (3)
hold, g € V_g and f satisfies (18)—(20), then for any initial data z(t) = (u(7), us(7), 17 (s)) €
HY, there exists a unique solution z(t) = (u(t), u¢(t), 5t (s)) € L*([t,t; HY) N C([z, ],Hf)
the problem in (15) and (16), in the sense that

ue C([t,t;Vp), ueL*([0,t];Vp), '€ C([t,t];LE(RT;Vp)),
i+t € L¥([r, 4] Ly(RY; H)) N L2([x, 1]; L2 (RY; Vp))
and
{ (e(t)us, v) + (u,0)o + (1'(5), 0) o + (f(u),0) = (g,0),
(11 (s) +1&(s), @(5)) o = (1t 9(5)) o,

forallt > tandanyv € Vy, ¢ € Li(R*;Vg).

Moreover, for any ¢ > T, the mapping z(t) + z(t) is continuous from HY to H¢.
By Theorem 3, we can define a process U(t, T) as follows:

z(t) = U(t, 7)z(t) : HE — 1Y,

which is continuous from H to HY.
In the next subsection, we prove that U(t, T) satisfies the continuous dependence
property on the initial data.

Lemma 4. Let z;(t), i = 1,2, be the corresponding solutions of the problem in (15) and (16) with
zi(t) € HY satisfying ||z;(7) ll3¢ <R, i=1,2. Suppose that (12)~(14) and (3) hold. If g € V_g and
f satisfies (18)—~(20), then there exists a positive constant K, such that the following estimate holds:
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llz1(¢) _Zz(t)Hg{e = IIU(f T)z1(7) — U(t, T)Zz(T)llig

< ceXl ||zl( )—ZQ(T)H?{Q, VTt

3.2. Time-Dependent Absorbing Set in H?

In the subsequent estimates, we presume that 0 < p < 1. Furthermore, we prove the
following dissipative estimate.

Theorem 4. Under the assumption of Lemma 4, for any initial data z(t) € B¢(R) C HY, then
there exists Ry > 0, such that the process U(t, T) corresponding to the problem in (15) and (16)
possesses a time-dependent absorbing set, namely, the family By = {B¢(Ro) }ter-
Proof. Multiplying (15) by 2(u; + pu) and integrating over (), we obtain
(e(t)ur, 2(ur + pu)) + (A%, 2(us + pu)) + (/O p(s) A% (s)ds, 2(us + ou))
+ (f(u), 2(us + pu)) = (8, 2(us + pu)). (25)
Thanks to Lemma 1, we have
(| w6 A% s)ds,2m) = [ [ 72l + () A% (5)dsdx
d
> 10 + 0l 156 (26)
combining with the Holder inequality, Cauchy inequality and (13), we obtain that
(/ 1(s) A%yt (s)ds, 20u) Zp/ / (s)A%* (s)dsdx
0
>0 [ atupar -2 /Q< |7 w145 ()1ds2dx
v 2pk
>— o ully = 22112 27)
Therefore, we obtain from (20) that
d
3 Ulelg + () llel* + Nl 17, + 202 (8) (e, ) + 2(F (), 1) = 2(8,u) + C)
+p(llullf+e®)|uel® + 17117, + 20e() (g, u) + 2(F(u),1) = 2(g,u) +C)  (28)
v 2k
+ 13— ¢/ + 3pe(t)) e |2 + (6 = =22 — p) 12
—2p(e (1) + pe(t)) (it 1) < p(C +C*).
The functional is defined by the formula:

M(t) = Nlull§ +e(®) luel|* + ' 115 o + 2pe(8) (e, u) +2(F(u), 1) —2(g,u) +C,  (29)

where C = V%HgH%Le +C*.
Then, we deduce from (3) and (11) that

v oL
2p6(8) 1) < 2060 (0] < Gl + e el
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PV 2 2
+2(g,u) < 2[(g,u)| < - Jull + %Hgllv,g-
Using (19), for some 0 < v < 1, we have
2(F(u),1) = —(1 = v)|ullf - C*.
Thus, choosing p small enough, we obtain that M (t) > 0
Namely,
d v 2k
M) +oM(E) + B2 ullf = (&/(5) + 3pe(t)) e |2+ (0 = =2 = )19
—2p(e'(t) + pe(t)) (ur, u) < p(C +C). (30)
By (3) and (11), we find that
—20(¢ (t t ZP L2 2 31
(€ (t) + pe(t)) (ur, u) > || ull§ — (o[~ (31)
Hence,
d *
SM(t) +pM(1) < p(C +C7),
that is,
M(t) < e P"IM(T) +C+C (32)

