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Abstract: A finite-horizon linear stochastic quadratic optimal control problem is investigated by
the GE-evolution operator in the sense of the mild solution in Hilbert spaces. We assume that the
coefficient operator of the differential term is a bounded linear operator and that the state and input
operators are time-varying in the dynamic equation of the problem. Optimal state feedback along
with the well-posedness of the generalized Riccati equation is obtained for the finite-horizon case. The
results are also applicable to the linear quadratic optimal control problem of ordinary time-varying
linear stochastic systems.
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1. Introduction

In recent years, there has been increasing interest in the optimal control of stochastic
systems (e.g., [1-13]). However, these studies are limited to ordinary stochastic systems
with a time-invariant state operator in Hilbert spaces and have not involved a stochastic
generalized system in Hilbert spaces. Stochastic generalized systems in Hilbert spaces are
inherent in many application fields; among them, we mention input-output economics,
evolution of the free surface of seepage liquid, the stochastic generalized wave equation, the
heat equation, etc. (e.g., [14-27]). They are essentially different from an ordinary stochastic
system in Hilbert spaces. It is necessary to investigate the optimal control problem of
such systems in Hilbert spaces. Based on this point, we deal with the linear quadratic
optimal control problem of linear stochastic generalized systems in Hilbert spaces, in
which the coefficient operator of the differential term is a bounded linear operator and
the state and input operators are time-varying. As far as we know, even if the coefficient
operator of the differential term is the identical operator, which corresponds to the ordinary
time-varying linear stochastic system, there are no research results on this kind of optimal
control problem. Therefore, the research results of this paper are also applicable to the
linear quadratic optimal control problem of ordinary time-varying linear stochastic systems
in Hilbert spaces.

First of all, we formulate the optimal control problem. Let us consider the following
linear stochastic generalized system in Hilbert spaces:

EdG(t) = (My(£)(8) + Ni(£)y(8))dt + (Ma(£)E(£) + Na(t)7(£))dw(t)
t € [s,al,¢(s) = Co- ©)

Here, E € L(H, H); M;(f) : domM;(t) C H — His a linear operator, where L(U, H)
denotes the set of all bounded linear operators from Hilbert space U to Hilbert space H,
and domM; (t) denotes the domain of operator M (t). Let P([s,a], L(H,H)) = {D(-) €
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L(U,H) : D(-)n is continuous for every n € U, and ||[D(-)|| = supte[s,ﬂ]HD(t)HL(U,H) <
+oo}; || - |lm (or || - ||) and (-, -)g (or (-, -)) denote the norm and inner product on Hilbert
spaces H, respectively. Let (Q),F,P) be a complete probability space, w(t) be a one di-
mensional standard Wiener process on (), F,P), and the filtration F; be the c—algebra
generated by {w(r) : r < t}. We suppose that all processes are adapted to the filtration F;.
We denote by L2, ([s, a], Q, F;, H) the set of all processes &(t) € H such that

0 [ (8) 2t < +oo.
(i) ¢(t) is F-measurable for Vt € [s, a].

We denote by L2, ([s, a], Q, F;, H) the space of all strongly measurable square integral
processes ¢(t) € H such that f: E||&(t)||?dt < +oo, where E denotes the mathematical
expectation. 77(-) € L2,,([s,a], Q,F;, U). &(+) and 7(-) denote the state and input processes,
respectively. C?([s, a], ), F;, H) denotes the set of all strongly measurable and continuous
processes from s, a] to H.

Let M (t) be a generator of the strongly continuous GE-evolution operator (i.e., gener-
alized evolution operator). T(t,s) induced by E, i.e.,

(i) T(t,r)ET(r,s) = T(t,5),0 < s <r < t,and T(r,r) = Tp is a definite operator
independent of r.

(i) T(t,-)is strongly continuous on [0, t], and T(-,s) is strongly continuous on [s, a].

(iii) There exist b > 1 and w > 0 such that

IT(t7)|| < bet""),t > 7 >0,

(iv)

. ET(h+tt)E—ET(t,t)E
M0 =ty ETOELOE BT

¢
for every ¢ € Dy(t), where

Do(t) = {¢: & € domMy (1) € H, T(t,)EE = &,3 lim, ET(h + “)i —ET(LOE &

In the following, we assume that
Dy(t) = {¢ € domM;(t), M1 (t){ € ranE} = Dy

is independent of t,ID = Dy, and (T(t,7)E)|p is unique. Here, Dy denotes the closure of Dy,
and (T(t,r)E)|p denotes the limitation of T(t,7)E on D.

See [16,23,26] for the details of the GE-evolution operator.

We introduce the following quadratic cost functional:

a
Fs.20,1()) =E([ (ILOZO P+ IMOn@Dde+INe@ID), @
where L(-), M(+), and N satisfy the following Hypothesis 3.
The optimal control problem considered in this paper is as follows:

Problem 1. For any given initial pair (s, &y) € [0,a] x D, find a ,(-) € L2,([s,a], Q,F:, U),
such that
Fo(s,Go) = F(s,80,10(+)) = minﬂ(.)eLgm([S,a],QIIFtIU)F(S/ o, 1(+))-

Any 1,() € L2,([s,a],Q, T, U) satisfying Problem 1 is called an optimal control of
Problem 1 for the initial pair (s, ), and the corresponding state &, () = ¢(s, -, 8o, 70(+)) is
called an optimal state process; the pair (&, (+),#0(+)) is called an optimal pair. The function
F,(-,-) is called the value function of Problem 1.

In order to study the optimal control problem, we need the following hypotheses:
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Hypothesis 1. M (t) is a generator of the strongly continuous GE-evolution operator T(t,r)
induced by E and ||T(t,r)|| < cr,0 <r <t < a, where ct is a constant.

