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Abstract: The stability analysis of the numerical solutions of stochastic models has gained great
interest, but there is not much research about the stability of stochastic pantograph differential
equations. This paper deals with the almost sure exponential stability of numerical solutions for
stochastic pantograph differential equations interspersed with the Poisson jumps by using the
discrete semimartingale convergence theorem. It is shown that the Euler-Maruyama method can
reproduce the almost sure exponential stability under the linear growth condition. It is also shown
that the backward Euler method can reproduce the almost sure exponential stability of the exact
solution under the polynomial growth condition and the one-sided Lipschitz condition. Additionally,
numerical examples are performed to validate our theoretical result.

Keywords: stochastic pantograph differential equation with jumps; Poisson process; Euler-Maruyama
method; backward Euler-Maruyama method almost sure exponential stability; Lipschitz condition;
polynomial growth condition

MSC: 60H35; 60H10; 65C30

1. Introduction

Stochastic differential equations (SDEs) have been widely used in a variety of fields,
such as physics, chemistry, engineering, biology and mathematical finance, to describe
models of dynamical systems affected by uncertain factors. In order to have more realistic
simulations for random systemes, it is more desirable and efficient to study SDEs with
delay. SDEs with delay are named stochastic functional differential equations [1] and they
act better than SDEs. Hobson and Rogers [2] gave a new non-constant volatility model
with past dependency in finance. Arriojas et al. [3] assumed that the stock price follows a
stochastic model with delay. Recently, stochastic models with variable delay have received
intensive attention [4-8] and have been used in many applications in finance, biology,
control and stochastic neural networks [9-12]. These types of models are called stochastic
pantograph differential equations (SPDEs), and they have received great concern and have
been used in different fields of science. The pantograph model was used by Ockendon and
Tayler [13] to know how the electric current is gathered by the pantograph of an electric
locomotive, from where it gets the name.

On the other hand, it is desirable to incorporate jumps into stochastic models for
more realistic simulations and data fitting. Thus, jump models are important and play
a vital role in describing a sudden change in the system [14,15]. It is often better to use
jump-diffusion models when the stochastic systems are interspersed with some randomly
occurring impulses to describe them [16-18]. It is also preferable to study SDEs with delay
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and jump [19,20]. In this paper, we deal with the stochastic pantograph differential model
interspersed with Poisson jumps.

Most of the stochastic pantograph differential equations with jumps have difficulties
in their analytical solutions; therefore, numerical schemes have to be used to solve them.
There is much research that focuses on the convergence of these numerical methods.
For example, Fan et al. [21] presented numerical algorithms for solving SPDEs via the
Razumikhin technique. Fan et al. [8] applied Euler methods on SPDEs and proved the
existence, uniqueness and convergence of these numerical schemes. Moreover, Li et al. [22]
applied the Euler technique on SPDEs and proved the convergence of that scheme.

The stability analysis is another important factor in the numerical analysis. There
are two common concepts, namely the mean square stability and asymptotic stability.
Guo and Li [23] formulated the global mean square stability of the Euler-Maruyama
method. Higham et al. [24-27] studied the stability of the numerical techniques for SDEs.
Mao [28-30] studied the almost sure asymptotic stability of stochastic differential equations
with and without delay based on the continuous semimartingale convergence theorem.
Rodkina and Schurz [31] studied the almost sure asymptotic stability of numerical solutions
for linear SDEs based on the discrete semimartingale convergence theorem. Recently,
Wau et al. [32] studied the almost sure exponential stability of Euler-type techniques for
the nonlinear stochastic delay differential equations based on using the semimartingale
convergence theorem. Zhou et al. [33] investigated the exponential stability for stochastic
functional differential equations using the polynomial growth condition. Zhou [33] studied
the almost sure exponential stability of numerical solutions for SPDEs. This paper extends
the previous work which was concerned with the almost sure exponential stability of
SPDEs and discusses the almost sure exponential stability of numerical solutions for
SPDEs interspersed with Poisson jumps with the help of the discrete semimartingale
convergence theorem.

The structure of this paper is arranged as follows. Section 2 gives some important
notations and discusses the global and almost sure exponential stability of the analytical
solution. The almost sure exponential stability of the Euler-Maruyama method is presented
in Section 3. Then, Section 4 discusses the almost sure exponential stability of the backward
Euler method when imposing the one-sided Lipschitz condition. Numerical examples are
given in Section 5 to validate our theoretical results. Finally, the conclusions are given in
Section 6.

2. Almost Sure Exponential Stability of the Analytical Solution

Throughout this paper, let (), 7, {Ft},~o, P) be a complete probability space with
filtration {F;},-, satisfying the usual conditions (i.e., it is increasing and right continuous
while Fj contains all P-null sets). Let W(t) be a d—dimension Brownian motion defined
on the probability space and N(t) be a scalar Poisson process independent of W (t) with
parameter A > 0 defined on the same probability space. Let | - | denote the Euclidean
vector norm or Frobenius matrix norm and let (x, y) be the inner product of x, y in R” and
for a € R, [a] denotes the integer part of a. a\/ b represents max(a, b) and a A\ b represents
min(a, b).

