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1. Introduction and Preliminaries

Let V and W be linear spaces. A function g : V — W is called a Jensen function if

28<x;y> =8(x) +gy), xyeV.

It is well known that a continuous Jensen function g : R — R is of the form g(x) =
ax + b for some real constants a, b (see for example [1], Theorem 1.52).
For a given function f : V x V — W, we define the function J f : V* — W by

Jf(x,y,z,w) :4f(x—£y,z;w)

—[f(x,2) + f(x,w) + f(y,2) + f(y, w)].

A function f : ¥V x V — W is said to be a bi-Jensen function if 7 f(x,y,z,w) = 0 for
all x,y,z,w € V. Itis clear that 7 f(0,0,0,0) = 0 for every function f : V x V — W. Itis
obvious that a function f : V x V — W is bi-Jensen if and only if

) = e ey W)

27 (522) = fn )+ f02), 26 (=

forallx,y,z € V.

Bae and Park [2] obtained the general solution of the bi-Jensen functional equation.
Indeed, they showed a function f : V x V — W is bi-Jensen if and only if there exist a
bi-additive function B : V x V — W and two additive functions A, A’ : V — W such that

f(x,y) = B(x,y) + A(x) + A(y) + f(0,0), x,y€V.
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For the case V = VW = R, it is easy to see that the function f : R x R — R given
by f(x,y) = axy + bx + cy + d is a bi-Jensen function. Of course, we will see that every
continuous bi-Jensen function f : R x R — R has this form.

Generally speaking, a functional equation is called stable in a class of functions ¥ if
any function from §, satisfying the functional equation approximately (in some sense), then
it is near to an exact solution of the functional equation. It should be noted that the stability
problem of functional equations appeared from a question of Ulam [3] about the stability
of group homomorphisms.

Bae and Park [2] investigated the generalized Hyers—Ulam stability of (1). Some
stability results associated with the bi-Jensen functional equation can be found in [2,4-7].

In this paper, we deal with the bi-Jensen functional equation

4f(x42rylz;w> = f(x,z) + f(x,w) + f(y,2) + fy,w), x,y,zwe), 2)

where f : V x V — W is the unknown function. We give the general continuous solutions
of (2) when V = W = R. We use a Hamel basis of R over Q (the field of rational
numbers) in constructing a function f : R x R — R, which is a solution of (2) and is not
continuous. We investigate the Hyers—-Ulam stability and hyperstability of (2). Moreover,
we investigate the Hyers—Ulam stability of the bi-Jensen functional equation on some
restricted unbounded domains. This enables us to study some of interesting asymptotic
behaviors of bi-Jensen functions.

In the past decades and recent years, various types of stability problems for different
functional equations have been studied by many mathematicians (cf. e.g., [2,8-15] and the
bibliography quoted there).

2. Some Properties of Bi-Jensen Functions
In this section, some properties of bi-Jensen functions are presented.

Proposition 1. Let V and W denote linear spaces and f : V x V — W be a bi-Jensen func-
tion. Then,

flx+y,z+w) = f(x,2) + fx,w) + fy,2) + f(y,w)

1 (,0) 4+ £(4,0) + £(0,2) + £(0,)] + £(0,0), ®

forall x,y,z,w € V.
Proof. Since J f(x,y,z,z) = 0and J f(x, x,z,w) = 0, we have

zZ+w

2 (GLz) = fra fua), 2 (x50 ) = fea) 4 fnw), @

forall x,y,z,w € V. Letting y = 0 and w = 0 in (4), we obtain

2f(52) = fFx2) + £0,.2), 2f(x3) = f(x,2)+f(x,0), ©)
for all x,z € V. Applying (5) in (4), one gets

fx+y,z) =f(x,2z) + f(y,z) — f(0,2),
flx,z+w) =f(x,z) + f(x,w) — f(x,0), x,y,z,we).

