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Abstract: The presented paper discusses the matrix summability of the Walsh—Fourier series. In
particular, we discuss the convergence of matrix transforms in L; space and in Cyy space in terms of
modulus of continuity and matrix transform variation. Moreover, we show the sharpness of our result.
We also discuss some properties of the maximal operator +*(f) of the matrix transform of the Walsh—
Fourier series. As a consequence, we obtain the sufficient condition so that the matrix transforms
tn(f) of the Walsh—Fourier series are convergent almost everywhere to the function f. The problems
listed above are related to the corresponding Lebesgue constant of the matrix transformations. The
paper sets out two-sides estimates for Lebesgue constants. The proven theorems can be used in the
case of a variety of summability methods. Specifically, the proven theorems are used in the case of
Cesaro means with varying parameters.

Keywords: Walsh system; matrix transforms; Cesaro mean; logarithmic means; martingale transform;
weak type inequality; convergence in norm; almost everywhere convergence and divergence
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1. Introduction

The issues of summability of Fourier series have been studied by many authors. In
particular, different methods of summabilities are known in the literature. The summability
methods are concerned with matrix transformations of partial sums of Walsh—Fourier series.
It is well known that the partial sums of Walsh-Fourier series are not convergent in the
norm both in the classes of continuous functions and in classes of integrable functions [1]
(Chapter 4). It is also known that there is an integral function whose Walsh—Fourier series
is divergent at all points [1,2].

An example of matrix transformation is the Fejér or arithmetic mean. In this case,
there is a matrix transformation where the elements (f; , = 1/n,1 < k < n) of each row of
the corresponding triangular matrix are constants. As a result of such a transformation,
we obtain a new sequence that can be convergent in the space Cyy and Lj, and is also
convergent almost everywhere for all integrable functions [1,2].

Another example of matrix summability is summability by the Riesz’s logarithmic
method (t, = @). The new sequence has “good” properties (convergence in the space
Cw and L, as well as convergence almost everywhere for all integrable functions).

From the above, we can assume that if the matrix transformations whose first n element
of the nth row represents a non-increasing sequence, then the new sequence obtained as a
result of such a transformation is characterized by “good” properties (see estimation (29),
Theorem 5 and Corollary 4).

Examples of matrix transformations whose first n element of the nth row represents
an increasing sequence are:
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e (C,a),a > 0summability (t, = Az:}(/Aﬁ,O <k <n), where

1+a)...(n4+a)

A% ::(

¢ Norlund logarithmic summability (¢, = W,O <k < n);

¢  Cesaro means with varying parameters (t;, = Az”_;l/ A%, 0 <k <mna, = 0as
n — o0).

In the case for (C,«) summability (« > 0), it is known that the new sequence obtained
by matrix transformation (t, = A:‘Zj}c/ A%,0 < k < n)has “good” properties [1-3]. On
the other hand, if (t, = W,o <k<mn)or(t, = A", /A%,0 <k < n,a, — Oas
n — o0), then the new sequences are not characterized by “good” properties [4,5].

Therefore, the sequences obtained by matrix transformations can have “good” or “bad”
properties. The article sets out the necessary and sufficient conditions for the sequence
obtained as a result of the matrix transformation to be convergence in the space Cyy and L4
(see Theorem 3, Corollarys 2 and 3, Theorem 4).

Sufficient conditions have been established for the sequence obtained as a result of the
matrix transformation to be almost everywhere convergent (see Theorem 6).

Note that the behavior of the sequences obtained as a result of the matrix transforma-
tion depends on two-sided estimations of the integral norm (Lebesgue’s constant) of the
corresponding kernel of the matrix transformation (see Theorem 1).

The theorems can be used for various methods of summability. At the end of the
article, the theorems are used in the case of Cesaro means with varying parameters; this
new result improves the theorem of Gat and Abu Joudeh [6].

2. Definitions

Let P denote the set of positive integers, N := P U {0}. By a dyadic interval in
I:=[0,1), we mean one of the form I(/,k) := U—k, l;r—kl) forsome k € N, 0 < [ < 2. Given
k € Nand x € I, let [ (x) denote the dyadic interval of length 2¥ which contains the point
x. We use also the notation I, := I,(0)(n € N), I;(x) := I\It(x). Let

[eS)
X = Z xnz_(n+l)
n=0

be the dyadic expansion of x € I, where x, = 0 or 1, and if x is a dyadic rational number,
we choose the expansion which terminates in 0’s. We also use the following notation

Ik(JC) = Ik(XQ, X1, - .,kal).

For any given n € N, it is possible to write n uniquely as

where i (n) = 0or 1 for k € N. This expression will be called the binary expansion of # and
the numbers ¢; () will be called the binary coefficients of 1. Let us denote for1 <n € N,
|n| := max{j € N:gj(n) # 0}, that is 2l < < 2T,

Let us set the definition of the nth (n € N) Walsh-Paley function at point x € I as:

T i),
wn(x) = (—1)7° :
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Let us denote by + the logical addition on I. That is, for any x,y € Iand k,n € N

xty=Y v —yn |2~ (1),

n=0

Let us define the binary operator & : NxN—N by
kon= 2 |ei (k n)[2'.
It is well known (see [1], p. 5) that

Wingn(x) = wp(x)wy(x),x €l (n,m € N).

The Walsh—Dirichlet kernel is defined by

Z wi(x = w,D,.