Consider the following m—dimensional stochastic pantograph differential equation
interspersed with Poisson jumps of the form

dx(t) = f(x(t7),x(qt™))dt + g (x(t7), x(qt ™) )dW(#)

+h(x(t7),x(qt7))dN(t),  t>0, ¢))

with initial data x(0~) = xp, where 0 < g < 1, x(t) is m—dimensional state process,
x(t7) = limg_y-x(s), x(qt™) = limg_pp-x(s), f : R" x R™ — R™, ¢ : R" x R™ — R>d
and i : R™ x R™ — R™ are Borel-measurable functions. Let the initial data xy be a bounded
Fo—measurable random variable and E|x|?> < coand £(0,0) = ¢(0,0) = h(0,0) = 0 which
indicate that Equation (1) has a trivial solution. An important thing in our analysis is the
compensated Poisson process
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N(#) := N(t) = At, @
which is considered as a martingale.
Proof. Lets < t, then we have
E|Ni| | = EIN: — At| ]
= B[N+ (N; = Ny) = A(t = 5)| %]
= N5 + E[(Nt — N5)] — A(t —s)
= Ns+A(t—s) — A(t —s) = Ns.

It is also clear that N; is a function of N; and it is integrable as N; has a Poisson
distribution. Therefore, we conclude that (2) is a martingale. By defining

AH(xy) = f(x,y) + Ah(x,y) 3)

it can be easily seen that Equation (1) may be written in the form

dx(t) = fa(x(t7), x(qt™))dt + g(x(t7), x(qt™))dW (t)

s 4)
+h(x(t7),x(qt"))dN(t).
O

Assumption 1. The functions f, g and h satisfy the local Lipschitz condition, that is, for each
integer j > 1, there exists a positive constant L; such that

[v(x1,y1) — v(x2,92) > < Li(]x1 — %2> + |y1 — v2|?), %)
forallt > 0,v = f,g,orh,and x, y, € R™ with [x¢| V |yx| <j(k=1,2)

Assumption 2. The polynomial growth conditions. For all x € R™, there exist positive constants
«,B,v,6,a,a,a,b,b,b,c,¢, c such that

(x(s).f(x(s),x(q5)))

6

< —alx(s) 2 4 a(x(q3) P+ + x()P*2) — dlx(s) ©
19(x(s),x(q8)) 2 < blx(s) 72 + B(1x(qs) "2 + Blx(s) %
h(x(), 2(q8)) P < elx(s) 12 + e((x(qs) 2 + Elx(s) 2 ®

Theorem 1. Let Assumptions 1 and 2 hold with 2a > b+ A(¢+ 1), 2a > 2a(1 + %) +b+ % +
Alc+ g) and o > BV v V 8. Then, for any initial data xq, there almost surely exists unique global
solution x(t) to Equation (1) ont > 0.

Proof. Under Assumption 1, applying the standing truncation technique to Equation (1)
for any initial data x, there exists a unique maximal local strong solution 0 < t < 7, where
T, is the explosion time. In order to show that the solution is global, it is only needed to
show that 7, = o0 a.s. Let ng be sufficiently large such that n9 > |xg|. For each integer
n > ng, define the stopping time

T, =inf{t € [0, %) : |x(t)| >n}, neN )

where, throughout this paper, we set inf ¢ = oo (¢ is the empty set). It is clear that 7, n > ny
is an increasing sequence; therefore, T, — Too < To(1 — o0)a.s. If it can be shown that
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Too = 00 a.5., then T, = co a.s. which indicates that x(t) is global. In other words, our target
is to prove that P(7, <t) = 0(n — oo,t > 0).

Define V(x) = |x|?. Because of P(1, < )V (x(1;)) < EV(x(t A 1)), our objective will
be to prove that EV (x(t A 7,)) < +o0 because V (x(1,)) = |x(1)|* = n> — 0. Applying
the Itd formula [34], we obtain

V(A T) = V(x(0)) + 2 / x(gs)) s o
+ /MT" ))|2ds + M(),
where tATy
M(t) :/0 2(x(s), g(x(s), x(gs)))dW (s)
+ [ 20200, (x(5), x(gs))aN () (8
w7 $))[2dN(s)
is a local martingale with M(0) = 0. Using Assumption 2, we may compute
2(x(s), fa(x(s), x(g5))) + |8 (x(s), x(g5)) >
= 2(x(s), f(x(6), x(45))) )
+2Mx(s), h(x(s), x(gs)))
|

+ I8 (x(s), x(g5)) %,

therefore,

2(x(s), fa(x(s), x(g5))) + |g(x(s), x(g5))[?
< —2alx(s) |2 — 2a]x(s)[?
+2a(|x(qs) P12 + |x(s) [P 2)
+ Ax(s) > + Aclx(s)[°*2 (13)
1 Adlx ()| + ATlx(s) P
+b|x(s) "2 + Ab|x(s)|° 2
+ Ab|x(s)[%,
which equals to
2(x(s), fa(x(s), x(g5))) + |g(x(s), x(g5))[?