Hence we get the desired result (3). O

Proposition 2. Let V and W be normed linear spaces and f : V x V — W be a bi-Jensen
function. Take a,b € V. Then, f is continuous at (0,0), (a,0), (0,b) if and only if f is continuous
at (a,b),(a,0),(0,b).
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Proof. Let{x,}and {y,} be sequencesin V such that x,, y, — 0asn — oco. By Proposition 1,
we have

f(xn+a,yn+b) = f(xn,yn) + f(xn,b) + f(a,yn) + f(a,b
— [f(xn,0) + f(a,0) + f(0,yn) + f(0,b)] + £(0,0).

This proves the proposition. [

~—

Proposition 3. Let f : R x R — R be a continuous bi-Jensen function. Then,
floy) =axy+bx+cy+d, xyeR, ©6)
where a, b, c,d are real constants.

Proof. Since f is bi-Jensen, f satisfies (4) for all x,y,z, w € R. Then, for each fixed z € R,
the mappings x — f(x,z) and x — f(z, x) are continuous Jensen. Hence, there exist real
constants ¢, d and a function ¢ : R — R such that

f(0,z) =cz+d and f(x,z)=¢(z)x+f(0,z), xzeR

Therefore, f(x,y) = ¢(y)x + cy +d for all x,y € R. Itis clear that ¢ is continuous. We
show that ¢ is Jensen. By (4), we obtain

Zf(x,z—;w> =f(x,z)+ f(x,w) = [p(z) + p(w)]x+c(z+w) +2d, x,z€R. (7)

On the other hand, we have

2f<x,zzw):2¢<Z;w>x+c(z+w)+2d, x,z€eR. (8)

By Equations (7) and (8), one concludes ¢ is Jensen. So, ¢(y) = ay + b for some
a,b € R. Then,

flx,y) =¢y)x+cy+d=axy+bx+cy+d, xyecR

O

In the following, we use Hamel bases in constructing a bi-Jensen function f, which is
not of the form (6), and so is not continuous. First, we construct the most general bi-Jensen
function. Then, we show the existence of a bi-Jensen function, which is not of the form (6).

Theorem 1. Let B be a Hamel basis of R over the field of rational numbers Q, and g : B — R
be defined arbitrarily on B. Then, there exists a bi-Jensen function f : R x R — R such that
£(0,0) = 0and

f(x,0) = f(0,x) = g(x), x€B.

Proof. All real numbers x and y can be represented uniquely as a rational linear combination

n m

ria;, Y= Zsibi/ 7i,8i € Q/ ai, bi € B.
i=1 i=1

X =

Let {ay,az, -+ ,a,} U{by, by, by} = {c1,c2, -+ ,ck}- Then, k < m+n, and

1=

X =

1

k
pi¢i, Y= Zqici/ pi, qi € Q/ ¢ € B/
i=1

I
—
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where p;, q; may be zero for some 7, j. We define
k
fxy) =) (pi+41)g( Z pi;g(ci)8(cy).
i=1 ij=1

We show that f is bi-Jensen. Let x,y,z, w € R be represented as follows
n n n n
X = Zribi/ y - Zsibi/ zZ = Zpibi/ w = Eqibi/ rirsirpi/qi S Qr bi S B
i=1 i=1 i=1 i1

Then

4f<x+y Z+w> =2 (it s+ pitg)g() + Y (it s+ a)g (b3

i=1 ij=1
n n
=Y (ri+pi)gbi)+ Y ripjg(bi)g(bj)
i=1 i,j=1
n
+Z(”z+‘71 ) + Z zq]g
i=1 i,j=1

+
M:

(si+ pi)g( +Zsmg 1)8(b))

i=1 i,j=1
n n

+ ) (si+q)g(bi) + Y siqig(bi)g(b))
i=1 ij=1

= f(x2) + f(x,w) + f(y,2) + f(y, w).

It is clear that £(0,0) = 0. If x € B, we have x = 1x and 0 = Ox. So, by the definition
of f, we get
f(x,0) =g(x) and f(0,x)=g(x), x€B.

