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Abstract: This paper proposes an adaptive barrier function terminal sliding mode control method
for partial seizure based on the Pinsky–Rinzel model. A terminal sliding mode control technique
is designed to achieve the convergence of trajectories to the desired value in a finite time, while an
adaptive barrier function is used to ensure that the outputs, which are independent of the disturbance
boundary, converge to the predetermined zero location. The performance of the proposed approach is
checked for the nonlinear two-compartmental Pinsky–Rinzel pyramidal neuron model. The obtained
method of the finite time stability, in the presence of uncertainty and disturbance, is proven by the
Lyapunov theory. The simulation results confirm the effectiveness of the proposed control scheme.
Finite time convergence, robustness, chattering-free dynamics and near-zero error are the advantages
of the proposed technique.

Keywords: Pinsky–Rinzel model; terminal sliding mode control; partial seizure; adaptive barrier
function; uncertainty
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1. Introduction

Epilepsy is one of the most common neurological diseases worldwide, which is
caused by abnormal synchronized discharges from neurons [1–3]. Epilepsy occurs either in
generalized or partial form. This latter is confined to one area of the brain. During epileptic
seizures, the electrical activity of brain cells is characterized by high amplitude and sharp
electrographic waveforms [4,5]. Temporal lobe epilepsy (TLE) is one of the most common
types of epilepsy and resistance to drugs has been observed in about one-third of cases [6–9].
Surgery is often considered to reduce seizures in drug-resistant epilepsy patients; however,
it has some risks such as memory impairment. Other methods that are less risky than
epilepsy surgery include seizure control and deep brain stimulation (DBS) [10,11]. Dynamic
modeling of the brain is needed to control seizures. Various dynamic models of the brain
have been proposed that are models for different neurological diseases such as epilepsy.
Research into the electrical activity of brain cells called neurons has led to the expansion of
mathematical models of the brain [12]. There are several models to describe the activity
of the brain such as the Hodgkin–Huxley model, Cortical brain model, Pinsky–Rinzel,
Izhikevich model and thalamocortical model [13–17]. Various control methods have been
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used to control seizures. In [18], the Kalman filter is used to predict the future trajectories in
the Hodgkin–Huxley (HH) model and by controlling the activity of neurons, it has shown
the ability to control the activity of pathological cells such as seizures. In [19], a robust
observer-based model reference tracking control is provided for the (HH) neurons model to
produce the desired response despite the noise and the unknown initial value. To simplify
the design of the controller for the stochastic and nonlinear system of (HH) neurons, a fuzzy
interpolation method of several linear (HH) systems is used to approach the nonlinear
model so that the problem of robust nonlinear tracking control can be solved by the linear
matrix inequality (LMI) technique. The authors in [20], based on the Krasovskii theorem,
applied an improved washout filter controller to the abnormal repetitive firing pattern
of the Hindmarsh–Rose neuron model, and its stability was proven. In [21], a fractional
proportional–integral–derivative (PID) method was designed to control the abnormal
activity of the brain in epilepsy. The study in [22] adopted an unscented Kalman filter
(UKF) to estimate the variables of the membrane potential of the Pinsky–Rinzel (PR) model
and considered a linear proportion–integration (PI) approach to control firing patterns.
The PR model was presented in 1994, which is mentioned in reference [17], and it has
been used in various research studies to control seizures. The only difference between
them is the type of the proposed controller. In paper [23], an input–output linearization
controller for seizure control is presented based on the PR model, where after turning
the controller, the abnormal activity of neurons is controlled after 2.3 s. In paper [24], the
authors have employed an adaptive feedback control method to control the epileptic spikes
based on the Pinsky–Rinzel mathematical model. These references are just a few examples
to demonstrate the validity of PR mathematical model. It should be noted that this model
has been used in various research studies. Among the available mathematical models
introduced in references [14–17], we choose the PR model because it can simulate seizures
in the CA3 region of the brain where drug-resistant epilepsy occurs. In [25], the authors
investigated a closed-loop control approach to control epilepsy based on the Jansen’s neural
model. The controller consisted of two parts, a (PI) and an active disturbance rejection
control (ADRC). Based on the cortex model of the brain, an optogenetic open loop control
is proposed to suppress the epileptic waves in [26].