For € > 0, from (18), 6 € (nz—fz, 2) and the interpolation inequality, we have

(F(w),1) = [ F(n)dx

c/ (Jul? + |u|2)dx

N

C(ljul® + | Vul| )
< Cllul? + C(Cellull + ellullo)

2n
Cllullg™.

N

Thus, for a small enough p there exist positive constants C, C; and Cp, such that
2n
CIIZ(t)Ilfdte — G S M) <Cllz(®)]lz, + Ca. (33)
Combining with (32), there exists a constant N7 > 0 such that
Ut 7)z )H < QlIz(T)llpe)e 0 + Ny,

where Q;(-) is an increasing positive function. Because z(7) € B;(R), the following
inequality is valid

Iu(t, )z(0)[, < Qi(R)e =7 + Ny < 2N; = R,

provided that T < t — to, where tg = max{0, ; 11n 2 R)}
This completes the proof. O

Proof. Proof of Lemma 4:
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Assume that the initial data z;(7), i = 1,2, satisfy ||Zi(T)HH§ < R. It follows from
Theorem 4 that

12i(D)ll 20 = UL T)zi(T) 30 < Ro- (34)

We substitute z(t) = (ii(t), it (t),7(s)) = z1(t) — z2(t) into (15). Then,

e(B)iy + A u+/ () A%7 (s)ds + F(u1) — f(itz) = 0 (35)

and z(T) = z1(7) — z2(7).
Taking the scalar product of (35) with 2ii;(t), we have

d 2 V(.12

ey ¢l

From (18), (10) and (34), we have

—2(f(u1) — f(u2), i)

<2 [ If'@lalln|ax

4 4 n o] 2n n—20 1
gzc/1+ -2 méda/-mdﬁ/-%jz

(oo el - pal=)bal | ja ey | e

<2C(1+Huzll Pt fluallg 7)ol ]
<C(|lallF + [l ]|?), (37)

20 < —2(f(uy) — fup), 1) (36)

where -2 > ﬁ. Substituting (37) into (36), we obtain

LI < Izl + lm]?)
_ S(Ct)< e(t) ]+ £(t) | ]?)
zft)wne +e()]@m]?)
c(L+1)

2
SOl

Applying the Gronwall lemma, we finally have

- C(L+1 d
llz1(t) —zz(t)H%{? < ||z(T)||3{g e ) J7 s
< CeKD |21 (1) — 22(1) |- (38)
The proof is completed. O

3.3. The Existence of a Time-Dependent Attractor in H?

Devoted to the difficulties arising from the critical exponent and noncompact memory
space, in this subsection, we use the method of asymptotic a priori estimates and the
technique of operator decomposition to verify the necessary compactness.

Since H — V_g is dense, for every ¢ € V_g and any ¢ > 0, there exists g¢ € H which
depends on g and ¢, such that

18 = 8%llvy <o (39)
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Assuming (18)—(20) hold, we write f = fy + f1, where fo, fi € C*(R) fulfill
fo(0) = £1(0) =0, (40)
1—v, »
2(fo(s),s) = 2(Fo(s), 1) = ——sllg — e (41)
from which we obtain
1-v “
2(fi(s),5) > 2(Ri(5),1) = ——[lslf - C" +e, (42)
—v
2(Fo(s),1) > ———IIsll§ — e (43)
1-v 2 *
2(Fi(s),1) 2 ———lisllg —C" + o (44)

2

where 0 < 1—v < A{, C* >0, Fi(u) = [y fi(r)dr,i = 1,2, and || - [|g is the norm of Vj.
Furthermore, in the space 1Y, we assume that

f5(s) S C(A+s]P),¥s €R, 0< p <

n=3, (45)

|f1’(s)|<C(1+|S|p),VSGR,O<p<n7 n > 3. (46)

