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Abstract: The vertex (respectively edge) metric dimension of a graph G is the size of a smallest vertex
set in G, which distinguishes all pairs of vertices (respectively edges) in G, and it is denoted by
dim(G) (respectively edim(G)). The upper bounds dim(G) < 2¢(G) — 1 and edim(G) < 2¢(G) — 1,
where ¢(G) denotes the cyclomatic number of G, were established to hold for cacti without leaves
distinct from cycles, and moreover, all leafless cacti that attain the bounds were characterized. It
was further conjectured that the same bounds hold for general connected graphs without leaves,
and this conjecture was supported by showing that the problem reduces to 2-connected graphs. In
this paper, we focus on ®-graphs, as the most simple 2-connected graphs distinct from the cycle,
and show that the the upper bound 2¢(G) — 1 holds for both metric dimensions of ®-graphs; we
characterize all ®-graphs for which the bound is attained. We conclude by conjecturing that there
are no other extremal graphs for the bound 2¢(G) — 1 in the class of leafless graphs besides already
known extremal cacti and extremal ®-graphs mentioned here.

Keywords: vertex metric dimension; edge metric dimension; Theta-graph

MSC: 05C12

1. Introduction

In this paper, we assume that all graphs are simple and connected, unless we explicitly
say otherwise, and we consider distances in such graphs. Let G be a graph with the
set of vertices V(G) and the set of edges E(G). The distance dg(u,v) between vertices
u,v € V(G) is the length of a shortest path in G connecting vertices u and v. The distance
dg(u,e) between a vertex u € V(G) and an edge e = vw € E(G) is defined by dg(u,e) =
min{dg(u,v),dc(u, w)}. When no confusion arises from that, we use abbreviated notation
d(u,v) and d(u,e). We say that a pair x and x’ of vertices from V(G) (respectively of
edges from E(G)) is distinguished by a vertex s € V(G) if d(s,x) # d(s,x’). AsetSisa
vertex (respectively an edge) metric generator if every pair x and x’ of vertices from V(G)
(respectively of edges from E(G)) is distinguished by a vertex s € S. The size of a smallest
vertex (respectively edge) metric generator in G is called the vertex (respectively the edge)
metric dimension of G, and it is denoted by dim(G) (respectively edim(G)). The cyclomatic
number ¢(G) of a graph G is defined by ¢(G) = |E(G)| — |V(G)| + 1. A ©-graph is any
graph G with precisely two vertices of degree 3 and all other vertices of degree 2.

The concept of the vertex metric dimension was introduced related to the study
of navigation systems [1] and the landmarks in networks [2]. Various aspects of this
metric dimension have been studied since it was first introduced [3-10]. As was noticed
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recently in [11], there are graphs in which none of the smallest vertex metric generators
distinguish all pairs of edges. This motivated the introduction of a new variant of the
metric dimension, namely the edge metric dimension. Even though it is newer than the
vertex metric dimension, the edge metric dimension also attracted interest [12-20]. A nice
survey of the topic of the metric dimension is given in [21].

Particularly relevant for this paper is the line of investigation from papers [17,22-26].
In [22], the value of the vertex and edge metric dimensions for unicyclic graphs was
bounded so it can take only two consecutive integer values, and then, in [17], the condition
under which the dimensions take each of the values was established. This result was
further extended to graphs with edge disjoint cycles [25], also called cactus graphs or cacti.
A similar line of research for another variant of the metric dimension, the so-called mixed
metric dimension, was conducted in [23,24,27]. The results for cacti from [25] imply that
the simple upper bounds dim(G) < L(G) 4 2¢(G) and edim(G) < L(G) + 2¢(G) hold for
all cacti G distinct from paths, where

L= ¥ (o) -1,

veV(G),L(v)>1

with ¢(v) being the number of paths pending at a vertex v of degree > 3. Moreover, the
following conjectures were proposed for general graphs.
Moreover, the following conjectures were proposed for general graphs.

Conjecture 1. Let G be a connected graph. Then, dim(G) < L(G) + 2¢(G).
Conjecture 2. Let G be a connected graph. Then, edim(G) < L(G) + 2¢(G).

Since the attainment of the bound in the class of cactus graphs depends on the presence
of leaves, leafless cacti and general graphs without leaves were further investigated in [26].
It was established that, for leafless cacti, the upper bound decreases to 2¢(G) — 1, and all
cacti attaining this bound were characterized. It was further conjectured that the same
decreased upper bound holds for all leafless graphs, i.e., the following two conjectures
were posed.

Conjecture 3. Let G # C, be a graph with minimum degree 5(G) > 2. Then, dim(G) <
2¢(G) — 1.

Conjecture 4. Let G # Cy be a graph with minimum degree 6(G) > 2. Then, edim(G) <
2¢(G) — 1.

To support these conjectures, it was established in [26] that they hold for all graphs
with §(G) > 3 with the strict inequality. Moreover, additional results for graphs with
3(G) = 2 were also established, but let us first define all involved notions.

A set S C V(G) is called a vertex cut if G — S is not connected or it is trivial. A vertex
v is called a cut vertex if S = {v} is a vertex cut. The (vertex) connectivity of a graph G is
the size of the smallest vertex cut in G, and we denote it by x(G). A graph G is said to be
k-connected if k(G) > k. Any maximal 2-connected subgraph of G is called a block of G. If a
block G; contains at least three vertices, then G,; is said to be non-trivial.

In [26], it was established that, for §(G) = 2, the problem can be reduced to 2-connected
graphs, i.e., it was shown that if Conjecture 3 (respectively Conjecture 4) holds for 2-
connected graphs, then it holds in general. Moreover, considering when the upper bound
is attained, the following claim was established.