Sliding mode control (SMC) is the common method to control systems with uncertainty
and also has a rapid response and is not susceptible to disturbances [27–30]. In [31], ana-
lyzed chaotic brain activity and a sliding mode controller is designed to control epilepsy. In
conventional SMC, during the reaching phase, controlling the system is not robust to pertur-
bation [32,33]. Some of the major drawbacks of conventional SMC are: (1) equilibrium point
convergence is not guaranteed in a finite time and (2) the chattering phenomena. Terminal
sliding mode (TSMC) was developed to guarantee the finite time convergence in single
input–single output (SISO) and multiple input–multiple output (MIMO) systems [34–36].
In [37], a nonsingular integral terminal sliding mode control is designed to solve epilepsy
treatment based on the thalamocortical model. Article [38] proposed a fixed time inte-
gral super twisting sliding mode to suppress epilepsy. In paper [39], the path following
the control of autonomous four-wheeled electric vehicles has been carried out using the
second-order super twisting SMC approach, and it has been able to deal with the chattering
problem suitably. Barrier function is an adaptive approach that can be used in a disturbed
system without the need to know the bands of disturbances [40–42].

This paper proposes an adaptive barrier function TSMC approach to suppress epileptic
waveform, based on the PR model. The main contributions of this paper are as follows:

• It analyzes the chaotic behavior of the PR model output (somatic membrane potential)
using the entropy criterion.

• It designs a TSMC approach which yields finite time converges of the system to the
desired value, whilst ensuring chattering free dynamics.

• An approach that relies on the barrier function, without needing any information
about the boundary of perturbations, to adjust the sliding surface, decrease the error
and further improve the system response.
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The rest of the paper is organized as follows. Section 2 describes the two-compartmental
(PR) model describing the neuron’s behaviors in the CA3 region of the brain. The behavior
of the model is analyzed by entropy criteria in Section 3. The proposed adaptive barrier
function terminal sliding mode controller is developed in Section 4. The simulation results
are presented in Section 5. Finally, the conclusions are provided in Section 6.

2. Two-Compartmental (PR) Model

The proposed model is a nonlinear and dynamic model that describes the neurons’
behaviors in the CA3 region of the brain. This model consists of two parts and is shown in
Figure 1.
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Figure 1. Two-compartmental Pinsky–Rinzel model of CA3 neurons.

A part of this model simulates the dendrite, whereas the other part simulates the axon.
The two parts are separated by a conductor. Soma produces a spike. Dendrite is the other
compartment that produces bursting responses Additionally, in Figure 1 currents entering
and leaving the soma and dendrites are shown. In this model, Vs and Vd represent the
membrane potential of the soma and dendrites, respectively. P represents the amount of
space taken by the soma and Cm is the membrane’s capacity.

The PR nonlinear model can be represented using the following nonlinear system [43,44].

.
Vs = f (x) + u + δx

.
Vd = g(x)

.
m = αm(Vs)−m(αm(Vs) + βm(Vs)) (1)

.
n = αn(Vs)− n(αn(Vs) + βn(Vs))
.
h = αh(Vs)− h(αh(Vs) + βh(Vs))

y = Vs

where x =
[
x1 x2

]T denotes the vector of the system states; u is the control input; and y is
the system output. The nonlinear functions f (x), g(x) and δx are chosen as follows:

f (x) = −INa − Ik − ILeak +
ILink

P
+ Isoma (2)

g(x) = −INaP − IKS − ILeak −
ILink

(1− P)
+ Idendrite (3)

