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Abstract: Mathematical modeling has served as an epidemiological tool to enhance the modeling
efforts of the social and economic impacts of the pandemic. This article reviews epidemiological
network models, which are conceived as a flexible way of representing objects and their relationships.
Many studies have used these models over the years, and they have also been used to explain
COVID-19. Based on the information provided by the Web of Science database, exploratory, descrip-
tive research based on the techniques and tools of bibliometric analysis of scientific production on
epidemiological network models was carried out. The epidemiological models used in the papers
are diverse, highlighting those using the SIS (Susceptible-Infected-Susceptible), SIR (Susceptible-
Infected-Recovered) and SEIR (Susceptible-Exposed-Infected-Removed) models. No model can
perfectly predict the future, but they provide a sufficiently accurate approximation for policy makers
to determine the actions needed to curb the pandemic. This review will allow any researcher or
specialist in epidemiological modeling to know the evolution and development of related work on
this topic.
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1. Introduction

Faced with a global pandemic, many researchers have tried to respond to all of the
issues and the social and economic impacts generated. They tend to collect data and
develop models, algorithms or analytical tools that allow for a deeper understanding of the
underlying factors [1-3]. In this way, results can be obtained that help decision makers to
enact certain policies over others [4].

Mathematical modeling has served as an epidemiological tool to explain this type
of phenomenon. From SARS to, more recently, COVID-19 or SARS-CoV-2, many studies
have attempted to provide answers to the evolution and characteristics of epidemics [5-8].
These mathematical models allow researchers to understand the dynamics of epidemics
and are useful for determining the strategies to follow and control policies. They also serve
to better understand the system and prevent future epidemics, determine prevalence and
incidence, and make objective decisions.

Building mathematical models for the study of a pandemic caused by an infectious
disease will help to understand the spread of an infectious disease through a population
under different scenarios, extract properties and characteristics of the relationships between
the variables analyzed or predict the consequences of introducing specific changes.

There are two types of mathematical models: deterministic and stochastic models. In a
deterministic model, it is possible to control all of the factors involved in the analysis of the
phenomenon and to accurately predict its results. In a stochastic model, it is not possible to
control all of the factors that intervene in the progress of the phenomenon, so the results
are neither unique nor exact, but each outcome will occur with a certain probability. In the
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epidemiological context, in a deterministic mathematical model, a single individual can
cause a generalized epidemic, whereas in a stochastic mathematical model, it is possible
that the disease does not evolve in the population and the epidemic dies out [9,10].

Epidemiological models usually assume that individuals are in one of several possible
states, and depending on that state, the population is categorized into different categories:
susceptible (S), infected (I) or removed (R) individuals, among others. The most impor-
tant models are SI, SIS, SIR and SEIR, which can be represented by a deterministic or
stochastic model.

With the recent COVID-19 pandemic, attempts have also been made to explain the
structure of the underlying virus, how it spreads, prevention measures, containment and
diagnostic protocols, vaccines and the global impact [11-13]. The vast majority of papers
have employed the SIR model to predict the spread of the pandemic or the number of
COVID-19 cases [14-18]. Other papers employed the SEIR model [19-21], and others were
also found that refer to the SI [22,23] or SIS model [24,25].

The use of mathematical models for the study of infectious diseases should be used
with caution [9,10], since it is difficult to understand a complex problem without per-
forming minimum modeling, although it is not always possible to model the totality of
real situations.

In this article, given the growing interest in explaining epidemics through mathemat-
ical models, we focus on some specific models, namely, network models, that take into
account the interaction between individuals, which helps to improve the understanding
of classical epidemiological models. Many studies have used these models, which have
also been used to explain COVID-19. This review will allow any researcher or specialist in
epidemiological models to learn about the evolution and development of related work on
this subject.

Main Epidemiological Models

Discrete-time models or difference equations are used to formulate some epidemic
models, such as SI, SIS, SIR or SEIR. Continuous approximations of these models are more
frequently used in modeling situations as a consequence of their mathematical manageabil-
ity. Difference equations do not perform as well as their continuous approximations [26,27].