Lemma 1. Let G # Cy, be a graph with 6(G) > 2. If dim(G;) < 2¢(G;) — 1 (respectively
edim(G;) < 2¢(G;) — 1) for a block G; of G distinct from a cycle or there exist two vertex-
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disjoint non-trivial blocks G; and Gy in G, then dim(G) < 2¢(G) — 1 (respectively edim(G) <
2¢(G) —1).

In this paper, we consider 2-connected graphs that attain the bound of Conjectures 3
and 4. In particular, we study ©-graphs, as they are the simplest 2-connected graphs distinct
from cycles. We show that the upper bound 2¢(G) — 1 holds for both metric dimensions of
©®-graphs. Since, for all ©-graphs, the value of the cyclomatic number equals 2, to prove the
conjectures, it is sufficient to prove that for all such graphs, metric dimensions are bounded
above by 3. We also characterize all ©-graphs for which the bounds are attained. The paper
is concluded with the conjectures that the already known extremal leafless cacti from [26]
and the extremal ©-graphs established in this paper are the only leafless graphs for which
the bound 2¢(G) — 1 is attained. For these conjectures, we also established that they reduce
to the same problem on the class of 2-connected graphs.

2. ©-Graphs with Metric Dimensions Equal to 3

Therefore, let us first introduce a necessary notation for @-graphs. Let G be a ©-graph;
by u and v, we denote the two vertices of degree 3 in G. Notice that there are three distinct
paths in G connecting u and v, and we denote them by P; = uguy - - - up, P, = vgovy - - - v,
and P; = wowy - - - wy, so that ug = v9 = wo = u, up = v, = w, = v,and p < g < r. The
cycle in G induced by paths P; and P; will be denoted by C;;. A ®-graph in which paths P,
P, and P; are of lengths p, g, and r, respectively, is denoted by @ ;.

Lemma 2. Let G = @y, 01 Oy ;12 with p > 2. Then, dim(G) > 3.

Proof. Let S C V(G) be a set of vertices in G such that |S| = 2. Itis sufficient to show that S
is not a vertex metric generator. First, if S = {u, v}, then u; and v; are not distinguished by
S, so we can assume v ¢ S. Now, let us consider the case S C V(P;) for somei € {1,2,3}.
Assume first S C V(P3). Since P; and P, are of equal length, the distance of u; and v; to
all vertices of P; is the same; hence, S does not distinguish #; and v;. Let us now assume
S C V(P;), and let us consider vertices v and wy. Notice that a shortest path from both v;
and w to all vertices of P leads through u. This implies that the distance from v; and w; to
all the vertices of Pj is the same, so a set S C V(P;) would not distinguish v and w;. The
same reasoning goes for S C V(P,), so we may assume that S ¢ V(P;) foreveryi =1,2,3.

Now, denote by s; and s, the two elements of S. Then, s; and s; are internal vertices
of paths P; and P}, respectively, where i # j. We distinguish two cases.

Case 1: 51 € V(Py) and s, € V(P,). Let us denote dy = d(s1,u), dp = d(sp,u), a = dy + do,
and b = 2p —a. If a = b, then s; and s, form an antipodal pair on Cip, which implies that
two neighbors of s; are not distinguished by S. Therefore, without loss of generality, we
may assume a < p and d; < dj. Since a + b = 2p, it follows that a and b are of the same
parity; hence, b — a is a positive even number. Therefore, we can define ¢ = (b —a)/2, and
we know that c is a positive integer. Let d = 2d; + c. Notice that

b
c<d:2d1+c§a+c:g+f:p.
2 2
Therefore, there exist interior vertices u; € P; and w. € P3; see Figure 1a.

Now, we prove that 1; and w, are not distinguished by S. Notice that d(uy,s1) =

d —di = dq + c. Since

NS

+d; < :p—§<p,

N S
NI S

c+dy =

we have d(w,,s1) = ¢+ dj, and so, uz and w, are not distinguished by sy. As for sp, notice
that

b—a
c+d2<T+a:p,
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so we have d(w,, $) = ¢ + dy. Furthermore, we have

b—
d2+d:d2+2d1+c:a+d1+Ta:p+d1>p,
which implies
d(ug,sp) =2p—d—dy=2p—p—dy=p—di=p—a+dy=c+d,.

We conclude that u; and w, are not distinguished by s; either, so S is not a vertex metric
generator.

(a) (b)
u u
S1[¥ B»We b SOl
V-® ®
Ul ® S1 ] [
[] D [ ]
p GDU([{
v v

Figure 1. A set S = {s1,s,} in the proof of Lemma 2: (a) case when s; € V(Py) and s; € V(DP,) with
p=6d =1,d,=4a=5b=7,c=1,and d = 3, in which u; and w, are not distinguished by S;
(b) case when sy € V(Py) and sy € V(P3) withp =6,dy =3,dp =2,a=5,b=9,c=2,andd = 3§,
where u; and v, are not distinguished by S.

Case 2: 51 € V(Py) and s; € V(P3). For G = @y, this case is analogous to the previous
one, so let us assume G = ©,,, 2. Again, denote dy = d(u,s1), do = d(u,s2),a = dy +da,
and b =2p +2 —a. If a = b, then 51 and s; are antipodal on Cy3, so the two neighbors of s4
are not distinguished by S. Hence, without loss of generality, we may assume a < b. Let us
denote ¢ = (b —a) /2. Since a + b = 2p + 2 we know that 4 and b are of the same parity, so
b — a is a positive integer. Consequently, also, c is a positive integer.

First, since s1 and s, are internal vertices of paths P; and P, respectively, we have
a =dj +dp > 2. This yields

b—a a+b

‘= 2

—a=p+1l—-a<p-1L

Hence, there exists an interior vertex v, € V(P,), as it is shown in Figure 1b. Furthermore,

notice that
b—a a+b

22

di+c<a+ p+1,

which implies d(v., s1) = d1 +c.

