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Abstract: When finding numerical solutions to stiff and nonstiff initial value problems using linear
multistep methods, ill-conditioned systems are often encountered. In this paper, we demonstrate how
this ill-conditioning can be circumvented without iterative refinement or preconditioning, by carefully
choosing the grid point used in deriving the discrete scheme from the continuous formulation. Results
of numerical experiments show that the new scheme perform very well when compared with the
exact solution and results from an earlier scheme.
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1. Introduction

According to Shampine [1], matrices derived from the solution of stiff initial value
problems using linear multistep methods (LMMs) are almost always ill-conditioned. In this
article, we show that these ill-conditioned systems can be made well- or better-conditioned.
In an attempt to find numerical approximations to the initial value problem y’ = —y with
initial condition y, = 1 using the two-step Butcher’s hybrid scheme in block form by
Akinola and Ajibade [2], it was discovered that by interpolating at the grid point x = x 7
the condition number of the resultant linear system of equations was large. The goal in this
present work is to find ways in which this condition number can be reduced so that we
can solve a better-conditioned system without compromising accuracy. According to [3], a
matrix A is well-conditioned if its condition number x(A) is close to 1 and ill-conditioned
if the condition number x(A) is significantly greater than 1. This implies that, if A is
well-conditioned, then small changes in A and b result in corresponding small changes in
x. In the same vein, if A is ill-conditioned, then small changes in A and b produce large
changes in the solution vector x [4] (see also, [5-8]). The approach we adopt to achieve our
aim is threefold: instead of interpolating at x = x, 7, we rather interpolate at x = x,, L3on
the one hand and solved an underdetermined system of linear equations involving two
equations in four unknowns on the other hand, using the same grid point. The former
involves solving a square system of linear equations. In [2], a theorem was proved that
gives a condition for the nonsingularity of the D matrix used in deriving the continuous
formulation of the two-step Butcher’s hybrid scheme in block form, in this paper, we
also consider different values of the step sizes h for which the D matrix is singular, nearly
singular and nonsingular to see if these affects the condition number of the matrix or
solution obtained from the resulting discrete schemes.

In a closely related work by [2,9,10], the authors solved the resultant ill-conditioned
system of equations without mentioning how this could be circumvented. We make it clear
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at this juncture that we do not lay claim to be the first to provide ways in which the solution
of an ill-conditioned linear system of equations can be overcome [11]. Rather, we state how
to reduce the condition number of ill-conditioned linear systems arising from LMM:s for
solving stiff and nonstiff initial value problems without preconditioning.

Skwame et al. [12], derived two continuous schemes from which, by interpolating at
different grid points x = X, 11,X = X412, X = Xy43, X = Xy44, X = i and x = x,,45, they
obtained a seventh-order block hybrid LMMs, on the one hand, and an eighth-order block
hybrid LMMs, on the other. These methods were applied on some stiff initial value prob-
lems without a discussion on the ill-conditioning of the corresponding system of equations.
This might be one of the reasons why the result of their numerical experiments was not good.
Other literature works in which the authors did not bother to examine ill-conditioning
are [13-21] and the references therein. It is worthy of note that Mohammed et al., in [22-24],
provided numerical schemes based on hybrid methods for the solution of second- and
third-order IVPs approximating at various grid points without discussing the steps taken
to avoid solving an ill-conditioned system. This was followed by the works of [25-40]
in which the authors overlooked ill-conditioning. The plan of this work is as follows:
in Section 2 we present the D matrix used in this work as well as derive all the discrete
schemes. Convergence analyses of the schemes is analysed in Section 3 and we bring this
work to a close with some numerical experiments in Section 4.

2. Materials and Methods

The matrix D used in deriving the continuous scheme in [2] is

r 2 3 4 5
1 x4 x5 x;, Xy x;
2 3 4 5
Loxnr X000 Y Yy X
2 3 4
0 1 2xy 3xy; 4x;, 5x;,;
D= 5 s . . (1)
0 1 2xp41 3x,q 4Ax, 5xp
2 3 4
0 1 2xp42 3x5,., 4x,., 5xp.,
2 3 4
_0 1 2xn+% 3xn+% 4xn+% 5xn+%_

The above matrix was shown to be nonsingular in [2] if the step size k is not too small
and we state the theorem without proof.

Theorem 1. If the step size h is not too small, then D given by (1) is nonsingular.

