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Abstract: The objective of this paper is to describe a model for the simulation of the lateral dynamics
of a vehicle, specifically buses, under variable trajectory conditions, such as camber and radius
of curvature; in addition, a variable speed is added as a simulation parameter. The objective of
this study is the prevention of vehicle rollover and sideslip. An 8 degrees of freedom model was
developed, considering a front and a rear section of the bus with its respective suspension system,
and both sections have been connected by a torsion spring that emulates the torsional stiffness of the
vehicle chassis. A Panhard bar is also added at the rear as an additional element to the suspension
and the behavior of the bus when it is added is analyzed. This model also allows the evaluation
of the force on each suspension component, which allows for future controllability of the active
suspension components. The results show the dynamic behavior of the vehicle, and some indicators
are introduced to show the possible sideslip or rollover. As a conclusion, the influence of the road
parameters on the dynamic behavior of the bus and the effect of the Panhard bar on the dynamic
behavior of the bus can be pointed out.

Keywords: lateral dynamics; track parameters; vehicle mathematical modeling; safety vehicle index
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1. Introduction

Vehicle dynamics deals with the mechanical modeling of vehicles as well as the
mathematical description and analysis of vehicles.

Vehicle research models have undergone major changes in recent decades, from the
traditional grouped parameter model to the finite element model, the dynamic substructure
model and the dynamic multibody model; and from linear models to nonlinear models
with nonlinear stiffness or damping. The responses of these models can be obtained
theoretically or numerically depending on the complexity of the resulting mathematical
models. This complexity is closely linked to the number of degrees of freedom considered
for the respective modeling [1].

According to [2–4], among others, there are two ways to perform modeling of mechan-
ical systems: an empirical approach and an axiomatic or theoretical approach. In this work,
the axiomatic modeling method has been used for a vehicular system. The mathematical
or virtual model is obtained through the application of the Newton-D’Alembert principle,
obtaining a system of ordinary differential equations.

In general, the analytical modeling of any vehicle involves analyzing the interrela-
tionships between a large number of components, as well as their response to different
external disturbances and the effects of these on the rest of the components. Because of this,
different models must be proposed to predict the behavior of the vehicle in the presence of
a set of external stimuli in order to determine a specific type of response. Such modeling
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implies leaving aside some components and disturbances with little or no relevance to the
phenomenon we are trying to understand.

In the case of the present work, the objective is to analyze the lateral dynamics of a
vehicle, and therefore to know the vertical and lateral response of it, as well as the vertical
and lateral movements of its components due to vertical disturbances and transverse loads;
therefore, longitudinal disturbances are left aside. In addition, the kinematics of the vehicle
in the longitudinal axis and its rotation around the z-axis will not be determined.

In recent years, different vehicle models have been proposed for the analysis of lateral
dynamics and accident consequences in case of rollover or sideslip. In [5], a restricted lateral
dynamics model of articulated vehicles and an algorithm for the estimation of sideslip
angle and cornering stiffness were proposed. The articulated vehicle was modeled by using
the bicycle model, the linear tire model, and the modified Dug-off model. In [6] is presented
an application of combined dynamic and finite element (FE) simulations to evaluate the
rollover crash of a bus. A nonlinear mathematical model with six degrees of freedom is
shown in [7] from which the effect of different factors on the stability of the vehicle on a
curved trajectory (braking angle, vehicle speed and acceleration a.s.o.) is studied. In [8], a
model that simulates the lateral rollover test including the effect of a variable position of
the center of gravity and calculates the maximum speed at which the bus can travel in a
curve without rolling over is proposed. The influence of several parameters (i.e., height
of the center of gravity, weight distribution between axles, chassis torsional stiffness, etc.)
on bus roll stability during a lane change maneuver, has been analyzed by means of six
degrees of freedom beam finite element model in [9].

The aim of lateral dynamics is to describe the behavior of a vehicle when it is subjected
to the action of accelerations and/or forces in its lateral direction in order to prevent a
possible rollover or sideslip of the vehicle. These solicitations, whose magnitudes are a
function of speed, commonly appear when the vehicle travels on a curved track. Different
studies show that a high number of traffic accidents take place on horizontal curves, where
the risk of accidents is significantly higher than on other road sections [10–12]. According
to several recent studies, the radius of curvature represents the most important factor in the
geometric design of horizontal curves, and the accident rate is directly related to it [13,14].

The most significant parameters of a curved path for this study are radius of curvature
and camber since these geometrical characteristics of a curved path influence the lateral
behavior. Due to these solicitations, vehicle driving can be difficult or even dangerous
when driving on a curved path. The vehicle is subjected to a lateral force caused by
centripetal acceleration acting on the center of gravity of each of the vehicle’s components.
Consequently, in order to achieve a balance, the adherence forces and the normal forces
between the road and the tire create a balance that prevents the vehicle from rollover or
sideslip. However, these adhesion forces have a limit given by Coulomb’s dry friction law
and another limit can also be considered when the normal force of any wheel reaches a
value of zero, the moment in which the vehicle rolls over. These limits are directly related
to the geometrical factors of the curve and to the environmental conditions that may cause
these limits to vary.

Therefore, the study of track characteristics in lateral vehicle dynamics is also of great
relevance. the safety issue of horizontal road curves was evaluated by [15] according to the
American Association of Highway Transportation Officials (AASHTO) standard. Different
parameters, such as vehicle weight, vehicle dimensions, longitudinal slopes, and vehicle
velocity are evaluated in the geometric design of horizontal curves using a multi-body
dynamic simulation process. A combination of simple circular and clothoid transition
curves with several longitudinal upslopes and downslopes were designed.