< —2a|x(s)[**2
+Zj alx(3)|F+2 — [x(5)[*2)

+ 2 gla(qe) 72— 1(6) )
+ g7~ () ”
— (28— b— AT+ 1))|x(s)|2

+2a(1+ 7)|x(s)|ﬁ+2

e Z)"‘(S)'m

-

+Alc+ q)|x( s)[°*2.
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Let
1(x(s)) = (23~ 5~ AE+ 1) |x(s) 2~ 20(1 + ) [x(s) [P+
q
5 (15)
+2a]x(s)|"*2 — (b + a)lx(S)l7+2 — Me+< p ) x(s) 22
Recall that 22 > b+ A(€+1), 20 > 2a(1+ 1)+ b+ L+ A(c+£), a > pvy Ve
By Lemma 1, in [33], there exists a positive constant &y such that I(x(s)) > &lx(s)|%.
Substituting (14) and (15) into (10) yields
i AT
Vx(eAT) € V() + 2 [ (glelae) 2~ (o) )
+2 / (q1X(g9) 72 = [x(s)[7*2)ds
)w EATy (16)
r (qlx(g5)[°*2 — [x(s)|”*2)ds
tATy 5
2o [ Jx(s) s + M),
Using the property of integral, we may estimate
t t t
| @lx@)P*2 = x()P*2)ds = [ qlx(qs) P 2ds — [ |x(s) P s 07)
0 0 0

Letting z = gs and ds = (1/q)dz in the first integral of the right hand side of (17)
lead to

[ @l P2 = 1x(s) P 2yas = [ x(e) P2z - [l a9)

By making change of variable for the dummy variable z in the first integral of right
hand side of (18) and making it equal to s, we obtain the following

[ aletas) 92~ () P25 = [ (o) P2~ [ (o) P2

; (19)
= — [ 1x(s)/P+2as
gt
By the same analogy, we obtain
t
[ alsla9)2 = ) 2)ds < [ [x(e))72s, 0)
0
and , ,
| @lx(as)|#*2 = x(s) s < = [ [x(s)|+2s @
qt
By plugging (19)—(21) into (16) and taking expectation, we obtain
7 tATy
EV(x(tA ) < V(x(0)) — Z—QE/ Ix(s)|P+2ds
q q(tATh)
B é /t/\T ‘7+2ds
7 (22)
_ i / |5+2ds
q ﬂ(f/\vk

—&E / (s)|2ds,
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which indicates that there exists a positive constant D such that EV (x(t A 1,)) < D. As
mentioned before, P(t, < t)V(x(1;)) < EV(x(t A1) and V(x(7y)) = |x(t) > = 12,
allowing n — oo leads to

lim sup P(t, <t)=0. (23)

n—oo

This indicates that Equation (1) has a unique global solution. [

Assumption 3. The polynomial growth conditions. For all x € R™, there exist positive constants
«,B,7v,8,a,a,a,b,b,b,c,c,csuch that

(x(s).f(x(s),x(q5)))

< —alx(s) 2 4+ a0 x(ge) P2 4 [x(s) D) —ax(s) B
19(x(s),x(q)) £ < blx(s)[ 72 + Be=0=0%x(g) "2 4 Blx(s) 25)
1(x(s),2(q8)) < clx(s) 2 + o105 x (qs) 2 4+ Elx(s) 2 26)

Theorem 2. Let Assumptions 1-3 hold with 28 > b+ A(C+ 1), 2a > 2a(1 + %) +b+ % +
A+ g) and o > BV vV 8. Then, for any initial data xo, the solution x(t) to Equation (1) is
almost sure exponentially stable, that is,

lim sup %log|x(t)| < —%, (27)

t—ro0
wheree <20 —b—A(C+1).

Proof. Let V(x) = |x|? and for any ¢ > 0, we obtain the following by applying the Ito
formula

eV (x(t) = V(x(0) + /Ot e®(eV(x(s)) +2(x(s), fa(x(s), x(gs)))

(28)
+[8(x(s), x(gs)) *)ds + M(t),
where
/%% x(s),%(qs))) AW (s)
+/k$ x(s), x(45)))dN(5) 29)
+/%m x(05)) PAN(s)
is a local martingale with M(0) = 0. Using Assumption 3, we obtain
eV (x(s))+2(x(s), fa(x(s), x(q9))) + [g(x(s), x(g5))
< e|x(s)|? — 2a|x(s) |”‘Jr2 2d|x(s)|?
+2a(e” 0 x(gs) P2 4 [x(5)|F*2) 0

+ Alx(s) [+ Aclx(s)[ 2 + Ace™ (170 x(gs) |2
+ AG[x(s)[? 4 blx(s) |72 + b~ 177 x(gs) |+
+blx(s)?,

which equals to
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eV (x(s))+2(x(s), fa(x(s), x(g5))) + [g(x(s), x(q5)) |2
< ;”(qe*“*q)fwx(qsnﬁﬂ — |x(s)|F*2)

+ f(qe<lq>85|x<qs>|ﬁ+2 ~ Jx(s)[F+?)