Now, let d = 2dy + ¢. If d < p, we consider the vertex u; € V(P;); otherwise, for
the sake of simplicity, we denote 1y = wy, > 4; see Figure 1b. We have already shown
d; + ¢ < p + 1, which yields

d—dy=di+c<p+1,
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and so, d(ug,s1) =d —dy = dq +c = d(vc,s1). Hence, uy and v, are not distinguished by
s1. It remains to prove that 1; and v, are not distinguished by s, either. For that purpose,
notice that

C+d2<c—|—a:b_a a:a+b:p+1,
2 2
which implies d(v, sp) = ¢ + d,. Furthermore, notice that
2p+2—d—d2:a+b—2d1—c—d2:a+b—d1—bz;a—(d1+d2)
b
= ﬂ—; —d1:P+1—d1 <p+1,

which implies

a+b_d1:a+b

d(S2,Md) =2p4+2—-d—dy =

b—
= 2a+d2:C+d2:d(Uc,Sz).

—a+a—d1:

Therefore, vertices v, and u,; are not distinguished by s, either; hence, we conclude that S
is not a vertex metric generator. [

Now, a subgraph H of a graph G is an isometric subgraph if dy(u,v) = dg(u,v) for
every pair of vertices u,v € V(H). Consequently, if a pair of vertices is distinguished by
SN V(H) in H, then it is distinguished by S in G as well.

Lemma 3. Let G = Oy p 0r Opp 1o with p > 2. Then. for any a € V(G), there are
b,c € V(G) such that S = {a, b, c} is a vertex metric generator in G.

Proof. First, notice that every cycle C;; of G is an isometric subgraph in G. We say that a set
S C V(G) is nice, if for every cycle C;; of G, it holds that S N V(C;j) contains two vertices
that do not form an antipodal pair in C;;. We first show that any nice set S is a vertex metric
generator in G. In order to see this, let x and x be a pair of vertices from G. Notice that x
and x’ belong to at least one cycle C;; in G. Since S is nice, S N V(C;;) contains two vertices
that are not antipodal in C;;, which implies that S N V(C;;) is a vertex metric generator
in C;;. Therefore, x and x’ are distinguished by S N V(C;;) in Cj;. Since C;; is an isometric
subgraph of G, this further implies that x and x” are distinguished by S in G, so S is a vertex
metric generator of G. To complete the proof, for every a € V(G), we extend a to a nice set.

Let us assume G = @y, p. If p < 3, the set S = {u, vy, w; } is a nice set in G. Therefore,
S is a vertex metric generator, which, due to the symmetry of G, proves the claim. Therefore,
let us assume that p > 4. By symmetry, we may assume that a = u;, where 0 < i < |p/2].
However, then, S; = {u;,v1, w1} is a nice set in G.

Assume now that G = ©, 2. If p = 2, it is easy to see that sets S = {u, v, w }
and S = {u,v,wy} are nice in G, which, due to the symmetry of G, proves the claim.
If p > 2, then, due to the symmetry of G, it is sufficient to prove the claim for a = u;,
where 0 <i < [p/2], and for a = wj, where 1 < j < |p/2] + 1. Ifa = u; fori < [p/2],
then S = {u;,v1, w1} is nice in G. On the other hand, if a = w;j for j < lp/2] +1, then
S = {uy,v1, wj} isnicein G. O

By Lemmas 2 and 3, the following statement holds.
Theorem 1. For p > 2, it holds that dim(®y,p,p) = dim(@y,, ,42) = 3.

Since, in any ©-graph G, it holds that L(G) = 0 and ¢(G) = 2, the above theorem
gives the following corollary.

Corollary 1. We have diim(®y,p,y) = dim(®y,; p12) = 2¢(G) — 1.
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Hence, for O, and ©) ) 12, the bound from Conjecture 3 holds with equality.
Similarly, when considering the edge metric dimension of @-graphs, we have the following,.

Lemma4. Let G = @001 @ pqwith2 < p < 3and p < q < p+2.Then, foranya € V(G),
there are b,c € V(G) such that S = {a, b, c} is an edge metric generator in G.

Proof. Asp =2or3andq € {p,p+ 1, p+ 2}, the problem is finite. To avoid a tedious
proof, the statement was easily verified by a computer by checking all sets S C V(G) of
cardinality three. [J

Proposition 1. Let G = O 0r Oppy with2 < p < 3and p < q < p+ 2. Then,
edim(G) = 3.

Proof. Similarly as before, by a computer, we checked easily that there is no edge metric
generator of size two. Then, the claim follows from Lemma 4. O

Corollary 2. Let G = ©O1pp 0r G = Oppgfor 2 < p < 3and p < q < p+2. Then,
edim(G) = 2¢(G) — 1.

3. ©-Graphs with Metric Dimensions Equal to 2

In this section, we show that all remaining ©®-graphs, i.e., all ®-graphs not mentioned
in the previous section, have the vertex (respectively the edge) metric dimension equal to 2.
We first consider the vertex metric dimension. For all remaining ®-graphs, we show that
there is a set S of cardinality two that is a vertex metric generator; see Figure 2.

Lemma 5. Let G = @y 4, where p < q < r, and let S be a set of vertices in G, defined in the

following way:

(i) Ifoneofp,q,risodd and at least 3 and one of p, q, v is even, say q > 3 is odd and r is even,
then S = {v(g_1y/2, Wr2};

(ii) If p = 1and both q and r are even, then S = {u, w,;, };

(iii) Ifall p,q,rareevenand q ¢ {p,p+2}, then S = {v1,w, 2 };

(iv) Ifallofp,q,rareeven, q € {p,p+2},andr > p+4,then S = {v, /5, w1};

(v) Ifallp g, rareevenand q=r=p+2,then S = {vy, w1 };

(vi) Ifall p,q,rareoddand q & {p,p+2}, then S = {v1, w(,_1) /2 };

(vii) Ifallp,q,rareodd, q € {p,p+2}andr > p+4,then S = {v,_q1)p,w1};

(viii) Ifall p, g, v areodd and g = r = p + 2, then S = {vy, w1 }.