Let B; = {B:(Ro) }+cr be a time-dependent absorbing set obtained in Theorem 4. For
a fixed T € R and any ||z(7) HHQ < R, we decompose the solution z(t) = (u(t), us(t), ') of
the problem in (15) and (16) as follows:

z(t) =U(t, 7)z(1) = V(t, T)z1(T) + W(t, T)z2(T) = 2z1(8) + 22(8),

where
z1(t) = (v(t), ve(£),2°(s)),  z2(t) = (w(t), wi(t), & (s))
satisfy
e(t)or + A% + [ u(s)A°C! (s)ds + fo(v) = g — g%
=0+,
o(x,t)laa =0, '(x,t)|aa =0, (47)
o(x,7) = uo(x,8), 0i(x,7) = 11 (x,8), x €Q, £ < T,
% (x,8) = up(x,t) —up(x, T —s), (x,s) € Q xR,
and

e(t)wy + APw + [ u(s) A%E! (s)ds + f(u) — fo(0) = g%
& =& 4w,
w(x,t)an =0, &'(x,t)][an =0,

w(x,7) =0, w(x,7) =0, & (x,8) =0.

(48)
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By the Galerkin approximation method, the existence and uniqueness of the solution of (47)
and (48) can be obtained.
Furthermore, akin to the proof of Theorem 4, for the solution z () of (47), we get

Lemma 5. Let z1(t) be the solution of problem (47) with initial data z1(t) = z(T) satisfying
||z(’r)||$_[§ < R. Suppose that g € V_g and (12)—(14), (3) hold. If fy satisfies (40), (41), (43)

and (45), for € > 0, then there exists a positive constant ¢ = 0(€), such that the solution of
problem (47) satisfies

V(D205 < Qallz(t)lyg)e ™ <26, as T <t~ . (49)

where Qy(-) is an increasing positive function, p; = Pl(H%tHHf) is small enough and
t1 = t1(e, Q2(R), p1).
Proof. Taking the inner product of (47) with 2(v(t) + p1v(t)), we get
d
a(llv\lﬁ +e(b)lor]* + 1151170 + 201€(1) (v, 01) +2(Fo (0),1) —2(g — g% v) +C)
+o1(llolI§ +e(®)lloel® + 17115, o + 2016(8) (0, 06) + 2(Fo(v), 1) —2(g — 8% ) +C)
+ B[l — (¢/(1) +3p1e(t)) [or 2+ (6 = 201k — p) 11212, (50)

- 2P1 (¢'(t) + p1e(t)) (v, vr)
<p1(e+0),

where Fy(s fo fo(r)
We defme the functlonal as follows:

Mu(t) =[[oll§ +e®)lloel* + 12717, + 201e(8) (v, 01) +2(Fo(0),1) — 2{g — 8%,0) +C, (51)

where C = 8||g —g@”%/_e +o0= 8Q2 +o.

In fact, by virtue of (41) and (45), we have —15%||v||2 — 0 < 2(Fy(v),1) < C|lv||; = =3
Similarly, we can deduce that
2p1¢(t < 2pe(t = 801L (1) o
p1e(t) {0, 01) < 201€()[ {0, 01)] < || ol5 + A8 e(t)[|oell”,

1
2(g—g%v) <2|(g—g%0)| < §||v||5 +8llg — g°II%,.

Then,
1 20
v T)Z(T)Ilif; S M (t) < Cl[V(t, r)z(r)||;;€,2 +160” + ¢. (52)

From (3) and (11), we have

v 40,12
—201 (' (t) + p1e() ) (v, v1) > pl lloll5 — Pl ||vt\|2-

Choosing p; small enough, we have

40112
A?v

—¢(t) = 3p1e(t) —
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Combining with the above estimates, we get

d
M)+ Mi(t) <oy (8¢% +20). (53)
Taking € = 320% + 20 + C(640? + 40), we obtain from (52) and (53)
V(D)2 (D)5 < Qalllz(D) yg)e 77 +e.
Due to z(7) € B;(R), we find the estimate

IV(ED)2(T)]5, < 26,
provided that T < t — t, where t; = max{O 1 In Q2 } This completes the proof of
Lemma 6. [

Allin all, the following uniformly bound estimate holds:

sup {[|U(t, 1)2(7) [l + IV (£, T)2(1) |50 + [W(E T)2(T) [0} < 2Ro, (54)

Tt —t*

— 11y Q2R) 171, 2Q1(R)
wheret*—max{O,P—lln 22(6 , ln 11{% 1.