Denoting by S the susceptible population (individuals without immunity to the in-
fectious agent who can be infected) and by I the infected population, the discrete-time
epidemic SI model has the following formulation [26]:

Su+1 = 5Sn (1 - ’XWAtln)

In+l =1I (1 + chAtSn) W
where a > 0 is the contact rate (the average number of individuals with which an infectious
individual establishes sufficient contact to pass the infection during a unit time interval,
At), N is the total population size, and the subscript n represents time nAt > 0; S is the
size of the susceptible subpopulation in time nAt > 0. In addition, Sy > 0 and Iy > 0,
satisfying Sg + Ip = N. In order to ensure that the solutions of (1) are positive, a necessary
and sufficient condition is that aAf < 1.
The analogous differential system has the following form:

ds o

= _&g]

dt N )
ar _

o = nSI

with positive initial conditions satisfying S(0) + I(0) = N.

The discrete model for the standard SIR model divides the population into three
compartments: susceptible, infectious and recovery, although the latter stage may include
death or effective isolation [15,28]. The SIR model aims to predict the number of people
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who are susceptible to infection, actively infected or have recovered from infection at a
given point in time. The difference equations have the following expression:

Syt = Sn(l - "‘WNIW)
Lot = I (1 —yAE+ “WAfsn) €)
Rys1 = Ry + yAtL,

where v > 0 is the probability that an infectious agent is eliminated from the infection
process during a unit time interval. Similar to the SIR model, the initial conditions are
So >0, Ip > 0,and Rp > 0, verifying Sp + Ip + Rp = N.

The continuous version of this SIR model has the following form:

—7) @

with positive initial conditions satisfying S(0) 4+ I(0) + R(0) = N.

The SIS model is another of the most widely used mathematical epidemiological
models to emulate epidemics [29-31], which is obtained by iterative computation. It is
assumed that in a closed society, there are no deaths, no births and no population migration,
and infected individuals are not reinfected after recovery. Clearly, these assumptions are
valid for a limited time interval. In the SI model, over the course of the epidemic, almost
everyone eventually becomes infected. In the SIS model, each individual belongs either to
the susceptible set (S) or to the infected set (I).

Some infections do not confer immunity. These infections do not have a recovery
state, and individuals become susceptible again after infection. This type of disease can
be explained by the SIS model. Individuals who are cured do not develop permanent
immunity as in the SIR model but are immediately susceptible to the disease. The SIS
model moves individuals from the infectious class to the susceptible class, and therefore,
there is no eliminated class. The model adopts the following expression:

Spi1 = Sn (1 - "‘WNI”) T At

®)
It = In (1= yAt+ 54t )
with positive initial conditions Sg > 0 and Iy > 0, satisfying So + Ip = N.
The population size remains constant, and the solutions are positive for all initial
conditions if and only if it is verified that YAt <1 and aAt < (1 + \/')/At)z.
The continuous SIS model does not exhibit periodicity.

as _ _ «

a = — N SI++1 ©)
@ =1(xS—7)

where 5(0) + 1(0) = N.

The three models SI, SIS and SIR can be derived as special cases of the SIRS model.
The deterministic development of this model can be found in Mena-Lorcat [32].

These models are quite simple, so they are easy to calculate, although sometimes
they oversimplify complex epidemiological processes. For example, if one wants to take
into account the time between the moment when an individual is exposed to a disease
and the moment when that individual becomes infected and contagious (as in the case of
coronavirus 19 disease), it is necessary to make some modifications, such as that offered by
the SEIR model (“E” denotes exposed but not yet contagious) [20,33].
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The continuous-time equations of this model are as follows [19]:

48 — —BS(I+qE)/N
48 — (—BS(I +qE)/N) — (E/5)
4= (E/6)—(I1/7)
R=1/y

@)

The parameter g is the average number of contacts per person per time, multiplied
by the probability of transmission of the disease, g, through contact between a susceptible
individual and an individual who has the virus.