Hypothesis 2. M(-) € P([s,a],L(D, E(D))); N1(+), N2(+) € P([s,a], L(U,E(D))); || Ma(-)|]
< ey, and |N1() || < eun, [IN2(9) || < emn, where cppy is a constant number.

Hypothesis 3. L(-) € P([s,a], L(D,L)); M(-) € P([s,a], L(U,U)) is a strongly positive opera-
toron [s,a]; N € L(D,N), where L, N are Hilbert spaces.

Hypothesis 4. Stochastic GE-evolution operator V (t,r) induced by E is related to the linear
homogeneous equation

Edg(t) = My(£)G(t)dt + My (£)(H)dw(t), t € [s,al,E(s) = o, ®
ie., E(t) = V(t,s)EQy is the mild solution of System (3) and satisfies
SUp,e (s q 1V (£, 1)G0llB < cvliol®
See [19,23] for the details of the stochastic GE-evolution operator.

Remark 1. Hypotheses 1 and 2 can guarantee the existence and uniqueness of the mild solution of
System (1); Hypotheses 1—4 can guarantee that the optimal control solution satisfying Problem 1
is unique.

The organization of this paper is as follows: In Section 2, we discuss the mild solution
to the linear stochastic generalized System (1). In Section 3, we consider the existence of
the solution to the generalized integral Riccati equation and deal with the properties of the
Riccati operator. In Section 4, we investigate the generalized differential Riccati equation
from the generalized integral Riccati equation. In Section 5, we deal with the relation
between the solution to the generalized Riccati equation and the optimal control, extend
the result globally in time, and study the uniqueness of the solution to the generalized
Reccati equation. In Section 6, the main results are proved. In Section 7, the linear quadratic
optimal control problem for a class of linear stochastic generalized systems is discussed.
In Section 8, we give three examples to illustrate the theory. The conclusions are given in
Section 9.

It should be noted that paper [16], published by the author, mainly studies the control-
lability problem, while this paper mainly studies the optimal control problem. The contents
of the two studies are completely different.

2. Mild Solution of System (1)
Definition 1. A function ¢ : [s,a] — D is called to be a mild solution of the linear stochastic
generalized System (1) if &(-) € C%([s, a], Q), Ft, D) and satisfies
a
&) = T(,9)EG + [ T(tNy () (r)dr
S

+ / T (1) Mo (1) E (1) deo (r)
+ / T, 1) Na () (r) deo (1),

Theorem 1. Suppose that Hypotheses 1-2 are true. For a given process 11(+) € L2,,([s, a], Q, F;, U)
and an initial value &(s) = &y € D), there is a unique mild solution &(t) € C%([s, a], Q), F;, D) to
the linear stochastic generalized System (1).
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Proof. Let S be the following operator:
t
S(@)(t) = T(t,9)E& + [ T(tr)Ni(n(r)ds

t t
+ [ TNMAEE)d(r) + [ Tl r)Na(r)n(r)d(r)]
=T(t,5)ECo + So(¢)(t) + S1(&) (1) + S2(8) (1),
telsal,ne L?m([s,a],Q,Ft,[U).
We show that S maps C2([s,a], Q, F;, D) into C%([s, a], Q, F;, D).
Since [|So(¢)[|* < ciciynak ) [l (r)|%dr,

a
I151(§)1I* < CZTC%ANE/S IE(M)I1dr < cGeianallZll?,

a
5201 < HAmE [ lIn(r)|2ar;

thus Sp, S1, and S, map C%([s, a], Q, F;, D) into C?([s, a], Q, Fy, D).
In the following, let {1, §, be arbitrary processes from C%([0,a], ), F;, D), then

15(82) = S < 151(82) = S$1(SD)Il = N

and a
72 < AAnE [ 11(a(r) = &(r) Pdr

< creynallé — &l

forall &, € Cz([s, a], Q,F;, D). Therefore, if
czTc%VINa <1 (4)

then the operator S has a fixed point ¢ in C?([s, a], Q, F;, D), which, as is easy to see, is a mild
solution of the linear stochastic generalized System (1). The extra condition (4) on a can be
easily removed by considering the equation on [0,a1], [a1,2a1], - - - with ay satisfy (4). O

Remark 2. The linear homogeneous Equation (3) is the linear homogeneous system of System (1).
Under Hypotheses 1, 2, and 4, the mild solution & (t) of System (3) satisfying

() = T(t,9)EGo+ [ T(t,r)Ma(r)E(r)duw(r)

can be expressed as

&(t) = V(ts)Edo.

3. The Generalized Integral Riccati Equation

In this section, we consider the existence of a solution to a generalized integral Riccati
equation. The relevant generalized integral form of the generalized differential Riccati
equation is

R(E) = /t CECT*(r, )L ())L(r)U(r, ) Edr + /t BT (r, ) M TSR (F) ToMa (P) U (r, £) Edr

+ [[ET (0 )MITE RO ToNa (1) (M) + N3 () TER(D ToNa(r) ™

(NT (1) To R(r) 4+ N3 (r) To R(r) ToMa (r)) U (7, £) Eldr
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+ E*T*(a,t)N*NU(a, t)E. (5)

and
((M?(r) 4+ N5 (r)Tg R(r) ToN2(r))1,17) > 0,¥5 # 0,17 € U.

Here, U(t, s) satisfies
U, 9)E80 = T(6,9)EG) — [ [T, Ny () (M) + NS () TER() ToNa 1))

(N} (DTS R(r) + N3 (N T3 R (1) ToMa (1) U (r, ) E&odr. ®)

The main result of this section is the following theorem:

Theorem 2. The generalized integral Equations (5) and (6) have unique solutions R(t) € P([s, a],
L(D,D)), and U(-,s) € P([s,a],L(E(D),D)) for s = amax < a chosen such that a — aygy is
sufficiently small. Moreover, R(t) is a positive self-adjoint operator on .