Lemma 6. Let z;(t) be the solution of (48) with initial data zp(T) satisfying ||z2(7) HH@ =0.1If
the assumptions (12)—(14), (18), (3) and (40)—(46) hold, then there exists Ny = Np(B¢) > 0
such that

sup |za(t)llgerc = sup [[W(E, 7)za(7)[[yp40 < N, (55)
N

I
where o = min{§, (”Jrnz)#,% — 0} and t* = t*(Ro, p, M, 18°]])-
Proof. Note that f = fy + f; implies that

f(u) = fo(o) = f(u) = f(0) + f(v) = fo(v) = f(u) = f(v) + fa(v),

therefore, taking the inner product of (48) with 2A7 (w;(t) + pw(t)), we obtain

d
37 Uelo + @Iz + 1815010 + 208() (or, A7) +2(f () = fo(0), A7w) = 2(g?, A7w))
3
+ 7p ][0 — (¢'(t) +20e(8)) w215 + (6 = 2pk0)IE" 17, .40 — 20€' (1) (201, A7w) (56)

+20(f(u) — fo(v), A7w) — 2p(g% A"w)
< 2(f'(w)ur — f'(v)or, A%w) + 2(f{ (v)vr, Aw).

Next, we will deal with each term on the right-hand of (56).
First, by virtue of (18), (10), (49) and (54), we have

2(f (w)ur — f'(v)o, A%w))
<[ (1t fulrt)rtedn) 5 ([ uPan( [ |Aaf e an =5

+C(/ (14 |o]72)e% dx) 5" /|vt|2dx /|A‘7w|"29”dx) = (57)
Q

S C( A+ flullg™ 2)||1/tt\|||w||9+a+C(1+ [ollg™ )||vt|\||w||9+g

<Elwlf,,+C,
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20"
, (10) and (49), we get

~2(f{(©)or, A70)) < Kl +C. (58)
Choosing a suitable constant C > 0, we define the functional:

Mo(t) = |[wllgo +e(®) w7 + 18117 0.0 + 206(8) (w0r, A7w)
+2(f (1) = fo(v), A%w) = 2(g%, A%w) + C, (59)

as p is small enough, we know that
1
SIW(ET)22(0) Bgse < Malt) < 2IW(E D)2 (D)2 +C. (60)

Indeed, we can easily deduce that

L
ZW@WwA%M<mm%W+§ﬁmmw@
1

2|(g% A7w)| < pllwllfy, + lge11%.

pAG o
Thanks to (10), we have

2/{f(u) = fo(v), A%w)|
L2f(f(u) = f(0), A%w)| +2|(f1(v), A7w)]

4 o o—c 2 1 o —2— n—2(6—0)
<C(/ (1+|u|n 2 +|U| 2)9—¢7dx) n (‘/Q|w| dx)z(/O|A W|”’2(9’”)dx) o

_n_ f—c 2 1 P _2n n—2(0—c)
+fquﬂwwmww/mwm/mwwwm>n G)
<cu+n|w2+nw| wlowlos +C(1+ [ ellolwlloss

<1||w||9+a+cr

2n 4n
where n=20 = 2 (n—2)(6—0) > 9 a

It follows from the above estimates that
d
G Ma(t) +pMa(t) + g'lw”ngv (€' (£) +3pe(t)) l[we 5+ (6 = p — 20k0) 1" I 9.
—20(¢ (1) + pe(t)){wr, A7) < B Jwlf o+ C. (62)
Obviously, we can gain

4oL?

||| (63)
A¢ v

—~20(€'(t) + pe() (wr, A7) >~ w3, -
Substituting (63) into (62), we have

d 4012
Ma(t) +pMa(t) = (¢/(t) + 3pe(t) + ’A’@ w5 + (8 = 20ko — p)|§"[17 1o < C. (64)
1

Taking p small enough, we know

S Malt) +pMa() < C. (65)