The transfer rate of the stage exposed to infection is a fraction of the number of exposed
individuals, where ¢ is the average time it takes an exposed individual to become infected.
The recovery rate is a fraction, 1/, of the infected population, where v is the average time
it takes a person to recover from the infection.

Generalizations have been made based on these models, including births, deaths,
migration [34-36], vaccination and treatment [37-39]. More complex models have been
developed by taking into consideration spatial aspects to understand how the mobility of
population migration affects the spatial distribution of the disease [40] and that contacts
are made through individual interactions. Network models describe a population and
its interactions, with the nodes (vertices) of the network representing individuals and the
edges (links) representing interactions between individuals that could lead to transmission
of infection [41—44]. Disease dynamics in networks can be determined by modifications of
the equations of the main epidemiological models [45,46].

2. Materials and Methods

Based on the information provided by the WoS (Web of Science) database, an ex-
ploratory, descriptive investigation was carried out using the techniques and tools of
bibliometric analysis of scientific production on epidemiological network models, describ-
ing how certain fields of research are related and how they evolve over time. This is
one of the world’s most important databases of bibliographic references and citations of
periodicals that provides analysis tools to evaluate the scientific quality of publications. It
also offers one of the best-known quality indicators, the Journal Citation Reports (JCR),
which is used by organizations that evaluate research activity. The highest-quality journals
in each field are indexed in WoS [47].

Given the importance of this topic, no time restrictions were included, obtaining all
documents up to 30 October 2021. Several searches were performed combining different
keywords: “model”, “network”, “epidemic”, “analysis”, “control” and “network model”.
Some of these combinations resulted in a very small number of papers, and others in-
cluded many papers that were unrelated to this research. The following combination of
keywords was chosen: “network model”, “epidemic” and “analysis”, resulting in a total of
244 papers. We selected papers that were articles, including review articles. The result was
n = 212 papers.

A preliminary reading of the abstract was performed initially, followed by a more
exhaustive reading of each article to verify that it met the established inclusion criteria. For
example, we discarded papers that, although they have these keywords, use them only to
globally situate their analysis, such as analyzing fungicide performance. After this filtering,
n =145 documents were obtained.

The distribution of the keywords of the analyzed papers is shown in Figure 1. The
most important keywords are, in addition to those used in the WoS search, “disease”,
“transmission”, “spreading” and “modelling”.
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Figure 1. Keyword distribution.

Several registers were created, one to integrate the base model used in each investiga-
tion and another for the type of epidemic analyzed (general epidemic, infectious disease or
social network epidemic).

3. Results

In the bibliometric analysis carried out on the 145 articles obtained with the filters
introduced, all of the publications were examined by relating them to the epidemiological
models existing in the literature, together with a study of the citations.

3.1. Growth Trajectory and Distribution of Publications

The number of publications per year is shown in Figure 2. Of the 145 papers selected,
most have been published in the last decade. In the last 10 years, the trend increased until
2015 (in this last year, there are 16 papers), experiencing a sharp decline in the following
three years to start growing from 2019. In the last three years, 41 papers with impact have
been published (until October 2021).

Although the contributions to the literature on epidemiological mathematical models
in networks come from researchers from 36 different countries, there is an important
geographical imbalance (Table 1). People R. China stands out with 25.51%, Americans
represent 23.98%, those from England represent 7.65%, Canada represents 6.63%, and the
rest of the countries are represented with percentages lower than 5%.

3.2. Influential Authors, Documents and Journals

There are 491 different authors in the publications presented in this work. The majority,
almost 80%, have only one article. The authors with the most published articles are listed
in Table 2. The author with the most articles, five, is Zhen Jin of North University China.

Only 8.97% of the papers were signed by a single author, 20% were signed by two
authors, three authors signed 25.52% of the papers, 17.93% were signed by four authors,
and the rest were signed by five or more researchers (Figure 3).
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Figure 2. Number of publications per year (1993-2020).

