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Abstract

:

The aim of this paper is to study a stationary Brinkman problem in an anisotropic porous medium by using a mini-element method with a general boundary condition. One of the important aspects of the   P 1 − B u b b l e / P 1   method is satisfying the inf-sup condition, which allows us the existence and the uniqueness of the weak solution to our problem. To go further in this theoretical study, an a priori error estimate is established. To see the importance of this method in reality, we applied this method to a real problem. The numerical simulation studies support our results and demonstrate the effectiveness of this method.
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1. Introduction


The purpose of this paper is to approach the Brinkman system using a finite-element method. The Brinkman system involves modifying the usual Darcy law by the addition of a standard viscosity term; this system was first defined by H.C. Brinkman [1]. In reality, many applications use this equation; for example, in a porous media it used to model fluid flow in a complex domain [2,3,4] and in a fictitious domain [5]. Shahnazari and al. worked on the nonlinear cases and products of the nonlinear Brinkman equation where the viscosity is nonlinear [6,7,8]. The Brinkman equations have very important practical applications in the field of anisotropic porous media [9,10,11], as well as in several other real domains such as nanofluids [12,13,14,15,16,17,18,19,20].



One important method for the resolution of differential equations is the mixed finite-element method (MFEM) [21,22,23]. This method has been used by several researchers to solve incompressible fluid flow problems [24,25,26,27]. Many research papers [24,28] are interested in solving the Brinkman equation using the mixed finite-element method, therefore the a priori and a posteriori error estimates for the Brinkman system are studied [28].



In this paper, we study the discretization, and we will establish the stability and a priori error estimate of the Brinkman problem with the permeability as a matrix by the finite-element method (mini-element); this method was introduced by Arnold, Brezzi and Fortin [29]. The method   P 1 / P 1   is not stable, so to overcome this obstacle we propose to use the   P 1 − B u b b l e / P 1  . The basic idea for   P 1 − B u b b l e / P 1   is that the construction of the mini-element starts with standard finite-element spaces for velocity and pressure and then enriches the velocity space such that the discrete inf-sup condition is satisfied. This method leads to a relatively low number of degrees of freedom with a good approximate solution [29,30,31].



The numerical study of this linear problem is obtained in the matrix form of large size; indeed, we propose an efficient (preconditioned) Uzawa conjugate gradient method to accelerate the convergence of the numerical solution derived from the one used with   P 2 / P 1   (or   P 1 − i s o − P 2 / P 1  ) [32,33]. To simulate the Brinkman equation in a heterogeneous reservoir, we modified the code suggested by J. Koko for the generalized Stokes problem [34], such that our model is based on the permeability as a matrix.



This paper is organized as follows: The governing equations and assumptions to conserve the existence and uniqueness of the solution are described in Section 2; Then a presentation of the mini-element method and the notations used in the approximation of our problem is performed in Section 3; The important theoretical results—the stability and a priori estimation—are proved in Section 4; Finally, to see the importance of this method, we propose several numerical experiments in Section 5 to prove that the convergence of our method is validated for an exact solution example.




2. Governing Equations


Let   Ω ⊂  ℝ d   ,   ( d = 2 , 3 )   be a bounded open set with a Lipschitz boundary    Γ   . The Brinkman system is represented by the following equations


        − ∇ · (  μ ˜  ∇ u ) + ∇ p + μ  K  − 1   u = f     i n     Ω ,       ∇ · u = 0     i n     Ω .        



(1)







The system in Equation (1) is completed by the boundary conditions on  Γ  given by


    A  − 1   u + B    μ ˜  ∇ u − p I   · n = g     on   Γ .   



(2)




where  u  and  p  represent, respectively, the velocity field and the pressure, with the pressure equation belonging in the space    L 2   Ω    and satisfying   ∫ p   d x = 0   there by enforcing a null mean value of the pressure field over the entire domain Ω, restoring uniqueness. Moreover,  f  is the external volumetric force acting on the fluid (  f ∈      L 2   Ω     d   ), and in the boundary condition we assume that   g ∈      L 2   Γ     d    and the functions   μ ˜  ,  μ  are continuous bounded functions that represent, respectively, the Newtonian viscosity and dynamic viscosity of a fluid. The matrix  K  defines the permeability of the reservoir such that two constants    k 1  ,  k 2  ≻ 0   exist:


   k 1   ψ t  ψ ≤  ψ t   K  − 1   ψ ≤  k 2   ψ t  ψ ,     ∀ ψ ∈  ℝ d  .  