Mathematics 2022, 10, 2198

15 of 21

[w(x, T) —w(x, T =s)lly, < llw(x, T)llv, + w(x, T =s)llv,, T<s<T,
(x,8)llv, =

From (65) and (60), we obtain (55).
We completed the proof. [

To verify the asymptotic compactness of the process U(t, T) corresponding to the
problem in (15) and (16), we also need the following preliminary results.
For any &) € Li (R"; Vp), the Cauchy problem (see [13,29,30])

g =—Clt+w, t>r1,
(66)

gt = o

has a unique solution &' € C([T,OO);L;%(R—’_,'VQ)). Then, for (66), we have the
explicit expression

, w(x,t) —w(x,t—s), TLs<t,
¢(x,s) = (67)

w(x,t), s>t

Let B; be the time-dependent absorbing set for the process U(t, T) corresponding to
the problem in (15) and (16) in ’H,f obtained from Theorem 4. Then,

Lemma 7. For every given T < T, we set
Kr:=TW(T, 7)B-.
Assume that the forcing term g € V_g. If the assumptions (12)—(14), (18)—(20), (3) and (40)—(46)
hold, then there exists a positive constant Ny = Ny (|| By ”H’; ), such that
(1) K is bounded inng(R+; V) N HL(RY; V),
(i) supgcic, [16(s)[I5e < N,
where o = min{ Y, ('an)#,% — 0}, W(T, 1) is a solution operator of (48) and 11 : Vp,, X
Vi X L%(R*; Voro) — L%(R*; Vo) is a projection operator.
Proof. From (67), we conclude that

ws(x,T—s), T<s<T,

& (x,s) = { (68)

0, s>T.

Applying Lemma 6, we know (i) holds.
Using (68) once again, we can easily deduce that

(69)
[w(x, T)lvg. s=>T.

Clearly, it implies (ii) holds. The proof is complete. []
Therefore, applying Lemma 3, we conclude that K7 is relatively compact in Lft (RT; V).

Moreover, by the compact embedding Vg, x V, < Vp x L?(Q), we obtain:

Lemma 8. Let {W(T, T)}r<r be the process corresponding to the problem (48). If the assumptions
of Lemma 7 hold, then for any T < T and given R > 0, W(T, T)B¢(R) is relatively compact in H.

Theorem 5. Let U(t, T) : HY — HY be the process generated by the problem in (15) and (16).
Assume that ¢ € V_g. If (12)—(14), (18)—(20), (3) and (40)—(46) hold, then the process U (t, T)
possesses an invariant time-dependent global attractor A = { A;} e in HY.



Mathematics 2022, 10, 2198

16 of 21

Proof. According to Lemmas 6 and 8, we consider the family & = {K¢*7},_p, where
KI* = (2() € HI* < |2(0)]l 0o < M).

By the compact embedding H¢*7 < HY and Lemma 8, KY*7 is compact in H¢. In addition,
since the injection constant M is independent of ¢, the set £ is uniformly bounded.
It follows from Theorem 4, Lemmas 5 and 6 that £ is pullback attracting. In fact,

& (U(t, T)B(R), KI+7) < Ce T, vr <,

here, &;(-,-) denotes the Hausdorff semidistance of two subsets of H#¢. Hence, the pro-
cess U(t, T) is asymptotically compact, which implies the existence of the unique time-
dependent global attractor A = {A;};cr of the process U(t, T). Finally, the invariance of 2
can be concluded by Lemma 4 (the continuity of the process U(t, T) in HY).

We completed the proof. [

3.4. The Regularity of the Time-Dependent Attractor

Here, we prove that the time-dependent attractor 2 = {A;};cg is bounded in 7-[%9,
where the bound is independent of ¢.