O
Corollary 1. There is a bi-Jensen function f : R x R — R, which is not of the form (6).

Proof. Let 13 be a Hamel basis of R over Q and ¢,y € B withe # <. Defineg : B -+ R
by ¢(e) = 1 and g(x) = 0 for all x € B\ {e}. By Theorem (1), there exists a bi-Jensen
function f : R x R — R with £(0,0) = 0 and f(x,0) = f(0,x) = g(x) forall x € B. If
f(x,y) = axy + bx + cy + d for some real numbers a,b, c, d, then

1=f(e,0) =be+d, 1=f(0,e)=ce+d, 0=f(y,0)=by+d, 0=f(0,0)=d.
This yields b = ¢ =d = 0. So, 1 = f(e,0) = 0, which is a contradiction. [J

3. Hyers-Ulam Stability

In this section, the stability problem is treated for the bi-Jensen function in the
sense of Hyers—Ulam. Some basic properties of a bi-Jensen function were established
by Jun et al. [4].

The following lemma extends the results of ([4], Lemma 1).
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Lemma 1. Let V and W be linear spaces and f : V xV — W. Then, for all n € N and all
x,y € V, we have

£(2"x,0) = 2" f(x,0) + (1 —2")£(0,0) — iz”_i_ljf(zix, 0,0,0), 9)
i=1
£(0,2"y) = 2"£(0,y) + (1 -2")£(0,0) - ): 2"7LT£(0,0,2'y,0), (10)
f(2"x,2%y) =4"f(x,y) + 4")[f(x,0) +f01/)]
+(1—2")2 f4" LT f(2'x,0,2',0) (11)

i=1

n . . . .
Y (@t onity [jf(zlx, 0,0,0) + J£(0,0, 2’y,o)] .
i=1
Proof. Letn € Nand x,y € V. Then,

iznfz?ljf(zix, 0,0,0) Zzn i—1 |:4f 21 1y ,0) — Zf(Zix,O) —2f(0, 0)}

i=1
i [2” 1 £ (i 1x,0)—2”_if(2ix,0)} —iz”—ff(o,o)
i=1 i=1
=2"f(x,0) — f(2"x,0) + (1 - 2")f(0,0).

This proves (9). Similarly, (10) is also obtained. To prove (11), we have

Y417 f(2'%,0,2'y,0) = T £(2/x,0,0,0) = T £(0,0,2y,0)

|
™=

Il
MR

41171' {4f(2i’1x, zifly) . f(Zix, Ziy)}

+
.M:

Il
—

gr=i [f(zix,o) - 4f(2i—1x,o)}

_|_
.m=

Il
—_

41 £(0,2'y) — 4f(0,27y)| +3 iél"’f(O, 0)
x,y) = f(2"x,2"y) + f(2"x,0) = 4"f(x,0) + £(0,2"y) = 4"£(0,y) + (4" = 1)£(0,0).

Now, using equalities (9) and (10), we obtain (11). This completes the proof. [

I
I

2
=

Corollary 2. Let V and W be linear spaces and f : V x V — W be a bi-Jensen function. Then,
(i) f(2"x,0) =2"f(x,0) + (1-2")£(0,0);

(i) f(0,2"y) =2"£(0,y) + (1 —2")£(0,0);
(iii) f(2"x,2"y) = 4"f(x,y) + (1 —2")[f(2"x,0) + £(0,2"y)] — (1 —2")2£(0,0);

(iv) f(2"x,2"y) = 4"f(x,y) + (2" = 4") [f(x,0) + F(O,y)] + (1 —2")%(0,0),
foralln € Nandall x,y € V.

Lete > 0, V be a linear space and WV a linear normed space. A function f : V xV — W
is said to be e- bi-Jensen if || J f(x,y,z, w)|| < eforall x,y,z,w € V.
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Lemma 2. Let V be a linear space, VW a normed linear space and f : V x V — W be an e-bi-
Jensen function. Then, {47" f(2"x,2"y) }n, {27"f(2"x,0) }n and {27"£(0,2"y) }n are Cauchy
sequences for each x,y € V.