(3)







The matrix B is invertible and is a bounded matrix function belonging to    L ∞  ( Γ )  , i.e., there exist two constants    b 1  ,  b 2  ≻ 0   such that


   b 1   ψ t  ψ ≤  ψ t   B  − 1   ψ ≤  b 2   ψ t  ψ ,     ∀ ψ ∈  ℝ d  .  



(4)







The matrix  A  is invertible and is a bounded matrix function belonging to    L ∞  ( Γ )  , i.e., there exist two constants    a 1  ,  a 2  > 0   such that


   a 1   ψ t  ψ ≤  ψ t   A  − 1   ψ ≤  a 2   ψ t  ψ ,     ∀ ψ ∈  ℝ d  .  



(5)







Remark: 

Under the notation   | | | A | | | = m a x |  a  i , j   |  , (  i , j = 1 , 2 , 3  ), we can observe that




	
If   | | | B | | | ≪ | | |  A  − 1   | | |   then the boundary conditions are the Dirichlet condition.



	
If   | | |  A  − 1   | | | ≪ | | | B | | |   then the boundary conditions are the Neumann condition.










We denote by    H 1  ( Ω )   the standard Sobolev space of order 1, and by    H 0 1  ( Ω )   its subspace made of all functions equal to 0 on the boundary  Γ . We introduce the spaces


  V =   [  H 1   Ω  ]  d  ,  



(6)




for the velocity field and


   Q  = { q ∈  L 2  ( Ω ) ,    ∫ Ω    q d x = 0 } ,  



(7)




for the pressure.



The Brinkman problem (1) and (2) has a unique solution   ( u , p ) ∈ V × Q   [5]. In order to analyze the numerical solution of this problem using the finite-element method   P 1 − B u b b l e / P 1  , we must first describe the weak formulation of the Brinkman system.



The weak formulation of the system (1) and (2) is to find   ( u , p ) ∈ V × Q   such that


        a ( u , v ) + b ( v , p ) = F ( v )     ∀ v ∈ V ,       b ( q , u ) = 0     ∀ q ∈ Q ,        



(8)




where   a : V × V → ℝ   is a bilinear form defined by


  a ( u , v ) =    ∫ Ω     μ ˜  ∇ u · ∇ v d x +    ∫ Ω     K  − 1   μ u · v d x +    ∫ Γ     B  − 1    A  − 1   u · v d σ ,  



(9)




  b : V × Q → ℝ   is a bilinear form given by


  b ( v , p ) = −    ∫ Ω    p ∇ · v   d x ,  



(10)




and   F : V → ℝ   is a linear continuous function given by


  F ( v ) =    ∫ Ω    f · v d x +    ∫ Γ     B  − 1   g · v d σ .  



(11)







We define the norms for the spaces  Q ,    H 1   Ω   ,  V  and   V × Q   by


  ∥ v  ∥  0 , Ω   : = ∥ v  ∥ Q  = ∥ v  ∥   L 2  ( Ω )   =        ∫ Ω    | v  | 2  d x      1 2      ∀ v ∈  L 2  ( Ω ) ,  



(12)






  ∥ v  ∥ 1 2  = ∥ ∇ v  ∥  0 , Ω  2  + ∥ v  ∥  0 , Ω  2  ,  



(13)






  ∥ v  ∥ V  = a   ( v , v )    1 2    ,  



(14)




and


  ∥ ( v , q )  ∥  V × Q   = ∥ v  ∥ V  + ∥ q  ∥ Q  .  



(15)







In what follows, we will show the existence and uniqueness of the weak solution of the system (1) and (2), for which we use these theorems.



Theorem 1.