Proof. See[2]. O

The following continuous scheme was discussed in [2,10]

~ —24w® — 15hw* + 40h2w? + 30h3w? 24w° + 15hw* — 40h2w® — 30K3w? + 31K°
g(x) = [ 3175 }y” + { 3175 }V”“

—96w° — 91hw* + 98h% w3 + 89h3w? —28w° — 2hw? 4 57h%w? + 4h3w? — 31htw
2
+[ 3721 }f” + [ 3178 }f”“ @

—16w° + 21hw* + 6h2w? — 11h3w? 48w° — 32hw* — 80h%w® + 64h3w?
+ [ }fn—i—Z + { }f 3.
124K 93h4 n+3

If we evaluate 2) atw = —h,w = — %, w=— % and its derivative at w = — %, then
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1 32 h
Yn+2 BETEARECT s anrd fu +12fui1 +64f, 5 +15fn12 3)
37 459 h
]/nJr% @yn + @yn+l + @ 39fn + 648fn+1 + 480fn+% — 27fn+2 (4)
243 7693 h
Yas? 793677 + 7036 Y+ + 374d {231]‘” +7644f, 11+ 16464fn+% + 441fn+2} (5)
315 315 7
*@yn.ﬂ 799—2%4 + @ -1 9fn — 1169fn+1 + 2156fn+% — 1984fn+% + 546fn+2 . (6)
Furthermore, evaluating (2) at w = —h,w = —%,w = —% and its derivative at w = —%,
we obtained the following four discrete schemes, which constitute the block method
1 32 h
Ynt2 R AR e fa+12fni1 +64f, 5 +15fu10 @)
37 459
Ynt3 105/t qog¥nr1 + 1ogg |39fn + 648 ur1 +480f, 3 — 27 2 8
2484 500
Yni3 19827 ~ ToggYnt1 + Tos4 {735fn +4200f,4+1 — 2400fn+% + 2925fn+2} )
900 900 h
ToaYn+1 Toan + o [269fn +1360f,4+1 — 1220fn+% — 124fn+% + 615fn+2} . (10)

3. Convergence Analysis

We examine the order, error constant, zero stability and convergence of (9) and (10) in
this paper. The schemes (7) and (8) has already been studied previously.

2484 500
1984 1984 0 1 0
Ky = — 7 K, = 7 “% == 7 “% == 7 Xy, = 7
900 900
4 T4 0 0 0
and
735 4200 2400 0 2925
1984 1984 1984 1984
ﬁO = ’ ﬁl = ’ ﬁi = - ’ ﬁﬁ = ’ ,BZ = .
269 1360 : 1220 : 1 615
124 124 124 124

Theorem 2. The order of the discrete schemes (9) and (10) is 5.

Proof. To find the order and error constant of the block scheme, we plug the above vectors
in the following and after some routine simplifications, we obtain:
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1 3 5 i 3 5
C = (2,> B + 2%, + <2> oy + (2> %3]~ {ﬁ1+2ﬁ2+ (2>ﬁg + z)ﬁg} =0.
- 3 3 A r 2 2 E
1 3 5 1 3 5
Gz = <3,> _“1 + 28w, + <2> o3 + (2> 04%_ — (2,> _ﬁ1+2 B>+ (2) ﬁ% + (2> ,B%_ =0
- 4 4 - 3 3
1 3 5 1 3 5
C4 = (4[) _061 +24a2+ <2> “% + (2> IX%_ — <3' _ﬁ1+2 ﬁz“‘ <2) ﬁ% + (2> ﬂ%_ =0
_ 5 5 - - 4 4 B
1 3 5 1 3 5
C5 = <5'> _0(1+2 o, + (2> IX% + (2> IX%_ — <4'> _,31 +2 ﬁz"‘ <2) ﬁ% + (2> ﬁ%_ =0
- 6 6 A - 5 5
1 3 5 1 3 5
o= () [ (3) i+ (3) |- (3) |2 (5) B+ (3) 5.
165
31744
B [ 129
3968
165
31744
Hence, Cp = C; = C; = C3 = C4 = C5 = 0 and error constant = C¢ = £ 0.
129
3968

This implies that the order of the discrete schemes (9) and (10) is 5. O

In addition, we need the following matrices in analysing the zero stability of the

block method,

r 32 7 r 1 7

-5 0 0 1 0 0O 3T

459 37

-2 1 0 0 0 00 —2%

A0 % and BO _ 19

500 2484

o2 0 1 0 0 0 0 —1og1

900 900
| 1z 0 0 0| |10 0 0 —%7 |

The characteristic polynomial corresponding to (7)—(10) is given as

32 1
2R 0 0 R-%
459 37
—3R R 0 37

96 496 225 R* + 225 R

p(R) = det (RA®) — BO)) = _ ;1 ) _o.

500 2484
1984R 0 R 1984
900 900
iR 0 0 1

The roots of the characteristic equation p(R) = R* + R3 = R¥*(R+1) = 0areR =0
(thrice) and R = —1. This leads to the following result.

Theorem 3. The two-step Butcher’s scheme in block form (7)—(10) is zero-stable, consistent and
hence convergent.