Then, S is a vertex metric generator in G.

Proof. First, we introduce some notation. For a vertex 2 € V(G), we denote by P, the
partition of V(G) according to the distances from a. That is, if x, " are in the same set of
Pa, then d(a,x) = d(a,x’). To prove that S = {a,b} is a vertex metric generator in G, it
suffices to show that d(b, x) # d(b, x’) for every pair of vertices x, x’ from a common set of
P,. Proceeding by way of contradiction, if d(b, x) = d(b, x’), then the shortest path from b
to x cannot contain a path from b to x” and vice versa. This simplifies our consideration
since @, 4, contains only two branching vertices (i.e., vertices of degree at least 3). Let us
now consider each of the eight cases separately:

(i) For the vertex w,,, € S, we have

r_1 4 1
Pw, = ({ZU% }r {wi/ wrfi}l'zzo ’ {1/[1', 0i, Mp,i, vqfi}l‘tzzﬂf {vi/ vqfi}iL:ZJ\_%JJrl)'

NI~

We have to show that the other vertex of S, i.e., V(g-1)/2/ distinguishes all pairs of vertices
from a common set of Py, . The first type of set in Py, that contains at least one pair of
2 2
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vertices is {w;, w,_;}, so we have to show that w; and w,_; are distinguished by Vig-1)/2/
and that follows from

. 1
<z+q+ =

d(vor,w;) =i
(v%,wl) i+ 5 5

d(w%,wrﬂ-).
The next set from P, to consider is of the type {u;, v;, Up_i, vq_i}, where we have
2
d(v?,vi) < d(qu;l,vq,i) < d(vg,ui) < d(y?,up,,'),

where the last two expressions have place only if i < | 5 |. Therefore, all pairs of vertices

from that set are distinguished by v(, 1)/> € S. Notice that the inequality covers also the

last type of set from Py, . Furthermore, observe that we did not use the fact thatp < g <r
2

here, so the proof covers all cases when one of p, 4,7 is odd and at least 3 and one of p,q,r

is even.

(if) Analogously, as in (i), we have

r_1 1_1
Pw = ({ZU% }/ {wi/ wr—i}izz() ’ {vi/ Uq—i}izzl ’ {U%}>

r
2

It remains to show that u distinguishes all pairs of vertices that belong to a common set

of Py, . This is seen from d(u,w;) =i < i+1=d(u,w,_;) and d(u,v;)) =i <i+1=
2

d(u,v4-;)-

(iii) We have

N

r_1q 14
PZU% - ({ZU% }l {wl/ wi’*i}f:() 7 {Mi/ vil upfl‘/ ’Uqfl'}izzll {vil Uq71}1:7+1)

(Observe that the third set has just three vertices if i = p/2, and the last set has just one
vertex if i = q/2.) We show that v; € S distinguishes all pairs of vertices from a common
set of Py, . Regarding set {w;, w,_;}, notice thatd(vy, w;) =i+1 <1+ p+i=d(v;,w,;).
2
The next sets of Py, are of the form {u;, v;, Up_j, vq,i}, where
2

d(v,v) =i—1<i+1=d(vy,u),

and assuming that v; does not distinguish the other possible pairs leads to a contradic-
tion, namely d(vy, u;) = d(v1,u, ;) impliesi +1 = g —1+iand q = 2, a contradiction;
d(v1,u;) = d(v1,v,-;) impliesi +1 =g —i—1andi = q/2 -1, but such u; exists only if
q < p+2,acontradiction; d(v1,v;) = d(v1,u,_;) impliesi =1 =p—i+1landi=p/2+1,
but such i is over the limit for this set; d(vy,v;) = d(v1,v;;) impliesi—1=1+p+ior
simplified p = —2, a contradiction; d(v1,u,_;) = d(v1,v4_;) implies 1 +p —i=g—i—1
and g = p + 2, a contradiction.

For the last set of Py, , we have d(v1,v;) =i—1 < g—i—1 = d(vq,v;), whenever

2
i < q/2,and for i = q/2, the set is a singleton.

(iv) For v/, € S we have

Po

1_1 4 r
g = ({U% }/ {vi/ vq—i}jzzo ’ {uir Wi, Up—i, wr—i}izzlr {wil wr—i}iz:g_,'_l)'

Now, we consider the distances from w; € S. Assuming d(wy,v;) = d(w1,v,_;) implies
i+1=p+1+is0op =0, a contradiction.
The next set to consider is of the form {u;, w;, u,_;, w,_;}. We have

d(wl,wi) =i—1< min{d(wl,ui),d(wl,up,i),d(wl,wr,i)},



Mathematics 2022, 10, 2411

8 of 16

which resolves three of the six possible pairs of vertices. For all other possible pairs, we
assume that they are not distinguished by w; and show that it leads to a contradiction.
Namely, d(w1, u;) = d(wy,up,_;) implies i +1 = 1+ q + i or simplified g = 0, a contra-
diction; d(wy, u;) = d(wy, w,_;) implies i +1 = r —i — 1, which reduces toi = r/2 — 1,
but such i exceeds the limit for this set, since r > p +4; d(w1,u,_;) = d(wy, w,_;) implies
1+p—i=r—i—1, whichreducestor = p+ 2, acontradiction.