N

+ Z(fi@“")“IX(QS)I“2 = |x(s)|"*?)

(31)
+ f(gew“x(qs)rm — x(s) ) — 2alx(s) [*+2
Q=B - AE+1) —e)|x(s)[2 +2a(1 + ;)|x(s)ﬁ+2
+(b+ z)x( )7+ Ac+ q)|x(s)|‘5+2.
Let 1
I(x(s)) = (2 —b— AC+1) —e)|x(s)]> — 2a(1 + 5)\x(5)|ﬁ+2
) (32)

+2a]x(s)* 2 — (b + q)lx( 5)|7*2 —A(C+;)x(5)|‘”2'

Recall that 27 > b+ A(C+1),2a > 2a(1+ §) + b+ 3 +Ac+E) e<2—b-AE+1),
a > BV V6. By Lemma 1, in [33], there exists a positive Constant o such that I(x(s)) >
&olx(s)|?. Substituting (31) and (32) into (28) yields

eV (x(t)) < V(x(
“ / (e~ (170 x(gs) P2 — [x(s)|P+2)ds

+- / (ge~ 0% x(gs) |72 — |x(s)["2)ds 39)

+Aq [ e e 0015l — a9 2)ds
- t —_
—go/o ¢ |X(s)|2ds + M(t).

Using the property of the integral, the following is obtained

t
/e“(fiﬁ’“"”“l%(lﬁ)|’”2—|x(5)|’3+2)dS
0

qt t
< / ¢S |x(s) [P+ 2ds — / Ix(s)|P+2ds (34)
0 0

t
= —/ e |x(s)|PT2ds,

qt

by the same analogy, the following are obtained

t t
) e a1 )2 < — [ ST @)

and

t t
| e e 0 x(q9) P2 = ()[4 2)ds < — [ ex(s) 26 (36)
0 qt
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By plugging (34)—(36) into (33), we obtain
et 21 [ £s B+2
Y (x(1) < V(O) =T [ )P s
qt
Tt = ot R
- é/ e |x(s)|"2ds — E/ e |x(s)|°2ds (37)
q Jqt q Jgt

t
o [ e lx(s)Pds + (1)
0
Applying the nonnegative semimartingale convergence theorem [33], we obtain

lim sup eV (X(t)) < o0 a.s. (38)

t—o0

That is, there exists a finite positive random variable Cy such that

sup eV (xt) <Co as. (39)
0<t<oo
Which implies
1
sup - log|x(t)] < £ s (40)
0<t<oo t 2

The proof is completed. [

Remark 1.

1. The solution x(t) to Equation (1) is said to be almost sure exponential stable if there exists a
constant ¢ > 0 such that

1
lim sup —log|x(t)| < —c as.
t—o0 t

for any initial data x.
2. The solution x(t) to Equation (1) is said to be mean square stable if for every € > 0 there
exists a constant ¢ > 0 such that

sup Elx(t)[> <e
ty<t<oo

for any initial data xq such that || xo ||< c.

3. Almost Sure Stability of Euler-Maruyama Method

For a given step-size At € (0,1), the Euler-Maruyama method for (4) is defined
as follows

Xn+1 = Xn +f)\(Xn, X[qn})At+g(Xn, X[qn])AWn (41)

+ h(Xn, Xjgu))AN,, 1=0,1,2,..

where X,, is an approximation value of x(t,), t, = nAt,0 < ¢ < 1 and Xy = xp. AW,, =
W (tns1) — W(t,) represents the Brownian motion increments and AN, = N,;1 — N,
represents the increments of the compensated Poisson process. The delay argument may
not hit the previous time step which appears in the numerical method while dealing with
the pantograph delay. This problem is tackled by interpolating the unknown approximate
values of the solution to the closet grid point on the left endpoint of the interval containing
the delay argument using piecewise constant polynomials.

Assumption 4. The Linear Growth Conditions. For any x € R™, there exist positive constants
a,d,b,b,c, ¢ d,dsuch that
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(x(s), f(x(s),x(g5))) < —alx(s)[* +ae”=P%|x(gs) |, (42)
|F(x(s), x(q5))[* < elx(s)]* + e~ 70| x(gs) (43)
8(x(s), X(g5))* < blx(s)[* + be™ =] x(gs) | (44)
[1(x(s), x(g5))[* < dlx(s)[* +de™ = |x(gs) (45)

Theorem 3. Let Assumption 4 hold. Then, for any given € > 0, there exists a small At* € (0,1)
such that if At < At*, then the approximate solution { X, } defined by (41) has the property

lim sup —log | Xu] < —% a.s. (46)

71*)00

Proof. Using Assumption 4 and Euler-Maruyama technique (41), we may calculate

X1 * = [Xul® + 20X, fr (X, Xjgu))) A+ | fr (X, Xpgup) [P A
+ |8(anX[qn])AWn|2 + |h(anX[qn])ANn|2
+2(Xn + fa(Xn, X(gn)r 8(Xn, Xign)) AWn)) (47)
+ 2(Xn + fr (X, Xigupy h(Xn, X(gu))ANR))