Proof. An LMM is zero-stable if none of the roots of its characteristic polynomial has a
modulus greater than one, and each of the roots with modulus one must be distinct. Hence,
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Yn42

315
—@]/nﬂ

Yn+2

900
@ynﬂ

zero-stability is established from above. As shown in Lemma 2, the order of the two-step
scheme is p = 5, which is greater than one, guaranteeing consistency by virtue of [41].
Having established the zero-stability and consistency of the discrete schemes, they are
convergent by definition. [J

3.1. Underdetermined System

In order to reduce the condition number of the matrix in [2], we considered solving an
underdetermined system of linear equations

1 32 h
“aYn T ayYnr1t g3 [ —fo +12fu1 + 64, 5+ 15fn+2]
315

h
503+ Tomg [ —179fs — 1169f,1 + 2156, 5 — 1984f, 7 + 546fn+2], (11)

vis-a-vis (7) and (10) below:

1 32 h
900
Togn T 1og [209n + 136011 = 1220f, 5 —124f, s +615fu12]. (12)

This means that instead of solving a four-by-four square system of linear equations,
we solve an underdetermined system of two equations in four unknowns. This is explained
better in the following algorithm [42]

1.  Let A be of full rank.

2. Find the reduced QR factorisation of AT = QR such that Ax = RTQTx = b where AT
denotes the transpose of A.

3. SolveRTy =b fory.

4. Compute x = Qy.

3.2. Optimal Choices of Grid Points

In this section, we explain how to choose optimal grid points so as to circumvent ill-
conditioning from numerical schemes derived from LMMs. In Figure 1, it is easy to see that

after the grid points x,, x, 11 the gap between x, +7 and x,,11 is % and that between x, 47

and x,, 17 is %, etc. This shows that the grid points are unequally spaced. Unlike in Figure 2,
where with the exception of the gap between x,, and x,1 which is /, the gap between the
remaining grid points is the same, and this explains why after obtaining the continuous
coefficients hBg, hf1, hfn+2 and h,B% corresponding to the grid points x,, x, 11, x,, +3 and
Xu+2, the next and natural choice ought to be x,, +3 and not x,, e With this idea in mind,
it is imperative for practitioners of LMMs when deriving discrete schemes from their
equivalent continuous formulations to take extra care in choosing grid points so as to avoid
ill-conditioned systems, of course, the best being equally spaced grid points.

-
=]
Lo
ISES
=

T .7
ntg Tyyd

Ty Ty1 Ty42 Ty43

Figure 1. Unequally spaced grid points that leads to ill-conditioning (not drawn to scale).
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Figure 2. Optimal choices of grid points.

4. Results

In this section, we apply the derived discrete scheme in block form on some initial
value problems and make necessary comparisons to show that the choice w = — % reduces
the condition number of the resulting matrices compared to w = — i—h. We remark that our
choices of step sizes is such that the matrix D is singular, nearly singular and nonsingular.
This is depicted in Table 1, where for h = 0.001 and & = 0.01, the determinant of D is
2.325 x 10732 and 2.325 x 102!, respectively. Hence, for these choices of 1, D is singular.
In the same vein, for & = 0.05 and & = 0.1, the determinant of D is close to macheps and
makes D nearly singular. Furthermore, as shown in Table 1 the choices # = 0.2 and & = 0.5
implies the D matrix is nonsingular.

Table 1. Choice of step sizes h.

h detD = 932’11 Is D (Non)Singular?
0.001 2.3250x 10732 Singular
0.010 2.3250x 102 Singular
0.050 1.1353x10713 Nearly singular
0.100 2.3250x 1010 Nearly singular
0.200 4.7616x1077 Nonsingular
0.500 1.1353x 1072 Nonsingular

Example 1. We seek the initial value problem y' = —y with y(0) = yo = 1, for h = 0.001,h =
0.01,h =0.05,h = 0.1,h = 0.2,h = 0.5 and y(x) = e~ as an exact solution.

Using the discrete schemes (3)—(6) in block form with v’ = f(x,y) = —y, we multiply
both sides of (3) by %, substitute n = 0, replace fo = f(x0,y0) = —vo, i = f(x1,y1) = —W1,
f% = f(x%,y%) = —y% and fz = f(XZ,yz) = —Y2. This yields

93 3 9%
Y2 = —pyot+ 5oy = (=yo) — 121 — 6y — 15y,
and 9% 93 3
(12 — h)yl +64y3 + (15+ h)]/z = <1 - h)yo- (13)

If we consider (4) and multiply both sides by %, then

1984 148 1836
n y% = T}/O + Tyl — 39y0 — 64:8]/1 — 480y% +27y2,
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and

(648 - 18:6)3/1 + (480 + 19:4>y% — 27y, = (1:8 - 39>y0. (14)

In the same vein, after multiplying both sides of (5) by Sﬂ}lﬂ, (6) by 19,1—84 and with
some simplifications, we obtain, respectively,

(7644 - 30272>]/1 +16464y5 + 312441/; + 441y, = (9,32 - 231>yo, (15)
and 630 630
< — 1169 — h>y1 +2156y3 — 1984y7 + 546y, = ( -5t 179) Yo- (16)