First, we introduce the following marks: C([s, a], B) denotes the Banach space of all con-
tinuous functions g(+) on [s, 4] into a Banach space B with the norm ||g|| = SUP; ¢ [s llg(t|ls-
Suppose As = {(t,r) € R?:s <r <t <a}.C(As,L(D,D)) denotes the Banach space with
the norm

18llc(as b)) = suP(tea I8t T)|LDD)-

t

Let Cs = [ T(t,r)Ny(r)dr,Cs = f Nj (r)T*(t,r)dr. Then, Cs is continuous from

C([s,a],U) to C([s,a],D); C¥ is continuous from C([ a),D) to C([s, a], U).

3.1. Linear Generalized Integral Equation

Now we investigate the linear generalized integral equation

Ry(t) = /t "E*T*(r, O)L* (1) L(r) Uy (r, £) Edr + /t "E*T*(r,)S* (r)S(r)Un (r, £) Edr

+ /tu E*T*(r,t)M5(r)Ry(r)Ms(r)Uy(r, t)Edr

- /ta E*T*(r,t)¢p* (r)Ny (r)Ty Ry (r)Uy(r, s)Edr

+ E*T*(a,t)N*NUy (a, t)E. @)

and
Uy (t,5)EGo = T(t,s)EGo — / Tt )Ny () (r) U (7, £) EGdr. ®)

In the following, we prove the existence of the solutions Ry (t) and Uj(t,s)E to the
linear generalized integral Equations (7) and (8).

Lemma 1. Let S(t), M3(t), p(t) be given bounded operators for every t € [s, a] satisfying

IS()¢Nen [IM3(8)E|a, l¢(6)E ][ < crl|Ellm, VE € D, t € [s, a] ©)

for some suitable chosen ¢, > 0. Then, there exist Ry(t) € P([ag,a], L(D,D)) and Uy(-,-)E €
C(Aay, L(D, D)) to the set of linear generalized integral Equations (7) and (8).

In order to prove the existence of solutions R;(#) and U (¢, s)E, we can use the fixed
point theory on the map O defined by

O|: nl/[ :|(l’) _ |: Oll(m)(t) +Olz(m)(t) +(§21(31’f11), m) +Ol4(l, m) —|—Ol5(m) (t)
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for t € [s,a] on the space
Y = P([s,a], L(D,D)) x C(As, L(D, D)),

where
Oq1(m)(¢) :/ E*T*(r,t)L*(r)L(r)m(r, t)dr

O1p(m / E*T*(r, t)S*(r)S(r)m(r, t)dr
Oq3(1,m) / E*T*(r, t)I(r)M3 (r)m(r, t)dr
Oua(l, m) / E*T*(r, )¢ (r) N (N TS (r)m(r, £)dr

O15(m)(t) = —E*T*(a,t)N*N/ T(a,r)N1(r)@(r)m(r, t)dr + E*T*(a,t)N*NT(a, t)E
t
and
Oz (m)(t) = T(t,5)E — CToN1(£)¢(-)m(-, ) (F).
Both of these two quantities are defined on Y. The fixed point I/, m represents the

operators Ry (t) and Uy (¢, s)E, respectively.

Lemma 2. The operator O maps the ball S, (0) C Y into itself continuously, and is a contraction
on Se, (0) for suitably chosen ¢, > 0 and s = ag such that a — a is sufficiently small.

Proof. Let [ Til ] be an element in the ball S, (0). According to each component, we

. . . .
estimate the norm of O [ " } in Y. Based on these estimates, we can obtain that there
exists b > 1 such that when ¢, = 2b and

1

L T T I YTk

O acts from S, (0) into S, (0) in Y. The property of contraction of map O can be estimated

by the norm of the difference of O { 7511 ] and O [ 1512 ] . Taking s = ag such that a —ag
1 2

is sufficiently small, we can obtain that O is a contraction on S, (Y). Hence, map O has a

unique fixed point [ 151 ] eY. O

. . . I . R1(t)
According to Lemma 2, the fixed point [ " } represents solution [ Uy (t,5)E €Y

to (7) and (8). Therefore, Lemma 1 is proved.
3.2. Property of Operator Ry(t)

In this subsection, we consider the positivity and self-adjointness of operator Ry (),
which is the solution to (7), and the evolution property of U (t,s) on C(As, L(E(D),D)).

Theorem 3. (i) Uy (t,s), defined by (8), is a GE-evolution operator on C(As, L(E(D),D)).
(ii)  Rq(t), defined by (7), is self-adjoint and is positive on D.

Proof. (i) This can be derived by a standard method using the property of the GE-
evolution operator.
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(i) From (8), we have

T(r, £)EE = Uy (r, t) EE + /t "T(r, 0) Ny (0)(0) Uy (0, £ EGdo.