Table 1. Countries of the authors of the publications.

Countries Percentage
People R. China 25.51
United States 23.98
England 7.65
Canada 6.63
India 4.08
Italy 4.08
Australia 3.57
Switzerland 3.06
Japan 2.04
Others 19.39

Table 2. Authors with the most published articles.

Author Number of Publications

a1

Jin, Zhen
Bertuzzo, Enrico
Casagrandi, Renato
Craft, Meggan E.
Gatto, Marino
Kiss, Istvan Z.
Mari, Lorenzo
Rinaldo, Andrea
Sun, Gui-Quan
Wang, Bing
Wang, Y.

L S L

The journals in which the papers analyzed were published are varied (Table 3). A
total of 87 different journals were found. PLoS ONE stands out with eight publications.
This journal is multidisciplinary and accepts research from different areas, such as science,
engineering, medicine, and the related social sciences and humanities. With five papers
each, we find the Journal of Mathematical Biology, whose main aim is to identify and work
with mathematical models derived from biological knowledge; the Journal of The Royal Soci-
ety Interface, which publishes research that applies, among other disciplines, mathematics
and physics to biological and medical sciences; and the Journal of Theoretical Biology and
Physical Review, in which priority is given to biological aspects over mathematical ones.
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Most of the journals are located in the first quartiles, and many of them belong to quartile 1,
such as Applied Mathematical Modelling or Advances in Difference Equations, which shows the
importance of the topic dealt with in this work for journals that are very well positioned in
the JCR ranking.

m 1 author 2 authors m 3 authors 4 authors = >4 authors

Figure 3. Percentage of papers by number of authors.

Table 3. Overview of the most productive journals of our dataset.

Journal Ne° Articles Quartile Impact Factor 2020
PLoS ONE 8 Q 3.240
Journal of Mathematical Biology 5 Qs 2.259
Journal of The Royal Society Interface 5 Q 4118
Journal of Theoretical Biology 5 Q 2.691
Physical Review E 5 Q1 2.529
Applied Mathematical Modelling 4 Q1 5.129
Mathematical Biosciences 4 Q3 2.144
Physica A: Statistical Mechanics and its Applications 4 Q 3.263
Advances in Difference Equations 3 Q 2.803
Complexity 3 Q 2.833
Computational Biology 3 Q 4.475
Preventive Veterinary Medicine 3 Q 2.670
Proceedings of the Royal Society B: Biological Sciences 3 Q 5.349

Table 4 shows the research areas of the different journals. As can be seen, areas that
stand out are Mathematics with 14.83% of papers and Science Technology Other Topics
with 13.40%, followed by Mathematical Computational Biology, Life Sciences Biomedicine
Other Topics and Physics. The research coming from these areas includes new methods
and mathematical models, both from theoretical and applied points of view, which address
calculating the probability of transmission of an epidemic, how to control the transmission,
control measures, prevention, etc.

3.3. Epidemiological Models Developed

The epidemiological models used in the studies are diverse, with the SIS (Susceptible-
Infected-Susceptible) model serving as the basis for 36 studies, the SIR (Susceptible-
Infected-Recovered) with 27 and the SEIR (Susceptible-Exposed-Infective-Removed) with
12. Other less commonly used models are SEIQR (Susceptible, Exposed, Infected, In Quar-
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antine and Recovered), SEAIR (Susceptible-Exposed-Asymptomatic-Infected-Symptomatic-
Recovered), etc.

Table 4. Research areas of publications.