There exist two strictly positive constants     c 1    and    c 2    such that


   c 1  ∥ u  ∥ 1  ≤ ∥ u  ∥ V  ≤  c 2  ∥ u  ∥ 1  , ∀ u ∈  H 1  ( Ω ) .  



(16)









Proof of Theorem 1.

The mapping


   γ :  H 1  →  L 2  ( Γ )    u ↦ γ ( u ) =  u Γ    








is continuous, so a strictly positive constant    c 3    exists such that


  ∥ u  ∥  0 , Γ   ≤  c 3  ∥ u  ∥ 1   



(17)




from (4) and (5), we obtain


  ∥ u  ∥ V  ≤  c 2  ∥ u  ∥ 1  ,     ∀ u ∈  H 1  ( Ω ) .  



(18)







On the other hand, there exists a strictly positive constant  α  such that


  ∥ u  ∥  0 , Ω  2  ≤ α ( ∥ u  ∥  0 , Γ  2  + ∥ ∇ u  ∥  0 , Ω  2  ) ,  



(19)




by using the assumptions    3  –  5  ,   a constant    c 1    exists such that


   c 1  ∥ u  ∥ 1  ≤ ∥ u  ∥ V  ,     ∀ u ∈  H 1  ( Ω ) .  



(20)







Finally, based on the inequalities     18   –   20    , the norms   ∥ .  ∥ 1    and   ∥ .  ∥ V    are equivalents. □





Corollary 1.

The space      V    that includes the norm    ∥ .  ∥ V    is a Helbert space.





Theorem 2.

The bilinear continuous form    b ( · , · )   satisfies the inf-sup condition defined by the fact that there exists a constant    β ≻ 0   such that


       inf    q ∈ Q      sup    v ∈ V     b ( q , v )   ∥ v  ∥ V  ∥ q  ∥ Q    ≥ β ,    



(21)







Proof of Theorem 2.

See Section 2 in [29]. □





It is well known that, under these Assumptions    3  −  5   , the bilinear form   a ( · , · )   is a continuous coercive function. The bilinear form   b ( · , · )   is a continuous function that satisfies the   i n f − s u p   condition defined by     21    . Under the Assumption    4   ,   F ( · )   is a linear continuous function. Therefore, the Problem    8    is well-posed and has only one solution [24].






3. Mini-Element Method Approximation


Our goal here is to approximate the stationary Brinkman equations with general boundary conditions in a d-dimensional domain   ( d = 2 , 3 )   by using the mini-element method   P 1 − B u b b l e / P 1  .



The mini-element method was first created by Arnold, Brezzi and Fortin [29]. The basic idea of the mini-element method is to add local functions called bubbles to correctly enrich the discrete velocity space in order to stabilize the unstable method   P 1 / P 1  . Figure 1 and Figure 2 present the reference element of the mini-element   P 1 − B u b b l e / P 1   in two dimensions below and in three dimensions above.



Let    T h    be a triangulation of  Ω ; we consider the function   b ∈  H 1  ( T )  , which takes the value  1  at the barycenter and zero at the boundary   ∂ T   of the reference triangle  T  and verifies   0 ≤ b ≤ 1  . Such a function is known as a bubble function. The space associated with the bubble is defined by


   B h  = {  v h  ∈ C (  Ω ¯  ) ;  v h T  = x  b T  , ∀ T ∈  T h  } ,  



(22)




where  x  is a real number.



We define the discrete function spaces


   V  i h   = {  v h  ∈ C (  Ω ¯  ) :  v h T  ∈  P 1  ( T ) ; , ∀ T ∈  T h  } , i = 1 , … , d .  



(23)






   Q h  = {  q h  ∈ C (  Ω ¯  ) :  q h T  ∈  P 1  ( T ) ; , ∀ T ∈  T h  ,    ∫ Ω     q h  d x = 0 } ,  



(24)




where    P 1   T    is the set of all  1  -order polynomials on triangle  T .



And we set


   X  i h   =  V  i h   ⊕  B h  ,  



(25)






   X h  =  X  1 h   ×  X  2 h   × … ×  X  d h   .  