Substituting the above expression into (7) and taking the inner product of (7) with
x € D, we can obtain

(Ri(0)2,%) = [ (L), )EE, LU (1, ) Ex)dr
+ /t (5% (1) S (AU (r, ) EE, / "T(r, 0) N1 (0)$(0) Uy (v, £) Exdo)dr
+/ VU (r, )EE, S(r)Uy (r, £ Ex)dr
+ " (57 (NS (1 EE, /t T(r,0)N; (0)$(0)Us (0, £) Exdo)dr
+ [ (M3 )Ry (1) Ms (1)U 1, )EE, U 1, ) EC)dr
+ [ (MR () Ma(r) U (7, DEE, [ T, 0)N: (0)(0) U (0, ) Excdo)r
= [ @ ONF (T3 R (1)U (1, )EE, Ui (v, ) EG)
— [ @ N TSR U (1, DEE, [T, 0)N: (0)p(o) Ui (0, 1) Exio)r
+(NUy(a,t)EE, NUy(a, t)Ex)
+(N*NU (a, t)Ex, /t " T(a,0)Ny (0)p(0) UL (0, £) Exddo).
_/ UL (r, ) EE, L(r)Uy (r, ) Ex)dr
+/ UL (r, ) EE, S(r)Us (r, £ Ex)dr
+ [ (M3 ()R (1) Ma (1) U (7, )8, U () Ex)

+ (NUj (a,t)EE, NUj (a, t)Ex), (10)

and

(R ()6, = [ (L0 (1, B, L) (7, ) Ex)r
+/ UL (r, ) EE, S(r)Us (r, £ Ex)dr

+ [ (M IRT () Ma(r) s () B8, U () Ex)

+(NUj(a,t)EE, NUy(a,t)Ex).

Therefore, we can obtain

(Ry = Ri)(BF) = [ (M3 () (R — RY) (1) Ma (1)U 1, )EG, Uy 7, ) Ex) .

This implies that there exists a constant cg, > 0 such that

~a
IRy = Rill < cx, [ IRi(r) = Ri ()]
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According to Gronwall’s inequality, we obtain Rq(r) = Rj(r) forall r € [s, a].
In order to prove positivity, we define the operator O; on P([s,a], L(D, D)) by

©O1(R)(BF %) = [ (L0 (1, HEE LU (1, Ex)dr

+ /t " (S(r)UL (1, ) EE, S(r) Uy (r, £)Ex) dr

+ [ (M5 ()R ()Ma (1)U (1, B, Us 1, ) Ex)

+(NU;(a,t)EE, NUy(a,t)Ex).

It is obvious that O; maps a positive operator to a positive operator. The set of positive
operators denoted by O in L(D, D) is a convex set, and the existence of a unique fixed
point for O on P([ag, a], O ) follows by the contraction mapping theorem, for ay chosen
such that a — ay is sufficiently small. The unique fixed point of map O; is Ry (¢). O

3.3. Proof of Theorem 2

Proof. In order to prove Theorem 2, we use an iteration scheme.
Rica(t) = [ BT (L7 (L0 U, ) Edr
+ [ BTS00 U e, 1 Edr
+ [T E T ()M () Ry (1) M) U, ) Bl

a
— [T (1 g (NG (D T§ Rt (1) U, ) Edr
+ E*T*(a,t)N*NUy (a, t)E. (11)

Here,
Si(r) = (M?(r) + N (r) Ty Ry 4 (r) ToNa (r)) -

(N1 (r)Tg Ry k(r) + N3 (r) Tg Ry i (r) ToM (7)),
Mj ) = ToMs(r) — ToNy (r) (M?(r) + N;(r)Ta‘Rllk(r)ToNz(r))_1~
(N7 (r) To Ry (r) + Na (r) Tg Ry (r) ToMo (7)),
(1) = (M?(r) + N3 (r) Tg Ry ¢ (r) ToNa(r)) -
(N1 (r) To Ry (r) + N3 (r) Tg Ry i (r) ToM (7)),
Rug(t) = E*T*(a, t)N*NT(a, t)E,
and U ; is the solution of
Us(t,5)EE = T()EE — [ T(0,0) Ny (0)6(0)Us i (0,5) G (12)

According to Lemma 1 and Theorem 3, each R i is well defined, positively self-adjoint,
and bounded with ||Ry || < ¢;, Vk € N, and U x € C(As, L(E(ID), D)) satisfies

Uil < e,

and this implies that (M?(r) + N} (r) T§ Ry x(r) ToNa(r)) ! is well defined and bounded on
ID at each step. We can prove that the sequence {R; , U  } is Cauchy in Y for s = a,ax > ao,
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R(t)
S

chosen such that a — a4y is sufficiently small and thus converges to { u(t,s)

limit in (11) and (12), we can obtain (5) and (6). O

} . From the

4. The Generalized Differential Riccati Equation

In this section, we investigate the solution of the generalized differential Riccati
equation from the generalized integral Riccati Equation (5). The main result of this section
is the following theorem.

Theorem 4. The operator R(t), solving the generalized integral Riccati Equation (5), is a solution
to the generalized differential Riccati equation.

(T ) = (L2, L)) — (RO ToM: (0,%) — (M} (OTR()E, )

— (M3 () Ty R(#) ToM2(t)S, x)
H((MP(1) + N3 (W TG R(H ToN2 (1))~ (N} (D TG R(H) + N3 () Ty R(H ToMa ()¢,
(N7 ()T R(#) + N () Ty R() ToMa(¢) ) x) (13)
forall ¢, x € Dy

4.1. Some Lemmas

First, we define the operator P, which is given by
t
P= [ T(t, )Ny () (M3 () + N3 (D Ty R(D ToNa(r) "
s
(N7 (r)ToR(r) + N (r) Ty R(r) ToMa (1) )dr.
Similar to the proof of [28,29], we can obtain the following lemma.

Lemma3. (i)  [|Pfllc(js,a,p) < cp(a — )| fllc((s,a,p), where cp is a constant.
(i)  The operator I + P is invertible on C([s, a], D), and the inverse satisfies

(T + P)71f||c([s,a],]1)) <ci(a— 5>||f||C([s,a],]D))'

where I denotes the identical operator, and cq is a constant.
(iii) The GE-evolution operator U(t,s) satisfies

U(-,s)E¢ = (I+P)"'T(.,s)EE,VE € D.
According to Lemma 3, we can obtain the following lemma.

