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Abstract: We investigate a nonparametric, varying coefficient regression approach for modeling
and estimating the regression effects caused by two functionally correlated datasets. Due to modern
biomedical technology to measure multiple patient features during a time interval or intermittently
at several discrete time points to review underlying biological mechanisms, statistical models that do
not properly incorporate interventions and their dynamic responses may lead to biased estimates of
the intervention effects. We propose a shared parameter change point function-on-function regression
model to evaluate the pre- and post-intervention time trends and develop a likelihood-based method
for estimating the intervention effects and other parameters. We also propose new methods for
estimating and hypothesis testing regression parameters for functional data via reproducing kernel
Hilbert space. The estimators of regression parameters are closed-form without computation of
the inverse of a large matrix, and hence are less computationally demanding and more applicable.
By establishing a representation theorem and a functional central limit theorem, the asymptotic
properties of the proposed estimators are obtained, and the corresponding hypothesis tests are
proposed. Application and the statistical properties of our method are demonstrated through an
immunotherapy clinical trial of advanced myeloma and simulation studies.

Keywords: functional data; hypothesis testing; regression function; reproducing kernel Hilbert space;
sparsely observed data

MSC: 62G05; 62G10

1. Introduction

Modern biomedical technology has made it possible to measure multiple patient
features during a time interval or intermittently at several discrete time points to review
underlying biological mechanisms. Functional data also arise in genetic studies—a massive
amount of gene expression data is recorded for each subject and could be treated as a func-
tional curve [1]. Functional data analysis provides distinct features related to the dynamics
of cellular responses and activity and other biological processes. Existing methods, such as
projection, dimension-reduction, and functional linear regression analysis, are not adapted
for such data. Overviews can be found in the book by Horvath and Kokoszka [2] and some
recently published papers such as Yuan et al. [3] and Lai et al. [4].

Ramsay and Silverman [5], Clarkson et al. [6], and Ferraty and Vieu [7] introduced
some basic tools and widely accepted methods for functional data analysis; Horvath and
Kokoszka [2] established some fundamental methods for estimation and hypothesis testing
on mean functions and covariance operators of functional data. The topics are broad and
the results are in depth. Conventionally, each data curve is assumed to be observed over a
dense set of points, often over thousands of points, then smoothing techniques are used to
produce continuous curves, and these curves are treated as completely observed functional
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data for statistical inference. In contrast with those assumptions, we consider the more
practical issues in which the data curves are only observed at some (not dense) time points,
and the observed data curves are actually interpolations at those observed points. Of course,
a relatively large sample size is needed for sparse observations. The effects of both number
of observation points and sample size are also considered in our analysis.

For analyzing longitudinal data, Zeger and Diggle [8] considered a semiparametric
regression model of the form, with longitudinal observations

Y(t) =X (t)B+0(t) +e(t), teT, 1)

where Y (t) is the response variable, X(t) is the p x 1 covariate vector at time ¢, Bisa p x 1
constant vector of unknown regression coefficients, 6(t) is an unspecified baseline function,
€(t) is a zero-mean stochastic process, and 7 represents the observation interval. Under
this model, Lin and Ying [9] estimated 3 via a weighted least squares estimator based on the
theory of counting processes; Fan and Li [10] further studied this model using a weighted
difference-based estimator and a weighted local linear estimator followed by statistical
inference, as discussed in Xue and Zhu [11].

For functional data analysis, the data are often represented by (y;, x;(-)) (i=1,...,n),
and the model is [12-14]

vi= [ BOx (Dt +e @

Some researchers considered the following model [2,5,15]

w0 = [ Bs,)xls)ds + elt). ©

To estimate (-, -), assume there are basis {x} and {7}, which span the spaces of the
{x;(-)} and {y;(-)}, respectively. The estimate of B(-, -) of the form is given by

k r
B(s,t) =Y Y bici(s)ni(t),

i=1j=1

and b;j is estimated by minimizing the residual sum of squares )" ; ||y; — [ B(s, t)x;(s)ds||>.
Although the resulting estimator is useful, a representation theorem for such an estimator
is hard to obtain, and hence the asymptotic distribution of this approach is not clear.
Yao, et al. [15] investigated a functional principle component method for estimation of
model (3) and obtained consistent results. Miiller and Yao [16] studied a variation of the
above model in the conditional expectation format.

The smoothing spline method is popular for curve estimation. The function curves
can be estimated at any point, followed by the computation of coefficients. However, the
asymptotic property of estimators based on the spline method is tough to handle. For
natural polynomial splines, the number of knots is the number of untied observations,
which is sometimes redundant and undesirable. B-splines only require a few (the degree
of the polynomial plus two) basis functions and are easy to implement [17-19]. Another
method is local linear fit [20-22], but the difficulty is in choosing the bandwidth, especially
when the observation points are uneven. Therefore, in this paper we employ reproducing
kernel Hilbert space (RKHS), a special form of spline method in which the turning point
from curve estimation to point estimation Yuan and Cai [12] explored its application on
functional linear regression problem, and Lei and Zhang [23] extented it to RKHS-based
partially functional linear models. In general, one needs to choose a set of (orthogonal) basis
functions and the number of basis for functional estimations, while with RKHS one only
needs to determine the kernel(s) of RKHS. Furthermore, the Riesz presentation theorem
shows that any bounded linear function can be reproduced as a representer based on the
RKHS kernel with a closed form.
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However, existing RKHS methods often meet obstacles when choosing different norms
and the corresponding optimization procedures. Although using a carefully selected norm
in the optimization criterion has the advantage of interpretation, it suffers in that the re-
sulting regression estimator generally needs the computation of an inversion of a large
matrix (the same as the sample size). Moreover, most of the existing methods, including
the aforementioned RKHS methods, are designed for the case where the observed data
are sampled from a dense rate and are limited to models in which either the response or
predictors are functions. New methods for estimation and hypothesis testing of regression
parameters for the more general case where both the response and predictors are functions
with sparsely observed data are needed. To address these problems, we propose a new
RKHS method with a unified norm to characterize the RKHS and the optimization criterion
for function-on-function regression. Although the statistical interpretation of this optimiza-
tion criterion is not fully clear, with a simple closed form of the estimated regressors under
a general function-on-function regression model, this optimization is more computationally
reliable and applicable without the need of computing the inverse of a massive matrix.
By establishing a representation theorem and a functional central limit theorem based on
the proposed model, we obtain the asymptotic distribution of the estimators. Hypothesis
testing of the underlying curves is proposed accordingly.

The remainder of this paper is organized as follows. Section 2 describes the proposed
method for the estimation and hypothesis testing of regression parameters for functional
data via the reproducing kernel Hilbert space and establishes some theoretical properties.
Simulation studies and a real-data example to demonstrate the effectiveness of our proposed
method are given in Sections 3 and 4, respectively. Section 5 gives some concluding remarks,
and all technical proofs are left in the Appendix A.