For the last set of Py, if w; # w,_; and d(wy, w;) = d(wy, w,—;), theni —1=p+1+i

2
and p = —2, a contradiction.

(v) The partition for v € S is

-1
Pvl = ({Ul}, {ur 2)2}/ {ui/ 0it2, wi}le s {UI wp}/ {wp+l})/
and for distances from w; € S, we have

d(wy,u) =1 <3 =d(wy,v2),
dwy,w)) =i—1<d(wy,u;) =i+1<d(wy,vin) =i+3,
d(wi,wp) =p—1<p+1=d(w,0).

(vi) For w(,_y),» € S, we have

q+1
)
2

r-3 ptl
Puw, 3 = ({wa b {wi wr i1} 2o, {ur, 01,0}, {ui, 03ty i1, 0g i1 25, {00001}
> =
Now, consider the distances from v; € S. Assume d(vy, w;) = d(v,w,_;j11) implies
i+1=p+1+4i+1, whichreducesto p = —1, a contradiction.
In the next set {u1,v1,v} of Py, ,, there are three possible pairs of vertices, for which
7

we have
d(vy,v1) =0<d(vy,u1) =2 <d(vy,v) =p+1,

where the last inequality holds if p > 1, otherwise u; = v, so there is no pair to be
distinguished.

The next set from Py, , is of the type {u;, v;, up,iﬂ,vq,iﬂ}, where we first have
2
d(vy,v;)) =i—1<i+1=d(vy,u;), so the pair u;, v; is distinguished by v; € S. For all

remaining pairs of vertices from that set, we show that assuming they are not distinguished
by s € S leads to a contradiction. If d(vy,u;) = d(vy,up_iy1), theni+1=g—-1+i-1
and g = 3, a contradiction; if d(vy, u;) = d(vl,vq_i+1), theni+1=g—i+1—1, which
reduces to i = (g —1)/2, but such i exceeds the limit since g > p + 2; if d(v1,v;) =
d(vl,up,iﬂ), theni—1=1+ p—i+1and, therefore, i = (p + 3)/2, but such i exceeds
the limit; if d(v1,v;) = d(v1,v4-i41), theni—1=1+p+i—1, which reducesto p = -1,
a contradiction; finally, if d(v1, u, 1) = d(v1,05-i41), thenT+p—i+1=g—i+1-1,
and therefore, § = p + 2, a contradiction.

As for the last type of setin Py, ,, if v; # v, ;1 and d(v1,v;) = d(v1,v4-;11), then

2
i—1=14p+i—1,andso, p = —1, a contradiction.
(vii) Observe that

13 pt1 r+l
2

Po, = (o b {vivog-ioa}i 2, fwn, wr, o} {wg, wiywpiiq, i 32 Awi wrmin} 2 10)-
2

Now, we consider the distances from wy € S. If d(wy,v;) = d(wy,v,;_1), theni+1 =
p+1+i+1andp = —1, a contradiction.

As for the set {uy, wy,v} € Py, ,, we have
2

d(wy,wy) =0 <d(wy,up) =2 <d(wy,v)=r—1
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Therefore, all three pairs of vertices from this set are distinguished by w;.
For the next set of Pth , we first have

2
d(wl,wi) =i—-1< mil’l{d(ZU1, ul-),d(wl,up_i+1),d(wl,w,_l-+1)},

so wy distinguishes w; from all the other vertices in that set. If d(wy, u;) = d(w1,up_i11),
theni+1=1+g+i—1and g = 1, a contradiction. If d(wy,u;) = d(wy, w,_;y1), then
i+l=r—i+1—1andi= (r—1)/2 > (p+3)/2, but such i exceeds the limit. Finally,
d(wy, up_iy1) = d(wy,w,_jy1) implies 1 +p —i+1 = r —i+1—1, which reduces to
r = p + 2, a contradiction.

For the last set of Py, if w; # w;_i41 and d(wq,w;) = d(wy, w,_j41), theni—1 =

2
1+p+i—1andp = —1, a contradiction.

(viii) Observe that

Po, = ({o1}, {w, 02}, {ui, vito, wi}fz_ll, {v,wp}, {wpi1}).

Hence, P,, (and also, Py, ) does not depend on the parity of p. Therefore, analogous to
case (v), one can show that S = {v1, w; } is a vertex metric generator in this case. [

(i) (ii) (iii) (iv)

e

(vi) (vii) (viii)

Figure 2. Vertex metric generators from Lemma 5.

Using Lemma 5, we can prove that all ©-graphs not mentioned in the previous section
have metric dimension 2.

Theorem 2. Let G bea ©-graph such that G # ©p,p,p and ©p,, 1> with p > 2. Then, dim(G) = 2.

Proof. It is sufficient to show that Lemma 5 includes all ®@-graphs distinct from ©, , , and
Op,p,p+2- Cases (iii)-(v) of this lemma obviously include all ©-graphs distinct from ©,,,,
and Oy, » 12 in which all three parameters p, g, and r are even. Similarly, cases (vi)—(viii)
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of the same lemma include all ®-graphs in which all three parameters are odd. It remains
to show that cases (i)—(ii) cover all ®-graphs in which p, g, and r do not have the same
parity. In that case, at least one of the parameters is odd. If none of the parameters is equal
to one, then Lemma 5. (i) covers the cases. If there is parameter equal to 1, then p = 1,
since p < g < r. Since G has no parallel edges, ¢ > 2. Hence, if one of g and r is odd, then
this parameter is at least 3 and the other parameter is even, which is covered by Lemma 5.
(i) again. The only remaining case when p = 1 and both g and r are even is covered by
Lemma 5. (ii). O

As regards the motivating question for this investigation, Theorem 2 yields the follow-
ing corollary.

Corollary 3. Let G be a ©-graph such that G # ©ppp and G # @y p p12. Then, dim(G) <
2¢(G) — 1.