Lemma4. (i) U(t,s)Ni(s)y € C([s,a], D) for ¥V € U.
(ii)  The derivative of U (t,s)EE with respect to s in the weak sense is

(),
s E6 =

(N1 (s)ToR(s) + N3 (s) T R(s) ToMa(s))]¢ € C([s, al, D), V& € Dy

—U(-,8)[Mi(s) — Ny(s)(M?(s) + N3 (s) T{ R(s) ToNa(s)) -

and satisfies
ou(-,s
12209 ) < ealiin,

where ¢y is a constant.
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4.2. Proof of Theorem 4

Proof. Assume ¢, x € Dy and consider the generalized integral Riccati equation satisfied
by R(t) in (5). Taking the derivative with respect to t and using Lemma 4 (ii), we can obtain

(RO ) = (L (OLOE %) - (M3OTROTM(E, )

+(M3 () Ty R(#) ToN2 () (M2 (t) + N3 () Ty R(H) ToNa (1)) ™
(NT () ToR(#) + Ny (£) Ty R(£) ToM2(#)), x)
—(Mj(£)ToR(t)E, x) + </ta E*T*(r, t)L*(r)L(r)%Egdr, x)
ou(r,t)
ot

—1—(/;Z E*T*(r,t)M5(r)Ty R(r) ToMa(r) Egdr, x)

—</ta E*T*(r, ) M3 (r) T R(r) ToN2 () (M?(r) + N3 () T R(r) ToNa(r)) -

(N () TSR(r) + N5 (VTR ToMar) o gar,
= —(L*(t)L(t)S, x) — (My () Ty R(£) ToMa (#)E, x)
H(M3 (5 TER (1) ToN2 (£) (M2 (#) + N3 () Ty R(1) ToNa(£)) -

(NT ()T R(t) + N3 (1) Tg R(#) ToM2(#))Z, x) — (M (#) ToR(#)¢, x)

—(R(£)(ToM (t) — ToN1 (1) (M2 (#) + N3 () Ty R() ToNa (£)) 1)-
(NT(O)ToR(£) + N (£) Ty R(£) ToM2(#))E, x)

= —(L*(t)L(t)¢, x) — (R(t) ToMa (t)¢, x) — (M7 (t) Ty R(1)E, x)

—(M; () Ty R(t) ToM2(¢)¢, x)
+H((MP(1) + N3 (D TER(H ToN2 (1) H(NY () To R (1) + N3 () TER (1) ToMa(1))¢,
(N (H)To R(£) + N (£) Ty R(£) ToMa(£) ) x).
This is the generalized Riccati differential equation. [

5. The Generalized Riccati Equation and the Optimal Control

In this section, we consider the relation between the optimization problem and the
solution of the generalized differential equation by using Ito’s formula.

Theorem 5. The quadratic cost function (2) has the following form:
E(t, 6o, 1(+)) = (R(£)Go, Go) + E(/t I(M?(r) + N3 (1) Tg R(r) ToNa(r) /27 (1)

+(M?(r) + N3 (r) Ty R(r) ToNa (r)) /2
(N () T3 R(r) + N5 (r) TsR(r) ToMa(r) )& (r) || fdr) (14)

fors < t < aands = apax. Here, R(t) is a solution to the generalized differential Riccati
Equation (13), and (-) is the mild solution of the linear stochastic generalized System (1) corre-
sponding to5(+) € L2,,([s,a], Q,F;),U).
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Proof. Suppose that {(t) is the mild solution of System (1) corresponding to #(-) €
L2, ([s,a],Q,F;),U). First of all, we assume that &(t) is a strong solution of System (1).
If R(t) satisfies (13), then, by Ito’s formula, we have

AR, 60) = (R0, g0t + (RWIO, TV + TN () (1))

H(R(1)E(H), ToM ()¢ (t) + ToNa2 ()5 () )dw(t)
+(R(E)(ToM1 (1)E(t) + ToNa ()5 (£)), & (¢) ) dt
+(R(t)(ToM2(t)&(t) + ToNa(t)5(t)), §(t))dw(t)
+(R()(ToMa2(£)E(t) + ToN2(£)11(t)), ToMa(t)(t) + ToNa ()1 (t))dt
= —(L*(H)L(1)¢(t),E(1))dt + (N7 () ToR(t) + N3 (1) Ty R(t) ToMa(t))™
(M?(t) + N3 () Ty R(#) ToN(t)) -
(N7 (1) ToR(t) + N (+) ToR(t) ToM2(¢)) & (¢), 5 (t)
+2(R(#)ToNi (£)7(£), &(£))dt + (MP () + N3 (£) Tg R(£) ToNa
+2(R(£)¢(t), ToMa(t)E(t) + ToNa(t)y(t))dw
+2(N5 () Ty R(£) ToMa (£)& (1), () dt — (MP(£)5(t),
2 (

(t (t
) )

)S (
(t )

),
= —[IL(B)S(#)]Pdt + | (MP (1) + N3 () TER(£) ToNa (1))
(NT () ToR(#) + Ny (£) Ty R(#) ToMa(#))§ (t)
+(M2(t) + N3 () TER(5 ToNa(4)) /2 (#) [Pdt — (MP (1) (1), 1 (1)) dt
F2(R(B)G(H), ToMa ()¢ (£) + ToNa(8)(#) ) dw(t).