(26)







As a result,    X h  ⊂ V  , the   P 1 − B u b b l e / P 1   finite-element approximation of problem    8   , will find   (  u h  ,  p h  ) ∈  X h  ×  Q h    such that


        a (  u h  ,  v h  ) + b (  v h  ,  p h  ) = F (  v h  )     ∀  v h  ∈  X h  ,       b (  q h  ,  u h  ) = 0     ∀  q h  ∈  Q h  .        



(27)







The velocity field    u h    and the pressure    p h    for a given triangle  T  are approximated by linear combinations of the basis functions     (  ϕ i  )   i = 1 , … , d + 1     in the form


   u h T  =   ∑  i = 1   d + 1     u i   ϕ i  ( x ) +  u b   ϕ b  ( x ) ,      p h T  =   ∑  i = 1   d + 1     p i   ϕ i  ( x ) ,     d = 2 , 3  



(28)




where    u i    and    p i    are nodal values of    u h    and    p h   , while    u b    is the bubble value. The basis functions are defined by


   ϕ 1  ( x , y ) = 1 − x − y ,    ϕ 2  ( x , y ) = x ,    ϕ 3  ( x , y ) = y ,      ϕ b  ( x , y ) = 27  ϕ 1  ( x , y )  ϕ 2  ( x , y )  ϕ 3  ( x , y )  








if   d = 2   and


    ϕ 1  ( x , y ) = 1 − x − y − z ,    ϕ 2  ( x , y ) = x ,    ϕ 3  ( x , y ) = y ,      ϕ 4  ( x , y ) = z ,     ϕ b  ( x , y ) = 256  ϕ 1  ( x , y )  ϕ 2  ( x , y )  ϕ 3  ( x , y )  ϕ 4  ( x , y )   








if   d = 3  .



We can rephrase system     27     as a (large) square matrix problem with the vectors  U  and  P  as the unknowns. By consequence, we obtain the following algebraic form:


       A     B t       B   0           U     P      =      F     0      ,  



(29)




where the matrices  A ,  B , and the vector  F  are defined by


      A = (  A  i j   ) ,    A  i j   =    ∫ Ω     μ ˜  ∇  ϕ i  ∇  ϕ j  d x +    ∫ Ω     K  − 1   μ  ϕ i   ϕ j  , d x +    ∫  ∂ Ω      B  − 1    A  − 1    ϕ i   ϕ j  d σ ,       i , j = 1 ,   … ,  n u  .       B = (  B  k j   ) ,    B  k j   = −    ∫ Ω     ∂ 1   ϕ k   ϕ j  , d x −    ∫ Ω     ∂ 2   ϕ k   ϕ j  , d x ,   k = 1 ,   … ,  n p     and        j = 1 ,   … ,  n u  .       F = (  F i  ) ,    F i  =    ∫ Ω    f  ϕ i  , d x +    ∫  ∂ Ω      B  − 1   g  ϕ i  , d σ ,   i = 1 ,   … ,  n u  .      











To solve the large system we can be use the Uzawa conjugate gradient algorithm [32,33,34].




4. Stability and a Priori Error Estimates


In this section, we will establish the stability and a priori estimate for the pressure and the velocity of our problem.



Lemma 1.

There is a constant     c 4  ≻ 0   independent from the mesh parameter h such that


     sup     v h  ∈  X h      b (  v h  ,  q h  )   ∥  v h   ∥ V    ≥  C 4  ∥  q h   ∥  0 , Ω   ,   ∀  q h  ∈  Q h  .  



(30)









Proof of Lemma 1.

This Lemma can be established by the same proof of Lemma 2 in [35]. □





Theorem 3.

For any    (  w h  ,  s h  ) ∈  X h  ×  Q h    there is a constant     c 5  ≻ 0   independent from the mesh parameter   h  such that


     sup    (  v h  ,  q h  ) ∈  X h  ×  Q h      a (  w h  ,  v h  ) + d (  s h  ,  q h  )   ∥  v h   ∥ V  + ∥  q h   ∥  0 , Ω     ≥  C 5    ∥  w h   ∥ V  + ∥  s h   ∥  0 , Ω     ,  



(31)




where   d (  s h  ,  q h  ) =    ∫ Ω     s h   q h  , d x ,   ∀ (  q h  ,  s h  ) ∈  Q h 2  .  