+ 2(8 (X, X(gu)) AWor, B(X, X)) ANy),

X1 * < 1Xul? +2(Xn, f(Xn, Xjgu))) At + ADH (X, X pg)) |
+ ADH Xt [* 4 288 | f (X, X)) 1> + 2(ADE)? (X, X))
+ 18 (X, X(gu)) 2Dt + |g(Xn, X[qn])|2(Aw2 — At)
+ B (X, Xigu)) PAAE + [B(X, X () [P (N — AAE) (48)
+2(Xn + f2(Xn, X(gn) 8(Xin, X[gn)) AWn))
+2(X + fr (X, Xigup B(Xi, X(gu))ANR))
+ 2(8 (X, X{gn)) AWn, h(Xn, X qn])ANﬂ>r

| Xyi1|? < (1 —2aAt + bAE+ 2cAF? + AAH(1 +2d(1 + AAE)) | X, |2
+ (28 + 26At + b+ 2Ad(1+ AAE))e 1D X 2At (49)
+ Sn,

where ) ) .
Sn = |8(X?1/X[qn])| (AW — At) + |h(anX[qn])‘ (N; — AAt)

+ 2<Xn + f)\(Xn/ X[qn]/g(xn/ X[qn])AWn)>
+2(X + fa (X, Xigupy 1( X, X(gu))DNR))
+ 2(8 (X, Xigu)) AWar, (X, X)) ANy),

(50)

after obtaining (50), it is easy to have
es(n+l)At|Xn+1|2 _ eenAt|Xn|2 < (A _ efeAt)es(n+1)At|Xn|2
+ Betm DA X 2AE (51)
+ ee(n+1)Atsn

where
A =1 —2aAt + bAt + 2cAt? + AAE(1 4+ 2d(AAL)), (52)
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and
B = 24 + 2¢At + b+ 2Ad(1 + AAt). (53)

By applying the recursive method, it is easy to obtain

n—1

eenAt|Xn|2 < |X0|2 + (A _ efeAt) 2 es(i+1)At|Xi|2
i=0
n—-1 .
+B Z es(z+1)At(6—(1—q)szAt|X[qi] ‘2 _ eSAt‘XiF)At (54)
i=0
n-1 n-1
+ BetDt Z es(z+1)At|Xi|2At + Z ee(z+1)AtSi
i=0 i=0
endt|x 12 < |x, |2 et — A Betht (= e(i-+1)At x 127
NP < X (g Bt T e
n—-1 .
+B Z es(z+1)At(ef(lfq)ezAt|X[qi] ‘2 _ ESAt‘Xl‘|2)At (55)
i=0
n-1
+ Z es(l-i—l)AtSil

i=0

where Z?:_Ol eg(iJrl)AtSi is a martingale. Assume that [gi] = j; then j < gi < j + 1; therefore,
gi—1<j<qi.lf0<i<n—1,then—-1<j<g(n—1)<[gn]+1—¢q < [gn]+ 1. This
leads to .

nzes(iJrl)At(efs(lfq)iAt‘X[qi] |2 _ eeAt|Xi‘2)

i=0

" aaiva 2 S Aty 2
_ 2 oE(1+ai) t|X[qi]‘ _ 2 o£i+2) t‘Xi‘
i=0 i=0

g1 1 (56)
— Z es(1+2)At|Xi|2 _ 2 e£(1+2)At|Xi|2
i=0 i=0
n—1 )
< - Z es(z+2)At|Xi‘2.
i=[gn]+2
Let
e—sAt -1 A
f(At) = 2a — bAt —2cAt — A(1+2d(AAL)) + —x Be®M. (57)
Using the Taylor series, we obtain
e A =1 —eA+ (eAt)” - (eA)” +--->1—eAt
2 3! ’
which leads to
efsAt —1 (58)
A T E
Thus,
f(At) > 2a — bAt — 2cAt — A(1 +2d(AAL)) — & — Be™. (59)
For a given ¢, pick up a very small At* such that for all At < At*,
2a — bAt — 2cAt — A(1 + 2d(AAE)) — e — Be®™™ > 0. (60)

After plugging (56) and (60) into (55), the discrete semimartingale theorem which was
stated in [33] implies that there exists a positive constant Cy such that

e X, 2 < Co. (61)
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Which implies
1 €
i — << s
lim sup AT log | X | 5 0 (62)

n—oo

The proof is completed. [

4. Almost Sure Stability of Backward Euler-Maruyama Method

In this section, it will be shown that the backward Euler-Maruyama technique can
reproduce the almost sure exponential stability of the exact solution of SPDE interspersed
with Poisson jumps.