Research Areas Percentage
Mathematics 14.83
Science Technology Other Topics 13.40
Mathematical Computational Biology 12.92
Life Sciences Biomedicine Other Topics 10.05
Physics 10.05
Computer Science 7.66
Engineering 7.18
Infectious Diseases 5.74
Environmental Sciences Ecology 3.83
Mechanics 3.35
Public Environmental Occupational Health 2.87
Biochemistry Molecular Biology 2.39
Veterinary Sciences 2.39
Telecommunications 1.91
Evolutionary Biology 1.44

Regarding the type of epidemic analyzed in the different studies, these have been
classified into three areas: epidemics of infectious diseases and invasive species, epidemics
transmitted through social networks (Internet, rumor spreading, etc.) and epidemics in
general (Table 5). It should be noted that some of the models of rumor dissemination are
different from those of epidemiology. In addition to using SIR models [48,49], there are the
SBD models [50], SIQRS models (S—susceptible class; I—infective class; Q—quarantined
class; R—removed class) [51], [252R models [52,53], DSIR models [54] and ILSR models [55],
the most widely used being the sender-centric Independent Cascade (IC), in which each
active node influences its inactive neighbors independently with given probabilities, and
the receiver-centric Linear Threshold (LT), in which an inactive node is influenced by its
active neighbors if the total weight exceeds a given threshold.

Table 5. Percentage of publications by field of application.

Scope % of Publications
Epidemics of infectious diseases 57.93
Epidemics in general 3241
Epidemics in social networks 9.66

Publications analyzing the spread of infectious disease epidemics are predominant,
accounting for nearly 60% of the papers analyzed. The lowest percentage, 9.66%, corre-
sponds to articles whose epidemiological study focused on social networks or the spread
of rumors.

Of the papers published up to the time of data collection in October 2021, there are
21 research papers focusing on the current pandemic caused by the COVID-19 virus. Several
more complex models have been developed to study the dynamics of the disease. Some take
into account the perception of risk and the cumulative number of cases [56]. In the work of
Giordano et al. [57], which extends the classical SIR model, they predict the evolution of
epidemics by evaluating the impact of different strategies to contain the spread of infection,
including blocking, social distancing and contact tracing. Purkayastha et al. [58], through
five epidemiological models, forecast and evaluated the course of the pandemic in India.

Of the publications analyzed, 42.76% are papers in which theoretical models were
developed with extensive mathematical demonstrations based on the epidemiological
models used in the existing literature, 46.21% of the cases are theoretical but do not include
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demonstrations, and only 11% of the articles are applications of the epidemiological models
to concrete cases. To forecast the evolution of an epidemic, model approaches include the
simulation of the dynamics of disease transmission and recovery or the empirical fitting of
data trends.

Taking into account the epidemiological scope of the publications, Figure 4 shows that
epidemiological models used perform exhaustive mathematical demonstrations are more
frequently in articles on epidemics in general than in the rest, and those based on practical
exercises are more frequently on epidemics of infectious diseases.

Epidemics in social networks

Epidemics in general

Epidemics of infectious diseases

0 5 10 15 20 25 30 35 40 45 50

B Theoretical with demonstrations Theoretical Practical

Figure 4. Articles by field and type of work.
3.4. Analysis of Citations

The citations of a work show its importance in the scientific community and its
contribution, although this depends on other factors that can condition the dissemination
of the work, such as the prestige of the author, the topicality of the subject or the journal in
which it is published. The 145 papers collected have a total of 2416 citations in the period
analyzed. This number has been growing exponentially, as shown in Figure 5.

The most cited article of those examined (Table 6), with an average annual citation
count of 30.2, is titled “Spread of Zika virus in the Americas” and was written in 2017
by Zhang et al. [59], who performed a simulation of the spatial and temporal dynamics
of the Zika virus epidemic in the Americas, providing probability distributions for the
timing and location of Zika introduction in Brazil, the estimated attack rate, the timing
of the epidemic in the affected countries and the projected number of newborns born to
Zika-infected women. Next, there is the work conducted by Craft [56] in 2015: “Infectious
disease transmission and contact networks in wildlife and livestock”, which reaches, on
average, 20 citations per year and in which transmission dynamics in wildlife and livestock
populations are studied, analyzing the mismatch between the contact networks measured
in animal behavior and the relevant parasites in those networks.