Now, we consider the edge metric dimension of ®@-graphs. We proceed analogously
as in the case of vertex metric dimension. The edge metric generators from the following
lemma are illustrated in Figure 3.

Lemma 6. Let G = @y, where p < q < r, and let S be a set of vertices in G defined in the
following way:

(i) Ifp<gqr>3andp+riseven, then S = {w,_,) /2, Wiip)/2t

(i) Ifp<gqr>p+3andp+risodd, then S = {w L(=p) /2] W[(r4p) /2] I

(iii) Ifp<qr=p+1and(p,qr)#(1,2,2) then S = {v;, w1 };

(iv) Ifp=gqandp >4, then S = {up,v1};

(v) Ifp=gqandr > p+3,then S = {vy, w1 }.

Then, S is an edge metric generator in G.

Proof. The proof is analogous to the proof of Lemma 5. Let a be a vertex in G. By P;;, we
denote the partition of E(G) according to the distances from a. To prove that S = {a,b}
is an edge metric generator for G, it suffices to show that d(b,e) # d(b, f) for every pair
of edges ¢, f from a common set of P;. Furthermore, to abbreviate the notation, an edge
uju;1 will be denoted by u or u;, 4, and a similar notation will be used for edges v;v; ;1
and w;w;,1. We now con51der each of the five cases separately:

(i) Denote a = (r — p)/2and b = (r + p) /2. Then, for w, € S, we have

- N

PZ/{; = <{wa i’ u+z i= 0’ {Ll 1 1 Wy p+z}1 0 ’ {varl’ qfi}i:(zJ )

Next, we suppose that w;, has the same distance to a pair of edges from a common set of
Pg,, and we always come to a contradiction. Here, and in the next cases, the first distance
is denoted by d; and the second distance is denoted by d5.

Let us first consider the set {w__;, Hl} from P%, . 1f d(wy, w, ;) = d(wp, w,,;), then
dy = d(wy, w,_;). Further, dy = d(wy, w, ;) (otherw1se, dy < dq), and so, d(wy, w, ;) =
d(wy, w,. ;). Consequently, b — (a — i) = (a+1i) — b, and therefore, a = b, which contradicts
p>1

Let us now consider the set {u;", v, w ' p +i} € Pg, and the distances from wy to the
three possible pairs of edges from this set. If d(wy, u;") = d(wy, v;"), then dy = d(wy, uit1),
since d; < d(w,,v) = d(wp, u). Analogously, d, = d(wb,v,H) Thus, p— (i+1) =
g—(i+1)and p = q, a contradiction. The next pair is ;" and w,” ptir where assuming
d(wp, u") = d(wy, w,’ p+i) yields di = d(wy, u;11) and dy = d(wy, w,_p4it1). Thus,

r—ir—gp—i—p—(i—kl):

P e pyit)
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which reduces to r = p, a contradiction. The last pair is v;" and w," ptiv in which case
d(wp, vf) = d(wy, w p+i) implies dy > d(wj, v) = d(wg,,u), and so, dy = d(wy, Wy—p4i11)

and dj = d(wy, v;;1). This gives

r+p
2

r+p

" 2

+qg—(i+1) = —(r—p+i+1)
and r 4+ q = 2p, a contradiction.

It remains to consider the set {v" P i} € Pg,,. Assuming d(wy, v erl) = d(wy, Uq__l-)
yields dy = d(wy,v,-;) = d(wp,v) + d(v v,—;). However, d({u,v},{vp1i, 0pyiv1}) >
d(v, vq,i) and d({u,v}, wy) > d(wy,v). Therefore, di > dy, a contradiction.

(ii) Since r > p + 3, we have |(r —p)/2] > |3/2] = 1. Since p > 1, we have

[(r—p)/2] < [(r+p)/2]. Hence,1 < |(r—p)/2] < |r/2]. Denotea = |(r — p)/2] and
b= [(r+p)/2]. Then, for w, € S, we have

— ({0 — 1=
,P?ia _({wa i’ u+z i= 0,{1/11 ’vz ’w2a+l}z 0’{UP’ r 1} {varz’ g—iti=1 )

For each of the sets from Py, , we now show that all possible pairs of edges from that
set are dlstmgmshed by w, € S. Let us first consider the set {w__ -}. Assuming
d(wy, w,_;) = d(wp, W, ),

Now consider {ul ,Ul ,w2a+l
we obtain p = g, a contradiction. If d(wy, u; ) = d(wb,w2ﬂ+l), then di = d(wy, u;,1) and
dy = d(wy, wyg1i41). Thus,

a—i’ a+z
analogous as in (i), we obtain a = b, which contradicts p > 1.

}. I d(wp, ui") = d(wyp, v]"), then analogously as in (i),

1

_w _(27’727 +i—|—1)

2

r+p+1
2

+p—(i+1) =
which reduces to r = p 42, a contradiction. Finally, if d(wj, v;") = d(w,, w3, ,,), then
dy = d(wy,vi11) and dy = d(wy, Wo41i41)- Thus,

_rfptl
2

r+p+1
2

. -p—1 .
Y- (i+1) = 2L Z Fit1)
and hence, ¥ + g = 2p + 2, a contradiction.

For edges from {v},v;,w;";}, we have d(wy, ;" ;) = d(wp,w, 1) = r—b—1and
d(wy, v ) = d(wy, v) = r — b, so that d(wy, w; ;) < d(wy, vy ). If d(wy, w,_,) = d(wy,v}),
then dy = d(wy,vp). Therefore, r —b —1 = b+ p, and consequently, r —p —1 = 2b =
r+ p + 1, a contradiction. Finally, if d(w, vq’) = d(wy, U;), then d, = d(wy, vp). Therefore,
r—b=>b+p,and Consequently, r—p=2b=r+p + 1, a contradiction.