Recall that [1,2]
Don(x) = 2"x1, (x),

where xf is the characteristic function of the set E,

D, = w, Z ex(n)rkDok,
k=0

Don iy = Don + won Dy, (m < 2”).

)

@)

®)

4)

©)

The partial sums of Walsh-Fourier series of a function f € L;(I) are defined as follows:

So(f) =0and »

Su(fix):= ) fkjw(x) (n€N),

k=0
where f f fwy.

3. Triangular Matrix Transforms

Let T := (t,) be an infinite triangular matrix satisfying the following conditions:

(@ tgn >0,kneN;
®) tn=0k>mn;

n
© Y tn=1
k=1
We define the nth triangular matrix transform of the Walsh-Fourier series by

)= Y tnSe(fix) (n€P).
k=1

The triangular matrix transform kernels are defined by

n
= Z tk,nDk(t)
k=1

We have
(f2) = (F*F) (1) = [ flr+OF(Da(e).

(6)



Mathematics 2022, 10, 2458 4 of 25
Let us define the following matrices
h(f;x) $1(f7%)
Ti=1|, i 15=| s ru |
t}’l(f/x) Sn(f,x)
t7 0 0 0 0
t1p tn O 0 0
m(T) = : :
tin  ton  t3n tin 0
Then, equality (6) can be written as follows
T=m(T) xS.
The Fejér means and kernels are denoted by
oc=m(0) xS,
where
1 0 0 0 0 o1 ()
10U
I 30 0 0 :
mo):=| i i o o=
) 111 1 oulf;x)
n n n .
It is easily seen that
1 & 1 ¢
ou(f,x) = — 3 Sk(f,x), Ku(t) :=— ) D(t),
= =
oulf,x) = (FxKn)(x) = [ flxr+DKa(DA(0).
It is well known that L1 norms of Fejér kernels are uniformly bounded, that is
|Knlt <c forallm € N. (7)

Yano [7] estimated the value of ¢, and he gave ¢ = 2. Recently, in paper [8], it was

shown that the exact value of c is %

4. Auxiliary Results

This section will mention the definitions and notations from the book [1] (Chapter 3).
For each n € N, let A, represent the c-algebra generated by the collection of dyadic
intervals {I(k,n) :k=0,1,...,2" —1}. Thus, every element of A, is a finite union of

intervals of the form [k27", (k + 1)27") or an empty set.

Let L(.A;) represent the collection of A,-measurable functions on I. By the Paley
Lemma [1] (Chapter 1, p. 12), L(A,) coincides with the collection of Walsh polynomials of

order less than 2".

A sequence of functions (f,, : n € N) is called a dyadic martingale if each f, belongs

to L(A;) and .
/ Fast = /fn(E € Ay n €N).
E E
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Let A denote the collection of sequences B := {B, : n € N} which satisfy B, € L(.A;)
forn € Nand

1Bl := sup||nlle < co.
neN

For agiven f € A and f € L (I), the martingale transform of f is defined by

T(B)(f) = io Bubnf,

where A f := Syu1(f) — Son(f) for n € N. The maximal martingale transform is defined
by

N
Y Bubuf

n=0

T*(B)(f) = sup

NeN

The next Lemma plays an important role in our paper and methods [1] [page 97].

Lemma 1 (Schipp, Simon, Wade and Pal [1]). Let f € Li(I),y > 0,and B € A. Then, the
operator T* () is of weak type (1,1). That is, there exists an absolute constant C such that

yHx e T TH(B)(f) > v} < ClIBII flhr-

5. Kernel Representation and Li-Norm of the Matrix Transform Kernels

First, we start with a useful decomposition of the kernel function F,; := w,F,. We use
the next notation in the proof.

k ) n
Tn,(k) = ; tn Tn' = letl,n

and

n(®) =Y ei(n)2, ne =y g(n)2.
= j=0
L — — 7D
Wenotethat }_ t;, =T, ;) = Tn "
1=1
Lemma 2. Let 0 < n € N. Then, the next decomposition of the matrix transform kernel holds:

. |n] (n©))
Fi = Y es(n)Ty 7/ (Dyss1 — Do)
s=0

|n| 251
+ Z 55(1’1)71)"(5) Z tk+n(5+1),nDk'
s=0 k=1



Mathematics 2022, 10, 2458

6 of 25

Proof of Lemma 2. For any positive integer n, we write that
n n—1
Ei = Y txuDi=— ) Ty iwk + DuTy )
k=1 k=1

n—1 n—1
= =) T,mwk+ (Z wk) To,n) + T )

k=1

= (Tn,(n) - Tn,(k))wk + T (n)

Then, from (2), we have that

|n| n) -1 (k+1)

F, = es(n) Z T, wyg
s=0 k=n(s+1)

| 251 k (s+1)

+1+n

= SS(}’Z) Z Tn( )wkm(s“)
s=0 k=0

| 21 k+1+n(+D)

= ss(n)wn<s+1) Z T§ Wy
s=0 k=0
|

251 ;
k+n(s+D) k+14n6+D)
= Ss(n)wn(s+1) Z <T1£ ) — T,S )>Dk

s=0 k=1

|| ns))

+ Z ss(n)wn(sﬂ)T,g Dzs.