Ref. [16] studied the radius of curvature of the real vehicle trajectory under driver’s
instantaneous emergency steering maneuvers. It was calculated based on the bicycle model.
They analyzed the possibility of rollover taking into account the curve entry velocity and camber.

In this study, a trajectory composed of three paths (a straight path, a path of variable
radius of curvature and a path of constant curvature) is modeled. For simulation purposes,
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only geometric variations are considered in order to obtain the values of the adherence and
normal forces present, while a vehicle follows a simulation trajectory composed of these
three paths with a different radius of curvature. This design fits to realistic transport routes
since it has been calculated and parameterized with curves of agreement (trajectories that
connect a straight and circular trajectory in such a way that it starts with an infinite radius
of curvature and ends in a constant radius of curvature) used in road design.

A bus model is provided using rigid multibody systems with which a virtual or
mathematical model (system of ordinary differential equations) has been generated. The
passenger bus is then modeled in two sections, front and rear. The front part contemplates
several subsystems, such as the unsprung masses, the unsprung masses are connected by
a stability or torsion bar, the flexible wheels, etc. These parts are represented by a set of
inertia, stiffness, and damping elements. The rear part has been modeled in an analogous
way although, unlike the front, in this there is only one unsprung mass and a Panhard
type bar is used to improve its vertical and lateral dynamic behavior. For this model, the
suspension system and tire stiffness as well as the damping of both bodies have been
modeled as linear components.

The Panhard bar is a suspension element that prevents lateral displacements of an axle
and also restricts the relative vertical movement between the suspended and unsuspended
mass. Independent rear suspension systems do not require a Panhard bar. The bar is
attached to two points that allow only the up and down movement of its ends, so that it
can only move in the vertical plane. The forces that restrict the movement between the
connected elements take part in the dynamics of these, since the forces and the consequent
moments that originate, both in the non-suspended mass and in the suspended, intervene
in their dynamics. Some previous studies have incorporated a Panhard bar in their vehicle
models. In [17], a roll plane model of a road vehicle is provided incorporating the kinematic
constraint provided by a Panhard bar. The results show that the location and orientation of
the Panhard bar significantly influences the kinetostatic roll properties of the suspension
when the vehicle is subjected to vertical and lateral forces. In [18], a common front axle
suspension is designed for four different tractor models, in which a Panhard bar is used to
improve safety and driving stability. Related with the Panhard bar [19], it compares the
structural durability behavior of commercial vehicles Panhard bars of a ferritic cast nodular
iron with the behavior of rods of an austempered.

Both sections of the bus are connected by a torsional spring (defined by its torsional
stiffness) to emulate the dynamic influence of the vehicle chassis. Due to the different
longitudinal position of the two sections and, consequently, the different roll angle, the
chassis exerts a torsional moment on both sections, which influences the lateral stability.

This bus model travels along the simulated trajectory and allows the simulation of the
lateral dynamics of a bus when it travels on a cambered curve.

2. Geometric Path Description

In Figure 1, a schematic model of the path considered for this work is shown.
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These dimensions are subsequently applied to modeling of the road, with the radius
of curvature ρ and camber angle α as geometric parameters defining the dynamic behavior
of the vehicle on a curved path. The track’s width Bt and roadway width Bw define the
maximum value of the camber height and the vehicle width, respectively; the track width
also defines the number of lanes on the road. In order to simplify the simulation, it has
been assumed that the vehicle is driving in the middle roadway lane.

2.1. Kinematic Effects

The radius of curvature of a track section measures the magnitude of the curvature in
that section. According to the formulation deduced by dynamics, the normal acceleration
ay, caused by said curvature, is defined by the following equation:

ay = v2/ρ (1)

This acceleration, mainly dependent on the speed (v) and inversely proportional to
the radius of curvature, is translated into an inertial force, opposite in sense to the normal
acceleration and oriented on the horizontal of the plane in which it is located. This inertial
force is commonly known as centrifugal force, Fi:

Fi =
v2

ρ
mT (2)

where mT is the total mass of the vehicle.
The camber is defined as a relative elevation between the ends of the track, such

that a component of the vehicle’s weight compensates the inertial force caused by normal
acceleration; its length is measured between the ends of the track according to the vertical
direction (Figure 1).

Figure 2 shows a resultant force R as the vectorial sum of the weight and inertial force
(centrifugal force). As an effect of the inclination, there is a component of this resultant
force, which is perpendicularly pointed to the path’s plane RN , which keeps an adherence
force between the wheel and the path, and a perpendicular oriented component RT of the
resultant force R, which is responsible for the skidding and rollover of the vehicle; when
the resultant force R is completely oriented in the perpendicular direction of the path’s
plane, it is said that the vehicle is traveling at design velocity vD.
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For a skidding situation, it is said that the parallel component of R force is higher
than the adherence force determined by the Coulomb’s dry friction force; on the other
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hand, when a rollover is produced, the vehicle will turn into the external side of the curve,
it means that it will turn over one or more wheel from the external side of the vehicle.
Consequently, we can affirm that when the normal force of one or more wheels in the inner
side are zero the rollover is produced, or is at least imminent. To analyze the vehicles
rollover, a fixed point is required thus the concept of roll center is introduced as a reference
point, which despite the strains that suspension suffers, it remains static on the vehicle
frontal plane. From this point, all moments are calculated so it is important to highlight
that the higher the vehicle’s mass center, the higher the possibility of rollover.

2.2. Kinds of Path

Three path types with different geometric characteristics (curvature radius and camber)
have been defined as shown in Table 1.

Table 1. Geometrical characteristic variations for type of path.