Finally, consider {v } Assuming d(wy, v, ) = d(wy, v, ;) yields

p+ir? Upti

dy = d(wy,vg_;) = d(wy,v) +d(v,v,;)
< min{d({u, v}, {vp1i,0priz1}) +d(wp, {u,v})} < dy,
a contradiction.

iii) Notice that, in this case, G = © 1p+1, Where p > 2. For v; € S, the partition is
pp+lp+ P p

Py, = ({oy,0 ol b {ui, 1+2’ }1 0’ {”p 17 p 17 p+l})
First, consider the set {v;, 0] }. Since p > 2, we have d(w;,v; ) =1 < 2 = d(wy,v; ), so
v, and v;" are distinguished by w; € S.
Now, consider {u;", v;jrz, w;"}. Since

d(wy,w) <i<d(wy,uf)=i+1<i+2<d(wy,o],),
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all three pairs are distinguished by w; € S.

. + + -
Finally, for {“p—l' w,_1, pr}, we have

dw,w, 1) =p-2<dwy,w,)=p-1<dwy,u, ;)=p.

(iv) Observe that

-3 _ _ _ =2
Py, = ({oy,0 o b {uf ’UH-Z’ w; f:or‘{”;—zfup/w;—szr }’{w;——l-‘ri’wr—l—l} :(2) )-

First, for the unique pair from {v;,v{ }, it holds that d(uy,v; ) = 2 < d(up,vf) = 3 if
p > 4,soitis dlstlngulshed by u5.

Next, consider {u;", l+2, w;"}. Suppose that d(u, 1) = d(uy,v; 2). If i > 2, then
dq =i —2, and consequently, d, = i + 4, a contradiction. Hence, 0<i § 2 and

d(uz,ui) = d(up,uip1) = 1—i < d(up,vf,,) = d(uz,vi43) =p—2+p—(i+3),
a contradiction. For the second pair ul.+ and wi*, sincei < p — 3, we have
d(ug,uf ) < (i—2)+3 <i+2=d(up,w;) = d(up, w").

For the last pair 0", and w;", we assume that d(uy, U;—Z) = d(up, w;"). We distinguish three
subcases:

- If0<i<p-—5thend; =d(uyviip) =i+4>i+2=d(uy,w;) =dy;
- Ifi = p—4, thend; = d(uz,vi+3) =p—-1>p-2= d(uz,wi) =dy;
- Ifi=p—3,thend; =d(up,vi3) =p—2<p—1=d(up,w;) = ds.

Now, we consider the set {u?ﬁz, Uy, w;d, w, }. We have
d(up,uy o) =p—4<d(upu,)=p-3<d(upw,)=p-2<d(uw, ,)>p-1,

where the last inequality is an equality only if r = p.
Finally, for {w;ilﬂ,w;lii}, suppose that d(up, w w,_ 144) = d(uz,w,_;_;). Then, dy =
d(uz, w,—1-),and so, dy = d(uz, wy_14;). Thus,2+p—-1+i=p—-2+r—(r—1—i)and

1 = —1, a contradiction.

(v) Observe that

<

_ w3 it e wt o we + - el
Py, = Qoo b Aw vl w; Vico Ay oty wy o w0, {w, w3 G )
First, consider the set {v] , 0] }. Smce r >4, wehaved(w;,v;) =1<2=d(wy,v;).

Next, consider the set {u v; +2, +} We have

d(wy,vf,) =i4+3>d(wy,uf ) =i+1>d(wy,w) <i,

where the last inequality is an equality only if i = 0 and the first equality is a consequence
ofr > p+3.

Now, consider the set {u"

— + —
p2rUp /Wy o, Wy }. We have

d(wi,w, ,) =p—3<d(wy,u, ,)=p-1<dwy,u,)=p<dw,w, )=p+1,

where the last inequality holds since r > p +3.

Finally, consider the set {w T o If d(wy, w . 1+Z) = d(wy,w,_;_;), then
dy = d(wy,wp_14),and so,dy = d(wl,wr_l_l). Thus,p—1+i—-1=14+p+r—(r—1—1i)
and —2 = 2, a contradiction. This concludes the proof. O
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Figure 3. Edge metric generators from Lemma 6.

The following statement is a consequence of Lemma 6.

Theorem 3. Let G be a ©-graph such that G # @15 and @, for2 < p <3andp < q <
p + 2. Then, edim(G) = 2.

Proof. First suppose that p < q. If p 4 r is even, then r > 3, so Lemma 6. (i) covers this
case. On the other hand, if p + 7 is odd, then r > p + 1, so Lemma 6. (ii) and Lemma 6. (iii)
cover all cases except @12 5.

Now, suppose that p = 4. Then, Lemma 6. (v) covers all cases, except ©,;,p, ©p p p+1,
and ®y ; ,12. These remaining cases are covered by Lemma 6. (iv) when p > 4. Hence,
uncovered cases are @2[2/2, @2[2,3, @2,2,4, @3/3,3, @3,3,4, and @3/3[5. O]

Supporting our motivation, Theorem 3 yields the following corollary.

Corollary 4. Let G be a ©®-graph such that G # ©125 and Op,p, for2 < p <3and p < q <
p+ 2. Then, edim(G) < 2¢(G) — 1.

4. Further Work

In this paper, we investigated Conjecture 3 (respectively Conjecture 4), which states
that the vertex (respectively the edge) metric dimension of a graph G # C, with 6(G) > 2
is bounded above by 2¢(G) — 1. It was established in [26] that the conjectures hold for
cacti without leaves and that, for other leafless graphs, the problem reduces to 2-connected
graphs, i.e., if the conjectures hold for 2-connected graphs distinct from a cycle, then they
hold in general. In this paper, we considered ©@-graphs, since they are the most simple
2-connected graphs distinct from cycles. We established that Conjectures 3 and 4 hold
on this class of graphs, and we characterized all ®-graphs for which the upper bound is
attained.