Proof of Theorem 3.

For any   (  w h  ,  s h  )   in    X h  ×  Q h    we have:



Firstly,


      sup    (  v h  ,  q h  ) ∈  X h  ×  Q h      a (  w h  ,  v h  ) + d (  s h  ,  q h  )   ∥  v h   ∥ V  + ∥  q h   ∥  0 , Ω       ≥   a (  w h  ,  w h  ) + d (  s h  , 0 )   ∥  w h   ∥ V  + ∥ 0  ∥  0 , Ω       ≥ ∥  w h   ∥ V  ,   



(32)







On the other hand,


      sup    (  v h  ,  q h  ) ∈  X h  ×  Q h      a (  w h  ,  v h  ) + d (  s h  ,  q h  )   ∥  v h   ∥ V  + ∥  q h   ∥  0 , Ω       ≥   a (  w h  , 0 ) + d (  s h  ,  s h  )   ∥ 0  ∥ V  + ∥  s h   ∥  0 , Ω       ≥ ∥  s h   ∥  0 , Ω   ,   



(33)




by combining these inequalities in Equations (32)–(33), we obtain the result Equation (31), of which the constant is    C 5  =  1 2   . □





Now, we will introduce and demonstrate the a priori estimate error.



Theorem 4.

Let    ( u , p )   be the solution of (1)–(2), and    (  u h  ,  p h  )   be the solution of      27   .   Then the following error estimate holds


  ∥ u −  u h   ∥ V  + ∥ p −  p h   ∥  0 , Ω   ≤ C       i n f      v ∈  X h      ∥ u − v  ∥ V  +   i n f   q ∈  Q h    ∥ p − q  ∥  0 , Ω     ,  



(34)




where C is a constant independent of the mesh size  h .





Proof of Theorem 4.

Using the triangle inequality, we have


  ∥ u −  u h   ∥ V  + ∥ p −  p h   ∥  0 , Ω   ≤ ∥ u − v  ∥ V  + ∥ p − q  ∥  0 , Ω   + ∥  u h  − v  ∥ V  + ∥  p h  − q  ∥  0 , Ω   ,  



(35)




from Equation (31) there exists     w , q   ∈  X h  ×  Q h    with


  ∥ w  ∥   X h    + ∥ q  ∥  0 , Ω   ≤  γ 1  ,  



(36)




such that


  ∥  u h  − v  ∥ V  + ∥  p h  − q  ∥  0 , Ω   ≤ a (  u h  − v , w ) + b ( w ,  p h  − q ) .  



(37)







Since


  a ( u − v , w ) + b ( w , p − q ) = a (  u h  − v , w ) + b ( w ,  p h  − q ) ,  



(38)




and by using the Schwartz inequality we obtain  · 


   a ( u − v , w ) + b ( w , p − q ) =      ∫ Ω     μ ˜  ∇ ( u − v ) ∇ w , d x +    ∫ Ω     K  − 1   μ ( u − v ) . w , d x    +    ∫ Γ     B  − 1    A  − 1   ( u − v ) · w , d σ +    ∫ Ω    ( p − q ) ∇ · w , d x    ≤   μ ˜  0  ∥ ∇ ( u − v )  ∥  0 , Ω   ∥ ∇ w  ∥  0 , Ω   +  k 2   μ 0  ∥ u − v  ∥  0 , Ω   ∥ w  ∥  0 , Ω      +  b 2   a 2  ∥ u − v  ∥  0 , Γ   ∥ w  ∥  0 , Γ   + ∥ p − q  ∥  0 , Ω   ∥ ∇ w  ∥  0 , Ω      ≤  C 6  ∥ u − v  ∥ V  ∥ w  ∥ V  +  C 7  ∥ p − q  ∥  0 , Ω   ∥ w  ∥ V     ≤ C ( ∥ u − v  ∥ V  + ∥ p − q  ∥  0 , Ω   )   








by the consistency, we have the result Equation (34). □






5. Numerical Simulation


In this section, some numerical results were obtained by programming the mini-element method in MATLAB and we compare these obtained results with those constructed from the ADINA system. Using our solver, we ran two test problems regarding the flow around a cylinder; our tests were focused on the change in the value of the diagonal coefficients of the permeability matrix. For both of the tests, the domain considered in the simulation experiment is the one studied by Schäfer et al. in [36] for two dimensions.