Assumption 5. The Polynomial Growth Conditions. For any x € R, there exist positive
constants «, a,d,d,b,b,b,c,¢,¢ such that

(x(s).f (x(s), x(4s)))

63

< —alx(s)[*2 + 2~ 0D |x(g)[*42 — (), ©9

19(x(6), x(45))I < blx()[**2 + Be~ -0 ]x(gs) |2 1 Blx(s) 2, 69
I1(x(5), x(g5))2 < clx(s)]*2 + ce~ 1D (qs) 2 + EJa(s) . 65)

Given a step-size At € (0,1) and for t € [0, T], let NAt = T for some positive integer N and
ty = nAt (n > 0). Then, the backward Euler—-Maruyama technique is defined as follows
Xny1 = Xn + f(Xn+lr X[q(n+1)] )At + g(XVlr X[qn] )Awﬂ

(66)
+ h(Xn, X[ql’l] )ANn.

To ensure that this scheme is well-defined, the following one-sided Lipschitz condition is
imposed on the drift coefficient f(x,y) in x.

Assumption 6. One-sided Lipschitz condition. There exists a constant { such that for any
x1,%,y €ER"andt >0

(v1 = x2, f(x1,y) = f(x2,y)) < Elx1 — 22 (67)

Under this condition, if (At < 1, then the backward Euler scheme (66) is well-defined (see,
e.g., [35]). The following theorem shows the almost sure exponential stability of the backward
Euler scheme.

Theorem 4. Let Assumptions 5 and 6 hold. Then, there exists a small At* € (0,1) such that if
At < At*, then the approximate solution { X, } defined by (66) has the property

1
lim sup @log |Xu| < —% a.s. (68)

n—oo

where ¢ < 24 — mb — Amc.

Proof. Using Assumption 5 and Equation (66), we may calculate

Xn11? = (X1, X+ F( X1, Xjg(ur1)) Dt + (X, Xjgu)) AW

9 (69)
+ h(Xn, X[qn])ANn + )\h(Xn, X[qn] )At>,

which equals to
X1l = (Xur1, f (X1, Xjg(ng1))) At

+ <Xn+1/Xn +g(X71/ X[qn})AWn (70)
+ h(Xn, X{gn)) AN + AR (X, X)) AL),
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then
X1 ]? < (—a| Xy |2+ ae -0t | Xig(nrn) T2 = a1 X [?) At

1 1 T _e(1—
+ §|Xn+1\2+ | Xl + §(b|Xn|a+2+be e q)nAt|X[qn]|a+2

X ) [ AW 2 4+ 2 (el X2 4 eI 042
+ 81X ) [ANG 2 + (] X |* 72 4 cemeOmamb Xy [0F2
+ 81 Xn P AAL + (X, §(Xny Xgy )) AW

+(8(Xn, Xign)) AW, (X, X1g)) AN)

+ (& (X, Xign)) AW, A (X, X{gu))) Bt

+ <I’Z(Xn, X[qn])AN’ /\h(Xn/ X[qn])>At

+ <Xn/h(an X[qn])>AN"

(71)

This leads to the following

(14 28A1)| Xp11)? < (24 mbAt + AZ(m + 2AAE) AL | X, |
— 2(a| X1 |2 — ae A Xy T2 A
+ (mb| X, |* T2 4 mbe 170 X 912 AL
+ A(me| Xy |72 4 mee—(mOnA X (2T A
202 (| X |2 + C—efs(lfq)nAt|X[qn} | F2) A2
+ Su,

(72)

where
Sn = (D] Xy |* T2+ e~ (1708 | X [942 4 | X, 2) (| AW, 2 — mAt)
+ (c] X |72 4 e e ImImA X 22 4 E1X, [2) (JAN[? — AmAt)

+2<Xn,g(Xn,X[ a)) AW,

+ 2(8 (X, X{gu)) AWn, h(Xit, X (g ) AN) (73)

(g ns )Awnr A (X, [qn])>At

+ 2(h(X,, X[qn )AN, Ah(Xn, X(g))) Ot

+ 2( X, (X, X (g )) AN

(Xp, X
(X

Then, we may obtain

(1 + ZEAt) (es(n+l)At|Xn+1|2 _ esnAt|Xn|2)
< (2 + mbAt 4 AG(m + 2AAL) At — (1 + 2aAt)e~ D)t HDAl X |2
- 2aes(n+1)At|Xn+1 |"‘+2At + zﬁesq(n+1)At‘X[q(n+1)] |"‘+2At
+ mbee(n+1)At|Xn F2Af 4 mEefe(qn+1)At|X[qn] | F2At (74)
+/\(mce£(n+l)At|Xn|zx+2 + mc‘e_s(q”+1)At|XW]\“+2)At
+ ZAZ(C(ZS("+1)At|Xn"X+2 + C-e—s(anrl)At‘X[qn] |”‘+2)At2

+ es(n-l—l)AtSn'