Proof. We have

Jf(21+1%,0,0,0) = 4f(2x,0) — 2[f (271 x,0) + £(0,0)],
J£(0,0,271y,0) = 4£(0,2'y) — 2[£(0,2"y) + f(0,0)], x,y € V.

Then
Jf(21x,0,0,0)  f(2'x,0)  f(2""'x,0)  £(0,0)
2i+2 D T R
Jf(0,02%1y,0) _ f(0.2y) _ f(0.2"y) f(0,0)
2it2 =i i1 Sitl » MYEV
Since f is e-bi-Jensen, we infer that
f(2"x,0) _ f(2"'x,0) = £(0,0)
T onfl 2i+1
1=m
_ Iy [f@x,0)  f(27x,0) £(0,0)
- i T ot - Z i+l
1=m 1=m (12)
! f(2*1x,0,0,0)
< Z 21+2 H
1=m
n
€
S Z 2i+27
1=m
and similarly,
£(0, 2’” _ f(0,2"y) fO0)) _ ¢ ¢
H n+1 B Z 2i+1 S Z 2i+2’ (13)
1=m 1=m

forall x,y € V and integers n > m > 0. Therefore, {27" f(2"x,0)} and {27"f(0,2"y)}
are Cauchy sequences.
We now prove that {47"f(2"x,2"y) } is Cauchy. First, we have

Jf(2i+1x,0,21*1y,0) — J £(27+1x,0,0,0) — J £(0,0,2/*1y,0)

4i+1
_ (@2 - [0 - f0.29) + /0.0 14
@S2 OO S 02 H00) ey,

Forn € Nand x,y € V, we set

]:n(x,]/) — f(an,zny) _f(znxlg}),l _f(olzny) +f(0/ 0) '

Then (14) yields

n
1Fn(xy) = Fun(xy)l < ) g5, wy €V, n>m=0. (15)
1=m
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Hence, { F,1(x, y) }» is a Cauchy sequence. Because {27 f(2"x,0) } and {277 f(0,2"y)},
are Cauchy sequences, we infer that {4~ (2"x,2"y) } is Cauchy. [

In the following theorem we investigate the Hyers—Ulam stability of a bi-Jensen function.

Theorem 2. Let Y be a Banach space and f : V x V — Y be an e-bi-Jensen function. Then there
is a unique bi-Jensen function g : V x V — Y such that

8(0,0) = f(0,0) and |[f(xy)—g(xy)l <2, xyeV. (16)
Moreover, g is given by
glxy) = lim [£(0,0)+27"f(2"%,0) +27"£(0,2"y) +47"f(2"x,2"y) .
Proof. By Lemma 2, we can define the functions P, 9 : V — Yand R : V x V — YV by

P(x):= lim 27"f(2"x,0),

n—oo
Q) : = lim 2£(0,2"y),
R(x,y):= 32204_111[(2%’2””’ x,y € V.

Putting m = 0 and taking n — oo in (12), (13) and (15), we obtain

I£(x,0) = P(x) = £0,0)] < 5,
1£0,) ~ Q) ~ 0,0 < 5,
1f(ey) = £(x,0) = FO,9) + F(0,0) = R(xy) <& xyeV

Adding these inequalities, we get

If(x,y) = P(x) = Qy) = R(x,y) - f(0,0) <26, xy€eV.