Example 1.

In this test, we performed simulations for the flow around a cylinder (Figure 3) by the change in the values of the coefficients    α 1   and    α 2    of the matrix    K  − 1     defined as    K  − 1   =        α 1     0     0     α 2        ,  where    α 1   and    α 2    are two positive real numbers.



The Figure 3 presents the domain geometry of the cylinder. The channel height is   H = 0.41   m  and the diameter is   D = 0.1   m  .



Next, we present the simulation made with the MATLAB software with the validation tests performed by the ADINA system. We used the Newtonian viscosity and dynamic viscosity,   μ =  μ ˜  = 1  . For the boundary conditions, we considered the boundary defined in [36], for which we considered the matrix    A  − 1    and  B defined by 


    A  − 1   =      1   0     0   1        ,   B =         10   − 6      0     0      10   − 6         .   



(39)




The Figure 4 shows the ADINA created domain mesh upon which the various tests are based.



Firstly, we present in Figure 5 and Figure 6 the velocity field of our problem    1    a n d    2    in the following different cases     α 1  =  α 2  =   10   − 6     and     α 1  =   10   − 4    ,     α 2  = 1  .



The streamlines were derived from the velocity solution by numerically solving the Poisson equation with a zero Dirichlet boundary condition. Figure 7 and Figure 8 present the streamlines in the following different cases:    α 1  =  α 2  =   10   − 6     a n d     α 1  =   10   − 4    ,    α 2  = 1 .  



Isobar lines: Figure 9 and Figure 10 present the isobar lines in the following different cases    α 1  =  α 2  =   10   − 6     and     α 1  =   10   − 4    ,     α 2  = 1  .



In the previous example, the two-dimensional flow past a circular cylinder was simulated for varied permeability tensor    K  − 1    . The objective of the present simulation was to investigate the solution of Brinkman’s equations by using the mini-elements method   P 1 − B u b b l e / P 1  . Our simulation focused on two tests with deferent values for    K  − 1    such that the first was    α 1  =  α 2  =   10   − 6    and the second was    α 1  =   10   − 4    ,    α 2  = 1  . The computations with MATLAB and the ADINA system led to very similar results.





Example 2.

We consider the stationary Brinkman problem (1) in   Ω = [ 0 ; 1 ] × [ 0 ; 1 ] ,  with    μ = 1   and     μ ˜  = 1  , the function   f  on the right-hand side in (1) is adjusted so that the exact solution is


    u 1  ( x , y ) =  x 2  (  x 3  −  1 2  ) ,    u 2  ( x , y ) = x y ( 1 − x ) ,   



(40)




for the velocity, and we take the pressure to be


  p ( x , y ) =  x 2  −  1 3  ,  



(41)




with the boundary conditions         1   0     0   1             u 1         u 2        +         10   − 6      0     0      10   − 6           ∇ u − p I   . n = 0 on Γ  .



The domain  Ω is first discretized by a uniform mesh of size   h = 1 / 16  (289 nodes and 512 triangles in the fine mesh). This initial mesh is successively refined to produce meshes with sizes    2  − 5    ,    2  − 6    ,    2  − 7    ,    2  − 8    ,    2  − 9    and    2  − 10   .  We report in Table 1 the convergence rates and the distances   ∥ u −  u h   ∥   H 1     and   ∥ u −  u h   ∥   L 2     between the exact solution     40     a n d     41    and approximate solution. For this test, we took two values of    K  − 1    , and we noticed that these norms were converging to zero.