2. The Proposed Method

We consider the observed data {(yi(ti]-),xi(tl-]-)),j =1,...,m;i=1,...,n}. The un-
derlying data curves (y;(-),x;(+)) are iid copies from (y(-), x(-)), where y(-) and x(-) =
(x1(),.-.,x4(-))" are random curves on some region T. The observation times t;; € (0, T
are generally assumed to be different for each subject i for some 0 < T < co. We assume
that time points m; (i = 1,...,n) are iid copies from some integer-valued random variable
m, and given m;, the time points t;; for (j = 1,...,m;) are iid copies from a positive random
variable G, with its support on (0, T]. For each individual, the observed data (y;, x;) can be
interpolated as curves (7;, ;) on T. We assume the following model for the observed data

vi(t) = B'(Hxi(t) +€(t), Ele()] =0, (i=1,...,n), 4)

where B(-) = (B1(-),...,Ba(+)) are the true regression coefficient functions for the co-
variates x;(-)’s, and the €;(-)’s are random errors. In general, €;(s) and €;(t) are non-
independent for s # t, e.g., €;(+) being a zero-mean Gaussian process with some covariance
function I'(s, t), known or unknown. Note that model (4) is more general than (2) and is
more straightforward than model (3) in describing the relationship between the responses
yi(+)-th and the covariates x;(-). Typically, we set x1(-) = 1, and so B1(+) is the baseline
function. Since t;; and t; may be different even for the same j, there may be no observation
or just a few observations at each time point ¢.

To estimate the regression coefficient function B(-), the simplest way is the point-
wise least squares estimate or any other non-smoothing (i.e., without roughness penalty)
functional estimates. However, those estimates have some undesirable properties, often
with wiggly shape and large variances in the area with sparse observations. An established
performance measure for functional estimation is the mean square error (MSE),

MSE = Bias® + Sampling variance.

Non-smoothed estimates often have small bias but large sampling variance, while
smoothed estimates are the other way around, with much smoother shape by adjusting
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the shape from neighboring data, but with larger bias. To better balance the trade-off
between bias and sampling variance and optimize the MSE, a regularized smooth estimate
is preferred, in which a smoothing parameter could control the degree of penalty.

Existing smoothing methods all suffer different aspects of weakness. Functional
principal component analysis [15] is computationally intensive. General spline and kernel
smoothing methods [24] do not fit the problem under research due to their constant choice
of bandwidth. It is known that for non-smoothing methods, computation complexity is
often of the order O(n), where n is the data sample size, while for smoothing methods the
amount of computation may substantially exceeds O(n) and even become computationally
prohibitive. Thus, for smoothing methods, it is important to find a method with O(n)
computation load. To achieve this with spline methods, the basis should have only local
support (i.e., nonzero only locally). Recently, a popular method in functional estimation is
using the reproducing kernel Hilbert space (RKHS). RKHS is a special spline method that
has this property, and can achieve the O(n) computation for many functional estimation
problems [5,12].

For functional estimate with RKHS, we define two norms (inner products) on the same
RKHS H: one, denoted by < -, - >, defines the objective optimization criterion, and another
one, denoted by < -, - >y, is for the RKHS H. Different from a general Hilbert space, in
an RKHS H of functions on T, the point evaluation functional p¢(h) = h(t) (h € H)isa
continuous linear map, so that by the Riesz representation theorem, there is a bi-variate
function k(+, -) on T such that

pt(h) = h(t) =< h(-),k(-,t) >y, VheH
Take h(-) = k(-,s), we also get

k(t,s) =< k(- ), k(- t) >p .

The above two properties yield the name RKHS.

Note that for a given Hilbert space H, a collection of functions on some domain T with
a given inner product < -, - >py, its reproducing kernel K may not be unique. In fact, for any
mapping G : T + £»(T?), K(s,t) =< G(s,-),G(t,-) > is a reproducing kernel for H, and
any reproducing kernel of H can be expressed in this form (Berlinet and Thomas-Agnan,
2004), and it has a one-to-one correspondence with a covariance function on H?. The choice
of a kernel is mainly for convenience. However, a reproducing kernel under one inner
product may not be a reproducing kernel under another inner product on the same space
H. Assume 8 € H?, with H being some RKHS and a known kernel K(-, -), both are to be
specified later. Let < -,- > be another inner product on H (typically < f,g > [, f(t)g(t)dt
and ||h||*> =< h,h > for all h € H). With the observed curves (9;,%;) (i = 1,...,n), ideally
an optimization procedure for estimating B(-) in (4) will be of the form

n
o) = arg ind (5 20116 — B+ T ).
where J(+) is a penalty functional, and A > 0 is the smoothing parameter. The penalty
term J(-) can be significantly simplified via the RKHS as shown in the proof of Theorem 1
below. If A = 0, the above procedure gives the unsmoothed estimate with some undesirable
properties such as overfitting and large variance.

For model (2) with one covariate variable, Yuan and Cai [12] considered penalized
estimate f3 of B(-). The corresponding estimator j3(-) has a closed form of being linear in
x;(+), but the computation involves the inverse of an (1 4 2) matrix. For model (1) with d
covariates, we first consider estimator of B(-) in the form of linear in x;(-). It turns out that
the estimator has a closed form but also involves the inverse of a d(n + 2) matrix, which is
computationally infeasible in general.
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Consider an estimator of B in the form of a linear combination of (&1(-),...,&x(-)).
For any f € H, denote (Kof)(t) =< Ko(t,-), f(-) >m, and for any f = (fy,..., f4) € H¢,
denote (Kof)(t) = ((Kof1)(#),..., (Kofq)(t))" and similarly for K1f. For d X n matrix B and
n X d matrix Z, let by, ..., b; be the d rows of B, z4, . . ., z; be the d columns of Z, and define
B®Z = (byzy,...,bsz;)" ad-column vector. Since &; = Ko&; + K1&;, and Ko&; € Hg, H has
abasisg = (g1(+),...,gx(*))’, we consider estimate B(-) of B,(-) with the form Ag+ B ® Z,,,
where A is a d x k matrix, Bis ad x n matrix, and Z, () = (K1&1(-),..., Ki&,(+)) isn x d.
With ||]|? = [ h?(t)dt, for fixed A an RKHS estimator of B, () is of the form

A

Bu()=Ag+BOZy(),

where
A 1 ¢
(A,B) = arg (i;nzg) (n 2 ||9; — &/(Ag+B O Z,)|)? +)\](Ag+B®Zn)>. )
i=1

For the penalty, let D be a pre-specified d x d symmetric positive definite constant
matrix; we define

J(h) =< (D", D"/*h >=< W'D, h >g:= ||h|[3, he B

and
Hi = {h € H?: J(h) =0} = {h € H’ : ||n||] = 0} c HY

as the null space for the penalty, and HY is its orthogonal complement (with respect to
the inner product < -D,- >p). Then, HY = Hg @ H‘f. That is, Yh € HY; it has the
decomposition h = hg + h;, with hg € Hg and h; € H‘f. Here, H; is also an RKHS
with some reproducing kernel Kj(-,-) on Hj. With RKHS, Koh € Hg for all h € HY,
which implies that < (Koh)'D,Kgh >g= 0. Further, K1h € Hi’ for all h € HY, and
< (KQh)lD, Kih >g= 0. Thus

J(h) =< h'D,h >p=< (Koh 4+ K1h)'D, Koh + K;h >g=< (Koh)'D,Koh >y

+2 < (th)/D, Kih > + < (th)/D,th >p=< (th)/D,th >H -

Typically, D is chosen to be a d x d identity matrix. The choices of Ky, K, and the
inner product < -D, - >y will be addressed latter.