For x € I, we have

wn(s) (x) = Wps (x)

Hence,

(s)
WnFn - ZES(VL)T,Sn )wZ‘?DZS

|| 21/ (D) kb1 en(s+D)
+ ) es(mwn, Y <Trg n )—Trg n ))Dk

This completes the proof of Lemma 2. [

We introduce the notation

th(f)i=fxFy, tyy:=fxFyy, b= fxFy,

®)

©)

Before we discuss the Li-norm of the kernels F,,, we prove the following lemma.
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Lemma 3. Let («;: j
real numbers a(n ) =
(

T(a(n))f = f+M(a

€ N) be a non-decreasing (in sign w; 1) bounded sequence of positive

N)
j(n) == ajej(n) : j € N). Let the kernel of martingale transform
b

(o
n)) be defined by

M(a(n)) := iexn)ajww - Dy).
2

Then
[M(a(n))fl1 ~ Z lex (1) — ex1(n)|a. (10)

Proof of Lemma 3. We write that

|n| =1

M(a(n)) = 2(Sj(”)“j_€j+1(”)"‘j+l)Dz/‘+1
iz

+€|y| (1)) Dyju1 — €1(11)a1 D1

This and equality (3) yield that

|n|-1
[M(a(n))lln < 2[f + 2 lej(n)a; —ejy1(n)aj1] (11)
j=
[n]—1 [n|—1
< 2f|af + Z lej(n) —ejpi(m)]aj+ Y ej1(n)]aj —ajal.
=

Since & := (a, : n € N) is non-decreasing, we can write

- [n]—1
Z girn(m)laj —wjpr| < ) oy —ajp| = ap —ag < |- (12)
= =1
This yields
[r]—1
M (a)[l1 < 3|ee]| + Z; lej(n) — €j11(n)]a;. (13)
]:

Now, we show the lower estimate for ||M,(«)|/;. We use the construction in the
book ([1], p. 35). Let us choose the strictly monotone increasing sequences a; and b;
(i=1,...,s)such that

0<a1§b1<a2§b2<...<usgbs<as+1:oo.

It is easy to see that

holds. We define the nature number n = } 72 ¢ i(n)2 by

e:(n) i= {l, ifa; <j<b;foranie {1,...,s}, (14)

0, ifb;<j<ajyforanie {1,...,s}orj<ay.

Let us set the sets

1 1 1 1
Ay = <2ak+1/2ak>, By := (2bk+22bk+1> k=1
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For x € Ay, we have that
||
[ M(a(n))(x)| = Ze] )aj(Dyj1(x) — Dyi(x))
- Zw e (¥ )+ Za o (x D2f<x>>|
i=1 j=a; J=ak
k=1 b; )
= 2 Z 06]2] —Déuk2ak .
i=1 j=a;
The construction of the sequences {a;} and {b;} yields
Z Zazf < 12 (bt — o)
i=1 j=a;
< abk_l Z (zbl‘-‘rl _ 2171',]-‘1-1)
i=1
S ahkflzbk71+l S “ak2bk71+l
and
| My (@) (x)] > 00, 2% — g 20111 > g, 201,
That is, we obtain that
0
/ [M(&(n)) (x) dx = ag 2% 12701 > L, (15)
Ak
Now, we set x € By.
k b
IM(a(n))(x)] = |} ) j(Dyjsa (x) — Dy(x))
i=1j=a;
kb
= Z Z a;2) > ay, 25
and N
|M(a(n)) (x)|dx > ay, 202 b2 = B, (16)
By
The sets Ay and By are pairwise disjoint intervals (k = 1,...,s), and we have
S
M)l = Y ([ M)l [ (a(am)(0 )
k=1 \’ Ak By
1
2 Z Z aﬂk 1 +abk
(see inequalities (15) and (16) as well). Taking into account that
1, ifj=a—1lorj=Ubgforake{1,...,s},
ei(n)—eiq1(n)] =
| I () ] w(n)] {0, otherwise,
we conclude that "
1 n
[IM(a(n))[l1 = 7 Z lej(n) —gji1(n)|a;. (17)
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Summarizing our results in inequalities (13) and (17), we complete the proof. [

Theorem 1. (a) If the sequence {t;, : 1 <k < n} is monotone non-increasing (in sign ty , 1) for
any fixed n, then there exists a positive constant c¢ such that

[Full1 <c (18)

holds for all n € P.
(b) If the sequence {t;, : 1 < k < n} is monotone non-decreasing (in sign ty ,, 1) for any
fixed n, then
||

(s)
IFalls ~ Y les(n) — e (m)| TE ), (19)
s=1

Proof of Theorem 1. First, let the sequence {t; , : 1 < k < n} be monotone non-increasing
(in sign t; , |). For the kernel F,;, we apply Abel’s transformation

n—1
Fo =Y (ten — tis1n) kK + tynnKy. (20)
k=1
Inequality (7) implies that
n—1
IFall < ) Iten — ternl Kl Kellt + tnnn ][ K2
k=1
n—1
< c Z (tk,n - tk—i—l,n)k + tpun (21)
k=1

n
< c) tn<c
k=1

Second, let the sequence {#;,, : 1 < k < n} be monotone non-decreasing (in sign fy ,, 1).
Theorem 2 yields that
[Ealle = 1Bl < 1Bl + ([ Fazlly

)