Besides ®-graphs attaining the upper bound 2¢(G) — 1, it was previously established
that the same upper bound is also attained by metric dimensions of some leafless cacti. To
be more precise, a daisy graph is any graph consisting of at least two cycles that all share
the same vertex. A cycle in a daisy graph is also called a petal. Now, it was established
that dim(G) attains the bound 2¢(G) — 1 if G is a daisy graph without odd petals and that
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edim(G) reaches the same bound for any daisy graph G. We expect that these graphs are
the only graphs with §(G) > 2 whose metric dimensions reach the bound. Therefore, we
conclude the paper by stating the following two conjectures.

Conjecture 5. Let G be a connected graph with 6(G) > 2. Then, dim(G) = 2¢(G) — 1 if and
only if G is a daisy graph without odd petals, G = @y, o1 G = @y 2.

Conjecture 6. Let G be a connected graph with 6(G) > 2. Then, edim(G) = 2¢(G) — 1 if and
only if G is a daisy graph, G = @12 0r G = Oppq with2 < p <3andp < q < p + 2.

Similar as with Conjectures 3 and 4, we show in the next proposition that the above
two conjectures reduce to the same problem on 2-connected graphs. In order to do so, we
use a result from [26], which states that ¢(G) = c¢(Gy) + - - - + ¢(G;) where Gy, ..., G, is the
complete list of blocks of G.

Proposition 2. If Conjecture 5 (respectively Conjecture 6) holds for 2-connected graphs, then it
holds in general.

Proof. We say that G is vertex extremal, if G = @ pp or G = @) 2. We say G is edge
extremal if G = @125 0r G = Opp, for2 < p < 3and p < g < p+ 2. Now, let G be
a graph with 6(G) > 2, which is not 2-connected. According to Lemma 1, the equality
dim(G) = 2¢(G) — 1 (respectively edim(G) = 2¢(G) — 1) may hold only when every non-
trivial block of G distinct from a cycle is vertex extremal (respectively edge extremal) and
all blocks of G share a vertex.

We shall now construct a vertex (respectively an edge) metric generator in such a
graph whose size is smaller than 2¢(G) — 1, which is sulfficient to prove the claim. Let v be
a vertex of G shared by all blocks in G. Let us assume Gy, ..., G, are all non-trivial blocks
in G denoted so that G; is a cycle whenever i > p. According to Lemma 3 (respectively
Lemma 4), for 1 <i < p, there is a vertex (respectively an edge) metric generator S; in G;
such that v € S/, and for such i, let us denote S; = S/\{v}. Fori > p, let S; consist of a
single vertex, which is a neighbor of v in G;. Now, let S = S; U - - - U §;. Observe that the
set S distinguishes in G all pairs of vertices (respectively edges) that belong to the same
block of G; this follows from the fact that a pair of vertices (respectively edges) that is
distinguished by v in G; is in G distinguished by every vertex s € S\V(G;).

By the above, a pair of vertices (respectively edges) x and x’ is not distinguished by
S in G only if x belongs to G; and x’ belongs to G;, i # j. In such a case, we say G; and
G; are critically incident. Therefore, let G; and G; be critically incident with x € V(G;),
x" € V(Gj) such that x and ' are not distinguished by S. Let further s € S;and s’ € §;.
Then, d(s,x) = d(s,x") and d(s’,x) = d(s/,x"). Denote a = d(s,v), b = d(v,x),c = d(s',v)
and d = d(v,x"). Then,

(a+d)+ (c+Db)=d(s,x')+d(s,x) =d(s,x) +d(s,x)
<d(s,v) +d(v,x) +d(s',v) +d(v,x') =a+b+c+d,

and so, a shortest path from x (respectively x) to every vertex from S; (respectively S))
leads through v. Hence, b =d and a = c.

If b > 1, then let x; (respectively x}) be a neighbor of x (respectively x’) on a shortest
path from v to x (respectively x). Then, for every s* € S;US;, we have d(s*,x1) =
d(s*,x]) =a+b—1,s0 x; and x} are not distinguished by S as well.

Finally, let x, and x} be another pair of vertices that is not distinguished by S, x, €
V(G;),and x; € V(G;j), and letd(v, x2) = d(v, x ) Then, x and x; are not distinguished by
Si, which means that x, = x and, analogously, x, = x’.

Thus, vertices y € V(G;), for which there exists y’ € V(G;) such that y,y’ is a pair
not distinguished by S, form a path starting at a neighbor of v. Denote this neighbor by
z. If there is k # j such that G; and G, are critically incident as well, then, again, vertices
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y € V(G;), for which there exists y* € V(Gy) such that y, y* is a pair not distinguished by
S, form a path starting at z. Therefore, it is sufficient to add z to S;, and all pairs of vertices
from G; and Gy (as well as from G; and G;) will be distinguished.

We conclude that it is sufficient to introduce to S at most ¢ — 1 vertices, and all
pairs x and x” from distinct blocks will also be distinguished by S. Consequently, since
|S;| = dim(G;) — 1, we have

(dim(Gi) — 1) +q— 1= édlm(GZ) -1

IN
=

I
—

dim(G)

(2c(Gj) = 1) + i 2c(Gj))—1=2c¢(G)—p—1
i=p+1

|
™=

Il
-

which is obviously smaller than 2¢(G) — 1 for p > 1. If p = 0, then G is a cactus graph,
and for cacti, it was already established that the bound is attained only for daisy graphs
without odd petals. The proof for edim(G) is analogous. [
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