Notice that because (3) and (4) and (7) and (8) are the same, respectively, we do not
repeat the steps that led to (13) and (14). Rather we make the same substitutions as above
in (9) and (10) such that

(4200 + 520>y1 - 2400y% + 2926y, + 19h84y% = (24;4 - 735) Yo, (17)
and
(1360 + 920>y1 - 1220]/% + 615y, — 124_1/% = <920 - 269> Yo, (18)

are immediate. Upon imposing the appropriate initial condition 1y = 1 and substituting
h = 0.2, Equations (13)—(16) reduce to (19), while (13), (14), (17) and (18) reduce to (20). The
results of numerical experiments for this example are shown in Table 2 and Figures 3-6,
respectively. The ill-conditioned system in Akinola’s [2] paper is:

—234 32 0 240 ][ —7

8532  —10400 0 27 ||¥3| _ | -701 19)
146216 16464 158720 441 | |y, 4629 Yo

—4319 2156 1984 546 | |, —2971

Using the two-Step Butcher’s scheme in block form with y’ = f(x,y) = —y, when
n =0, (7)-(10) reduce to,

—234 32 240 0 LA -7

8532 —10400 27 0 Y3 _ | 701 (20)
6700  —2400 2925 9920 Y2 11685 | VO

5860 —1220 615 124 Y3 4231

When 1 = 2, we have a different right-hand side from the above but the same matrix

—234 32 240 0 Y3 -7
8532 —10400 27 0 yz| _ | =701
6700 —2400 2925 9920 Ya 11685 | Y%
5860 —1220 615 124 Yy 4231

We evaluated the schemes presented in (11) and (12) on the initial value problem
in this example and obtained the following respective underdetermined system of linear
equations for h = 0.2
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Al
—234 32 0 240 ] |vz| [ -7 a2
—4319 2156 —1984 546 | [y;| ~ [-2971 Yo:

2

The above equation was derived from (19) with the second and third equations deleted.
In the same vein, by deleting the second and third equations from (20), we obtained the
following underdetermined system of two equations in four unknowns.

Y1
—234 32 240 07llvz| [-7
5860 —1220 615 —124 | [y, | — |4231|7"

s

(22)

This now leads to the following result for # = 0.2, and similar results hold for step
sizes h = 0.001,h =0.01,h =0.05,h =0.1and h = 0.5

Theorem 4. Let A, B, C and E be matrices from the left-hand sides of Equations (19)—(22), respec-
tively. The matrices A and B are nonsingular while C and E are of full rank.

Proof. It is not difficult to see that matrices A and B have linearly independent rows and
columns. Another way to look at this is that the matrices each have four pivots. Hence,
they are nonsingular. In a similar fashion, it is easy to see that rank(C) = rank(E) = 2.
Therefore, both matrices are of full row and column rank. O

Table 2. Comparing the condition numbers for the matrices derived from Example 1.

©(A) «(B) x(C) x(E)
h w:—% w:—% w:—% w:—%

Size of matrix 4 x4 4 x4 2 x4 2x4
0.001 481.73 30.52 6.95 9.79
0.010 484.32 30.28 7.11 9.84
0.050 495.13 30.43 7.82 10.12
0.100 506.87 30.58 8.74 10.52
0.200 1041.90 64.66 21.43 22.88
0.500 540.40 43.81 18.13 14.87

We remark that the result of Theorem 4 holds in all the matrices derived from the
remaining numerical examples considered in this article and there is no need for repetition.
Moreover, for each iteration, the matrices A, B, C and E do not change in each example, only
the right-hand sides change. The results of numerical experiments are shown in Table 2 and

Figures 3-6. For a particular value of the step size h = 0.001 and w = —%, from row three,
column two of Table 2, one can see that the condition number of A is 481.73; for w = — %,

we succeeded in reducing the condition number for B to 30.52. In the same vein, instead of
solving a square system, we observed that by solving the reduced underdetermined system
of equations for w = —% and w = — %, the condition numbers of A and B were further
reduced to 6.95 and 9.79, respectively. Recall that the crux of this paper was to reduce the
condition number of the matrix from the linear system of equations in this example for

h=02and w = —3 from 1041.90.
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h =0.001 h =0.01
__0.0005 0.005
g 0.0004 0.004
i 0.0003 0.003
T 0.0002 0.002
2 0.0001 0.001
w
0 0
0 500 1000 1500 2000 2500 0 50 100 150 200 250
Number of iterations (n) Number of iterations (n)
h =0.05 h=0.1
=14 0.05
5 1.2 0.04
g 1
3 0.8 0.03
T 8-3 0.02
g 0:2 0.01
o o 0
0 10 20 30 40 0 5 10 15 20 25 30
Number of iterations (n) Number of iterations (n)
h=0.2 h=0.5
= 0.08 0.16
o) 0.14
g 0.06 0.12
< 0.1
4 0.04 0.08
T 0.06
5 0.02 0.04
= 0.02
L 0 S 0
0 5 10 15 20 25 30 0 5 10 15 20 25 30
Number of iterations (n) Number of iterations (n)