For a function a(-) and a vector of functions b(-) = (b1(+),...,bk(-))’, denote < a,b > (<
a,by >,... < a,by >)'; for a matrix B(-) = (bif('))dxk’ denote < a, B > (< a,bjj >)xx, and
similarly for the notations < a,b > and < a, B >p. The following representation theorem
shows that the estimator given in (5) is computationally feasible for many applications.

Theorem 1. Assume B,(-) € HY, (9;(:),%:(-)) € H** for i = 1,...,n. Then for the given
penalty functional [(B) = ||K1(B)||3; and fixed A, there are constant matrices A = (aij)axk and
B = (bij)dxn such that Bn/ ), given in (5) has the following representation

N

Bua(t) = Ag(t) + Bo (Ki&)u(t), t€(0,T]

where (K1&),(-) = (K1&1(+), ..., Ki&n(+))', and in vector form (a,b) of (A, B)

( >:<g mﬁw)l(z)

where the matrices R (dk x dn), O (dk x dk), S (dn x dn), and W (dn x dn), and the vectors u
and v are given in the proof.

SR
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For the ordinary regression model y = ,B’x +¢€, with X, = (xq,...,x,) and y, =
(y1,---,Yn), the least squares method yields the estimation of B as B = (X, X,) Xy,
Since (X}, X,)~! is of order n~! (a.s.), B can be viewed as approximately a linear form

n1Xhy,. Let Xu(-) = (21(-),...,%,(")) and ,(-) = @1(-),...,9n(-))". Now we con-
sider estimate B(-) of B,(-) with linear form n’lX;gn. Since n’l}?;yn = Ko(n’lfi;yn) +
Kq (n’lX;yn), and Kg(n’lX;f/n) € Hé, we only need to consider an estimate of the form
Ag + B2z, where A is a d X k parameter matrix, B is a d X d parameter matrix, and
2,(-) = n! [Kl(X;yn)]() is a d-vector. This allows us to express the estimate via the
basis of the RKHS and with a greater degree of flexibility than the linear combination of
n1X ; ,,- Another advantage of using estimates of the form Ag + BZ, is convenience of
hypothesis testing. As typically g = (1,t)’, thus testing the hypothesis of linearity of B(-) is
equivalent to testing B = 0.

For any function h(-), we set ||h|[* = [, h?(t)dt, and for fixed A,

where
(A,B)zarg 1nf < ZH}/, Ag+B%n)'54i||2+/\](Ag+B,%n)). (6)

Let a = (a11,...,81%,---,441,--.,04¢)" be the vector representation of A; b =
(bllr--~rbldr--~/bd1r -~-1bdd), be that of B, O = Ogixgx = " -1 n 1 < 5115 > Wlth
N s IS o /
si = (2n81, -, %8k -, Xiag1, -, Xiagk), R = P = Pp 4 = n Iyr, < ti, s >
with t, = (xAilil,...,J’fﬂid,...,fidfl,...,fidid)l, S = Sd2><d2 = 7171 < ti,t; > U =
nYr < 9,%g > (u4ij)axk and its vector form u = (u1y,..., Uik, -, Ug1,-- -, Ugk)’,
=n 1 Yy < Ui &z, > (vij)axa and its vector form v = (v11,..., 014, ..., Va1, -, V4a)';
)Ll > .-+ > Ay > Obeall the eigenvalues of D, and ¢, . . ., g, be its normalized eigenvectors,
_ _ -1 / _ A A 5 5 \/
W= Wdzxdz =n 2}1:1 < C']',Cj >H and ¢ = A]-(qjlzl,. < qi12d, - - 9jd41, - - .,qjdzd) .

Theorem 2. Assume B(-) € HY, (9;(-),%(-)) € H*! for i = 1,...,n. Then for the
given penalty functional ](B) = ||K1(B)||% and fixed A, there are constant matrzces A = (ajj)axk

and B = (bij)axq such that B, , (-) given in (6) has the following representation

PN

B, (1) = Ag(t) + B(Ki[n ' X,9,]) (), te(0,T)

’

and in vector form (&,b) of (A, B) when the following inverse exists,

(3)=(% s5w) (5)

Below we study asymptotic behavior of Bn/ 1 (+) given in (6). Denote B, (-) as the true
value of B(-), and |M| is the determinant of a square matrix M. Lai et al. [25] proved
strong consistency of the least squares estimate under general conditions, while Eicker
[26] studied its asymptotic normality. The proposed estimators in this paper have some
similarity to the least squares estimate, but they also have some different features and
require different conditions.

(C1). By € Span(E[xy]).
(C2). infie7 |E[x(£)x'(t)]]| > 0.
(C3).E <| ly — (Ag+ BZ) x| \2> < oo for all bounded (A, B), where Z = E[Ky(xy)].

(C4). limy, 0o maxy<ij<y ||(7i, X)) — (vi, xi)|| — 0 (as.).
(C5). A=A, —0.
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Theorem 3. Assume conditions (C1)—(C5) hold, then as n — oo,

1By = Boll =0, (as.).

To emphasize the dependence on 1, we denote A = A,. Let [*°(T) be the space of

bounded functions on T equipped with the supreme norm, and £ stands for weak con-
vergence in the space [*(T). With the following condition (C6), we obtain the asymptotic
normality of Bn, NO)

(C6). \/nA, — 0.
Theorem 4. Assume conditions (C1)—(C4) and (C6) hold. Then as n — oo,

Wy = V(B — Bo—0p(1)) =W on I°(T),

where W(-) is the zero-mean Gaussian process on T with covariance function o(s,t) =
E[W(s)W(t)] given in the proof, s,t € T, and 0, (1) is given in the proof.

Test linearity of B,. It is of interest to test the hypothesis Hy(]) : J'By(t) is linear in
t, where | is a d-dimensional vector with entries 0 or 1, with 1 corresponding to the
element of B, to be tested for linearity. The hypothesis Hy(]) is equivalent to test the
corresponding coefficients J B in B be zeros. Let Oyg=E< 51,5’1 >, Py=E < tl,s’1 >,
So =E < t,t]) > Uy =E <y, x1§ > Vo =E < yy,x2z) > Letuyand vy be the
vector representations of Uy and V, and wy = (u), v}))’. Denote T = matrix(O, R; P, S),
Ty = matrix(Op, Ro; Py, So). By Theorem 4, we have

Corollary 1. Assume the conditions of Theorem 4 hold, under Hy(]), we have

Vi(J'B —0,(1)) B N(0,Q())),

where Q(]) is the sub-matrix of Ty 'TT, " that corresponds to the covariance of J'B, 0,(1) =
(T — To)wy, and T is given in the proof of Theorem 4.

The nonzero bias term 0,(1) in Theorem 4 and Corollary 1 is typical in functional
estimation, and often such a bias term is zero for the corresponding Euclidean parame-
ter estimation.