This means (16), where ¢(x,y) = £(0,0) + P(x) + Q(y) + R(x,y).
It is clear that g(0,0) = f(0,0). Now, we show that g is bi-Jensen. It is easy to see that

ng(xllylux2/]/2)H
= nh_f){}o H4"Jf(2”x1,2”y1,2”Xz,2”yz) + 27" T f(2"x1,2"y1,0,0) +27"T £(0,0,2"x2,2"y5)
< lim (4" 427" e =0,

n—oo

for all xq,x2,¥1,y2 € V. To prove the uniqueness of g, let & : V XV — Y be another
bi-Jensen function satisfying (16). By Corollary 2 (iii), we have

glx,y) =47"g(2"x, 2"y) + (27" —47")[g(2"x,0) + g(0,2"y)] +47"(2" — 1)*£(0,0),
h(x,y) =47"h(2"x,2"y) + (27" = 47")[1(2"x,0) + 1(0,2"y)] +47"(2" — 1)*£(0,0),
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forall x,y € Vand n € N. Then,

18Cx,y) = h(x, Y|
= |l = m@"x2ty) + @7 =47 [(g — 1) (2"x,0) + (g — 1)(0,2"y)]|
<477 =A%) +47(f = W) (2"x,2"y)|
+@27" 4@ = HEX0)|[ + @7 =4 [(f = W) (2"x,0)|
+27" =48 = N2y + 7" = 4[|(f = B0, 2"y
<42l —47)e
forallx,y € Vand n € N. Letting n — oo, we infer that g(x,y) = h(x,y) forallx,y € V. O

4. Hyperstability

We start with the following lemmas.

Lemma 3. Let V and VW be linear spaces and f : V — W satisfying

27 (32) = F0) 4 £0), %y € VAL0), 17)
Then, f is Jensen on V.
Proof. Letting y = —x in (17), we get
26(0) = f(x) + f(~x), x€V. (18)
Letting y = 3x and y = —3x in (17), respectively, we obtain
26(2x) = f(x) + F(3x), 2f(=x) = f(x) + f(=3x), x€ V. (19)
Adding equations in (19) and using (18), we conclude

f(2x) =2f(x) — £(0), x€ V.

Then .
2f(§> = f(x)+ f(0), x€V. (20)

By (20), one infers that (17) holds for all x, ¥ € V. This completes the proof. [

Lemma 4. Let V and W be linear spaces and f : V x V — W satisfying

4f(x;y,z;w> — f(x,2) + fx,0) + f(12) + Fy,0), xy,zweV\{0). (1)
Then, f is bi-Jensen on V x V.

Proof. Letting w = z in (21), we get

X+
27 (X522) = fo )+ flu,3), wwze VA () @)
Letting y = x and w = —z in (21), we get

2f(x,0) = f(x,z) + f(x,—z), x,z€V\{0}. (23)
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Putting w = —z in (21) and applying (23), we obtain

zf(”y ):f<x,o>+f<y,o>, Xy € V\ {0},

So, (22) holds for all x,y € V\ {0} and z € V. Let z € V and define g : V — W by
g(x) = f(x,z). Then, g is Jensenon V \ {0}. By Lemma 3, we get g is Jensen on V. This
means (22) holds for all x, y,z € V. Similarly, one can show that

2f< z+w> =f(x,2)+ f(x,w), xyzel.
Therefore f is bi-Jensenon V x V. O

Theorem 3. Let V and W be normed spaces, and E C V \ {0} be a nonempty set. Take e > 0
and let p,q,, s be real numbers with p —|— g < 0andr+s < 0. Assume that for each x € E there
exists a positive integer my such that 5 € E for all n € N with n > my. Then, every function
f:V xV — W satisfying the znequalzty

xX+y z+w
|Tf(xy,z,w)| <ellxlPlylllz"l|wl*,  xy 2w € E, 7 7, >~ €E 29
is bi-Jensen on E x E, that is
Jf(x,y,z,w)=0, xyzwé€EE, x—;y’z—;w € E.

Proof. Without loss of generality, we may assume that g < 0. Let x,y,z € E with XTW € E.