Type of Path Camber Angle Curvature Radius

Straight path None Infinite

Transition path Variable Variable

Circular path Constant Constant

The transition curves enhance the horizontal curve safety as they help to gradually
apply camber and centrifugal force. Since the transition path is the only one which varies
its parameters, it is the only one that defines parameter variation equations. Such paths
connect a straight and a circular path so that begins with an infinite curvature radius and
ends at a constant curvature radius; furthermore, over those paths, the camber angle starts
to increase or decrease. To describe those paths a variety of mathematical curves are applied
to determine their points in the space. Among those curves, the most known are Bernoulli’s
lemniscate and the clothoid, which is the most widely applied [15]. The use of a clothoid
transition curve between tangent and a circular curve has been suggested to increase the
safety margin of safety against sideslip, especially when the camber exceeds 12% [20]. So,
the clothoid has been used in this study.

A clothoid is defined by the following equation:

ρ(s) · s = A2 (3)

where s is the traveled distance over the curve and ρ(s) is the curvature radius as a function
of the traveled distance, it means that there is a linear correspondence through a constant.
This could be interpreted as while the vehicle is moving forward over the path, the magnitude
of the curvature radius increases or decreases. A clothoid curve is depicted in Figure 3.
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The position vector is described by the following equation which is expressed in terms
of Fresnel functions:

→
r (s) = [x(s); y(s)] = A

√
π

[
FresnelC

(
s

A
√

π

)
; FresnelS

(
s

A
√

π

)]
(4)

One of the most important functions is avoid the appearance of sudden uncompen-
sated acceleration, thus it is required to evaluate the magnitude of the over acceleration,
which is the rate of variation of the acceleration. According to [21], for railway vehicles,
it is recommended that this value must not overcome 0.2 m/s3; nevertheless, for a road
vehicle, this value should be controlled by the maneuvering of the car’s rudder. For this
simulation, this value must be settled as an input parameter, hence the maneuvering of the
vehicles is not being simulated as it is a random parameter.

2.3. Simulation Path Parameterization

Once all geometric characteristics of the path are known, it is necessary to build,
in a parametric way, the simulation path over which the vehicle will travel during the
simulation. For that reason, the following equations are developed to describe the camber
and curvature radiuses over the clothoid:

ρ(t) =
A2

v(t)t
(5)

z(t) = v(t)t
zb
sb

(6)

In the previous expressions, zb is the constant camber value in the circular path and
sb is the total length of the clothoid. The velocity is going to be considered as a constant
value for simulation path generation purpose. Due to the vehicle’s behavior is studied
just a transition and circular path are required, hence in a straight path there is no risk of
rollover because lateral acceleration is not present.

From Equation (6) an equivalence to determine sb,min clothoid curve minimum length
can be calculated. According with [21], the maximum noncompensated lateral acceleration
should be 1 m/s2 for comfort and safety reasons. From the given conditions, the following
expression can be developed:(

9.81 zb
Bw
− v2
√

B2
w−zb

2

ρmin Bw

)
vD

0.2
< sb,min (7)

From this expression, the clothoid’s constant can be determined:

A =
√

sb,minρb (8)

Once the transition path is defined, a circular path can be added giving as a result the
whole simulation path.

For this work, a simulation path was developed considering the following parameters:

• Camber over the circular path (Final value): 0.25 m
• Curvature radius over the circular path (Final value): 400 m
• Track’s width: 0.9 m
• Number of tracks: 3
• Maximum over acceleration: 0.15 m/s3

• Path’s total length: 1500 m
• Average Speed: 120 km/h

Figure 4 shows a plane view of the track and the center of the circular path:
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Taking as a reference the average speed, function for camber angle and curvature
radius can be developed in terms of time (Figure 5).
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3. Vehicle Modeling

As it has been described, to simplify the vehicle analysis, the bus has been divided
into two sections, front and rear, both are joined by a torsional spring, which emulates the
stiffness belonging to the bus structure.

3.1. Frontal Section

For the front section, the unsprung mass includes elements, such as the mass of the
tires and other components of the steering system, all of them are modelled as punctual
masses, which have only one degree of freedom on the perpendicular direction of path’s
plane. The Figure 6 shows the theoretical representation of the front section of the bus:
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Figure 6. Bus front section—mathematical model.

The model proposed is based on [22,23]. This model considers not only the stiffness of
the wheels but also the damping of that element so that it is possible to get a more realistic
bus mechanical behavior. Additionally, a sway bar is considered as passive element, this
component has the functionality of link the vertical displacement of the unsprung masses. It is
performed taking advantage of the lever arms generated by the displacement giving as a result
a torsional moment along the bar so that restrict the movement of both unsprung masses, it is
desirable to avoid excessive vibrations, as well as a large displacement of the roll center.

3.2. Rear Section

In the rear section, the unsprung mass is modeled as a unique body, which is linked
with the bus chassis through the suspension system so that the unsprung mass has two
degrees of freedom, the vertical displacement, and a rotation around the longitudinal axis.
Most of the components are quite like the front section except for a rigid element known as
a Panhard bar which, as mentioned above, is used to avoid lateral displacement, and restrict
relative vertical displacement and rotation between the unsprung and sprung masses. In
terms of modeling, the Panhard bar is considered to be embedded in the unsprung mass
and articulated to the sprung mass.

A model of the rear section is depicted in Figure 7.
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Regarding the camber angle and curvature radius, the values of both parameters are
different from the front section, hence they are in different positions over the path; for that
reason, a time interval delay is introduced to simulate that effect.