Choice of the smoothing parameter. In nonparametric penalized regression for the
model y(t) =< B,x > (t) + €(t), the most commonly-used method for the choice of the
smoothing parameter is cross-validation (CV), based on the ideas of Allen (1974) and Stone
(1974). This method chooses A by minimizing

m
2

1 M .
Py Yo [yilti)— < Buni % > (87)]7,
=1

™=

1
n
! ]

Il
—_

where ﬁn/ 1,i(+) is the estimated regression function without using the observations of the
ith individual. This method is usually computationally intensive even when the sample
size is moderate. An improved version of the method is K-fold cross-validation. This
method first randomly partitions the original sample equally into K subsamples, and then
the cross-validation process is conducted K times. At each replicate, K — 1 subsamples are
used as the training data to construct the model, while the remaining one is used as the
validation datum. The results from K folds are averaged to obtain a single estimation. In
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notation, let ny, . .., ng be the sample sizes of the K folds, then the K-fold cross-validation
method is to choose the A which minimizes

K
1
g,?

] Ms

1 & A 2
ﬁ Z vi(tii)— < Bung 2i > (8)]°,

N \

where B, 1. 7(+) is the estimated regression function without using the data in the Jth fold.
In this paper, we set K = 5, which is also the default setting in much software.

Choices of Ko, K1, and < -, >p. For notational simplicity, we consider T = [0, 1]
without loss of generality. Recall that for a function f on [0,1] with m — 1 continuous
derivatives and f(")(-) € L,[0,1], it has the following Taylor expansion [27]

— ]
2 f t] —|—/ t—s)Tilds,

where (x)+ = xif x > 0 and (x)+ = 0 otherwise.
To construct an RKHS H on L,[0, 1], a common choice for the inner product on Hy =
{h:h@() =0}is < f g >p10, and the orthogonal complement of Hy is Hy = {h :

h(0)=0,j=0,1; fo t)dt < co}, with inner product < f,¢ >p1, where

< f,8 >mo= if“’(o)g(” 0), <fg>m= /Olf(”(t)g(z)(f)dt-
j=0

The inner product on His < -,- >g=< -,- >go + < -,- >p1. Kernels for the
RKHS with more general Ky for Hy and K; for H; with these inner products can be found
in [28]. More generalized construction of kernels Ky and K; can be found in Ramsay and
Silverman [5]. For our case,

Ko(s,t) =1+st, Ki(s,t) = /Ol(s —u)y(t—u)pdu= (sAt)?(3(sVt)— (sAt))/6.

With the above inner product, Koy, and Ky, let K = Ky + K3, then Vh € H, h(t) =
K(t,-),h(-) >m, and Hy and H; are orthogonal to each other with respect to < -, - >y, but
these are not true if < -, - >y is replaced by a different inner product < -,- > on [0, 1].

3. Simulation Studies

In this section, we conduct two simulation studies to investigate the finite sample
performance of the proposed RKHS method. The first simulation study is designed to
compare the RKHS estimator with the conventional smoothing spline and local polynomial
model methods in terms of curve fitting. For more details on the implementations of
smoothing spline and local polynomial model methods, please refer to the book by Fang,
Li, and Sudijianto [24]. The second simulation study is to examine the performance of
Corollary 1 for testing the linearity of the regression functions. It turns out that with
moderate sample sizes, the proposed RKHS estimator performs very favorably with the
competitors, and the type I errors and powers of the testing are satisfactory.

Simulation 1. Assume that the underlying individual curve i at time point t € T = [0, 1]
is generated from

yi(t) = Bo(t) + B1(t)xi (t) + Ba(t)xin(t) + €i(t),

where Bo(t) = 10,B1(t) = 1+, B2(t) = (1 —t)sin(27t), x;1(t) = sin(1007tt), xj5(t) =
cos(1007tt), and €;(-) is a stationary Gaussian process with zero mean, unit variance, and
a constant covariance 0.5 between any two distinct time points. For each subject i, the
number of observation time points m; is generated from the discrete uniform distribution on
{5,6,...,30}, and the observation time points tij, j=1,...,m; are independently generated
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from the exponential distribution E(0, 1). The density function of E(0, 1) is displayed in
the left panel of Figure 1, from which it is easy to see that the density value decreases as
t increases.

Density function of E(0,1) Density estimation

0.6 0.8 1.0
1 1

5

I

density

0.4
|
number of observation time

0.2

T T T T T T T
0.0 05 1.0 15 2.0 25 3.0 0.0 0.2 0.4 0.6 0.8 10

t t

Figure 1. Left panel visualizes the density function of E(0, 1); right panel visualizes the kernel density
estimation of the number of observation time of MDO0O01.

Then, we use cubic interpolation to interpolate the y;(t;;), xi1(t;;), and x;2(t;;) on T to
obtain 7;(+), £;1(+), and £/ (+), respectively.

Based on the functions 7;(-), £;1(+), and £;3(-) described above, we use the RKHS
introduced in Section 2 to estimate the regression functions By(t), B1(t), and Ba(t), and
compare its performance with the spline smoother and local polynomial models. Typical
comparisons (the random seed is set to be “set.seed(1)” in R) are given in Figures 2—4 with
sample sizes of 50, 100, and 200, respectively. The simulation shows that the proposed RKHS
method estimates the regression functions well and compares very favorably with the other
two methods. Broadly speaking, the RKHS estimator has relatively stable performance and
is close to the “true” curve; it has narrower confidence bands at dense sampling regions,
and they become wider at sparse sampling regions. On the contrary, the spline smoother
and local polynomial model appear to have good fit at dense sampling regions, but they
have large bias when the data become sparse.

In order to make a thorough comparison for this simulation, we use the root inte-
grated mean squared prediction error (RIMSPE) to measure the accuracy of the estimates [24].
The RIMSPE for estimate j of § is given by

PN 1 N
RIMSPE(f) = % | 1) = Beoyea,

and the simulation is repeated 1000 times. By using the R software, the CPU time of
implementing this simulation is about 84.5 s on a PC with a 1.80 GHz dual-core Intel i5-
8265U CPU and 8 GB memory. The boxplots of the RIMSPE values are presented in Figure 5,
from which it is clear that RKHS performs much better than the other two methods, because
it has much smaller RIMSPE values.
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Figure 2. Performance of curve estimation when the sample size is 50 and the random seed is

“set.seed(1)” in R. First row: curve estimation performance of the spline smoother; Second row: curve

estimation performance of the local polynomial model; Third row: curve estimation performance
of the proposed RKHS method. Solid red line: true curve; Solid blue line: estimated curve; Dotted
lower and upper green lines: 95% confidence bands.
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Figure 3. Performance of curve estimation when the sample size is 100 and the random seed is
“set.seed(1)” in R. First row: curve estimation performance of the spline smoother; Second row: curve
estimation performance of the local polynomial model; Third row: curve estimation performance
of the proposed RKHS method. Solid red line: true curve; Solid blue line: estimated curve; Dotted
lower and upper green lines: 95% confidence bands.
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Figure 4. Performance of curve estimation when the sample size is 200 and the random seed is
“set.seed(1)” in R. First row: curve estimation performance of the spline smoother; Second row: curve
estimation performance of the local polynomial model; Third row: curve estimation performance
of the proposed RKHS method. Solid red line: true curve; Solid blue line: estimated curve; Dotted
lower and upper green lines: 95% confidence bands.
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Figure 5. Boxplots of the RIMSPE values. The first row corresponds to sample size 50, the second
row corresponds to sample size 100, and the third row corresponds to sample size 200. In each row,
the left panel is for estimating By (t), the middle panel is for estimating 1 (), and the right panel is
for estimating B (t).