δx = ∆xVs + d (4)

where ∆xVs represents system uncertainties and d denotes the external disturbances. Addi-
tionally, the variable δx is bounded and its boundary is unknown.
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The parameter values used in this paper are provided in [45] and are given in the
Appendix A. The equations describing the currents of soma and dendrites are as follows:

INa = gNam∞
3h (Vs − ENa) (5)

IK = gkn4(Vs − EK) (6)

ILink = gc(Vd −Vs) (7)

INaP = gNaPl∞3(Vd −Vs) (8)

IKS = gKSq(Vd − EK) (9)

ILeak(Vs) = gL(Vs − EL) (10)

ILeak(Vd) = gL(Vd − EL) (11)

The variables q, h, n follow the equations as follows:

dy
dt

= ϕy

(
y∞ (Vs)− y

τy(Vs)

)
(12)

If y = q, n, h, the amount of ϕy is given by ϕh = 3.3, ϕn = 3.3 and ϕq = 1. Time constant
equations are given by:

y∞ =
αy

αy + βy
; τy =

1
αy + βy

(13)

where y = h, n
q∞(Vd) = 1/(1 + exp(−Vd + 35)/6.5) (14)

τq(Vd) =
200

exp(−(Vd + 55)/30) + exp((Vd + 55)/30)
(15)

l∞(Vd) = 1/(1 + exp(−(Vd + 57.7)/7.7)) (16)

m∞ = αm/(αm + βm) (17)

The rate constant equations are given by:

αh(Vs) = 0.07exp(−(Vs + 47)/20) (18)

βh(Vs) = 1/(exp(Vs + 17))+1) (19)

αn(Vs) = −0.01(Vs + 34)/(exp(−0.1(Vs + 34))− 1) (20)

βn(Vs) = 0.125 exp(−(Vs + 44)/80) (21)

αm(Vs) = −0.1(Vs + 31)/(exp(Vs + 31))− 1) (22)

βm(Vs) = 4 exp(−(Vs + 56)/18) (23)

The dynamic model produces different behavior patterns with different parameters.
By selecting various pathological parameters, the applied current to the soma and dendrites
will be different. The behavior of the soma membrane, while the two components are
electrically coupled, in the epilepsy and healthy state is shown in Figure 2. The soma
membrane potential is considered as the output of the system to control. When the seizure
occurs, the electrical balance of the brain is lost and the membrane potential oscillates
with high amplitude. In the healthy state, the range of oscillations of Vs is reduced until
it achieves the steady state. Changing the equilibrium potential (ENa & EK), which also
affects the current, changes the soma potential from the patient’s state to the healthy state.
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Figure 2. Comparison between epilepsy state and healthy state.

It is clear that in the healthy state, periodic signals with high amplitudes are
not observed.

3. Analysis of Entropy

The entropy criterion was introduced by Shannon in [46]. This criterion is a measure of
the regularity or irregularity of the signal. Increasing the regularity in the signal increases
the entropy criterion. Biologically, when the brain is in an epilepsy state, brain signals are
more regular than in a healthy state [47,48]. It can be concluded that the entropy of the
Vs obtained in the healthy state is less than in the epileptic state. Entropy (En) is defined
by the discrete set of probabilities pi. If X is a set of discrete samples, entropy is defined
as follows:

En(X) = −
n

∑
i=1

p(xi)log p(xi) (24)

If xi(i = 1, 2, 3, . . . , n) and n is the number of samples, p(xi) is the probability of
occurrence of xi. As seen in Figure 2, in epilepsy, the Vs signal is oscillating and regular,
but in the healthy state, the Vs waveform does not have regularity and after a short time,
it converges to its final value. Table 1 shows the En of Vs versus the different values of
(ENa and Ek). As the ENa decreases and Ek increases, the signal reaches its healthy state.
In an epileptic state, entropy has its highest value.

Table 1. Entropy for different parameters.