Figure 3. Comparison of the norm of the difference between the exact solution and the vector
Ynt1, Y, +%]T for different values of step sizes using the discrete schemes (3)—(6) corresponding to

w=— % and the discrete schemes (7)—(10) corresponding to w = — %
h =0.001 h =0.01
7e-11
= —=6e110 ST 0=3n2
53 Z 5e-11 S~ 0=-3n4
2 2 de-11
I i 3e-11
= ! = 2e-11
= : - =1e11 o
N —
0 500 1000 1500 2000 2500 0 50 100 150 200 250
Number of iterations (n) Number of iterations (n)
h =0.05 h=0.1
_ 1.2e11
= 1eld =
< ser2(q =3
= pei2 2
2L ge12g L
= 212 = :
0 = = = ST =4 S,
0 10 20 30 40 0 5 10 15 20 25 30
Number of iterations (n) Number of iterations (n)
h=0.2 h=0.5

{b-Ayl|
[Ib-Ayl|

lIrll

[Irl]

0 5 10 15 20 25 30
Number of iterations (n) Number of iterations (n)

Figure 4. Comparison of the norm of the residual for different values of step sizes using the discrete

schemes (3)—(6) corresponding to w = —% and the discrete schemes (7)—(10) corresponding to
w=—3.
This was achieved by changing w to w = f% as shown in the seventh row, third

column of Table 2 to 64.66 (reduction by a factor of 16). This condition number was further
reduced to 21.43 and 22.88 by solving an underdetermined system instead of a square
system for w = — % andw = — %, respectively. To enforce the validity of our choice of grid
point, for i = 0.1, we derived a new scheme using the grid point x = x, 3 and obtained a

new matrix with a condition number of 1431.1, which is even larger than in our test case.
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This shows that the choice of w is crucial to avoid solving an ill-conditioned linear system
of equations. Hence, care must be taken in choosing the grid point for a linear multistep
method. Even though some values of & made the D matrix singular, nearly singular and
nonsingular, these choices of I did not affect the nonsingularity or full rankness of the
corresponding matrices in this example in comparison to their effect on D.

h =0.001 h =0.01
=
S
9]
>
w
T
e
. 0
0 1000 2000 3000 4000 0 100 200 300 400 500
Number of iterations (n) Number of iterations (n)

h =0.05
—©—0=-3h2

h =0.1

=035
= 0.3 S w=-34
@ 0.25
g 0.2
¥ 001\;3 r
2 0.05
w0 i
0 20 40 60 80 100 0 5 10 15 20 25 30
Number of iterations (n) Number of iterations (n)
h=0.2 h=0.5
=07 0.7
= 0.6 0.6
g 0.5 0.5
4 0.4 0.4
503 0.3
502 0.2
= 0.1 0.1
w o 0
0 5 10 15 20 25 30 0 5 10 15 20 25 30

Number of iterations (n)

Number of iterations (n)

Figure 5. Comparison of the norm of the difference between the exact solution and the vector
[Vni1,Ynio]T for different values of step sizes using the discrete schemes (11) corresponding to

w =
system of linear equations.

h =0.001

—>*— o =-3n/2

—<—w=-3n4
< Exact

0 0.2 0.4 0.6 0.8 1

— % and the discrete schemes (12) corresponding to w =

— 3’2—h by solving an underdetermined

h =0.01

—>— o =-3h/2
—<— o =-3n/4
< Exact

0 0.2 0.4 0.6 0.8 1

h =0.05 h=0.1
1 1
0.9
8'2 08
. 0.7
~ 04 06
05
02 0.4
0 0.3
0 02 04 06 08 1 0 02 04 06 08 1
X X
h=0.2 h=05
1 1
0.9
0.8 g‘z L
07 .
> >
05 04
0.4 0.2 ><><><>< A
03 0 s
0o 02 04 06 08 1 0 2 4 6 8 10
X X

Figure 6. Comparison of the exact solution with those obtained from the discrete scheme (6) cor-

responding to w = f% and the discrete scheme (10) corresponding to w = f%, using New-

ton’s method.
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1984

(

93
Y2

In addition to this, for different values of &, we compared the performance in terms
of accuracy to see if there was a huge difference between the approximations obtained for
w=— % and w = — % Since we did not want to compare oranges with apples, we limited
our comparison to the norm of the difference between the vector of the exact solution
and the vector [y,11,Y,, +%]T, albeit they had the same right-hand value (against which
only the corresponding entries were compared). In this example, we observed as shown
in Figure 3, that for h = 0.001, while it took n > 2500 iterations for us to achieve values
less than macheps, it took 250 iterations for & = 0.01, 40 iterations for 1 = 0.05 and 30
iterations for h = 0.1,0.2 and 0.5, respectively. We noticed several overlaps in all values
of h considered, as it was very difficult to differentiate between the red and blue lines,
signifying no difference in accuracy.