(s)
Applying Lemma 3 with setting o := T,(I’1 , we obtain

1Fa1

|n| e
L Y Jes(n) — e ()| TS,
s=1

At last, we discuss the norm ||F;, [|1. In case es(n) = 1, we write that

251 251
Is := Z tk-l—n(S“),nDk = Z tk+n(5)—25,nDk (22)

k=1 k=1

251

= Z tn(s)fl,nDP—l (s=0,...,|n|—1).
I=1
For s = |n|, we have that
2l 1 2lnl 1

I‘n‘ = l; tk,nDk: ; tZ‘”‘fl,nDZ‘”‘fl'

It is known that

Dzk,j = Dzk - w2k71D]' forj =1,.. .,2k —1. (23)
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Applying equality (23) and Abel’s transformation, we obtain

251 251

I, = Dy Y, bys) 1y — W2s—1 ) tye 1D (24)
=1 =1
25—-1

Dzs Z tn(s)fl,n
I=1
2-2
W21 Z (tn(s)—l,n - tn(s)—l—l,n)lKl + tn(s)—25+1,n (2 =Ky |
I=1
Analogously, we transform the expression I|,,|. Inequality (7) yields

25—1
I <e) by 1y (5=0,...,[n])
I=1

and
2lnl_q
il <Y fyi_p e
=1
Thus,
|n| |n| n
IE 2l = || X es(mwng Ls|| < ) (sl <} ten <c. (25)
s=0 1 s=0 k=1

Theorem 1 is proved. O

6. Convergence In Measure of Matrix Transform of Walsh—Fourier Series

Theorem 2. Let {tk/n : 1 < k < n} be a monotone non-decreasing (or monotone non-increasing)
sequence for any fixed n. Then, there exists a positive constant c such that

yHx e T: [t ()| > yi| < cllflh
holds for all f € LY(I) and y > 0.

Proof of Theorem 2. First, let the sequence {tk,n : 1 < k < n} be monotone non-increasing
(in sign t , |). Since, by Theorem 1, we write that

[t (Ml = [1f* Eally < [ flll1Eall < ell 1l (26)

(for more details, see [1,2]). We immediately learn that the operator ¢, is of weak type (1,1).
Second, let the sequence {#;,, : 1 < k < n} be monotone non-decreasing (in sign fy ,, 1).
Lemma 2 yields that

ta(f) = f*FE = fxFyq+ f*Fp,.

(s)
Since t! ,(f) = f = F}, is a martingale transform with coefficients es(n)T,gn ), we
apply Lemma 1. This lemma gives immediately that the operator ¢ ; is of weak type (1,1).
That is, there exists a positive constant ¢ such that

y{x e L: 5Nl >y} <cllflh (v>0) (27)

holds for all f € Lq(I).
For the operator ¢, ,, we apply inequality (25) and write that

a2 ()l = I * Faplls < [Ifl2 11z

(for more details, see [1,2]). That is, the operator t,’zg is of weak type (1,1).
Inequalities (26)—(28) complete the proof of Theorem 2. [

1< cllfl (28)
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Theorem 2 implies that the following is valid.

Corollary 1. Let {t;, : 1 < k < n} be a monotone non-decreasing (or monotone non-increasing)
sequence for any fixed n. Then, for all f € Li(L), t,(f) — f in measure as n — oo.

Remark 1. In the case that the sequence {t;,, : 1 < k < n} is not increasing for any fixed n,
below, more is proved. In particular, the weak type inequality for the maximal operator t*(f) is
proved (see Theorem 5).

7. Convergence in L1-Norm and Cy/-Norm

Let Cyy (I) represent the collection of functions f which are continuous at every dyadic
irrational, continuous from the right on I, and have a finite limit from the left on I, all this
in the usual topology.

Set ||fllc,, := sup,cp|f(x)|. Let us denote by L,(I) the usual Lebesgue spaces on
I with the corresponding norm |.|[, (1 < p < ). Let X := X(I) be either L;(I) or
Cw (I) with the corresponding norm denoted by ||.||x. The modulus of continuity, when
X = Cw(I), and the integrated modulus of continuity, while X = L;(I) are defined by

w(gf) i=suplfCH0) = Ol
X hely,

In this section, we discuss the convergence of matrix transforms in L; space and in Cyy
in terms of modulus of continuity and matrix transform variation. Moreover, in Theorem 4,
we show the sharpness of our result.

For non-negative integer 7, the variation of 7 is defined by

= i lex(n) — exq1(n)] +eo(n)
k=0

(see [1

], p- 34). Motivated by this definition for the monotone non-decreasing sequence
{tk,n 1<

k < n} (insign ty , 1), we introduce the matrix transform variation of 1 by

|| n)

AUDESWID )~ ear ()| T

For the convenience of the reader, the main theorems of this section will be formulated
first, and the proofs will be given below.

Theorem 3. Let f € X(I) and {t;, : 1 < k < n} be a sequence of non-negative numbers.
(a) If the sequence {t;, : 1 < k < n} is monotone non-increasing (in sign ty. ,, 1), then

) = Al < e 555 exo

n|—2 . 1
+C3 Z 2 tZY,nCU<27,f)X

r=0

). e

(b) If the sequence {t ,, : 1 < k < n} is monotone non-decreasing (in sign ty ,, 1), then
1
Itn(f) = fllx < eV {tenb)w| S f
2077 )
1
+C2w<2|n_1/f>x (30)

[n]-2 1
+c3 2 2rf2r+1_1 W *,f
s 27‘ X

r=0
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Proof of Theorem 3. We carry out the proof of Theorem 3 for space X = L1 (I). The proof
for X = Cyy is similar and even simpler. Keeping in mind that } }'_, f;,, = 1, we write that