Simulation 2. In this simulation study, we examine the performance of Corollary 1 for
testing the hypothesis

Hy : Bi(t) islinearint VS Hj : B;(t) isnotlinearin ¢, fori =1,2.

According to the setting described in Simulation 1, B1(t) is linear in t, whereas By (t)
is apparently not linear in t. Therefore, we will check the type I error for testing B1(t)
and the power for testing B, (t). By setting the significance level to 0.05 and repeating the
simulation 1000 times, we use Corollary 1 to derive x? testing statistics and list its type I
errors and powers in Table 1 for various sample sizes. The results in Table 1 suggest that
the type I error of the test is close to the nominal level 0.05, and the power of the test is not
small even with a sample size of 50.
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Table 1. Summary of simulation results for linearity testing.

Sample Size Type.I Error Po.wer
(for Testing Bo(t)) (for Testing B1 (%))
50 0.059 0.756
100 0.052 0.865
200 0.051 0.923

The simulation is based on 1000 repetitions.

4. Real Data Analysis

In this section, the proposed method is applied to characterize the relationships in
patient immune response in a clinical trial of combination immunotherapy for advanced
myeloma. The objective of the original trial was to study whether introducing vaccine-
primed T cells early leads to cellular immune responses to the putative tumor antigen
hTERT. In this study, 54 patients were recruited and assigned to two treatment arms
based on their leukocyte response to human leukocyte antigen A2. Various immune cell
parameters (CD3, CD4, CDS8), T-cell levels, cytokines (IL7, IL-15), and immunoglobulins
(IgA, IgG, IgM) were measured repeatedly to investigate the treatment effect on immune
recovery and function. The measurements were taken at nine time points: 0, 2, 7, 14,
40, 60, 90, 100, and 180 days [29]. Moreover, as a subtype of white blood cells in the
human immune system, absolute lymphocyte cell (ALC) count was recorded over time
during or after patients” hospitalization up to day 180. Figure 6 shows the trajectories
of two individuals, namely “MD001” and “MD002”, in the dataset, with the observation
interval scaled to [0, 1]. The trajectories of all 54 individuals can be found in the paper by
Fang et al. [30]. Previous research has shown that the patient’s survival time is associated
with the trajectory of the patient’s ALC counts.

MDO001 MDO002
w© - © -
~ o
o o - o
o o
2 v S
X o X
S S 7
T © <
o~ T
o I I | T I T - —T T T I T T
0.0 0.2 04 06 08 1.0 00 02 04 06 08 10

t t

Figure 6. Left panel: trajectory of individual “MD001"; right panel: trajectory of individual “MD002".
The observation interval has been scaled to [0, 1].

In the human immune system, the relationships among various biological features
are too complicated and have been topologically described only. For illustrating the
performance of our proposed methods with a limited sample size, we only investigate how
the levels of a patient’s immunoglobulin IgG and immune cell CD8 dynamically affect
the trajectory of the patient’s ALC counts in this section. For simplicity, the observation
time points are scaled to the interval [0, 1]. Let x1 (), x2(#) and y(t) be the trajectories of the
patient’s IgG, CD8, and ALC counts, respectively. Their relationship can then be described
as follows

y(t) = Bo(t) + pr()x1(t) + B2 (t)xa(t) +€(t),  E[e()] =0,

where Bo(t), B1(t) and B (t) are the regression coefficient functions, and €(t) is the random
error function. The purpose of this study is to estimate the regression coefficient functions
and test whether B (t) and B, (t) are linear functions in ¢.
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In the used data, the number of observation times generally becomes sparse as ¢
increases. The right panel of Figure 7 visualizes the kernel density estimation of individual
“MD001” in the data. The distribution of observed time points reveals the trend. The
proposed RKHS method is used to estimate the regression coefficient functions and test the
linearity. By using the R software, the CPU time of implementing the estimation procedure
is only about 1.5 s on a PC with a 1.80 GHz dual-core Intel i5-8265U CPU and 8 GB memory.
Figure 7 visualizes the estimated curves and their 95% confidence bands. It is observed that
B1(t) and B,(t) are apparently nonlinear in ¢. This observation is also confirmed by the x?
statistic derived from Corollary 1, which yields p-values less than 0.001 for both () and
B2 (t). Itis worth noting that Bo(t) is monotone in ¢, but 81 (¢) and B2 () are not monotone in
t. The results show that with the immunotherapy of tumor antigen vaccination, a patient’s
immunoglobulin IgG enhances the ALC counts. When the increasing CD8 immune cells
result in a high ALC count, immunoglobulin IgG inhibits the patient’s ALC counts such
that the level of ALC counts is reconverted into the normal interval (1000,4500), and this
immunotherapy can potentially improve patient survival time.
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Figure 7. The regression coefficient functions estimated by the proposed RKHS method. Solid blue
line: estimated curve; dotted lower and upper green lines: 95% confidence bands. The time ¢ has
been scaled to the interval [0, 1].

5. Concluding Remarks

The existing work on functional data analysis has focused primarily on the case where
the observed data are sampled from a dense rate and has been limited to models in which
either the response or predictors are functions. In this paper, we consider the more practical
situation for functional data analysis where the data are only observed at some (not dense)
time points, and we propose a general regression model in which both the response and
predictors are functions. This function-on-function regression model, as given by Equation
(4), can be viewed as a generalization of multivariate multiple linear regression to allow the
response, predictors, and even the regression coefficients to be all functions of ¢. In order to
estimate the underlying regression curves and conduct hypothesis testing on these curves,
we use reproducing kernel Hilbert space (RKHS), which only needs to choose the kernel(s)
of the RKHS, and enables a closed-form solution for the regression coefficients in terms
of the kernel. To the best of our knowledge, this is the first representation of functional
regression coefficients with sparsely observed data. Furthermore, the estimator based on
RKHS provides a foundation for hypothesis testing, and the asymptotic distribution of the
estimator is obtained. Simulation studies show that the RKHS estimator has relatively stable
performance. Application and statistical properties of our method are further demonstrated
through an immunotherapy clinical trial of advanced myeloma. By using the proposed
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function-on-function regression model and related theorems established in this paper, this
real application showed that with the immunotherapy of tumor antigen vaccination, patient
immunoglobulin IgG enhances ALC counts, and hence this immunotherapy can potentially
improve patient survival time. Future work may consider experimental design for the
time points to be observed. If the time points can be controlled by the experimenter, their
careful selection would improve the efficiency of the estimator (e.g., reduce the bias or
MES). Further, we hope to study function-on-function generalized linear regressions with
sparse estimation coefficient functions by the penalized method of Zhang and Jia [31].
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Appendix A

Proof of Theorem 1 (1-dimensional case). In this case,d = 1,A = a = (a1,...,a;¢), B =
b= (b1, . ,bn), Zn(') = (K1551('), .. .,leAn('))/, Bo© Zn = bZn = E?:l bl'Klffl‘, D= 1, and