3.3. Complete Model

From the aforementioned description, a torsional spring, with a torsional stiffness kE that
links both sections to emulate the stiffness of the bus structure chassis. Altogether, an 8 degree
of freedom model is composed by the two sections. The whole model is shown in Figure 8.
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4. Kinetic Analysis of the Vehicle
4.1. Frontal Section

Hence, the forces on some vehicle components will be analyzed and a few parameters
will be modified to study the influence it has on behavior, the motion equations are going
to be determined by applying the D’Alembert principle. Firstly, equations belonging to the
suspended mass are obtained and then the equations corresponding to the unsprung masses.

From the geometric parameters of the road, which has been previously described, it is
possible to notice that the horizontal acceleration is the known centripetal acceleration pro-
duced by the vehicle’s travel over a curved road, therefore the only unknown acceleration
is vertical acceleration. Both accelerations can be decomposed into two orthogonal compo-
nents, one parallel and the other normal to the road plane (Figure 9). Transposing those
accelerations to the equivalent system and analyzing the so-called dynamic equilibrium,
motion equations are going to be obtained.
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Figure 9. Acceleration decomposition.

Suspended mass rotation, its angular speed and its vertical displacement are responsi-
ble for the forces on the suspension’s system components and each of them is linked to the
displacement of the correspondent unsprung mass connected to them. From those forces
and considering the center of gravity location, the moments around its roll center can be
calculated. In Figure 10, the front of the body diagram for dynamic equilibrium is shown.
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From the free body diagram, the following differential equations are settled. For the
vertical displacement z1:

m1
..
z1 = −

[
ks1(z1 + b1 φ1 − z2) + c1(

.
z1 + b1

.
φ1 −

.
z2)
]

−
[
ks2(z1 − b2 φ1 − z3) + c2(

.
z1 − b2

.
φ1 −

.
z3)
]

+m1v2

ρ1(t)
sin[α1(t) + φ1(t)]

(9)

For rotation φ1:[
I1 + m1(hG1 − hB1)

2
] ..
φ1 = b2

[
ks2(z1 − b2φ1 − z3) + c2(

.
z1 − b2

.
φ1 −

.
z3)
]

−b1

[
ks1(z1 + b1φ1 − z2) + c1(

.
z1 + b1

.
φ1 −

.
z2)
]

−
[(

m1
v2

ρ1(t)
cos(α1(t) + φ1(t))

)
(hG1 − hB1)

]
+[(m1g sin α1(α1(t) + φ1(t)))(hG1 − hB1)] + Test

(10)

This equation considers a resistant torque, which is caused by the torsional stiffness
of the vehicle’s structure; said moment is denoted by Test, which will be determined later.
For the unsprung masses, the analysis is quite similar as that carried out for the suspended
mass, with the difference of the intervention of the torsion bar, which links the movements
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of both suspended masses. Figure 11 shows the free body diagram and equivalent system
of both unsprung masses.
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In Figure 11, it is possible to note that there is a force produced by the sway bar FTB,
which is opposite at each unsprung mass. This element takes advantage of the lever arms
generated by each unsprung mass, which due to the displacement difference between the
ends of the bar generates a torsion moment.

The displacement can be calculated as follow:

z2 =
F1l3

b
3Eb Ib

(11)

where F1 is the force applied by the left unsprung mass, lb is the arm bar’s length, Eb Young
Modulus of the bar material and Ib is the bar’s inertia moment. The force applied at each
end of the bar can be determined by the following equation:

F1(z2) =
3z2Eb Ib

l3
b

(12)

From Equation (12), a correlation between unsprung mass displacements and force in
the bar can be obtained. Figure 12 shows the free body diagram of the sway bar.
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From the force calculated in (12), the torsion moment over the bar is calculated:

Mt1 = F1lb =
3z2 Eb Ib

l2
b

(13)

In a similar way, it is possible calculate the moment generated by the unsprung right
mass as follow:

Mt2 = F2lb =
3z3 Eb Ib

l2
b

(14)
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Due to the moment exerted by both arms being opposite, the resultant torsion moment
is calculated from the difference between them:

MTB = Mt1 −Mt2 =
3 Eb Ib

l2
b

(z2 − z3) (15)

The resultant torsion moment generates a rotation angle on the bar:

ΦB =
MTB lT

G J0
(16)

This angle can be related to the displacement arm difference as follows:

z∆ = z∆ = Φ lb =
3 Eb Ib lT
lb G J0

(z2 − z3) (17)

From Equation (17) and due to the linear correlation between the displacement and
the unsprung mass displacements, an elastic constant is determined:

ktb =
9 E2

b I2
b lT

l4
b G J0

(18)

Considering the influence of the sway bar and applying the acceleration decomposition
and transposing them to the first member of the equivalence (Dynamic equilibrium), the
following motion equations are developed:

Unsprung left mass:

m2
..
z2 −m2

v2

ρ1(t)
sin[α1(t) + φ1(t)] = ks1(z1 + b1 φ1 − z2) + c1(

.
z1 + b1

.
φ1 −

.
z2)

−kTB(z2 − z3)− kw1 z2 − cw1
.
z2

(19)

Unsprung right mass:

m3
..
z3 = ks2(z1 − b1 φ1 − z3) + c2(

.
z1 − b1

.
φ1 −

.
z3)

+kTB(z2 − z3)− kw2 z3 − cw2
.
z3

+m3
v2

ρ1(t)
sin[α1(t) + φ1(t)]

(20)

4.2. Rear Section

In a similar way as the front section, the free body diagram of the suspended mass for
dynamic equilibrium is depicted in Figure 13.
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In comparison with the front section, here there is a noticeable effect of the Panhard
bar, which is represented by the forces FPh and FPv, which are the horizontal and vertical
component of the force along the bar. Additionally, for the acceleration decomposition, the
influence of the rotation angle of both masses, unsprung and suspended, must be taken
into account, including the torsional torque produced by the structure. From this and the
free body diagram the following motion equations are obtained:

For the displacement z4

m4

(..
z4 − v2

ρ2(t)
sin[α2(t) + φ4(t) + φ5(t)]

)
= −ks3(z4 + b3φ4 − z5 − b5φ5)

−ks4(z4 − b4φ4 − z5 + b6φ5)

−cs3(
.
z4 + b3

.
φ4 −

.
z5 − b5

.
φ5)

−cs4(
.
z4 − b4

.
φ4 −

.
z5 + b6

.
φ5) + FPv

(21)

For the rotation φ4:[
I4 + m4(hG2 − hB2)

2
] ..
φ4 = b4

[
ks4(z4 − b4φ4 − z5 + b6φ5) + cs4(

.
z4 − b4

.
φ4 −

.
z5 + b6

.
φ5)
]

−b3

[
ks3(z4 + b3φ4 − z5 − b5φ5) + cs3(

.
z4 + b3

.
φ4 −

.
z5 − b5

.
φ5)− FPv

]
−
[(

m4
v2

ρ2(t)
cos[α2(t) + φ4(t) + φ5(t)]

)
(hG2 − hB2)

]
− Test

+[(m4g sin[α2(t) + φ4(t) + φ5(t)])(hG2 − hB2)]
−[FPh(hG2 − hS2 − hB2)]

(22)
For the unsprung mass, the analysis is similar obtaining the free body diagram for the

dynamic equilibrium showed in Figure 14.
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From the free body diagram, the following motion equations are obtained:
For the displacement z5

m5
..
z5 = −kw3(z5 + b5φ5)− cw3(

.
z5 + b5

.
φ5)− kw4(z5 − b6φ5)

−cw4(
.
z5 − b6

.
φ5) + ks3(z4 + b3φ4 − z5 − b5φ5)

+ks4(z4 − b4φ4 − z5 + b6φ5) + cs3(
.
z4 + b3

.
φ4 −

.
z5 − b5

.
φ5)

+cs4(
.
z4 − b4

.
φ4 −

.
z5 + b6

.
φ5)− FPv +

m5v2

ρ2(t)
sin(α2(t) + φ5(t))

(23)
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For the rotation φ5:

[
I5 + m5(hE2)

2
] ..
φ5 = b6

 kw4(z5 − b6φ5) + cw4(
.
z5 − b6

.
φ5)

−ks4(z4 − b4φ4 − z5 + b6φ5)

−cs4(
.
z4 − b4

.
φ4 −

.
z5 + b6

.
φ5) + FPB


−b5

 ks3(z4 + b3φ4 − z5 − b5φ5)

+cs3(
.
z4 + b3

.
φ4 −

.
z5 − b5

.
φ5)

−kw3(z5 + b5φ5)− cw3(
.
z5 + b5

.
φ5)


+hE2

[
(m5g sin[α2(t) + φ5(t)])−(

m5
v2

ρ2(t)
cos[α2(t) + φ5(t)]

)
+ FPh

]
(24)

The forces produced by the Panhard bar require a kinematic analysis of both ends of it.
Such a component could be modeled as a bar element on which its inner force acts along
itself, therefore the force’s direction is already known.

Considering only the vertical displacement at the ends of the bar, Figure 15 shows the
displacement of each point connected to the Panhard bar:
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From that displacement, the bar vertical displacement can be analyzed as it is shown
in Figure 16.
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From this analysis, the vertical dimension of the bar can be calculated as follow:

h = h0 + z5 − b6φ5 − z4 − b3φ4 (25)

With the vertical dimension determined, the bar’s length can be calculated directly:

lPD =
√

h2 + B2
t (26)
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Additionally, its orientation:

ϕB = arctan
(

Bt

h0 + z5 − b6φ5 − z4 − b3 φ4

)
(27)

Later, the bar stiffness can be calculated instantly as follow:

kP =
EA
lPD

(28)

where E is the material’s Young Modulus and A its transversal area.
As a final step the influence of the torsional stiffness of the structure is seen on the

motion equations, so the torsional moment originated this element is equivalent to the
following expression:

Test = kE(φ4 − φ1) (29)

This component links both bus sections, so all differential equations developed are coupled.

5. Simulation and Results

Due to the complexity of the model, a state space model must be implemented, so that
the motion equations settled previously can be arranged as a differential equation system,
which can be divided into two matrices, one as a state matrix A which is entirely lineal, and
an input matrix B, which due to the Panhard bar and its dependency to the variable states
is highly non-lineal.

From the state space equation:

dx = Ax + Bu
y = Cx + Du

(30)

The state vector is defined as follow:

x =
[
z1

.
z1 z2

.
z2 z3

.
z3 φ1

.
φ1 z4

.
z4 z5

.
z5 φ4

.
φ4 φ5

.
φ5

]
(31)

Due to its dimensions and simplicity, the state matrix which is a 16 × 16 square
matrix will not be shown on this document, but the input matrix will be presented for its
non-linear formulation:

0
v2

ρ(t) sin(α(t) + φ1)

0
v2

ρ(t) sin α(α(t) + φ1)

0
v2

ρ(t) sin α(α(t) + φ1)

0
−
(

m1
v2

ρ(t) cos(α(t)+φ1)
)
(hG1−hB1)+(m1g sin(α(t)+φ1))(hG1−hB1)