W0~ f@) = [(FEH) - () 3 Db

I

—2ln|
k 22‘”‘71
+ [(GHD=F®) L taDilbdt 1)
k=2ln-1
oln|-1_1
PG —f0) L saDp
| k=1

= Lh+L+1

First, we discuss the expression I;. We write that

b= [UeED - Su(fatn) 3 teDdod

k=21l

[ (Fx+0) = Sy () L tiaDelt)a

k=2lnl

+ [(S(£,%) = £(x) L teaDe(Dt )
k=2lnl
=: L+ Lo+ I3

It is easily seen that I; » = 0. Applying generalized Minkowski’s inequality, we have

s<olgn),

For sequence t; , T, we learn immediately that

Xn: tk,nDk(t)

k=2lnl

|| 11,1 dt. (33)

1
Ihallx < w{ o f ) A+ Vn {tea ).
201177 ) 5
Analogously, we can prove that
1
Ihsllx < wl Sop f ) A+ Vi {teal)).
2" )5
That is, we have that
1
ILllx = w{ oy f ) A+ VI {ta}))- (34)
20177 ) 5

For sequence t; ,, | we apply the equality (5), and we obtain

n—2lnl

n
Y taDe =) b, Doy
J=2In| 1=0
n—2ll n—2ll

= ) towlypDowl T Wy Y toiyy D
= =

Applying Abel’s transform and inequalities (7) and (33), we learn that

1
< —_ .
Il < ceo( 55 f)
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Analogously, we can prove that

11,3

1
< — .
X > Cw<2|n|lf)x

[hllx < Cw<2|1n,f)x. (35)

The estimation of the I, is analogous to the estimation of the I;, and we have

That is, we have that

| 2lnl—1
/ Y tinDi(t)|dt.

I kzz\n\—l

1
Il < cw( .7)

X

iljonl\*l tin Di(t) ‘dt. We apply equality (23),

Abel’s transformation and inequality (7). We have that

Now, we discuss the integral I := fﬂ‘z

olnl-1
I < /I[ Z tzln\_k,nDzln\_k(t) dt
k=1
oln|-1 oln|-1
< ) tz\”\—k,n+/ Y tol g, Dx(t) |dt
k=1 Iz
2lnl=1_q
< C+/]1 kzi (tyinl g — talnl g1, KKk (£) |t
" /th\n\fl,nz'"'*l | Koo (£) ]t
2lnl-1_q
= o kzl ’tz‘"‘—k,n — byl | K b1, 21

For sequence t; , T, we learn that

oln|=1
I<c+c Z by < c.
I=1

For sequence ty ,, |, we write

2lnl=1_q
I <c+ Ctz\n\—l n2|n\71 <c+c Z tZ‘n‘*lfkn <c.
’ k=0 ’
That is, we have that
1
112 x SCW<2”_11J(>X (36)

in both cases (a) and (b).
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At last, we discuss the expression I3.

‘l’l‘ 22r+1_1

I, = 2 Z t]n/ Flx+£) — f(x))D;(t)dt

or+l_q

= / x—l—t Sz»(fx+t Z t]nD )d

=2
|Vl| -2 21’+l 1

/52’fx+t) SZ’fx Z t]n dt

=2
|1’l| 2 2V+1 1

/Szr f X 2 t]/
=2
=: 13,1+13,2+13,3-

It can be proved that I3, = 0. By generalized Minkowski’s inequality, we have that

n|—2 1
13,1 < Z (27, )

r=

or+l_1

Y tiaDj(t

j=2

(i=1,3).

Equality (5) and Abel’s transformation yield that

2r+l_q 2r—1 2r—1

Z t]nD = Z t2r+]nD2r + wor Z t2r+]nD]
=2 j=1

2r—1

- Z t2r+]‘,nD2r
j=0

2r—2
+  woyr ( Z (t2r+]"n — t2r+]'+1/n)jK]' + t2r+171’n (27’+1 — ])K2,+11> .
=1

Inequality (7) gives

2r+1 1 2r—1 ) ,
Y. tiaDjlh < Z toryim | Y torpjn — torgjanli+ to 1, (27 =1) ).
=2 j=1

For sequence t ,, |, we write

27‘+1 1 2r_1
I Y. t.Djlh<c Z torgjm < €2tor .
=2 j=

For sequence t; , T, we have
2r+1 1
;
Y tiaDjlh < 2y,
=2
That is, for a monotone non-increasing sequence (in sign t; , |.), we have

|n|—2 1
il <c ¥ 2mo(35) (=19 @)

r=0
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and for a monotone non-decreasing sequence (in sign ;. ,, 1),

[n] =2 1
ILillx < 3 2rt2r+1_1’nw(2r,f> (i=1,3). (38)
r=0 X

For a monotone non-increasing sequence (in sign t; , |), we proved that

|n|—2 1
Illx <c ), 2ft2r,,,w<2r,f) : (39)
r=0 X
For a monotone non-decreasing sequence (in sign ¢ ,, 1), we reached that
[n|—2 1
IBllx <c Y 2t q,w( 50 f) - (40)
r=0 2 X

Combining (31), (34)—(36), (39) and (40), we complete the proof. [
Corollary 2. Let f € X(I) and {m, : n € P} be a strictly monotone increasing sequence. Let

{tim, : 1 <1 < my} be a monotone non-decreasing sequence of non-negative numbers (in sign
tim, T). Let the condition

(1) = (V) @

be satisfied. Then, the subsequence ty,, (f) converges in the norm of the space X (I).
Corollary 3. Let f € X(I) and {t;,,, : 1 <1 < my,} be a monotone non-decreasing sequence

of non-negative numbers (in sign t; ,, 1). Let the sequence {m,, : n € P} be such that the next
condition holds

sup V(my, {t;m, }) < .
n
Then, the subsequence ty,, (f) converges in the norm of the space X(I).
The next theorem proofs the sharpness of condition (41).