J(ag +b® Zy) = J(K1(bZy)) =< (K1bZy), K1 (bZy) >p

=< (bKlzn), (bK]Zn) >H=< (bZn), (bZn) >H -
Below we evaluate d < (bZ,), (bZ,) >y /0b. As

n
(bZ,)(bZ) = ) b7 (Ka%i)> + ) bibj (Ka %) (Kn)),
i=1 i#]
thus ( ) )
bZ,)(bZ ) o ) A
(na)bin = 2b;(Kq%;)? + Z;bj(lei)(lej) —2(Ky5) ;bj(lej).
i#] i=

From this we get

< (bZy,),(bZ,) >u d< (bZy,),(bZ,) >u

:( abl ey abn ):q/ q:(ql,...,qn),

where, q; = 22}1:1 < (Klfcl),b](Klfc]) >y= 2 < bZ,,z; >y. Note aHy — x(ag+
bZ,)|[*/0a;
=-2<y—x(ag+bZ,) xg; >,or

A|ly — x(ag +bZ,)| >
da

=-2<y—x(ag+bZ,),xg >.
Further, 0 (x(bZn)> /ob; = xz;, or

Ay — x(ag +bZy)|?

5 =-2<y—x(ag+bZ,),xZ, >,
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where, by convention, xZ) = (xz1,...,%xzy), a n-dimensional row vector.
Rewrite (2) as

(a,b) = arg inf G(a,b),
(a,b)

where G(a,b) = LY |[9; — £;(ag +bZ,)|]> + A < (bZy), (bZ,) >w. (&, b) must satisfy

9G(ab S R
0y = 2508b) — 21y < g %i(ag +bZy), %ig >

3G(a, S R
01 = 2448 — —2(LEL, < 9y~ ilag +b2,), 42, > ~ha

or

12"1<y1x1,g>—1):"1<xag,g>—|— Z”1<x2bZn,g>
" < 9iki, Zn >7121 | < #2ag,Zy > +1Y0 | < #20Z,,Zy > +A < bZy, Zy >y

It is easy to check that n~ 121 1 < x ag,g>n 121 ! < %2 £, 88 > a' :=0a’, (Opxp),
nlyl < 32bZ,,g>n 12" 1 < xl,gZ’ > b’ := RV, (Rm) lyr <

?ag,zn > -1 Yi, < £4,2,8 >a =Rd, n 'Y, < #20Z,,Z, >=n Y, <

£2,2,Z, > b = Sb’ (Snxn), and < bZn,Zn >uy=< Z,Z, >g b’ = Wb, (Wyxy).

Denote % L1 < Di%i, & > u, (ugx1) and 1 Sy < §i%i, Zn > v, (Vyx1), then the above

system of equatlons can be rewritten as

<1?’ s+RAW)<Z:>_<Z)' (A1)

or when the following inverse exists,
a\ (o R o
"] T\R s+aw v )

Proof of Theorem 2 (one-dimensional case). In this case, X, = (£1,...,%,), 2,(-) = n~!
Vi Ki(fiyi) (), a = (a1,...,a1)', b =b, B, ,(-) = Bua(-) = &'g(-) + b2,(-), and

S

O

(8,) = arg i ( Z||y, ag+b2n)a?,-|2+)\](a’g+b2n)>

_arg 1nf < leyl ag+b2n)gei||2+)\b2||zn||§ﬂ> :=G(a,b).

As in the proof of Theorem 1 (one-dimensional case), (&, b) must satisfy

01 = gg 72 Z 1<y17x1(ug+bzn)£g>
0= %lab) _ 2( < Qi — %i(a'g +by), Rt >/\b||2n||§ﬂ) ’
or
Iy <ik,g>=1iyl, <#2dgg>+b< Jﬁzin,g>
1 "< Pikiga>=1 1<xag,zn>—i—b(1 L, < 22, A2>+A||ﬁn||ﬂ2ﬂ>
It is easy to check that n_lz Zag,g >n 1):” 1 < xl,gg > a := Oa, (Opxi);

nlynr, < xbzn,g >ntyr, 122 ,8 > b :=Rb, (Ryp); nt ”1 < £2a'g, 2, >
*12” 1 < 2,8 >a= R’u nmlY ! < £2b%,,2, > ”71217‘1:1 < %22,,2, > b = Sb;
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3((BoZ)D(BoZ,))

and < bZ,,2, >g=< 2,2, >g b := Wb. Denote %Z?:l < Uik, 8 > u, (ugx1), and
% Y1 < §i%i, 2y > v, the above system of equations is rewritten as

(o s )(8)=(5) ™

or when the following inverse exists,
a\ (0 R \ '[u
b )\ R S+Aw v )

Proof of Theorem 1. We first simplify the penalty term J(Ag + B ® Z,,). By property of
RKHS, K(s,t) =< K(s,-),K(t,-) >y, thus Vh € H, (K1h)(-) :=< Ky(+,),h >g € H;j and
Vh € Hy, (th) = h. Thus

O

J(Ag+B®Zy) = J(Ki(B® Zy)) =< Ki(B® Zy)'D, K1 (B O Zy) >

=< (B @Klzn)/D,B OKZ, >g=< (B @Zn),D,B OZ, >y -

Note that the inner product < -, - >y of the RKHS is often not the inner product < -,- >
used in the optimization objective, such as the one corresponding to the L, norm. Thus, the
above expression of J(Ag + B ® Z,,) does not hold under the inner product < -, - >.

Below we need to evaluate d < (B® Z,)'D,B ® Z, >y /0B. For this, write b; =
(b1, ..., bip) forthei-throwof B (i = 1,...,d), and z; = (zy;,...z,;) for the i-th column of
Z,. Then

d d d d
(B®Zy)'D(BO Zy) = Z diy(biz;)(brz,) = Zdii(bizi)z + Z Z diy(biz;)(brzy)
i1 : i=1 12

and we get, since d;, = d,;, and b;z; = Z?:1 bijzji,

ab

d d
- = 2d;;zji(biz;) + ) _ diyzi(brzr) = diizji(bizi) + ) dirzji(brzy).
ij rZi =1

From this we get

90 < (BQZn)/D/ (BGZn) >H
oB

=Q, Q= (4ij)axns

where gij = di; < Zji, (bizi) >u +Z{,i:1 d;, < Zji, (ery) >p. Note a||y — x’(Ag+ B®
Zy)||*/0a;; = =2 <y —x'(Ag+B® Zy),x;gj >, or

Aly —x (Ag:B@zn>|| = 2<y—x(Ag+BOZ,),xg >.

Further, X' (B® Z,,) = Z?:l x;i(b;z;), and 9 (x’(B ® Zn)) /dbjj = x;zj;, or

o 2
dly x(Aga]-;B@zn)ll oy X (Ag L BOZ) T, >,

where, by convention, xZ;, is the d x n matrix with (i, j)-th entry x;z;;.