Therefore,
/sa[lll\/l(lf)n(t)ll2 + IL(OE®)1PIdt + [IN(a)|[* = (R(s)Eo, &)

+ [T IR0 + NSO T RO ToNa(0) (N (OTGR (1)

N3 (OTGRToMa(1)(E) + (MP(0) + N5 (O T5R() ToNa(1) 2 1)
+2 / ), ToMa(HE(E) + ToNa (£) (1)) deo (),
F(s,801()) = (R()E0, &)

SB[ 1) + N; (0T R ToNa (6) 2 (N} (DT R(0)

+N3 () TR(4)ToMa (£)§(1) + (M2 (£) + N3 (#) Ty R(£) ToNa(#)) /27 (1) [|dt]
since &(t) € Dy, and Dy = D. Therefore, (14) holds for V5 (-) € L2,,([s,a], Q,F;),U) O

Corollary 1. The solution of the generalized Riccati equation in Theorem 4 can be extended to a
global solution on any time interval [s, a.

Proof. According to Hypotheses 3 and 4, we have

(R(5)20,80) < F(s,80,1 = 0) = E( [ LG 2Iat + ING(@)IP) < el

for all t € [amax, a], i-e., ||[R(t)|| < cg, where cp is a constant. This implies that the proofs
of Lemma 1 and Theorem 2 hold on a new interval [a7, 4y,x] with N = RY/ 2(amay). The
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bound ensures that all the estimates are uniform and that ¢, and the step a;,,x — a1 are the
same. Hence, the results can be extend to any time interval [s, a] by repeating the above
proof processes on equal time steps. [

Corollary 2. The solution to the generalized differential Riccati equation is unique in the class of
self-adjoint operators in P([s,a], L(D,D)).

Proof. If there exists another solution R; () to the generalized differential Riccati equation
in this class, then, by the same method as that of Theorem 5, we can obtain that

minF(t, §o,7(+)) = (R(t)G0, Go) = (R1(t)So, So)
for ¥¢p € D. Therefore, for any ¢p, x € D, we can obtain that
0= ((R(t) = Ru(#)) (%0 + x), Go + x) = 2((R(£) — Ra(t))Go, x)
by the self-adjoints of R and R;. This implies that R(¢) = Ry(t). O

6. Main Results and Proofs
Theorem 6. Under the Hypotheses 1-4, there is a positive self-adjoint operator

R(t) € P([s,a],L(D, D))
satisfying the generalized Riccati differential equation

<d1,§§t)€o/ x) = —(L*()L(t)&o, x) — (R(t) ToM1 (t)&o, x) — (M3 () Ty R ()&, x)

— (M3 (t) Ty R(t) ToMa(t)Go, X)
+{(NF () TG R(t) + N5 () T R(£) ToMa (£))* (M () + N3 (£) Ty R(t) ToNa () -

(N1 () TgR(#) + Ny (£) Ty R(¢) ToM2(t) ) Go, x) (15)
M2(t) + Nj (1) T R(t) TyN (t) > 0 (16)
R(a)go = N*Ngo, (17)

for ¥¢o, x € D. Furthermore, the following statements hold:

(i) min,(yep2 1o a,0m,m)F (580, 7(4)) = (R(E)Eo, o)-
(i)  R(t) is unique in the class of self-adjoint operators in P([s,a], L(D, D))
(iii)
IR(B)Goll < crlioll, V¢ < [0,a], 5o € D (18)

Proof. (i) According to (14) in Theorem 5, F satisfies

min, ep2 (sa,0,8,0) F (E:60,1(-)) = (R(£)So, Go)

Here, R(t) is the solution to the generalized differential Riccati equation.

(i) The existence of the solution to the generalized differential Riccati equation in P([s, a],
L(D,D)) can be obtained by Theorem 4, and the uniqueness has been proved in
Corollary 2.

(iif) According to Corollary 1, we can obtain (18).

O
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Theorem 7. Under Hypotheses 14, the optimal control Problem 1 with the linear stochas-
tic generalized System (1) and initial condition o € D has a unique optimal input solution
170(s,+, &) € L2, ([s,a], Q,F, U) and a corresponding optimal state

&o(s, -, &) € C2([s,a], Q,F;, D).
Furthermore, 1, has feedback characterization in terms of the ¢,
ols,t,80) = —(M2(£) + N3 (DTS R()ToNa (1) -
(NT (D ToR(#) + Ny (£) Ty R(£) ToM2 ()80 (s, £, G0 ).
Here, R(t) is the unique solution to (15)—(17).

Proof. In order to prove that the minimum of F is realized in (14), we can construct the
existence of a unique solution

Mo(s, - 80) € L3y ([s,a], 0, Fy, U)

to the equation
o(s,t,Go) = —(M?(t) + N3 () TiR(H) ToNa (£)) ™

(N7 (£)ToR(t) + N3 (t) Ty R(¢) ToMa(t))G (s, t, 170, Go),
via a fixed point argument on Lgm([s, a], Q,F;, U). Therefore,
Mo(s,t,80) = —(M*(t) + N3 () T R(t) ToNa (£)) "

(N7 () ToR(t) + Ny (£) Ty R(t) ToMa(t))Zo (s, £, Go)
such that F(s, o, 170) = (R(s)&0, o). O

7. Linear Quadratic Optimal Control Problem for a Class of Linear Stochastic
Generalized Systems

In this section, we investigate the following linear quadratic optimal control problem.
We consider the following linear stochastic generalized system

E1dg(t) = (MnG(t) + Nuy(t))dt + (M12¢(¢) + Nuonp(t) )dw(t)
t € [0,a],¢(0) = o (19)
0 = o(t)dt + Nyn(t)dt, t € [0,a],0(0) = 0p. (20)

The following quadratic cost functional is introduced:

FO,| & ey =B L] 5 |+ impoa - iNe@ . e

0o

Here, M is a strongly positive operator, and L and N are bounded linear operators.
Let H = H; @ Hp,

o E1 O . My O _ N1
e= [ o T ]

M 0 N
e e e
D =Hy,¢(t) € Hy, o(t) € Ho.