Theorem 4. Let the sequences {t;, : 1 < | < n} be monotone non-decreasing (in sign t; ,, 1) for
alln € P. Let {my : A € N} be a sequence of natural numbers such that

Sup V(1 1, {t1, }) = o0.
A

Then, there exists a sequence {p; : j € N} and a function f € X(I) such that

1 1
“’<z g ) O(vw/{tumw)

[tmy, (f) = fllx 740 as 1 — oo,

and

Proof of Theorem 4. Let the sequence {tk,n : 1 < k < n} be monotone non-decreasing (in
sign t; , 1) for all n € IP. Then, condition

sup V(myu, {tm, }) =
n
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yields that there exists a sequence {p; : I € N} such that the following two conditions hold
my,| > |myp,_ | +2log(l+1) (42)

and
V(mp,,{ts,mpl}) > 21V(mp17],{ts,m% }). (43)

First, let us discuss X (I) = L;(I). Now, we set

D 141 (%)

v(mpj, {tsm,, }) '

Zg] , o gjlx

It is easy to check that ¢ € L1 (I). Let us calculate w (%,g) L Wesety € I‘mpk‘, and
k 1

we learn that

Dz\’”m‘(x"i'y)_Dz\’"m\(x):0 forl:1,2,...,k—l. (44)
Inequalities (43) and (44) yield that
/ g +y) - glx)lax
< i o [Py ) D ()
= v(m,,],, {tsmy, }) 12
< ‘ .
V (mp {tsm, })

Consequently, taking the supremum for all y € I [y, |+ W have that
1 1
(), -
mpk Ly V(mpk, {ts,mpk })

(zgj) || Slsl,
= =
k—1 k—1
=ty (,Z&') - L8
j=1 j=1 1

We can write

(45)

Forj >k

1
by, (81) = 8% Fmy, = Fonyy 8 = V(m {t }) S 1 (F’"vk)
p]'/ s,mp],

1
1% (mp]., {ts,mp]. }) Pmpk ‘

From inequality (19), we have that

thk (Z g])
j=k

= | [
-y Al > x >1>0.  (46)

1 J:kv(mr’j'{ts/mr’;}) B V(mp"’{ts’mp"}>
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Equality (3) and condition (43) yield that

> 1 2
ZHg}Hl B ; (mi’j’{tsrmm}) - V(mr’kf{fs,mpk}) (47)

By Theorem 3 and (44), we obtain the following inequality (j < k)

‘mPkl_z

1
Htm’;k (g]) _ngl < ZO 2rt2r+1_1,mpkw<zr,g]'>L
r= 1
[mp.|—1
< pt 2"t w( ! P4 )
= 2r+1_1,m =~ ]
r=0 e N2
‘mlﬂj|*1
< Z 2rtZH'lfl,mpk
‘mpj‘fl
< ¢t

r
mpg -1 2"
25PE rgo

Since the sequence {ts'mvk} is non-decreasing, we write

[y, | -1 2"l 1 Mpy
m — —
27k tz\mpk\*llmpk < Z ts iy, = Zts Mp, =
S:2|mpk\ 1
and .
by S Sl T (48)
By inequality (42), we obtain
|mp,\ 1
Jim ) =5, < g & 2 <
Mp \S] J 2\mpk| 1 = - k2
and
k-1 c
) s, < ®
j=1

Combining (45)—(49), we have that
Tt (5) =], >0

Second, we discuss the case X(I) = Cy(I). Let the condition (42) and (43) hold as
well. We define the function h by

I LGN
];1 V(i At 1)

where
hi(x) := sgn (Fmpj) .

It is easily seen that i € Cy(I). Now, we calculate the modulus of continuity in Cyy.
Lety € I|mpk‘, thenforj=1,2,...,k — 1, we obtain

hi(x+y) —hj(x) = 0.
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Applying condition (43), we obtain
) > 1
h(x+y)—h(x)] < 2) —F—
j=k Vv (mpjr {tl,mpj }>
1
) O ( ) ‘
14 (mPk/ {tl,mpk })
That is,
1 1
w (, h) =0 .
mPk CW V(mpk, {tl’mpk })
It is easily seen that
tm (hk/ O) i h: (0
tmpk (h,O) _ h(O)' > ‘ Pk ‘ _ %
V(s Aty 1) FV (0 Lt )
- o ’tml’k (h],O)‘ _kfl ‘tmpk (h],O) —h](O)‘
j=k+1 V(mp// {tl,mpj}) j=1 V<m}0]/ {tl,ij})
=: Q1—Q—Q3— Qs (50)
Theorem 1, conditions (42) and (43) yield that
En
Q1 > H >, (51)
14 (mr'k/ {tl,mpk }>
c
Q< , (52)
14 (mPk/ {tl,mpk }>
S L R )
Q3 < < <5 (53)
2V (Lt )~V (Mg Lt}
We apply Theorem 3, inequality (48), conditions (42) and (43); we have that
k—1 ‘mPk‘_z 1
Q < ¢ ) 2rt2r+1_1,mpkw (2r h]-> (54)
j=1 r=0 Cw