By this assumption, there exists a positive integer m such that {4, ¥, "(x: )] } C E forall
n = m. Then, (24) yields

X+ nx €
|27 (55 2) = £0,2) = o, 2) | < St o),
+n € ;
|27 (Y5 2) = s.2) - S, 2) | < Gl el

Hzf(x+y+;1(x+y>lz) _f<’C;ry,z) —f<”(x2+~‘/),z> < Sn

Letting n — oo in the above inequalities, we get

p+q
) e

f(x,z) = lim 2f<x+nx > —f(nx,z)},

n—o0

Fl2) = fim |27 (5™ ) = w2,

n—00

f(x;r-'/,z>:nlgrgo_2f( +Z(x+y),z>—f(w,z>].
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Then,

o (F5Y) - rxn) - 02
[4f<x+y+:(x+y) >—2f( n(x+y) ﬂ B {zf(x—i-znxlz) —f(nx,z)]
- (4 y,z>f(ny,z>H
2f<x+y+i1(x+y)lz> _f<x+2nxlz> _f<y+2ny'Z>H

27 ("5 1) — s, 2) = flog 2

= lim
n—oo

< 2limsup
n—o0

+ limsup (by (24))

n—o0

1\ P+
11msup2 2<n—|— ) +nPta

2 I[P [y |7 1z[|" = o.
n—o0

Therefore, Zf(xzﬂ,z) = f(x,z) + f(y,z) for all x,y,z € E with # € E. Similarly,
one can show

z+w

Zf( Z+w>:f(x,z)—|—f(x,w), x,z,w € E, 5 € E.

This ends the proof. O

Theorem 4. Suppose e > 0and p, q,1,s be real numbers with p +q < Oandr+s < 0. Let V
and W be normed linear spaces and f : V x V — W be a function satisfying

[T f ey, zw)|| <ellxPlylz" el xy,zw eV \{0}. (25)
Then, f is bi-Jensen on V x V.

Proof. By (25), we get

n—oo

f(x,z) = lim {Zf(x_;nx,z) —f(nx,z)], x,z € V\{0}. (26)

It is clear that (26) is also true for x = 0. By the same argument presented in the proof
of Theorem 3, we conclude

2f(x+y ) = f(x,2)+ f(y,z), x,y,z€V\{0}. (27)
On the other hand, (25) yields
12£(x,0) — f(x,n2) — f(x, —nz) | < Sn"* ]| PH4]|z] 7+,

b (£520) st - st 000 ) - s

I\J

<en™ | |Pllyl 1z,

forall x,z € V\ {0}. Letting n — oo in the above inequalities, we get

2f(x,0) = nlglgo[f(x, nz) + f(x,—nz)], xe€V\{0}, zeV,

27 (*52,0) = 5,0+ £3,0), €V {0}
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So (27) implies

2f(x+y >:f(x,z)+f(y,z), xy e V\{0}, zeV.

Similarly, one can show

Zf( Z+w>—f(x,z)—i—f(x,w), z,we V\ {0}, xeV.

Therefore, J f(x,y,z,w) = 0forall x,y,z,w € V \ {0}. By Lemma 4, we infer that f is
bi-Jensenon V x V. 0O

5. Hyers-Ulam Stability on Restricted Domains

In this section, the Hyers—Ulam stability of the bi-Jensen functional equation on some
restricted domains is presented. We apply the obtained results to the study of an interesting
asymptotic behavior of bi-Jensen functions.

Theorem 5. Let V and VWV are normed linear spaces and e > 0,d > 0. Suppose that f : V x V —

W is a function satisfying
ij(allblla2/b2)’| < € (28)

forall ay, ap, by, by € V with ||y — by|| + ||ag — ba|| > d. Then, f is a YLe-bi-Jensen function.
Proof. Letay,ap, by, by € V be arbitrary. Choose x1,x, € V \ {0} such that
min{ [[x [}, [|x2l, lar = xall, 101 + 2], flar = b1 +2x1[|} > d

From (28), we have

|7 f(2a1,2x1,2a2,2%0) || <, (29)

| T f(2b1, —2x1,2b5, —2x2) || < ¢, (30)
| T f(2a1,2x1,2b, —2x3) || < ¢, (31)

| T f(2b1, —2x1,2a5,2x5) || < e. (32)

Adding (29) and (30), we get

H4f(‘11 +x1,82 + x2) +4f (b1 — x1, by — x2) — [f(2a1,2a2) + f(2a1,2x2)
+ f(2x1,2a2) + f(2x1,2x2) + f(2b1,2b2) + f(2b1, —2x7) (33)
+ F(=2x1,2by) + f(—2x1, —217)] H < 2.