The optimal control problem considered in this section is as follows:
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Problem 2. For any given initial value [ go } € H; x Hp, finda
0

770(') € Lgm([ol a]rQrFtrU)/

such that

B0, [ Sg } ) =FE(0,80,70()) = miny)cp2 ((oa,0,0)F (0 S0 ().

Any 1,(-) € L2,,([0,a], Q, F;, U) satisfying Problem 2 is called an optimal control of

o Go(*)

Problem 2 for the initial value o ], and the corresponding state [ ool-) } =
0 [

[ g%gj :g?): ZZE%; ] is called an optimal state process; the pair ( [ 528 } ,Mo(+)) is called

an optimal pair. The function F, (0, -) is called the value function of Problem 2.

Definition 2. If {(t) is the mild solution of system (19), o(t) = —No17(t), then [ gé?) } is

called the solution of linear stochastic generalized systems (19)—(20).

Theorem 8. Let E and M, satisfy Hypothesis 1 and define

L L - ——1 —
L= [ 1R T o= LaNa N L M= M+ NjaN (@2)
— —1
M1 = M1+ NyyM N;lLTZ (23)
— —1
My = My + NipM N;lLTZ' (24)

Then, by the controller substitution

n(t) = u(t) + M NjyLpE(D), (25)

the optimal control for the linear stochastic generalized system (19)—(20) with the cost functional
(21) can be converted into the following linear quadratic optimal control problem:

E1dE(t) = (Mpi&(t) + Nuyu(t))dt + (Mg (t) + Nipu(t))dw(t),

t € [0,a],&(0) = Go- (26)
with the cost functional
& F1/2 ~1/2
FO,| & | pe) =B UE e + M a0+ INe@ D). @)
Proof. According to (20), we obtain o(t) = —Njy%(t). From the operators Lq1, L1, L

defined by (22) and o (t) = —Na17(t), the cost functional (21) can be converted as

. ORGS0
Fo.| & Loy = Bk | [ 40 ] [ o(t) )it [NE(a) )

n(t) n(t)
s | Ln Lz O g(t) g(t)
B[ 1 L 0 || o || o) i+ Nl
0 0 M ||yt n(t)
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B a L11 —L1p Ny g(t) g(i’) 5
=B g, T LS LS e ine @)
(where (22) and o(t) = —Np17(t) are used)

= B( [ (Ln(e), 60) = (NALRE(), 1) = (LaaNaay (1), 6(6)

+(My (1), (1))t + | NE(@)|)
= B( [ (Lud(,8(0) — (LaNaM ' NALRE®), E(0))
(LNt M Ni L (1), E(1) )

+ [N L2, 1(0) — LN (1), €(1)
+(Mn(e),n()))dt + |NE(@)|)

= B([ (b ~ LaNa M NL)E(0),6(1)
+(M((t) — MTIN3 LBE(),

1(0) = MTINZLRE())d + [NE(@)]|)
— B[ (250 12 + 17 2u(t) )t + [Ng(a) ), 28)

where

L=1Ly— L12N21M_1N§1LT2
is used, and

u(t) =n(t) = M NjiLLE(H),
ie.,

D) = u(t) + M N3y Li(t).

This is the same as (27). Substituting (25) into (19), we can obtain System (26) given by
(23) and (24).

In order to finish the proof, we need to show that L is a symmetric nonnegative
operator. Since

L o0 o I —L12N21M L11 L1p N> I 0
0o M| |0 I Ny L, M Ny Li,M I |
we obtain that operator L is symmetrically nonnegative. [

As can be seen from the above, Problem 2 is transformed into the following problem:

Problem 3. For any given initial value ¢y € H;, find a
o(+) € L3,,([0,a], Q, F, U),

such that
Fo(0,80) = F(0, 8o, uo(+)) = min,ycp2 (0.a,0,5,0)F (0, So,u(-)),
where .
F(0,80,1()) = B( [ (IT22(0)|P + 4" u(t) )t + NG (a) 7).

Any u,(-) € L2,([0,a],Q,F;, U) satisfying Problem 3 is called an optimal control of
Problem 3 for the initial value &y, and the corresponding state &,(-) = (0, -, {o, to(+)) is
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called an optimal state process; the pair (&,(-), uo(-)) is called an optimal pair. The function
F,(0, -) is called the value function of Problem 3.

Obviously, Problem 3 can be solved by the method of Problem 1. According to
Theorem 7, we can obtain the following results:

Corollary 3. Under Hypotheses 14, corresponding to Problem 3, the optimal control Problem
3 with the linear stochastic generalized System (26) and initial condition o € D have a unique
optimal input solution u,(0,-,&) € L2,,([0,a], Q, Fy, U) and a corresponding optimal state

¢o(0,,¢0) € C*([0,a], O, Fy, D).
Furthermore, u, has feedback characterization in terms of the ¢,
uo(0,t,&) = —(M + Nip TER(t) ToyNpp)
(N TER() + N3 T3 R(D) ToM12)2 (0,1, o)-
Here, R(t) is the unique solution to (15)—(17) corresponding to Problem 3.

8. Application Examples

In this section, three application examples are given to illustrate the effectiveness of
the theoretical results obtained in this paper.