I1B
0

v2

ρ(t−1) sin(α(t− 1) + φ4 + φ5) +
FPv
m4

0
v2

ρ(t−1) sin(α(t− 1) + φ5)− FPv
m5

0 −m4
v2

ρ(t−1) cos(α(t− 1) + φ4 + φ5)

+m4g sin(α(t− 1) + φ4 + φ5)

(hG2−hB2)−FPh(hS2)+FPvb3

I4B
0[

(m5g sin(α(t−1)+φ5))−
(

m5
v2

ρ(t−1) cos(α(t−1)+φ5)
)
+FPh

]
hE2+FPvb6

I5B



(32)
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From the equations given in this matrix, it is highly dependent on the state matrix so
that matrix B is a function of x. Although there is a control vector u and matrix C, output,
and matrix D, feedforward, this matrix will be replaced by an identity matrix and a row
vector with ones, hence the main purpose of the settled system is simulation. In further
works, this matrix can be replaced to obtain a control system. All equations for the path
and other elements, such as a Panhard bar, are modeled in a Simulink® algorithm.

Once the differential equations are expressed into the state space equation, it is neces-
sary to numerically fix all the mechanic parameters which have been taken from [24] are
expressed in the following list:

m1 = 7000 kg—Front suspended mass
m2 = 500 kg—Front left unspring mass
m3 = 500 kg—Front right unspring mass
I1 = 125, 000 kg ·m2—Front suspended mass inertia respect to its mass center
c1 = 600 N · s/m—Damping coefficient of the left front suspension element
c2 = 600 N · s/m—Damping coefficient of the right front suspension element
b1 = 0.8 m—Distance from suspended mass center to the left front suspension
b2 = 0.8 m—Distance from suspended mass center to the right front suspension
ks1 = 200, 000 N/m—Stiffness coefficient of the left front suspension element
ks2 = 200, 000 N/m—Stiffness coefficient of the right front suspension element
hB1 = 0.75 m—Roll center front suspended mass height respect to the path’s plane.
hG1 = 1.55 m—Mass center height of the suspended front mass
kTB = 1, 000, 000 N/m—Stiffness coefficient of the sway bar
kw1 = 921, 607 N/m—Stiffness coefficient of the front left tire
kw2 = 921, 607 N/m—Stiffness coefficient of the front right tire
cw1 = 800 N · s/m—Damping coefficient of the front left tire
cw2 = 800 N · s/m—Damping coefficient of the front right tire
kE = 600, 000, 000 N ·m/rad—Torsional stiffness coefficient of the vehicle structure
m4 = 7000 kg—Read suspended mass
m5 = 1000 kg—Rear left unspring mass
I4 = 125, 000 kg ·m2—Rear suspended mass inertia respect to its mass center
I5 = 1000 kg ·m2—Rear unspring mass inertia respect to its mass center
c3 = 600 N · s/m—Damping coefficient of the left rear suspension element
c4 = 600 N · s/m—Damping coefficient of the right rear suspension element
b3 = 0.8 m—Distance from suspended mass center to the left rear suspension
b4 = 0.8 m—Distance from suspended mass center to the right rear suspension
b5 = 0.8 m—Distance from unspring mass center to the left rear tire
b6 = 0.8 m—Distance from unspring mass center to the right rear tire
ks3 = 200, 000 N/m—Stiffness coefficient of the left rear suspension element
ks4 = 200, 000 N/m—Stiffness coefficient of the right rear suspension element
hB2 = 0.75 m—Roll center rear suspended mass height respect to the path’s plane.
hG2 = 1.55 m—Mass center height of the suspended rear mass
hE2 = 0.5 m—Mass center height of the unspring rear mass
kw3 = 921, 607 N/m—Stiffness coefficient of the rear left tire
kw4 = 921, 607 N/m—Stiffness coefficient of the rear right tire
cw3 = 800 N · s/m—Damping coefficient of the rear left tire
cw4 = 800 N · s/m—Damping coefficient of the rear right tire
Also, for the Panhard bar, the following parameters are taken:
E = 2.1× 105 N/mm2—Panhard bar material’s Young modulus
dP = 30 mm—Panhard bar diameter
From the constants given above, the following results are obtained from the simulation

of the vehicle’s travel over a transition and circular path, as previously given (Figure 17).
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Furthermore, the instantaneous Panhard’s bar force and angle are also obtained from
the simulation (Figure 18).
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Figure 18. Panhard bar—force and inclination angle.

Those results show the bus dynamic behavior when it is traveling over a transition and
circular curve; in fact, it is noticeable that while the bus is over the clothoid its position and
rotation state variables are increasing constant and when it arrives at the circular path they
become oscillating, consequently, the Panhard bar length and angle have the same behavior.

5.1. Effects of the Panhard Bar

The addition of the Panhard bar has a stabilization function on the mechanical behavior
of the bus, the main effect is appreciated on the rear mass rotation angles, which have
an effect on the displacements and angles in the front section. It can be said that the
Panhard bar shrinks the oscillations of each state variable as can be appreciated, making a
comparison between Figures 17 and 19.

Mathematics 2022, 10, x FOR PEER REVIEW 21 of 28 
 

 

 

Figure 18. Panhard bar—force and inclination angle. 

Those results show the bus dynamic behavior when it is traveling over a transition 

and circular curve; in fact, it is noticeable that while the bus is over the clothoid its position 

and rotation state variables are increasing constant and when it arrives at the circular path 

they become oscillating, consequently, the Panhard bar length and angle have the same 

behavior. 

5.1. Effects of the Panhard Bar 

The addition of the Panhard bar has a stabilization function on the mechanical be-

havior of the bus, the main effect is appreciated on the rear mass rotation angles, which 

have an effect on the displacements and angles in the front section. It can be said that the 

Panhard bar shrinks the oscillations of each state variable as can be appreciated, making 

a comparison between Figures 17 and 19. 