EK × 103 −98 −95 −90 −80 −75 −68 −65 −63 −58 −55

ENa 0.072 0.063 0.055 0.045 0.042 0.038 0.036 0.035 0.032 0.030

En 0.8 0.95 1.3 1.297 1.295 1.293 1.291 1.195 1.191 1.181

For the epilepsy state, ENa = 0.05 and Ek = −0.09 are selected. In Figure 3, En changes
are shown by the variation in ENa. In Figure 4, En changes are shown by the variation
in Ek.
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4. Adaptive Barrier Function Terminal Sliding Mode Control

Figure 5 shows the adaptive barrier function terminal sliding mode controller (ABTSMC)
for controlling epilepsy, based on the PR model.
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Assumption 1. The δx term is a bounded function with an unknown bound δxmax, with the
following condition. The positive upper bound δxmax exists, but is an unknown value by∣∣δx

∣∣ ≤ δxmax (25)

δxmax > 0

The epileptic soma potential (Vs) is assumed to track the healthy desired reference Vsd.
Consider the following nonlinear system with external turbulences:

.
x1 = x2

.
x2 = f (x) + Bu(t) + δx (26)

where x1 and x2 are the states of the system (26) and f (x) is a nonlinear function.
The nonlinear TSMC surface can be expressed as follows [49–51]:

s = x2 + λx1
p/q (27)
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where λ > 0 is a constant and p and q are positive integers which satisfy the
following conditions:

1
2
< p/q < 1 (28)

The following equation is obtained by substituting (26) into the derivative (27).

.
s = f (x) + Bu(t) +

λp
q

x2x
p−q

q
1 + δx (29)

Lemma 1. Given a positive-definite Lyapunov function V(t), the derivative of V(t) must have the
following inequality:

.
V(t) + αV ≤ 0 (30)

where α is a positive parameter.

If the input of the control is expressed as follows:

u = ueq + uN (31)

By using (26) and
.
s = 0, Equation (31) is written as:

u = −B−1
(

f (x) +
λp
q

x2x
p−q

q
1 + ksign(s)

)
(32)

Define a positive-definite Lyapunov function as:

V(t) =
1
2

s2 (33)

Deriving (33) with respect to time and using (29), one obtains:

.
V(t) = s

(
f (x) + Bu(t) +

λp
q

x2x
p−q

q
1 + δx

)
(34)

By substituting the control law (32) in the above equation and considering Assumption 1,
Lemma 1 is proven.

The nonlinear sliding surface (27) converges to the origin in the finite time. By consid-
ering s = 0, we have:

dx1

−λx
p
q
1

= −λdt (35)

Integrating (35) from both sides yields:

0∫
x1(tr)

x
−p
q

1 dx1 =

ts∫
0

−λdt (36)

where tr =
|s(0)|

α

ts =
qx1(tr)

q−p
q

λ(q− p)
(37)
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The performance of the TSMC approach in the presence of external disturbance can
further be improved by using an adaptive barrier function. By employing the barrier
function, the control law can be defined as follows [52,53]:

u = −B−1
(

f (x) +
λp
q

x2x
p−q

q
1 + (k + ϕ̂)sign(s)

)
(38)

where

ϕ̂(t) =
{

ϕa 0 < t < t
ϕpsd t > t (39)

t is defined as the time that trajectories are consolidated to the surroundings of the TSM
sliding surface (27). The adaptation rule by positive semidefinite barrier functions is
provided as: { .

ϕa = µ‖s‖
ϕpsd = ‖s‖

ε−‖s‖
(40)

where µ and ε are positive constants.
Using ϕ̂(t) causes state trajectories to reach the neighborhood ε of the TSM sliding

surface in t. For a time larger than t, ϕ̂(t) is switched to the positive semidefinite part,
which reduces the convergence region. The stability is analyzed in two statuses: one for the
0 < t < t condition and the other for t > t.