Rewrite (2) as

(A,B) = arg (Ziqr}lg) G(A,B),
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where G(A,B) = 1y | ||§; — #/(Ag+B® Z,)|[*+A < (B®©Z,)'D,(B®Z,) >u. (A, B)
must satisfy

9G(A,B L N
O4xk = (%A ) = —2Llym <9 —%(Ag+B®Zy), 18 >

dG(A,B . . R .
O0jxn = % = 2(1 <7 fxg(Ag+B®Zn),xl-Z,’q > )Z‘Q)

(A3)

n

To solve the linear system (A3), we need to rewrite it in terms of vector forms a and
b of A and B. For this, let a = (a11,...,a1%,...,0471, - -/ad,k)/ be the vector representation
of A;b=(bi1,...,b1n, ..., ba1,...,bg,) be that of B. For x = (x1,...,%4)/, < X Ag,xg’ >
is a d x k matrix with (i,j)-th entry < x’Ag, Xigj > Z‘Zzl 27;:1 ars < Xrgs, X;gj >. Similarly,
n 1y | < &),Ag,&ng >isad x k matrix with (i,j)-thentry n ' Y9 ¥ a7, <
Rr&ss Xmigj > g < %,(B® Zy),&ng’ > is a d x k matrix with (i, j)-th entry
n-1 Zle YO b Y1 < XrZsr, Lmigj >; and n~1 YI 1 < Om &mg > isad xkmatrix
with (i,j)-thentry n =1 Y 1 < Gy, Rmigj >

. Likewise, 1~ 1Y _| < &),Ag, &nZ), > is ad x n matrix with (i, j)-th entry n~1y7_,

(i,j)-th entry n=1 Z‘l’l:l Yoe1 by Yom1 < 2puzp, Xnizji >; and nIYt < Gy, EmZ), > isa
d x k matrix with (i,j)-thentry n =1 Y1 | < ms Rmizji >.

Let the notation < x’Ag,xg’ >~ Oa means rearrange elements in the d x k matrix
< x'Ag,xg' > as a dk-vector in dictionary order in terms of its dk-vector a form. Thus,

n n
n 1Y <#,Ag &ng >~ 0a, Oggr=n"Y <s;s;>,
i=1

m=1

where S; = (J?ilglr e ,filgk, e rfi,dglr . /ﬁi,dgk)/; Simﬂarly,

n n
nt Z < ﬁ%(B@Zn),kmg/ >~ Rb, Rygxin = nt Z < Si,t; >,
m=1 i=1

NN S PP o & N\
where t; = (21211, -, 2121, - - -, Rig211, - - -, RigZn1)’; and

n
—1 A~ A / !/
Y < mkng >~w, w=(urn,. Uik, gy, k)
m=1
where Ujj = nt 221:1 < GJm, fmlg] >.
Likewise,

n n
— ~ ~ A _
nt Y < #),Ag%nZ, >~Pa, Pyug=n 'Y <t,si >R

m=1 i=1

n n
n Uy <R,(BOZy),&nZy >~ Sb, Sguxan=n"'Y <t tl>;

m=1 i=1
and

n
—1 ~ ~ Al /
n Z < Jm,ZmZy >~v, ©=(011,--,V1lns---Od1, -, Vdn) ,
m=1
where v;; = n VY01 < G, Rnizji >
Rewrite g;; as

n d n
qij = Z bisdii < 2]‘1',25,‘ >y + Z Z bysd;y < ,’2]'1',257 >H, (1 <i<d;1< j< 11).
s=1 r=1s=1
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Letz = (z11,---,Zu1, -+, Z1ds - - - Znd), 1 be the n x n matrix of 1's, Dy = diag{dy11,...,d1},

and
dnl cee dldl

D, = T
For any two matrices A = (a;;) and B = (b;j) of the same dimension, denote A ® B =
(aijbij). Let Wy g = (Do + D1)® < 2,2’ >p. It it not difficult to check that

Q =~ Wh.

Then (A1) is rewritten as

O R
R S+4W

or when the following inverse exists,
a\ (0 R \'[u
b) \ R S+iw v )

Proof of Theorem 2. In this case, 2, = (£1,...,24)  is a d-vector and, similar to the proof
of Theorem 1, we have J(Ag + B%,) =< 2),B'D, Bz, >p. To evaluate d < 2,,B'D, Bz, >y
/0B, write B = (by,...,b;), where bj = (blj,. ) .,bd]-) is the j-th column of B. Then

Bz, = Z]”-lzl zjbj, and

SH
~
Il
7N
[SIERS
~_
—
>
'S
N—

O

d d
£,B'DBz, = Y (2]2b;-Dbj +222jb;Db12,>
=1 1]

d d d d d d d
=) <Z]2 Y (bidii +2 ) bydiby + Y ) bgdiabyy) +2)_2( ) brfdrsbs1)21>/
i—1 kZi

=1 ki I I rs=1

we get, since d;; = dj;,

d(%2 B'DB2 d d 4
7( 1 ab n) = ij (d”bl]f] + Z dikbkjﬁj + Z Z disbslﬁl)
ij ki [#js=1

d d
=22 ) Y disby% = 22d;B%,,
I1=1s=1
where d; = (djy, ..., d;;) is the i-th row of D. From this we get

90 < 2B'D,B%, >g
oB

=2Q, Q= (ql'j)dxd/ gij =< diBﬁn,fj >u=d;B < Zn, 2 >H

or
0 < 2,B'DB, %, >y

B =2DB < £,,%), >i .

Now (3) is rewritten as

(A,B) = arg (}{r}lg) G(A,B),
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where G(A,B) = 1y | ||ly; —

satisfy
9G(A,B
Oyxk = gA ) = *2 Zn1<yz*
9G(A,B
04xq = 7(33 L= 2
or

,11 L, < x/(Ag+ Bzy), &g’ >
Z” 1 < ®i(Ag + B%,), &%),

Let (A, B) be the solution of (A5).

", <90i— (Ag+B%,) %, %2, > —ADB < 2,,2, >p )

(Ag + B2,)'%||> + A < 2,B'DB, 2, >y, and (A, B) must

(Ag + Bz)'%;, %ig' >

7

Y i xig >
>

=1
n . A5
+AD 2 22 m= 5 Yty < §i &i2y > (45)

To solve the linear system (A5), we need to rewrite it in terms of vector forms a and b

of A and B. For this, let a = (a4, . ..
A;letb = (blll"'/bld/"'/bdll"'

s Ay A1, - -
,byq) be that of B.

,a4x) be the vector representation of

Let the notation < x’Ag, xg’ >~ Oa mean rearranging the elements in the matrix
< x'Ag,xg’ > in terms of its vetor a form. As in the proof of Theorem 1,

n
n1 Z < x,Ag, &ng >~ Oa,

m=1

where s; = (2181, ..., %18k -, Xia81, -+ -,

Similarly,

n

n 1Y <&),Ag &2, >~ Pa,

m=1

where t; = (25121, ..., %124, - - -

n
n 'Y <=&,B2y,%ng >~ RD,

m=1

and

n
n 'Y <x),B%,, &nt), >~ Sb,

m=1

s Xid21, - -

n
-1 /
Ouxak =1 "), <si,8; >,
i—1

Riagk)'-

Pp,g=n

n

Y <tys) >,
i1

,RigZa)';

n
Y <s,ti > P
i=1

Rysgp =n

Spxp =1

n
Y <t >
i=1

Denote U = n~ 1Y | < @, %8 > (ui) axx and its vector form u = (u11, ..., Uik, - -, Ug1,

ug);letV=n"1y" <, %2, > (vij)axa and its vector form

0= ('011,...,Uld,...,Udl,...,
be its eigenvalues, A = diag(Aq, ...