For any given 7 € R and z(t) € A, we give a decomposition of the solution
Uu(t, 7)z(t):

U(t7)z(T) = z(t) = 21(F) + 22(t) = Vi (t,T)z1(T) + Wi (t, T)22(T),
where
Vi(t, )z () = (v(t), vt (1), ¢ (5)), Wit T)za(1) = (w(t), wi(t), &' (5))
solve the equations, respectively,
e(t)ou + A%v + [ u(s) AT (s)ds = 0,
Gi=—C+o

v(x, t)‘aﬂ =0, gt(x, t)|aQ =0, (70)

v(x,T) =up(x,t), vi(x,7) =u(x,t), x€Q, t <7,

{%(x,8) = up(x, T) —up(x, T —3), (x,8) € QA x RY,

and
e(t)wy + APw+ [3° u(s) A& (s)ds + f(u) = g(x),

& = =&t wy,

(71)
w(x/ t)|aQ:Or gt(x, t)|aQ =0,
w(x,7) =0, w(x,7)=0, {7(x,5) =0, x € Q,s € RT.
As a special case of Lemma 5, we can get
IV (t, 0)2(7) 30 < Ce =), vr<t—1, (72)

where f; = max{0, ﬂ% In sz(eR) 1.
Lemma 9. Let z(t) be the solution of (71) with initial data z>(T) € Ax satisfying [|z2(7) |30 = O.

If the assumptions (12)—(14), (18), (3) and (40)—(46) hold, then { At };cr is bounded in H?® and
the bound is independent of t.
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Proof. For 6 € (nz—fz,%), n > 3, we set

0 (n+2)0—2n n

0<(70:U<min{1 P — 0}, and 0y < 07 = min

Taking the inner product of (71) with 2( A% w; + pA”lw), we obtain

d o
a(\lwﬂﬁm +e()[wl3, + 1617 o0, + 206(8) (w1, A w) +2(f (u) —

3
+ Sollwl 0, = (&/(1) +20e(t)) w17, + (5= 20k0) 18" 14,

= 20¢'(t) (wr, A% w) + 20(f (u) — &, A" w)
< 2(f" (u)u, A% w).

Set

Ms(t) = |[wllf o, +e(®)llwel3, + 11"
+2(f(u) — g, A%w) + C.

Similar to (60), for p small enough, we have

1
SN D20 ey < Ma(h) < 2 Wa (8, )2(0) P iy +C,
t t

and

d
M) +pMa(t) + Kl <20 (W), A%0) + pC.

Due to the invariance of 2, we have
U2 i < C,

where C is a generic constant depending on the size of A; in H9+UO

Using the embedding (10), we can deduce that
2(f' (u)ur, A%w)
4 o n 0+09—01
<c(f (a5 ([ )
Q

n—2(0—cq)

2r
. (/ |A‘71w| ”*2<91"71) dx) 2n
Q

<C(1+ ”u”g.:,_%ro)HuthTo”wH@JrUl

<Ll +¢,
n 2n

4 <
n—2 " 0Fop—01 X n—2(0+0p)"
Therefore, we conclude that

where

9 Ms(t) + oMy (1) < C

{(n+2)(9+(70) 2n
n—2

2 oy + 20() (wr, A7)

(73)

(74)

(75)

(76)

(77)

Applying the Gronwall lemma and combining with (75), we obtain that there

exists N*1 = N*1(2) > 0, such that

sup |[|z2(t)|] yltn = Sup [Wi(t, T)z2(7) || e S <N7,

Tt—t* Tt —t*

(78)
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where t* = max{O 1 In 2R 11, 2Q1 } Namely, ||W; (¢, T)za(T )||Hg+gl is uniformly
t

2 7 p
bounded.
We denote

KT = {2(0) € M l2(0) vy < Nab
It follows from (72) and Lemma 9 that

lim & (U(t, T) A, KST1) = 0,Vt e R.

T——00

The invariance of % implies that

5i(Ar, KT =0,

Therefore, A; C Kf+‘71 = Kf'wl. We can deduce that A; is bounded in ’Htg+01 (with a bound
independent of t € R).
For 0 ¢ (m, 2), n >3, weset

(n+2)(0+01) —Zn'

o <0y = n_2

Repeating the above process, we obtain that A; is bounded in Hf+‘72 (with a bound inde-
pendent of t € R).
We set 0pmin = min{c;}, i = 1,2, - - -. Repeating the above process at most [ - +1]

times, we can finally obtain that A; is bounded in 7—[%9 (with a bound 1ndependent of
teR). O

3.5. The Asymptotic Regularity of the Solution

By using bootstrap methods, the following results can be obtained.