Since the assembly process is essentially based on the number of elements, we expect that the time to assemble the matrices will increase by approximately the same factor. We can see that Table 2 shows an almost linear optimal time-scaling for our implementation.






6. Conclusions


We were interested in this work on the numeric solution of this equation in a heterogeneous porous media with a permeability tensor. In this study, we used the discretization of the mini-element method   P 1 − B u b b l e / P 1  . We established the stability and a priori error estimate for this approximation. The numerical and bidimensional simulations are presented and show the accuracy and efficiency of the proposed finite-element method.
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Figure 1. Mini-element   P 1 − B u b b l e / P 1   in   2 D  . 
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Figure 2. Mini-element   P 1 − B u b b l e / P 1   in   3 D  . 
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Figure 3. The simulated geometry of the cylinder and notations for the boundary conditions of the 2D test case. 
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Figure 4. Mesh sample of domain created by the ADINA system. 
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Figure 5. Velocity vector solution by   P 1 − B u b b l e / P 1   (above) and velocity vector solution computed by the ADINA system (below) with    α 1  =  α 2  =   10   − 6    . 
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Figure 6. Velocity vector solution by   P 1 − B u b b l e / P 1   (above) and velocity vector solution computed by the ADINA system (below) with    α 1  =   10   − 4    ,    α 2  = 1  . 
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Figure 7. Solution computed with MATLAB (above) and with the ADINA system (below). The plots show the streamlines associated with a    α 1  =  α 2  =   10   − 6    . 
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Figure 8. Solution computed with MATLAB (above) and with the ADINA system (below). The plots show the streamlines associated with a    α 1  =   10   − 4    ,    α 2  = 1  . 
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Figure 9. Isobar lines,    α 1  =  α 2  =   10   − 6    . 
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Figure 10. Isobar lines,    α 1  =   10   − 4    ,    α 2  = 1  . 
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Table 1. Numerical error and convergence rates for example 2.
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Permeability

	
Mesh Size

	
      ‖ u −  u h  ‖   L 2      

	
Rate

	
      ‖ u −  u h  ‖    H 1       

	
Rate






	
    K  −  1    =      1   0     0   1        

	
    2  − 5     

	
2.58490367 × 10−3

	

	
7.30459072 × 10−2

	




	
    2  − 6     

	
7.29374932 × 10−4

	
1.23

	
3.65242949 × 10−2

	
1.26




	
    2  − 7     

	
2.00944198 × 10−4

	
1.12

	
1.82662182 × 10−2

	
1.20




	
    2  − 8     

	
5.45035935 × 10−5

	
1.20

	
9.13565045 × 10−3

	
1.17




	
    2  − 9     

	
1.46182239 × 10−5

	
1.13

	
4.56876194 × 10−3

	
1.14




	
    2  − 10     

	
6.34523145 × 10−6

	
1.07

	
8.5232210 × 10−4

	
1.31




	
    K  − 1   =         10  4     0     0      10  4          

	
    2  − 5     

	
9.79901277 × 10−2

	

	
1.71655622 ×100

	




	
    2  − 6     

	
5.71231633 × 10−2

	
1.23

	
1.13006936 × 100

	
1.30




	
    2  − 7     

	
2.10804196 × 10−2

	
1.34

	
4.88759130 × 10−1

	
1.29




	
    2  − 8     

	
5.96212978 × 10−3

	
1.32

	
1.82645760 × 10−1

	
1.30




	
    2  − 9     

	
1.54001284 × 10−3

	
1.26

	
6.50585157 × 10−2

	
1.27




	
    2  − 10     

	
3.88183415 × 10−4

	
1.21

	
2.29466805 × 10−2

	
1.31
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Table 2. CPU time in seconds for example 2 with    K  − 1   =      1   0     0   1       .
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	Mesh Size
	     2  − 5      
	     2  − 6      
	     2  − 7      
	     2  − 8      
	     2  − 9      
	     2  − 10      





	CPU Time (s)
	0.4521
	0.1894
	0.5811
	2.4645
	14.1669
	26.20
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