Furthermore, Figure 4 shows a plot of the norm of the residual versus the number
of iterations for w = — % and w = — % We see that the schemes (7)—(10) corresponding
tow = — %, depicted by the blue lines, have a smaller norm of residual compared to the
discrete schemes (3)—(10) corresponding to w = — %, represented by the red lines. Lastly,
we solved the underdetermined systems (21) and (22) for different values of / and the
results are shown in Figure 5. Initially we observed that for # = 0.001 and & = 0.01, there
were disparities in the errors between the blue and the red lines. Nevertheless, as the value
of h increased, we noticed very good performance for the scheme represented by the blue
line compared to the red line for # = 0.05,0.2 and / = 0.1. Lastly, we solved the initial value
problem using Newton-Raphson’s method as shown in Figure 6, which is self-explanatory

and enforces the validity of our work.

Example 2. We seek the IVP y' = —20y + 20 sin x + cos x with initial condition y(0) = yo = 1
and exact solution y(x) = e~29% 4 sin(x) for h = 0.001,h = 0.01,h = 0.05,h = 0.1,h = 0.2
and h = 0.5.

Using the discrete schemes (3)—(6) in block form with y’ = f(x,y) = —20x + 20sinx +
cos x, we multiply both sides of (3) by 9}1—3, substitute n = 0, replace fy = f(x0,y0) = —Vo,

fi=fxuy) ==y f3 = f(x3,y3) = —y; and fo = f(x2,y2) = —ya. This yields

%}/0 + %yl + [20yo — 20sin xg — cos xg 4 12(—20y; + 20 sin x1 + cos x7)
+64(—20y% +20sin X3 +cos x%) + 15(—20y, + 20 sin x5 + cos x2) |,

and

(240 - 9h6>y1 + 1280y% + (300 + f)yz = (20— %)yo +20[12sinxq + 64sinx%

n Y3

12960 — %

+15sin xp — sin xg] + 12 cos x1 + 64 cos X3 + 15 cos xp — cos Xg. (23)

If we consider (4) and multiply both sides by 19,1&, then

= 18y, 4 1836y, 4 [39(—20y0 + 20sin xg + cos xg) + 648(—20y; + 20sin x1 + cos x7)

+480(—20y% +20sinx; + cos x%) —27(—20y, + 20sin x, + cos x2)],

and

h
4480 sin X3 — 27 sin x3] + 39 cos x( + 648 cos x1 + 480 cos X3 — 27 cos xp. (24)

)y1 + (9600 + 19;4>y% — 540y, = (M8 — 780> Yo + 20[39 sin xp + 648 sin x;

In the same vein, after multiplying both sides of (5) by 31}#/ (6) by 19,1& and with
some simplifications we obtain, respectively,



Mathematics 2022, 10, 2910 12 of 19

772 1744 972
<152880 — 30h> y1 + 329280y 3 + 3 i yz + 8820y, = <h — 4620) Yo + 20[231 sin xo + 7644 sin x7
+16464 sin x% + 441 sin x5] + 231 cos xo + 7644 cos x1 + 16464 cos x% + 441 cos x3. (25)

and
630 630 . .
— 23380 — e y1+ 43120y% — 39680y% + 10920y, = { 3580 — o Yo +20[—179 sin xp — 1169 sin x;
42156 sin X3 — 1984 sin X7 + 546 sin x,] — 179 cos xp — 1169 cos x1 + 2156 cos X3 — 1984 cos X7 + 546 cos x;. (26)

Since (3) and (4) and (7) and (8) are the same, respectively, there is no need to repeat
the steps that led to (23) and (24). Rather, we make the same substitutions as above in (9)

and (10) such that
1984 2484
(84000 + 520) y1— 48000y% + 9h8 Ys + 58500y, = (: - 14700) Yo + 20[735 sin x + 4200 sin x;
—2400sin X3 + 2925 sin x,] + 735 cos x + 4200 cos x1 — 2400 cos X3 + 2925 cos x3. (27)
and

900 900
(27200 + h) Y1 — 24400]/% — 2480y 5 + 12300y, = (h — 5380) Yo + 20[269 sin x + 1360 sin x1

—1220sin x% — 124 sin x% + 615 sin x5] + 269 cos xy + 1360 cos x1 — 1220 cos x% — 124 cos x% + 615 cos x;. (28)
are immediate, respectively. Upon imposing the initial condition yy = 1 and substitut-
ing h = 0.1,0.2, etc., appropriately, we obtain the results. Computationally speaking,
after computing for n = 0 outside the for loop, we loop for n = 1,2, - - - by replacing