Mathematics 2022, 10, 3137

13 0f 18

By using the recursive method, we obtain

(1 + 2aAt)e™ | X, |2
< (14 2aA8) | Xo|? + (2 + mbAt + AZ(m + 2AAt) At

n-1
_ (1 —i—ZﬁAt)e*‘c‘At) 2 ee(z+1)At|Xi|2
i=0

n-1
—2a Z es(z+1)At|XiJrl |zx+2At

i=0

n—1 .
423 Z eeq(z+1)At|X[q(i+1)] |’X+2At

i=0

n—-1 n—=1 .
+ mb Z ee(l+l)At|Xi|a+2At +mb Z ee(qz+1)At|X[qi] |ﬂé+2At

i=0 i=0

+ Ac(m + 2AAt) Z (DAL X |2 A

:N
»—\O

+ Ag(m + 2AAt) 2 DAL X T2 AL
n i (FlitDAtg
i=0
which equals to

(14 2aAt) (e X, |
< (14 2aA1)| Xo|* + ((2 4 mbAt + AG(m + 2AAE)At)et>

n—=1 n .
— (1+2aAt)) Y 8 X 12 —2a ) B X; | P2AE
i=0 i=1

n—-1 n-1
+mb Y VA X F2AL 4 Ac(m + 2AA8) Y efUHDAY X F2A

i=0 i=0

n—1
oy Z ge(i+l)At‘Xi|'X+2At + mb 2 ee(i+2)At|Xi|a+2At
i=0 i=0

n-1
+ Ae(m + 2AAL) Y SR x| F2 A
i=0

n—1 . .
423 Z ee(z+l)At(efs(lfq)(erl)At|X[q(i+1)] ’uc+2 _ |Xi|“+2)At

i=0

n—1 . .
+mb Z ee(l—l—l)At(e—e(l—q)zAt|X[qi] |u¢+2 _ esAt|Xi|oc+2)At
i=0

n—1 ) )
+ Ac(m + 2AAt) Z es(z+1)At(efs(lfq)zAt|X[qi] |a+2 _ esAt|Xi|a+2)At

i=0

+ 2 ee(i+1)AtSi’
i=0

(75)

(76)

where Z?:_Ol efi+1)AtS, is a martingale. Then, we could proceed as we did before in (56) and

obtain the following



Mathematics 2022, 10, 3137

14 0f 18

gee(i-&-l)At(E—s(l—q)iAt|X[qi} |oc+2 _ eSAt|Xi‘“+2)
i=0

n—1 ) n—-1
_ Z es(1+qz)At‘X[qi]|a+2 _ Z es<l+2)At\Xi\“+2
i=0 i=0
[gn]+1 -1
Z e e(i+2) At|X |tx+2 Z es(i+2)At|Xi|rx+2
i=0 i=0
< _ Z es(i+2)At|Xi|oc+2_
i=[gn]+2

By the same analogy, we obtain

n . .
xes(1+1)At(678(17‘7)(1+1)At|X[q(l-+1)] |a+2 _ |Xi|1x+2)
1
< _ Z €€(i+1)At|Xi|a+2.
i=[qn]+2
After plugging (77) and (78) into (76), we obtain the following
(14 2aAt)e™™ | X, [*

n—1 .
< (1+25At)|X0|2 + Z ee(l+1)At|Xi|2 _zaesnAt|Xn|uc+2At
i=1

— (1 +2aAt — (1 + mbAt 4 AC(m + 2AAt) At)eM) Z €int) X |2

n
+ (—2a + mbe™ + 2ae A + mbe*) Z eS8 X2 T2 At

n—1
+ A (m + 2AAE) (c + ce™) Y e X,V A
i=1

+ (24 + mb + mbe™™ ++ A(m 4 2AAt) (¢ + ceF)) et Xo|* T2 At

n—1 n-l
0z Z ee(i+l)At|Xi|ﬂé+2At —mb Z eE(i+2)At|Xi|a+2At
42 i+

— A&(m + 2AAt) Z e H2)AL X 10 4+2 A1 4 Z flit1)tg,
(gi]+2 i=0

We follow the same procedures as in [33] and denote
F(AF) =14 2aAt — (1 + mbAt + AS(m + 2AA) At)et™,
Upon differentiating with respect to At yields
£ (At) = 24 — (mb 4 AG(m + 4AAL))e*™
— (14 mbAt 4 AC(m + 2AAE) At)eet™

and
£ (At) = —(1 + mbAt + AG(m + 2AAE) At)e2e™™ — (47%5) A

— 2(mb + AG(m + 4AAL) )eetDt

(77)

(78)

(79)

(80)

(81)

(82)
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Clearly, f'(0) = 24 — mb — Am¢ —¢ > 0, f (0) < 0, then there exists a Af such that
£ (Af) = 0. f(At) is non-decreasing function for values of At less than At and noting that
f(0) = 0; therefore, there exists a small At* less than At such that for all At < At*

1+ 2aAt — (14 mbAt + A(m + 2AA8) At > 0. (83)
On the other hand, because 2a > Wgﬂ + b + Ac, then there exists a small

At < At* such that
20 — 2362 — m(b + be®™)etM — A(m + 2AAt) (¢ + ce) et > 0. (84)

Then, after plugging (83) and (84) into (79), the discrete semimartingale theorem which
was stated in [33] implies that there exists a positive constant Cy such that

(1 + 2aAt)e™ | X, |2 < Cp. (85)
Which implies
1 €
i — < - as.
lim nsg}:o Al log |X,| < 5 s (86)

The proof is completed. O

5. Numerical Examples

In this section, we will present examples to illustrate our theory.