Lemma 10. Assume that the forcing term g € V_g. Let the assumptions (12)—(14), (18)—(20), (3)
and (40)—(46) hold. For any bounded (in H+7) set BE7, there is a positive constant N 1B+
t

that depends on ||Bt9+‘7||H?+g, such that forany T € Rand t, <t* < t, "
[lu(t, T)zT||3{€W < NHBowHH?w as T < t — ty and z; € BYHY,

where o = min{§, (”22)#,% -0}

Lemma 11. Let 0 < ¢ = min{6, % }. Under the assumptions of Lemma 10, for any

bounded (in HO™*) set BT, there is a positive constant NHBtgﬂHHBﬂ that depends on || Bf*‘ HH?*”
t

such that forany T € Rand t3 <ty <t,

|U(t, T)zc]|2 610 < Ny o ,as T < t—tzand z; € BOH.
HY 1B N0

Lemma 12. Assume that 0 < 1 = min{#6, w} Under the assumptions of Lemma 10, for

any bounded (in HET*) set BT, there is a positive constant ]HBH, loos that depends on ||Bf+ HHH”
t ’H‘f L t

such that for the solution z,(t) of Equation (48), for any T € Rand ty < t3 <,

[Wi(t, T)ZT||,2H€+K0 < ]||Bf+l”7_t ,asT<t—tgandz; € Bg—ﬂ/
t t
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where | < xp = min{#6, ("H)ne#}

Theorem 6 (Asymptotic regularity of solution). Let Q) be a bounded domain in R"(n > 3)
with smooth boundary 0Q). Under the assumptions of Lemma 11, then there exist a bounded (in
H2) set By C H?®, a positive constant v and a monotonically function Q(-), such that for any
bounded (in H2) set By C HE, any T € R, the following estimate holds:

8 (U(t, T)Br, Br) < Q(|Bellye)e ™7, (79)
where 8y is the Hausdorff semidistance in H¢ and v is independent of By, g and .

Proof. Let B; = {B¢(Rg)};cr be the time-dependent absorbing set in H! obtained from
Theorem 4. From Lemmas 5 and 6, we can deduce that there exists a bounded (in Hf*" )
subset A?*‘T C Hf“’, such that

Si(U(t, T)B(Rp), A%T7) < 81(V (¢, T)B(Rp), AYTY)

<
< Qa(Rg)eF1t=7). (80)

In regard to A%+7, from Lemmas 5 and 12, it is easy to know that there exists a bounded
set Af+K° in 7—[?+K0, such that

S(U(t,T) AT, ATF) < Gi(V (1, T) ALY, A7)

<
< Qo[ AZH y0)e 10T, (81)

where p; is positive and only depends on ||A9+0||H$ ,and xy = min{6, W—z)ﬁ#}

From (38), (80), (81) and Lemma 2, we obtain

8¢ (U(t, T)B(Rg), AZT0) < CQy(Rg)e P27, (82)

where C and p; are both positive constants.
Fix k9 = min{6, %} and ¢ = min{ ¢, (nzz)#’ % — 6}. By a finite number
of steps (no more than [K% + 1] steps), we can deduce that there exists a bounded (in #2?)

set By C ’H%G, such that
St (U(t, T)Be(Ro), Br) < Q(Rg)e V-7, (83)

where v is dependent of Ry.
For any bounded (in Hg) set Bz, by Theorem 4, there exists a ty such that

U(t, T)B-L— C Bt(Ro), as T < t—ty. (84)
Therefore,
Si(U(t,T)Br, By(Rg)) < Nae'foe V-7, (85)

where N3 = sup{||U(t,T)BT||Ht9,T <t—ty} < oo.
By Lemma 2 once more, we can deduce that (79). The proof is complete. O

4. Conclusions

For the undamped second-order abstract evolution equation with fading memory, when
the nonlinear term satisfies the critical exponential growth, the existence and asymptotic
regularity of the time-dependent attractor, as well as the asymptotic regularity of the solutions,
can be obtained by using the process theory, asymptotic prior technique and decomposition
technique. This result improves and generalizes some known results (see [9,23,30]).
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We will continue to study the asymptotic behavior of the solutions of the equation in
the strong topological space Vy x Vj X Li (RT; Vag), and it is expected that corresponding
research results will be obtained.
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