k=1 ;|1 1
r .
¢ Z Z 2t m, @ <2r'h])
j=1 r=0 Cw

<
k-1 [y 11
T
< CZtZ‘m”k‘*l,mpk Z 2
j=1 r=0
k—1 1 Imp;|—1

A
o
™

Combining (50)—(54), we complete the proof of Theorem 4. [
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8. Almost Everywhere Convergence of Matrix Transforms of Walsh-Fourier Series
Let us set E,; (f; x) = Son(f; x). The maximal function is defined by
E*(f;x) = sup|En(f; x)|-

neN

It is known that ([1], p. 81) there exists a positive constant c such that

yH{x € L E°(f;x) >y} < cllflly (55)

holds forall f € Li(I) and y > 0.
We define the maximal operator t* of the linear transforms ¢, generated by the se-
quences {t, : 1 <k <n}

£ ) = sup [ta(f)]-

In this section, we discuss some properties of the maximal operator t*(f). As a
consequence, we learn that the matrix transforms ¢, (f) of the Walsh-Fourier series converge
almost everywhere to the function f for all integrable functions. This result is reached with
different monotonity conditions.

First, we state the boundedness of the maximal operator of the linear transforms
defined by monotone non-increasing sequences.

Theorem 5. Let {t;,, : 1 < k < n} be monotone non-increasing sequences of non-negative
numbers (in sign ty , 1) for all n € P. Then, the maximal operator t* is bounded from the Lebesque
space Ly to the Lebesque space Ly, for all 1 < p < oo. That is, there exists a positive constant Cp
which depends only on p such that

1Ay < Coll £l

holds for all f € Ly(Il). Moreover, the maximal operator t* is of weak type (1,1). That is, there
exists a positive constant c such that

ililgAl{f*(f) > A = 1 () wear—r, @y < ellflh

holds for all f € Li(I), A > 0.

Proof of Theorem 5. Since (see (20))

n—1

f*Fn = Z(tk,n - tk+1,n)k(f*Kk) +tn,n”(f*Kn),
k=1
sup A|{sup|f = Ki| > A} <cl|fll1, f € L1 (D)
A>0 k
SI;p\f*Kk\ <c|fllpp=1f€Ly)

r
and

n—1
sup|f * Fa| < csup|f Ky (Z (tkn = tepin)k + tn,nn>
n k k=1

IN

csup|f * Kgl,
k

we complete the proof of Theorem 5. [
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By the well-known density argument due to Marcinkiewicz and Zygmund [9], the
next corollary holds.

Corollary 4. Let {t;, : 1 < k < n} be a monotone non-increasing sequence of non-negative
numbers (in sign ty, 1) foralln € Pand f € Li(I). Then

lim t,(f;x) = f(x) fora.e. x € L.

n—oo

Now, we consider the following maximal operator
sup|f * [Kn]l.
n

We prove that the maximal operator is of weak (1,1) type. That is, there exists a positive
constant ¢ such that

sup A|{sup|f * [Ky|| > A}| <[ flx (56)
A>0 n

holds for all f € Ly (I), A > 0. For this, it is enough to prove that the operator sup|f * |Ky||
n

is quasi-local and bounded from the space L (I) to the space Lo (I) (see [1]). The bound-

edness immediately follows from (7). Now, we prove the quasi-locality. In particular, let

f € Ly(I) such that supp(f) C In(#’), [ f = 0 for some dyadic interval Iy (u’). Then,
In(u')

we show that there exists a positive constant ¢ such that the next inequality

[ suplfx |Kall < ellfll
n

In(u')
holds. It can be supposed that u’ = 0. If n < 2V, then
|f * [Kal] = 0.

Consequently, > 2N can be supposed.
It is known that (see G4t [10])

/ sup |Ky| < oo, (57)
~ n>2N
In

Then, we have

[ sup |+ [Kal) ()]

- >oN
In n=

= / sup dx
n>2N

Iy
/\f(t)!/ sup |Ky (x + t)|dxdt
i 1 n>2N

N

cllfll-

[ FOKa(x 4 1)lat
I

IN

IN

Hence, (56) is proved.
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From (24), we can write

n] 251

Fn,2 = wy Zss(n)wn(s) Dys Z tn(s)—ln
s=0 I=1
||
—wy Y es(1)wp, Wrs 1
s=0
2-2
X 2 (tn(5>—l,n — tn(s)—l—l,n)lKl + tn(s)_25+1,n(25 - 1)K2571 .
1=1
Let us set
_ |n| 251
FnZ = Zﬁs(ﬂ)Dzs Z tn(5>—l,n
s=0 I=1
4 252
+ ) es(n) Y (byo_py = o1 1K
5=0 =1

+ Z €5(n)tn(s)725+l,n(25 — 1)|K25_1|.

It is easy to see that
|Fn,2| S Fn,2-

In order to prove Theorem 6, we need the following lemmas.