Example 1. Consider the following nonlinear SPDE with Poisson jumps
dx(t) = [—0.5x(t) — 4x>(t) +2x°(qt)]dt + x>(£)dW (t) + x3(£)dN(1), (87)

where W (t) is Brownian motion and N(t) is Poisson process. Define f(x,y) = —0.5x — 4x> +2y°
and g(x,y) = h(x,y) = x3. Then, we compute the following

flxLy) = f(x2,y) = —0.5(x1 — x2) — 4(x] — x3)
< —0.5(x; — x2)[1 4 8(xF + x3x0 + 2253 + 1125 + 13)].
Noting that A2+ B2 > (AJFTB)Z, calculate
(o} +3)
2
(xf+3)°
- 4
_ [x% + x3
2

X7+ x3xp 4 xfxs + x5 + x5 > +x1202(xf + x3) + (x1x2)?

+ X1X2(x% + x%) + (X1XZ)2

+ x1x2]2

7

which implies
(x1 =22, f(x1,y) = fx2,)) < —0.5(x1 — x2)%.
This indicates that f(x,y) satisfies the one-sided Lipschitz condition, and upon using the
inequality APB1 < %Ap” + #BPW, it is easy to calculate
(x, f(x,y)) < —0.5x% — 4x® +2¢°x

11 5
< _05x2 — 246 26
S be 3x+3y,

and |g(x(t),y(t))|? = |h(x(t),y(t))|* < x°. By Theorems 1, 2 and 4, Equation (87) has a unique
global solution and the solution is almost surely exponentially stable.
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Example 2. Consider the following nonlinear SPDE with Poisson jumps
dx(t) = [—0.4x(t) — 5x3(t) + x3(qt)]dt + x> ()dW (t) + x> (£)dN((t). (88)

Define f(x,y) = —0.4x —5x> + 13, g(x,y) = x? and h(x,y) = x2. Then, we compute
the following

flary) = f(xo,y) = —04(x1 — x2) = 5(x] — x3)
= —0.4(x; — x2)[1+12.5(x% + x1x7 + x3)].

Now, we test the one-sided Lipschitz condition

(x1 —x2, f(x1,y) — f(x2,y)) = —0.4(x1 — x2)2[1 + 12.5(x% + x1x9 + x%)]
< *0.4(3(1 — xz)z.

This indicates that f(x,y) satisfies the one-sided Lipschitz condition and it is easy to calculate

(x, f(x,y)) < —0.4x> — 5x* + x13
< 452

—0.
—0.4x% — 4.75x* +0.75y*,

and |g(x(t),y(t))|> < x* and |h(x(t),y(t))|* < x*. By Theorems 1, 2 and 4, Equation (88) has
a unique global solution and the solution is almost surely exponentially stable, and the backward
Euler technique can reproduce the almost sure exponential stability.

Example 3. Consider the following nonlinear SPDE with Poisson jumps

dx(t) = [—x(t) — 2x°(t) + 10x°(qt))dt + x3(t)sin(x(qt)) AW (t) + x> (t)cos (x(qt) )N (t). (89)
Define f(x,y) = —x —2x° +10y°, g(x,y) = x3sin(y) and h(x,y) = x>cos(y). Then, we
compute the following

f(x1,y) = f(xa,y) = —(x1 — x2) —2(x] — x3)
=—(x1—x)1+ 2(9(‘11 + x%xz + x%x% + xlx% + x%)].

Now, we test the one-sided Lipschitz condition

(1 =22, f(x1,y) = f(x2,y)) = — (01 = x2)?[1+2(x] + 2% + 2723 + 2135 + 33)]
< —(x1 —x)%

This indicates that f(x,y) satisfies the one-sided Lipschitz condition and it is easy to calculate

(x, f(x,y)) < —x® —2x° + 10x1°
1 25
< 42 _ 1.6 226
s X 3x + 3 v,
and |g(x,y)|? = |x3sin(y)|? < x° and |h(x,y)|? = |x3cos(y)|? < x°. By Theorems 1,2 and 4,
Equation (89) has a unique global solution and the solution is almost surely exponentially stable,
and the backward Euler technique can reproduce the almost sure exponential stability.

6. Conclusions
The conclusions of this paper can be summarized as follows:

®  The almost sure exponential stability of the analytical solution of SPDEs interspersed
with the Poisson jumps has been proved with the help of the continuous semimartin-
gale convergence theorem.
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¢  The existence and the uniqueness of the global solution of the exact solution have also
been proven.

®  In using the discrete semimartingale convergence theorem, it has been shown that the
explicit Euler-Maruyama technique reproduces the almost sure exponential stability
of the exact solution under the assumption of the linear growth condition.

* By replacing the linear growth condition with the polynomial growth condition, im-
posing the one-sided Lipschitz condition on the drift coefficient and using the discrete
semimartingale convergence theorem, it has been demonstrated that the backward
Euler technique is capable of reproducing the almost sure exponential stability.
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