Theorem 1. Consider the nonlinear system (26) and the nonlinear TSMC surface (27). The
adaptive control law (38) with the adaptation condition ϕ̂(t) = ϕa from (39) satisfies the finite time
tracking purpose of the states of nonlinear system (26).

Proof. Consider a Lyapunov function that is expressed as follows:

v1 =
1
2
(sTs + ζ−1

(
ϕa − ϕ)2

)
(41)

where ζ and ϕ are two positive constants.
The time derivative of v1 is as follows:

.
v1 = sT .

s + ζ−1(ϕa − ϕ)
.
ϕa) (42)

By placing (29) and
.

ϕa in the above equation, (43) is obtained

.
v1 = sT( f (x) + Bu(t) +

λp
q

x2x
p−q

q
1 + δx) +

(
ζ−1µ(ϕa − ϕ)‖s‖

)
(43)

By substituting the adaptive control law in the above equation, we have:

.
v1 = sT(δx − (ϕ̂ + k)sign(s)) +

(
µζ−1(ϕa − ϕ)‖s‖

)
≤ −k‖s‖+ ‖s‖‖δx‖ − sT ϕasign(s) + µζ−1(ϕa − ϕ)‖s‖
≤ ‖δx‖‖s‖ − ϕa‖s‖+ µζ−1(ϕa − ϕ)‖s‖) + ϕ‖s‖ − ϕ‖s‖

≤ −(ϕ− ‖δx‖)‖s‖ −
(
1− µζ−1)(ϕa − ϕ)‖s‖

(44)

If ϕ− ‖δx‖ > 0 and µζ−1 < 1, Equation (44) can be expressed as:

.
v1 ≤ −

√
2(ϕ− ‖δx‖) ‖s‖√2

−
√

2ζ
(
1− µζ−1)‖s‖ ϕa−ϕ√

2ζ

≤ −min
{√

2(ϕ− ‖δx‖),
√

2ζ
(
1− µζ−1)‖s‖}( ‖s‖√

2
+ ‖ϕa−ϕ‖√

2ζ
) ≤ −ρ1v0.5

1

ρ1 = min
{√

2(ϕ− ‖δx‖),
√

2ζ
(
1− µζ−1)‖s‖} > 0

(45)

�
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Theorem 2. Consider the nonlinear system (26) and nonlinear TSMC surface (27). The adaptive
control law (38) with the adaptation law ϕ̂(t) = ϕpsd from (39) can prove finite time tracking
performance of the states of nonlinear system (26).

Proof. Consider a Lyapunov function as follows:

v2 =
1
2
(sTs +

(
ϕpsd − ϕpsd(0))

2
)

(46)

After differentiating from (46), we have:

.
v2 = sT .

s +
(

ϕpsd − ϕpsd(0)
) .

ϕpsd (47)

By placing (29) and ϕ(0) = 0 in the above equation, (48) is obtain:

.
v2 = sT

(
f (x) + Bu(t) +

λp
q

x2x
p−q

q
1 + δx

)
+ ϕpsd

.
ϕpsd (48)

By substituting the adaptive control law in (48), we have:

.
v2 = sT{δx −

(
ϕpsd + k

)
sign(s)

}
+ ϕpsdε(ε− ‖s‖)−2sign(s)

.
s

≤ −k‖s‖+ ‖δx‖‖s‖ − ϕpsd‖s‖+ ϕpsd ε(ε− ‖s‖)−2sign(s)
{

δx −
(

ϕpsd + k
)
ign(s)

}
≤ −k(‖s‖+ ϕpsdε(ε− ‖s‖)−2)−

(
ϕpsd − ‖δx‖

)
‖s‖ − ε(ε− ‖s‖)−2{ϕpsd − ‖δx‖

}
ϕpsd

(49)

If ϕpsd > ‖δx‖ and ε(ε− ‖s‖)−2 > 0, Equation (49) can be expressed as:

.
v2 ≤ −

√
2
(

ϕpsd − ‖δx‖
)
‖s‖√

2
−
√

2 ε(ε− ‖s‖)−2
{

ϕpsd − ‖δx‖
}

ϕpsd√
2

≤ −
(

ϕpsd − ‖δx‖
)

min{1, ε(ε− ‖s‖)−2}
(
‖s‖√

2
+

ϕpsd√
2

)
≤ −ρ2v0.5

2

ρ2 =
√

2
(

ϕpsd − ‖δx‖
)

min{1, ε(ε− ‖s‖)−2}

(50)

�

5. Simulation Results

In this section, the performance of the adaptive robust controller is analyzed using a
simulation study. To demonstrate the ability of the proposed controller to control seizures,
different patient modes were considered using different pathological parameters. The
proposed approach is compared to the approach in [37], which employs a nonsingular
integral terminal sliding mode (NITSMC). The dynamics of the sliding surfaces for both
approaches are depicted in Figure 6.
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As shown in Figure 8, Vs is the epileptic state after applying the ABTSM controller in
the presence of disturbance and uncertainty, tracking the healthy state well. The proposed
approach performance is compared with the approach proposed in [37]. The tracking error
in the ABTSMC technique is less.
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Figure 8. Tracking the healthy state of soma potential by ABTSM and NITSMC.

Mean square error (MSE), IAE and ISV criteria are examined in Table 2 and confirm
the performance of the proposed method. The error of the proposed method is very small
and close to zero. The error waveform after applying ABTSMC and NITSMC is shown in
Figure 9.

Table 2. Comparison between two control methods.

Controller MSE IAE ISV (u) Chattering
Phenomenon

ABTSMC 0.01475 1.132 2.138 No

Method [37] 0.02095 1.967 3.792 No
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All the obtained results confirm the performance of the proposed approach in the finite
time convergence of the system outputs to the desired states and chattering-free dynamics.

6. Conclusions

This paper proposed a ABTSMC based on the PR model to control epileptic seizures.
The approach can eliminate the uncertainty and external disturbance effects. This approach
achieves three main objectives: (1) TSMC convergence to the reference value occurs in
finite time, (2) chattering-free dynamics and (3) using the adaptive barrier function without
needing any information about the boundary of disturbances decreases the error and further
improves system response. The performance analysis and simulation results confirmed the
effectiveness of this technique to control seizures. In our further work, we suggest using
the hyperbolic tangent and fuzzy with adaptive barrier function higher sliding mode.

Author Contributions: Conceptualization, Z.M., M.T.V. and S.M.; formal analysis, S.M., T.R., Z.M.
and M.T.V.; funding acquisition, T.R.; investigation, S.M., T.R., Z.M. and M.T.V.; methodology,
Z.M. and S.M.; writing—original draft, Z.M., M.T.V. and S.M.; writing—review and editing and
supervision, S.M., T.R., Z.M. and M.T.V. All authors have read and agreed to the published version of
the manuscript.
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Institutional Review Board Statement: Not applicable.

Informed Consent Statement: Not applicable.

Data Availability Statement: The data that support the findings of this study are available within
the article.

Conflicts of Interest: The authors declare no conflict of interest.

Appendix A

The parameter values of the PR model are taken from [45] and are given in Table A1.

Table A1. Parameter values for the Pinsky–Rinzel model.

Symbol Quantity Value Unit Symbol Quantity Value Unit

ELa Equilibrium potential −65 mV gc Conductance 1 mS
cm2

ENa Equilibrium potential −55 mV gNaP Conductance 0.12 mS
cm2

EK Equilibrium potential −90 mV gKS Conductance 0.7 mS
cm2

Cm Membrane capacitance 1 µF
cm2 gK Conductance 20 mS

cm2

gL Conductance 0.18 mS
cm2 P Compartment coupling 0.15 _

gNa Conductance 55 mS
cm2
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