Adding (31) and (32), we get

H4f(a1 +x1,bp —x0) + 4f(b1 —Xx1,00 + X3) — [f(2a1,2b2) + f(2a1, —2x7)
—|—f(2x1,2b2) —|—f(2x1, —ZXQ) +f(2b1,2a2) + f(2b1,2x2) (34)
+ f(—2x1,2a2) + f(—2x1,2x7)] H < 2e.

By (28), we obtain || 7 f(a1 + x1,b1 — x1,a5 + X2, by — x2)|| < e. This means

> - [f(al +x1,a2—|—x2) +f(5l1 + x1,by —x2)

ay + bl a, + by
(2

(3)
- F(by — 1,8+ %2) + flby — 20, by — )] H <e
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Multiplying (33) and (34) by % and then adding the resultant inequalities to (35), we
obtain

H4f(al + b1 a er bz> i {f(Zal,Zaz) + f(2a1,2x7) + f(2x1,2a7)

+ f(ZX1,2X2) + f(2b1,2b2) + f(Zbl, —2X2) + f(—2x1,2b2)
+ f(—2x1, —=2x2) + f(2a1,2by) + f(2a1, —2x3) + f(2x1,2b7) (36)
+ f(2x1, —2x2) + f(2b1,2a3) + f(2b1,2x2) + f(—2x1,2a3)

+f(—2x1,2x2)} H < 2.

On the other hand, by (28), we have

%Jf(Zal,Zal,sz, —2x3)

- _%f(zm,o) + % [£2m,2%) + f(2a1, -2x7)] | < %s, (37)
%j F(2x1, —2x1, 203, 203)
= _%f(o,zaz) + i [f(2x1,2a2) +f(—2x1,2a2)] < %e, (38)
%j F(2by,2b1, 2%, —213)
= _% f(2b1,0) + % [f(2b1,2x2) + f(2by, —2x2)} < %s, (39)
%j F(2x1, —2x1, 2by, 2by)
_ H—;f(O,ZbZ) + i [£(2x1,25) + f(~231,2b5) | H < %s, (40)

%jf(le, —le, 2X2, —2X2)

= | - 10,0+ @20 + s, 200 + (-2, 20)

+ f(—2x1, —2x2)} H < %s. 41)
Adding (36), (37), (38), (39), (40) and (41), we obtain
H4f<”1 ) - (e 20) + (201, 20) + f(2m 20) + £ (2 20)
- % [f(2a1,0) + £(0,2a5) + f(2b1,0) + £(0,2b5) + 2f(0,0)] H <4 w
forall a1, a,b1, by € V. Replacing by by a1 and by by a in (42), we obtain
| ~4f (@, a2) + F(201,200) + £(21,0) + £(0.200) +FO.0) < e, (43)
forall 1,0, € V. Then, (43) yields
I =4f (b b) + F(2b1,202) + £(201,0) + £0,202) + FO.0 < e, a9)
I =4f (b a2) + £(2b1,202) + £(2b1,0) + f(0,20) + FO,0)] < Ge, (49)
|4 (a1, b2) + (201, 2b2) + F(20,0) + £(0,262) + £(0,0)]] < e, (46)
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for all aq, ap, by, by € V. Multiplying (43)-(46) by %, and then adding the resultant inequali-
ties to (42), one concludes

Jor (520 25 ) — [Favma) + fla b + £y o)+ 5o o) | < e

forall ay,ap,b1,bp € V. So, f is %e—bi—]ensen. O

Corollary 3. Suppose that f : V x V — W is a function satisfying ij a1,b1,a2,by)|| < e for
all ay,a3,b1,by € V with ||ay|| + ||az|| + ||b1]| + [|b2|| = d. Then, f is 3 e-bi-Jensen.