(41,---,49,), then D = QAQ'
vector form similarly as before

v44)"; since D is semipositive definite, let A >
,Ag)and qq, . ..
= E}Ll )tjqjq;. Rearranging elements of DB < %, %), >p in

> A3 20
,q, be its normalized eigenvectors, Q =

d d
DB < 2y, 2, >u= )_Aj < q;B2u,q;2, >u~ Wb, Wp, p =) <cjc >m,
j=1 =1
_ 2 5 s s \/
where C]' = )\]-(qjlzl, . ,qjlzd, N ,l/]]'dzl, . ,q]'dzd) .

Then (A5) is rewritten as

(gszw)(g):(Z)' (46)
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or when the following inverse exists,

O

Proof of Theorem 3. Note that

n n

2a(-) = n ' Y [K(£:90)] () = n7 Y [Ka ()] ()

i=1 i=1

n
Y (K (R — xiyi)| () = xu () +ral).

i=1
Note that (C3) implies E||xy|| < oo and E||K;(xy)|| < oo, so by Theorem 7.9 (or Corol-
lary 7.10) in Ledoux and Talagrand [32], ||z, — zo|| — 0 (a.s.), where zo(-) = E[Ky(xy)](+).
By (C4), ||rn|| — 0 (a.s.). Thus, |2, — zo|| — 0 (a.s.).

Let C = (A,B), C = (A,B), m(C) = ||y — (Ag + Bzo)'x||%, Pm(C) = E[m(C)], P, is

the empirical distribution based on 7 iid samples from m(C). Let

14, A .
M (€) = — ) |19 — (Ag + B2,)'%||> + AJ(Ag + BZ).
i=1
By (C5) and (C4) and the fact ||2, — zo|| — 0 (as.),
1¢ / 2
M,(€) =~ Y [lvi — (Ag + Bz)'xi||* + AJ(Ag + Bzo) +o(1)
i=1

n
— % Z llyi — (Ag + Bzo)’xi||2 +0(1) :=P,m(C)+0(1) = Pm(C) +0(1), (as.). (A7)
i=1
In the above we used Theorem 7.9 (or Corollary 7.10) in Ledoux and Talagrand [32] again
to get P,m(C) = Pm(C) +o(1) (a.s.).

Note that E||xy|| < oo implies E(||xy|||x) < oo, this together with (C3) implies that
infc Pm(C) = E(infc E[m(C)|x]) has an unique (and finite) minimizer Cy = (Ao, By). We
first prove ||C — Co|| — 0 (a.s.).

By definition of C, M,,(C) < M,,(Co) = Pm(Cyp) +0(1) (a.s.), and by (A7), Pm(C) <
P,m(Cp) + 0(1) (a.s.). Thus,

Pm(C) — Pm(Cp) < Pum(Co) — Pm(Cp) +0(1)

< sup |P,m(C) — Pm(C)|+0(1) -0 (as.), (A8)
ceC
where C is some bounded set of C’s, and we used the fact that {P,m(C) : C € C} isa
Glivenko—Cantelli class on any bounded C. Thus sup.¢ [Pym(C) — Pm(C)| — 0 (a.s.).
On the other hand, since Cj is the unique minimizer of Pm(C), for every 0 > 0, there
is 7 > 0, such that
inf ~ Pm(C) > Pm(Cy) + 1.
il s T C) > PG+
Thus, by (A8) we must have that for all large 1, ||C — Cy|| < ¢ (a.s.) for every § > 0. This
gives ||C — Co|| — 0 (a.s.).
Note that Eg_ (y|x) = Byx, which is the minimizer of the conditional expectation
Eg, (Ily — Box| ?|x), and B, is also the pointwise least squares “estimate"” of itself under
the objective functional Eg {|ly — Byx|[*} = E{Eg, (|ly — Box[|*|x)}, so by (C1), By =
[E(xx')] VE(xy) € Span(E(xy)) — Span(E[Ko(xy)], E[K: (xy)]) C Span(g, zo), (C2) im-



Mathematics 2022, 10, 2507

22 0f 23

plies E[x(-)x(-)'] is invertible, and so 6y can be written in the form ((Ag)’, (Bz)')'.
Since Cyp = (Ag, By) also minimizes Pm(C) (over a larger space than that ) belongs
to), we must have ((Aog)’, (Bozo)')) = B, and C = (A,B) — (Ao, By) (a:s.) gives

N N N /! /!
By = ((A2), (B2:)') — ((A0g)', (Bozo)') = By (as). O
Proof of Theorem 4. Recall the blockwise inversion formula

A B\ ' [ A14+AB(D-CA'B)"'CA~! —A~'B(D-CA~'B)"!
C D B —(D-CcA'B)"lcA! (D-CA'B)~!

and for A = 0, (A+AW) 1= A1 - AATTWA"T +O(A%) = A1 —O(A).
By (C2) and (C3), for all large n, O L P 1,R, s and W1 all exist (a.s.). Using
the above blockwise inversion formulae, by Theorem 2, we get

-1
a O R u u
(8)=(%5) (5)-om(2)
In the proof of Theorem 3, we showed ||C — Co|| — 0 (as.), i.e., (&, 13/)’ — (ap, by)
(a.s.). Further, similar to the proof of Theorem 3, we can get

0" 0g=E<s,s)> P=RS3Py=E<t,s]> SBS=E<t,t,>

U®U0:E<y1,x1g' >, V‘E? V0:E<y1,x126 >.

Let 1y and v be the vector representations of Uy and V, then we have

a LE). OO RO ! Uup L a
b PO S() 00 T b() ’
Denote ¢ = (&',b) and ¢y = (a)), by)’, we first find the asymptotic distribution of

¢. Denote T = matrix(O,R;P,S), Ty = matrix(Og, Ro; Py, So), w = (u',v') and wy =
(u(,v))’, then ¢g = To_lwo, and ¢ = T~ 'w. By (C6),

V(e —cp) = vn(Ty! +0,(1)) (w — wo) +o(1).

It can be shown that the sequences {7;, %;¢'} and {7;, 2;2, } are Donsker classes, and
so

D S
Vn(w —wo) = N(O,T), T = (Yij)a@+k)xd(ark)y Vij = Coo(@;, ;)

where @(-) = (i/,3), it is the vector form of U =< y;,x1¢’ > and ¥ is the vector form of
V =< y1,x12{ >. From the above we get, as T is symmetric,

V(e —co—o0p(1)) 2 N(0, T, 'TT, ). (A9)

Now, rewrite BnA() = Fy(-)e, with F, = (g¢',],), and Fy = (¢, Jo), where J,, =
(21,.-.,20),and Jo = (Zo, ..., Z0). Then Fy(t) = Fo(t) + 0p(ry 1/%(t)), and by (A9) we get

Wy = V(B 1 () = Bo() —0p(1) = VinFo(-) (e — cg — 0p(1)) 2 W, in [I°(T)]7,

where W is a mean zero Gaussian process on T with covariance function o (s, t) = E(W(s),
W(t)) = Fo(s)Ty 'TTy 'Fy(t). O
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