[x1/x§/x2/x§}/
2 2

with, respectively,

[2n+1, <2n + ;),Zn, (Zn + i)]h,

[X1,X§,.X'z, XZ}/
2 4

on the one hand and

with, respectively,

2n+1, <2n + ;), <2n + Z),Zn]h,

on the other. The results of the numerical experiments are shown in Table 3 as well as
Figures 7-10. Table 3 row eight, columns two and three show that for & = 0.5, we were

able to reduce the x(A) from 943.79 to 401.77 by changing the grid point from x, 7tox, s
corresponding to w = f% and w = — %, respectively. In the same vein, by solving an

underdetermined system of equations derived from the discrete schemes (11) and (12), we
further reduced the condition number from 943.79 to 63.53 corresponding to the grid point
Xy 7 (w=— %) and from 401.77 to 32.39 corresponding to the grid point x,, 3 (w=— %),
respectively. This example also shows that with a carefully chosen grid point, one can
successfully avoid solving an ill-conditioned linear system of equations.
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Table 3. Comparison of the condition numbers for the matrices derived from Example 3.
x(A) x(B) x(C) x(E)
h w:—% w:—% w:—% w:—%
Size of matrix 4x4 4 x4 2x4 2x4
0.001 484.04 30.45 7.09 9.84
0.010 504.68 30.61 8.55 10.43
0.050 540.51 42.62 16.84 14.29
0.100 523.26 68.44 28.35 19.30
0.200 494.89 120.17 46.31 26.15
0.500 636.20 259.00 62.22 31.70
h =0.001 h =0.01
3.5607
3e-07
2.5e-07
2607
1.5e-07
1e-07
| 5008
0 50 100 150 200 0 5 10 15 20 25 30

Number of iterations (n) Number of iterations (n)

h =0.05 h=0.1
= 0.0008 0.01
2'3 0.0006 —©— o =-3h/2 0.008 —©— @ =-3n/2
g —©— 0 =-3h4 0.006 —©— 0 =-3n4
w 0.0004 ’
= 0.004
5 0.0002 0.002
] 0 HSsesosoossononcccasnccononesd IS sseceeocooceevesesccessecoce el
0 5 10 15 20 25 30 0 5 10 15 20 25 30

Number of iterations (n) Number of iterations (n)

h=02 h=05

=08 0.1

Z oo —o— o =32 0.08 —o— w32
g o w34 o w34
2 0.06

=04 0.04

I .

502 0.02

0 5 10 15 20 25 30 0 5 10 15 20 25 30

Number of iterations (n) Number of iterations (n)

Figure 7. Comparison of the norm of the difference between the exact solution and the vector
Yn+1, 9, +3 ]T for different values of & using the discrete schemes (3)-(6) corresponding to w = — %
and the discrete schemes (7)—(10) corresponding to w = — %

As shown in Figure 7, we see that although there were initial disparities in the plot
of the error against the number of iterations for & = 0.001 and & = 0.01, as n increased,
this difference fizzled out and for the remaining values of &, we observe that there was
hardly any noticeable difference between the accuracy of the two schemes in the absence of
round-off errors. With the exception of & = 0.05, Figure 8 shows that the performance of
the accuracy at the two grid points is the same. As shown in Figure 9, with the exception of
h = 0.001, the error obtained by solving the underdetermined linear system of equations
using w = — 32—h was much smaller than that from using w = —% in the remaining step
sizes. Using Newton’s method and as shown in Figure 9, we see that the new scheme
corresponding to w = — % performed better in terms of accuracy than the scheme corre-

sponding to w = — % for h = 0.2 and 0.5. We used the one-dimensional Newton-Raphson

method to solve the same example and Figure 10 shows results of the numerical experiment

that the error was smaller for w = — % than w = — %.
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Figure 8. Comparison of the norm of the residual for different values of / using the discrete schemes

(3)—(6) corresponding to w = — i—h and the discrete schemes (7)—(10) corresponding to w = — 37
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Figure 9. Comparison of the norm of the difference between the exact solution and the vector
[Vni1,Yni2] for different values of step sizes using the discrete schemes (11) corresponding to
w=- % and the discrete schemes (12) corresponding to w = — %, by solving an underdetermined
system of linear equations.

Example 3. We seek numerical approximations to the initial value problem y' = —9y with
initial condition y(0) = e, for h = 0.001,h = 0.01,h = 0.05,h = 0.1,h = 0.2,h = 0.5 with
y(x) = e'=%% as an exact solution.
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Figure 10. Comparison of the exact solution with those obtained from the discrete scheme (6) corre-
3h h

sponding to w = — " and the discrete scheme (10) corresponding to w = — 37, using Newton’s method.