Theorem 6. Let V and WV be normed linear spaces and let e > 0,d > 0. Suppose that f : V XV —
W is a function satisfying (28) for all a1, ap, by, by € V with min{||ay || + [|az||, ||b1 ]| + || b2} = d.
Then f is %s—bi—]ensen.

Proof. Letay,ap, by, by € V be arbitrary and let x1,x, € V' \ {0} such that

min{{|x [, lx2, [lay + x1[l, [[by — x1[[} > d

It follows from (28) that

| T £( 2x1,2a1,2a2,2x2)H <e
17 f(—2x1,2b1,2by, —237)|| < ¢,
|7 f(2x1,2a1,2b2, —232) || < e,
|17 £ (—2x1,2b1, 202,237 || < .

The rest of the proof is similar to the proof of Theorem 5. [

Theorem 7. Let V be a linear normed space and VW be a Banach space. Take ¢ > 0 and d > 0.
Suppose that f : V x V — W is a function satisfying one of the following conditions:
(i) ||Tf(ar,by, a2, bo)|| <& lay = bl + laz — bo) || > d;
| T f(a1, by, a2, b2) | <& ]l + llazl + [[b1]l + [[b2]| > d;
(iii) {|Tf (a1, b1, a2, b2) || <& min{|lay| + [laz]], [1b1]] + [[b2]|} > d
Then there exists a unique bi-Jensen function g : V x V — W such that

If(xy) —g(xy)l <1le, xyeV.

Proof. By Theorems 5 and 6, we infer that f is 4'e-bi-Jensen function. Then, by Theorem 2,
we get the desired result. [

Corollary 4. Let V and W be normed linear spaces. Tnke € 2 0 and suppose that f : V xV — W
and @ : V* — W are functions such that | ¢(ay, by, az,b2)|| < e forall ay,az,by,by € V. Then, f
We-bi-Jensen function if one of the following conditions holds:

(i) lim | T f(a1,b1,a2,b2) — @(a1, b1, a2,b2) || = 0;
lla1—b1[|+[laz—bz||—o0
(if) lim |7 f(ar, b1, a2, b2) — @(ay, by, a2,b2)|| = 0;

a1 [[+laz I+ 161 [|+[b2]| —o0
. lim ij(ﬂl, bl/”Z/ bZ) - (P(’erbl, as, bZ)H =0.
min{||ay ||+ [[az]], || b1 ]| +|b2 ]|} —o0

Corollary 5. Let V and W be normed linear spaces. A function f : V x V — W is bi-Jensen if
one of the following conditions holds:

(i) lim | T f(a1,b1,a2,b2)|| = 0;
lla1=b1 |+ [laz—ba|| o0
(i) lim |7 f(a1,b1,a2,b2)|| = 0;

llar [+l azll+[lb1 | +[1b2 ]| —co
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im Jf(ay,by,a2,b0)|| = 0.
min{||ay ||+ |az]], | b1 ]| +[|b2 ]|} o0 H

6. Conclusions

We studied some properties of the bi-Jensen functional equation

4f<x;ry,zzw> = f(x,2) + f(x,w) + f(y,2) + f(y, w),

and obtained the form of continuous bi-Jensen functions f : R x R — R. We constructed
a function f : R x R — R, which is bi-Jensen and is not continuous. The Hyers—Ulam
stability and hyperstability of the bi-Jensen functional equation have been investigated.
Additionally, we investigated the Hyers—Ulam stability of the bi-Jensen functional equation
on some restricted unbounded domains and used the obtained results to study some of
interesting asymptotic behaviors of bi-Jensen functions.
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