 

Figure 19. Simulation results without Panhard bar—displacement and rotation angles. Figure 19. Simulation results without Panhard bar—displacement and rotation angles.



Mathematics 2022, 10, 3081 19 of 25

5.2. Panhard Bar Influence over the Structural Torsional Moment

As can be observed in the rotation angles comparison, there is an increment in the
values in the system without a Panhard bar compared with the system with a Panhard bar.
In fact, this tendency makes a change in the sense of the torsional moment produced along
the structure of the bus, as can be seen in Figure 20.

Mathematics 2022, 10, x FOR PEER REVIEW 22 of 28 
 

 

5.2. Panhard Bar Influence over the Structural Torsional Moment  

As can be observed in the rotation angles comparison, there is an increment in the 

values in the system without a Panhard bar compared with the system with a Panhard 

bar. In fact, this tendency makes a change in the sense of the torsional moment produced 

along the structure of the bus, as can be seen in Figure 20. 

 

Figure 20. Structural Torsion with and without Panhard bar. 

The positive values of the structural moment present in the simulation with the Pan-

hard bar show a better stability due to this moment acts in opposition to the vehicles roll-

over making the vehicle more stable; on the other hand, the absence of a Panhard bar 

produces a negative structural moment which contributes to an increased risk of rollover.  

5.3. Vehicle Lateral Stability Analysis  

Although these results describe how the vehicle will behave, it does not show if the 

vehicle rolls over or slips; for that reason, it is necessary to handle the obtained results and 

the states derivatives in a new analysis that evaluates the normal and friction force on 

each tire. For this purpose, a new free body diagram is performed for the dynamic equi-

librium in the front section (Figure 21). 

1N

BI 

2lW

2N

2fF

1fF

2 2m z

3 3m z

1 1m z

2l iF

3l iF

1l iF

1
Gh

z−

3
Eh

z−

2
Eh

z−

2vW

3vW

3lW

1vW

1lW

 

Figure 21. Free Body Diagram for front section dynamic equilibrium. 

Figure 20. Structural Torsion with and without Panhard bar.

The positive values of the structural moment present in the simulation with the
Panhard bar show a better stability due to this moment acts in opposition to the vehicles
rollover making the vehicle more stable; on the other hand, the absence of a Panhard bar
produces a negative structural moment which contributes to an increased risk of rollover.

5.3. Vehicle Lateral Stability Analysis

Although these results describe how the vehicle will behave, it does not show if the
vehicle rolls over or slips; for that reason, it is necessary to handle the obtained results and
the states derivatives in a new analysis that evaluates the normal and friction force on each
tire. For this purpose, a new free body diagram is performed for the dynamic equilibrium
in the front section (Figure 21).
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On the diagram shown, the inertial forces, which are obtained from the acceleration’s
decomposition used for the motion equations, and weight of each body is already decomposed.
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The inertia forces on the vertical direction are defined using the states derivatives,
however, the lateral inertia forces and the weight decomposition are calculated as follow:

Fl1i =
m1 v2

ρ1(t)
cos[α1(t) + φ1(t)] (33)

Fl2i =
m2 v2

ρ1(t)
cos[α1(t)] (34)

Fl3i =
m3 v2

ρ1(t)
cos[α1(t)] (35)

Analyzing the equilibrium on the lateral direction:

Ff 1 + Ff 2 = Fl1i + Fl2i + Fl3i −Wl1 −Wl2 −Wl3 (36)

Furthermore, the inertial forces and torques required to be used into the state equations
to calculate the normal forces at each tire. Analyzing the equilibrium taking moments from
the left frontal wheel and factorizing N2:[

[Wl2 − Fl2i](hE1 − z2) + [Wl3 − Fl3i](hE1 − z3) − I1B
..
φ1

+[Wl1 − Fl1i](hG1 − z1) +
(
m1

..
z1 −Wv1

)
(Bvia/2) +

(
m3

..
z3 −Wv3

)
(avia)

]
/(Bt) (37)

Analyzing the equilibrium on the vertical direction, N1 is obtained:

N1 = Wv1 + Wv2 + Wv3 − N2 −m1
..
z1 −m2

..
z2 −m3

..
z3 (38)

The magnitudes of the normal forces indicate if the vehicle rolls over or not when
any normal force becomes zero. On the other hand, in the lateral direction there are two
unknown variables, which are the friction force and just one equation, so that determines
the value of each friction force becomes an unsolvable problem, therefore a new procedure
to evaluate if the vehicle slips or not will be performed, using the value of both forces in a
conditional way:

Ff 1 + Ff 2 ≤ Ff 1,max + Ff 2,max (39)

In addition, it can be expressed as:

0 ≤ N1µs + N2µs − Ff 1 − Ff 2 (40)

The maximum values of friction force will be determined using the so-called Coulomb’s
dry friction approach. For that evaluation, it is assumed that both tires are not skidding, so
the friction coefficient is the static friction coefficient. The conditional form establishes that
when the value becomes negative it means that the vehicle is slipping. This analysis is also
applied for the rear section, with a similar free body diagram (Figure 22).



Mathematics 2022, 10, 3081 21 of 25Mathematics 2022, 10, x FOR PEER REVIEW 24 of 28 
 

 

4 4BI 

5 5BI 

3N

4N

4fF

3fF

4
4m y 4l iF

5
5m y

5l iF

2
4

Gh
z−

2
5

Eh
z−

5lW

5vW

4lW
4vW

 

Figure 22. Free Body Diagram for rear section dynamic equilibrium. 