We substituted f(x,y) = —9y into each of the discrete schemes (3)—(6), (7)—(10), (11)
and (12) for h = 0.001,h = 0.01,h = 0.05,h = 0.1,h = 0.2,h = 0.5 and n. The results of
the numerical experiments are shown in Table 4 as well as Figures 11-14. Table 4 row
seven, columns two and three show that for i = 0.2, we were able to reduce the x(A) from
494.89 to 120.17 by changing the grid point from x, 7 tox, s corresponding to w = —%

and w = — %, respectively. In the same vein, by solving an underdetermined system of

equations derived from the discrete schemes (11) and (12), we further reduced the condition
number from 494.89 to 46.21 corresponding to the grid point x, +7 (w=— %) and from

120.17 to 26.15 corresponding to the grid point x, +3 (w=~— %), respectively. This example
also shows that with a carefully chosen grid point, one can successfully avoid solving an
ill-conditioned linear system of equations.

Initially, Figure 12 shows that for & = 0.001 and & = 0.01, there was a slow convergence
to the exact solution by evaluating at the grid point x, 5 compared to x, 7. These two step
sizes corresponded to the two instances in which the D matrix was singular. A similar scenario
pans out for 1 = 0.05 and & = 0.1, in which cases the matrix D was nearly singular but the
convergence was quicker than that of the former choices of . We obtained better approximations
to the exact solution for those two values of / in which the D matrix was nonsingular. However,
we noticed in Figure 13 that there were no significant differences between the norm of the
residual of the two schemes. Except when h = 0.001, Figure 11 shows that by solving the
resulting underdetermined system of equations using the two schemes (11) and (12), the error
is smaller in the remaining step sizes for w = — % than for w = — i—h.

Table 4. Comparison of the condition numbers for the matrices derived from Example 2.

x(A) x(B) ©(C) x(E)

h w:—% w:—% w:—% w:—%
Size of matrix 4x4 4x4 2x4 2x4
0.001 487.14 30.36 7.28 991
0.010 524.45 3241 10.78 11.48

0.050 517.65 71.35 30.77 20.29
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Table 4. Cont.

©(A) «(B) ©(C) «(E)

h w——34h w=—% w = 34 w = 32"
0.100 496.70 132.23 49.06 27.11
0.200 601.39 237.34 61.31 31.35
0.500 943.79 401.77 63.53 32.39

h =0.01

—©—w=-3n2
S w=-34

0 100 200 300 400 500 0 5 10 15 20 25 30
Number of iterations (n) Number of iterations (n)
h =0.05 h =0.1

= 2 1.4

- 1.2
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§ 0.5 o4

w 0 0
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Number of iterations (n) Number of iterations (n)
h=0.2 h=0.5

=0.35
+ 03 —S—0=-3n2

@ 0.25 —5— @ =-
u)j 0.2 o =-3h/4
T 0.15

5 0.1

= 0.05
i} 0

Number of iterations (n) Number of iterations (n)

Figure 11. Comparison of the norm of the difference between the exact solution and the vector
[Vni1,Yni2]! for different values of step sizes using the discrete schemes (11) corresponding to
w=— % and the discrete schemes (12) corresponding to w = — %, by solving an underdetermined

system of linear equations.

h =0.001
__0.00025
= 0.0002
o
i 0.00015
T 0.0001
2 s5e05
w 0 i D
0 100 200 300 400 500 0 50 100 150 200
Number of iterations (n) Number of iterations (n)
h =0.05 h=0.1
§ 0.008
3]
v}
x
w
T
[
i
Number of iterations (n) Number of iterations (n)
h=0.2 h=0.5
§ 0.02
©0.015
x
W o0.01
I
§ 0.005
TR

0 5 10 15 20 25 30
Number of iterations (n) Number of iterations (n)

Figure 12. Comparison of the norm of the difference between the exact solution and the vector
Wn+1,Y, 12 |T for different values of h using the discrete schemes (3)—(6) corresponding to w = — %

and the discrete schemes (7)—(10) corresponding to w = — 37
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Figure 13. Comparison of the norm of the residual for different values of step sizes using the discrete

schemes (3)-(6) corresponding to w = — Z—h and the discrete schemes (7)—(10) corresponding to
— _3h
w=—.
h =0.001 h =0.01
—>—©=-3n/2 22 —>— 0 =-3h/2
—%— @ =-3n/4 '2 s —%— @ =-3h/4
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Figure 14. Comparison of the exact solution with those obtained from the discrete scheme (6)
corresponding to w = —% and the discrete scheme (10) corresponding to w = — =, using New-

ton’s method.

5. Conclusions

The aim of this paper was achieved, in the sense that we reduced the condition number
of the linear systems of equations derived from initial value problems with a carefully

. . - . 3k - .
chosen grid point x = x, +3 corresponding to w = — =" instead of x = x,, 47 corresponding
tow = — %. In addition, we discovered that the order of the discrete scheme was preserved

with this choice but with a different error constant. Henceforth, we suggest that researchers
should pay rapt attention to the choice of the grid point so as to avoid solving ill-conditioned
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systems. We also showed that this condition number could be further reduced if one solves
an underdetermined system of two equations in four unknowns for both stiff and nonstiff
initial value problems. When compared with the exact solution, the results of numerical
experiments showed that the new scheme outperformed the former.
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