Lemma 4. Let {t;, : k = 1,...,n} be a monotone non-decreasing sequence of non-negative

numbers for every fixed n € N. The operator sup‘ f* Fyp| is of weak type (1,1). That is, there

neN

exists a positive constant c such that

sup A| {sup|f  Fya| > A} < cllfll
A>0 neN
holds for all f € Li(I), A > 0.
Proof of Lemma 4. We can write
‘f % Fuo (58)
|"|
Z t —Ln f * Dzs |
s:O
|| 252

+ Y es(n) Y (byo = o1 ) * K]
5=0

=1
+ 2 es (o) _pepq (27 = D)If 5 [Kasa|
5=0

Since

|n] 251 |n| n(s)-1

n
285(7’1) 2 tn(5>—l,n = ng(n) Z tl,?‘l S 2 tk,i’l S c <00

5=0 1=1 s=0 I=n(s+1) 41 k=1
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and

||

+ Y s (m)t g0 (20— 1)

s=0
|| 25—
= 285 2 t —1-1n
s=0 1=0
|n| a(s+1) "
< Yem) Y 4,<) tu<c<oo,
s=0 I=n(s) -1 k=1
from (58), we have
sup| f + Fy2 <c<sup|f*1<k||+E*<f>>
neN

and consequently, by (56) and (55), we complete the proof of Lemma 4. [

Theorem 6. Let {m, : A € P} be a strictly monotone increasing sequence. Let {t;, : k =
1,...,n} be a monotone non-decreasing sequence of non-negative numbers for every fixed n € N. If

sup V(ma, {tim, }) <o (59)
AeP

holds, then there exists a positive constant c such that

sup A <l flh

A>0

{Suplth NI > A}

holds for all f € L1(I), A > 0.
Proof of Theorem 6. We have (see (9))

tn(f) = frwaFy (60)

= f*wanll +f*wnF:l<,2
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We obtain
|f * wnF;:,l |
= Z ag (1) (Spp1 (fwn) — Szk(fwn))‘
k=0
< | 2 () = a1 (1)) Sy (fwn) | + o (1) Spo (fwn )|
k=0
< EY(If]) Yo lak(n) = agqa (n)| + |ao(n)]
k=0
(n(k)) .
where ay(n) = e (n)T,; /. Since
sup (Z | (1) — a1 (n)| + |0<0(”)|>
neN
(k)
< sup Z\ek —gpy1(m )|T,£n ) +c < oo,
neN
we conclude that
sup|f * wnFjy| < cE*(|f],x)
neN
Consequently, we can write
sup|f + wnF, | <c|flls- (61)
neN weak—L; (I)
By Lemma 4, we obtain
sup|f  wnF,, | <clflly- (62)
neN weak—L1 (I)

We combine (60), (61) and (62) in order to obtain

< cllfls-

weak—L1 (I)

sup|tx(f)]|

neN

Theorem 6 is proved. [J
Let us define for positive real numbers K the subset L ({fx, } ) of natural numbers by
|| (n9)
Li({tn}) == yn € N ) Jex(n) — exya (n)|T < K.
k=1

The next corollary follows from Theorem 6 by the well-known density argument due
to Marcinkiewicz and Zygmund [9].

Corollary 5. Let {t;, : k = 1,...,n} be a monotone non-decreasing sequence of non-negative
numbers for every fixed n € Nand f € Ly(L). Then, t,(f;x) — f almost everywhere provided
thatn — coand n € Lg ({txn}).
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9. Application: Cesaro Means With Varying Parameters of Walsh—Fourier Series

The theorems can be used for various methods of summability. In this section, the
application of the theorems proved above to Cesaro means with varying parameters will
be presented.

The (C, a,,) means of the Walsh—Fourier series of the function f is given by

n

1 -1
o' (fr%) = - YAV Si(fx),
-1 j=1

where
(I4ap)...(n+ay)

n!
forany n € N,a,, # —1,—2,.... The (C, ay) kernel is defined by

[
Al =

1 & wp—1
K;Jfl” e ATn ZATI*] D].
n—1 j=1

We shall need the following Lemma (see [11]).

Lemma5. Let k,n € N. Then
cr(d)k* < AF" < co(d)k™,0 < ay < d. (63)

The idea of Cesaro means with variable parameters of numerical sequences is due
to Kaplan [12], and the introduction of these (C,a,) means of Fourier series is due to
Akhobadze [11].

The almost everywhere convergence of the subsequence of Cesaro means with variable
parameters has been studied by the following authors: Abu Joudeh and Gat [6], G4t and
Goginava [13,14], Weisz [15].

Let ty, = Ai’j{l/Aﬁ'Ll,O < k < n. Then, from (63), we have

() _ i Al _ ”@an At _ Ayl st _
AL 3 AL Ay T 20

Hence, from Corollary 5, we obtain

Theorem 7 (see [14]). Suppose that a, € (0,1). Let f € Ly(I). Then, oy"(f) — f almost
everywhere provided that n — oo and n € Ly ({Aﬁ’j{l /AT })

Now, we consider the rate of convergence of the Cesaro means with varying parame-
ters of Walsh—Fourier series. Since

||

¢ koy, c
V(nr {tk,n}) S 2‘n|fxn k:zl |€k(n) - £k+1(7’l)|2 S E
and (see Lemma 5)
ADLn*l o 27+1 + 1)06;1—1
Eyr1 = n=2tiel g (n ~ a2 1M
2rtl _1,n A/;cln n 17%n n

from Theorem 3, we have
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Theorem 8. Let f € X(I) and a, € (0,1). Then,

o =flx < 2o s) +ew(gms)

Xn

[n]—2 r—|n| 1
+czan Y 2 w(y,f)x.

r=0
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