The equations for the lateral inertia forces: 

( )
( ) ( ) ( )

2

4
4 2 4 5

2

cos
l i

m v
F t t t

t
  


 = + + 

 (41) 

( )
( ) ( )

2

5
5 2 5

2

cos
l i

m v
F t t

t
 


 = + 

 (42) 

Analyzing the equilibrium on the lateral direction: 

3 4 4 5 4 5f f l i l i l l
F F F F W W+ = + − −  (43) 

Similar to the front section, analyzing the equilibrium taking moments from the left 

wheel and factorizing 4
N : 

( ) ( )

( )( ) ( )( )
5 5 2 5 4 4 5 5 4 4 2 4

4

4 4 4 5 5 5

/
/ 2 / 2

l l i E B B l l i G

t

v via v t

W F h z I I W F h z
N B

m z W B m z W B

   −  − − − +  −  −   
= − 

+ − + −  

 (44) 
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Figure 22. Free Body Diagram for rear section dynamic equilibrium.

The equations for the lateral inertia forces:

Fl4i =
m4 v2

ρ2(t)
cos[α2(t) + φ4(t) + φ5(t)] (41)

Fl5i =
m5 v2

ρ2(t)
cos[α2(t) + φ5(t)] (42)

Analyzing the equilibrium on the lateral direction:

Ff 3 + Ff 4 = Fl4i + Fl5i −Wl4 −Wl5 (43)

Similar to the front section, analyzing the equilibrium taking moments from the left
wheel and factorizing N4:

N4 = −
[

[Wl5 − Fl5i](hE2 − z5) − IB4
..
φ4 − IB5

..
φ5 + [Wl4 − Fl4i](hG2 − z4)

+
(
m4

..
z4 −Wv4

)
(Bvia/2) +

(
m5

..
z5 −Wv5

)
(Bt/2)

]
/Bt (44)

Analyzing the equilibrium on the vertical direction, N1 is obtained:

N3 = WV4 + WV5 − N4 −m4
..
z4 −m5

..
z5 (45)

Finally, the skidding condition is introduced for the rear section:

Ff 3 + Ff 4 ≤ Ff 3,max + Ff 4,max (46)

In other terms:
0 ≤ N3µs + N4µs − Ff 3 − Ff 4 (47)

For the simulation, a parameter more is necessary:
µk = 0.4—Static friction coefficient between the tire and path.
The results for the normal forces at each tire, while the bus is traveling over the

simulation path, are shown on the following graphics (Figure 23).
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Figure 23. Normal forces on each tire considering Panhard bar.

About the friction force, the skidding condition shows the remaining friction force so
that when it becomes negative the vehicle slips. Figure 24 shows the remaining friction
force at each section, while the bus is traveling over the simulation:
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Figure 24. Remaining friction force at each section.

A comparison of the normal force can be made using a model without a Panhard bar
to analyze the effect of this element in the lateral stability. The normal force values of the
bus without Panhard bar are presented in Figure 25.
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Figure 25. Normal forces on each tire without Panhard bar.

From Figure 25, it is possible to observe that the normal force in the left side reach or
even pass negative values, which implies that the vehicle loses adherence with the path. It
demonstrates that the Panhard bar improves the adherence between the path and the tires.

6. Conclusions

A model of a bus is presented, elaborated by means of rigid multibody systems with
which a virtual or mathematical model (system of ordinary differential equations) has been
generated. This model allows the simulation of the lateral dynamics of a bus when it travels
on a cambered curve.

Based on the proposed model, a simulation algorithm has been designed to analyze
the dynamic behavior of a bus in transit on a cambered curve. This model is adjusted to
realistic transport routes since it has been calculated and parameterized with curves of
agreement (trajectories that connect a straight and circular trajectory in such a way that it
starts with an infinite radius of curvature and ends in a constant radius of curvature) used
in road design.

The modeling has been carried out in such a way that the total system representing
the bus has been divided into two fundamental parts: the front part of the vehicle, which in
turn contemplates several subsystems, such as the unsprung masses, the unsprung masses
connected by a stability or sway bar, the flexible wheels, etc. In turn, the rear part has
been modeled in an analogous way although, unlike the front part, in this one there is
only one unsprung mass and a Panhard type bar is used to improve its vertical and lateral
dynamic behavior.

Therefore, the model used to model the bus dynamic behavior integrates two modi-
fiable sections that allow for testing some new models for the calculation of the stiffness
of the suspension system or of the tires, etc. For this first approximation, the suspension
system and tire stiffness as well as the damping of both bodies have been modeled as linear
components. This is responsible for the quasi—linear correlation between the geometric
parameters and the tendency shown in the results: the state variables increase as the geo-
metric parameters of the trajectory increase and oscillate, trying to reach a steady state in
time while the trajectory parameters are constant.

According to the comparison between the results with and without a Panhard bar, it
can be stated that the Panhard bar has a stabilization function, which reduces the oscillations
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of each state variable. Additionally, the parameters which modify the Panhard bar stiffness
can be treated as a control variable on an active suspension system.

From the effects on the rotation angles that the Panhard bar has, it is also possible to
highlight that the presence of this element reduces the rotation angles of the mass linked to
it, this improves the lateral stability of the vehicle, increasing the value of the normal forces
between the tires and the road, as can be concluded by comparing Figures 23 and 25.

The torsional structural stiffness is a parameter that must be considered when the
stability of the vehicle is analyzed, as presented in Figure 20, where the direction of the
structural moments affects the vehicle lateral stability.

Due to the weak effect of the non-linearities, some state variables have some distur-
bances which can be treated as noise.
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