Example 1. Consider the following linear quadratic optimal control problem.
The linear stochastic generalized system is the generalized heat equation:

{ I 0 } { 4z (t,7) ] _ { My 0 H &(t,7) }dH[ (1+6)I ]q(t,x)dt

0 0 || do(t,7) 0 (+)I || o(t1) 0

[0 0 (83 o [ 50 oo,
=0y

¢(0,x) = Co() (0, x)

Here, My1& = 22 with domain domMy; = {¢ € Hy, ¢, dg
dz?é € Hy,&(0) = &(rr) = 0}, Hy = L?(0, 7t). The cost function takes the following form:

(x),0<t<a0<x<m. (29)

are absolutely continuous,

dr2
%o N / G 2 2
Fo.[ & Ly =e(f ] 5 |1 mopaewp. co
Find n to minimize (30). This kind of optimal control problem can be classified as Problem 1
and solved.
Let

1 0
H—H1@H1,IU—H1,E—-O 0:|,
M;: domM; C H — H be an operator defined by

_ [ Mn O
Ml(t) - |: 0 (1+t2)1 _/]D)_Hl

O R B i e RO R S

Then, (29) can be rewritten as

ac() = (vr(1)| £10) | + oo+ (a(t)| £ | + na(om(ees

o
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te [O,a],{ gﬁg; } = { gg ] (31)

It is obvious that Hypotheses 1 and 3 are true for (30) and (31). As long as My (t) and Ny (t)
satisfy Hypotheses 2 and 4, then (30) and (31) satisfy Hypotheses 1-4. Hence, Theorem 7 is true for
(30) and (31).

Example 2. In Example 1, we take the state equation and cost functional as the following,
respectively:

50 Yo
&(0,x) =& (x),0(0,x) =0p(x),0<t<4q,0<x < (32)
Fo.| & ey =e([a| & [P+ mopaiewr. e

Here, a is an appropriate constant. Find n to minimize (33). This kind of optimal control
problem can be classified as Problem 3 and solved.

It is obvious that E and M, satisfy the condition of Theorem 8. According to Theorem 8, (32)
and (33) can be converted to the following state equation and cost functional, respectively:

dg(t) = (Mg (t) +n(8))dt + (G (t) + an(t))dw(t) (34)

with the cost functional

a
F(0, 0, 1(")) = E(/O (SO + 2l (B)1*)dt + [IE(@)]?). (35)
It is obvious that Corollary 3 is applicable to this kind of optimal control problem.
Next, we will explain Problem 1 through the input—output problem in economics.

Example 3. From [14], in input—output economics, many models were established to describe the
real economics. The economics Leontief dynamic input—output model can be extended as an ordinary
differential equation of the form:

ECW v z) + M), € [s,al,206) = @ (36)

in the Hilbert space H, where E € L(H,H) M (t) : domM;(t) € H — H is a linear operator,
and Ny (t) € P([s,a], L(H, H)), while &(t),n(t) € H for t > s > 0. However, in reality, there are
many unpredicted parameters and different types of uncertainties that have not been implemented
in the mathematical modelling process of this system. Nonetheless, we can consider a stochastic
version of the generalized System (36) with the standard Wiener process w(t) used to model the
uncertainties of the form:

Edg(t) = (My(£)¢(8) + No(5)n(8))dt + (M2(£)¢(£) + Na(t)7(£))dw(t),

te [S/ a}, (:(S) = ‘:0 (37)

This stochastic version of the input—output model is a linear stochastic generalized system in
the Hilbert space H of the Form (1). The following quadratic cost functional is introduced:

F(s, S0, 1(+)) = E(/:(Ilé(f)II2 +nO1)dt+ 15 @)1?), (38)
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Find n to minimize (38). This kind of optimal control problem can be classified as Problem 1
and solved.

The unforced linear stochastic generalized system, i.e., 17(t) = 0 in (37) is the linear homoge-
neous system of (37):

EdZ(t) = My (t)G(t) + Ma(t)g(t)dw(t),
t € [s,a],&(s) = Go. (39)

The linear stochastic generalized System (39) is the form of System (3). In what follows, we
will verify the effectiveness of Theorem 7.
If, for some concrete engineering practices, the following data are taken in (37):

<[ S]mo=] " 5 lmo=[ 0],

Ma(t) = [ 101 (1 +0t3)12 ],N2(t) - [ (th‘(’)‘l)h ]/

where Iy, I are identical operators in the Hilbert spaces Hy and Hy, respectively. Systems (37) and
(39) can be written as (40) and (41), respectively:

[ o]l 1= A Joe [ 50" T
0 b) 2(1‘) @
8 v || i o

+ [ (thgl)h }ﬂ(t)dw(t), (40)

juy

where

& o)) Al

Lo e [0 oo a

where t € [0,a], { *1(0) } = { *10 ] We can obtain that D = Hj; the GE-evolution operator
x2(0) x20
T(t,s) induced by E with generator M (t) is

7l(t2—s2) 0 I 0
T(t's):lho 0“01 12];

and the stochastic GE-evolution operator V (t,r) induced by E related to the linear homogeneous
Equation (41) is

V(t,r)_[6_%(tZH_rZ‘”*w(”‘w(’) lo 0 ]

0 0 0 b

It is obvious that Hypotheses 14 hold. Therefore, according to Theorem 7 we can obtain the
optimal control, optimal state, and minimum of (38).
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9. Conclusions

We have investigated the linear quadratic optimal control problem for linear stochastic
generalized systems by using the GE-evolution operator in the sense of the mild solution in
Hilbert spaces. Sufficient conditions have been proposed for the linear quadratic optimal
control problem of the linear stochastic generalized systems. These results are very con-
venient and effective for judging the existence and uniqueness of the optimal control and
for giving the state feedback expression of the optimal control. If System (1) is a nonlinear
stochastic generalized system, the results of this paper need to be considered again. This is
our next research goal.
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