Among the most cited authors in the database, taking into account the citations of
the articles, the number of years that the article has been in the scientific community (year
of publication) and the number of publications, those that stand out are Craft Meggan,
Associate Professor, Department of Ecology, Evolution, and Behavior, University of Min-
nesota; Bertuzzo Enrico, University Ca Foscari Venice; Mari Lorenzo, Politecnico di Milano;
Rinaldo Andrea, Professor of Hydrology and Water Resources and Universita di Padova
(IT); and Jin Zheng, Postdoctoral Researcher, Argonne National Lab of the University
of Singapore.
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Figure 5. Time evolution of publications and their citations.
Table 6. Most cited articles.
Total Number Average Number of
of Citations Citations per Year
Spread of Zika virus in the Americas [59] 151 30.2
Infectious disease transmission and contact networks in wildlife and livestock [60] 140 20.0
Global analysis of an SIS model with an infective vector on complex networks [61] 111 11.1
Integrating association data and disease dynamics in a social ungulate: bovine 98 54
tuberculosis in African buffalo in the Kruger National Park [62] ’
Exogenous re-infection and the dynamics of tuberculosis epidemics: local effects in a
.. 85 5.7
network model of transmission [63]
Networks and the ecology of parasite transmission: A framework for wildlife & 91
parasitology [64] '
Epidemic spreading in time-varying community networks [65] 66 8.3
Stability analysis of VEISV propagation modeling for network worm attack [66] 66 6.6
Distinguishing epidemic waves from disease spillover in a wildlife population [67] 63 4.8
Impact of media coverage on epidemic spreading in complex networks [68] 60 6.7

The papers are mainly cited in the 12 journals listed in Table 7, although in total, they
are found in 1060 journals. PLoS ONE has 5.17% of the citations, Scientific Reports has 3.49%
and Physica A: Statistical Mechanics has 3.36%.

Table 7. Most cited journals.

Journal Percentage of Citations
PLoS ONE 5.17
Scientific Reports 3.49
Physica A: Statistical Mechanics and its Applications 3.36
Physical Review E 1.94
Journal of Theoretical Biology 1.81
PLoS Computational Biology 1.64
PLoS Neglected Tropical Diseases 1.29

Chaos Solitons Fractals 1.21
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Table 7. Cont.
Journal Percentage of Citations
Epidemics 1.16
Applied Mathematics and Computation 112
Journal of The Royal Society Interface 1.12
Preventive Veterinary Medicine 1.12

4. Conclusions

Modeling the dynamics of epidemics is essential to project their evolution through
simulation and provide useful information for designing disease control and prevention
strategies. The models help to determine the role of factors such as the mechanism of
infection, total population variation and population movement in disease transmission
dynamics and the role of the disease in the transmission of the disease. In recent years, this
has become even more necessary due to the COVID-19 epidemic in order to adequately
plan medical care.

Using the keywords “network model”, “epidemic” and “analysis”, we searched the
WoS database to discover what research has been published on network epidemiological
modeling, who the most relevant authors are and in which journals it is published. After
an exhaustive review of each of the papers obtained in this search, the number of papers
selected was 145, published from 2001 to October 2021.

It was found that great efforts have been made to consider the dynamics of dif-
fusion in epidemiology, predominantly using the Susceptible-Infected-Susceptible (SIS)
and Susceptible-Infected-Removed (SIR) models. In addition, simple models such as SI
and more complex models such as SEIR, which also includes the “E” for Exposed, have
been used.

The number of publications on the subject has grown in recent years. There are
491 authors with JCR publications in this field of research from various disciplines, and
almost 50% come from People R. China and the United States. The author with the most
articles is Zhen Jin from North University China. The journals in which most articles
are published are very well placed in the rankings, belonging to the Q; and Q; quartiles.
PLoS ONE stands out among all of them.

A large number of papers focus on diseases involved in infectious disease epidemics,
and just over 14% focus on the current pandemic caused by the SARS-CoV-2 virus, repre-
senting almost 50% of the papers in 2020 and 2021.

The most cited papers are Zhang et al. [55], who performed a simulation of the
spatial and temporal dynamics of the Zika virus epidemic in the Americas, and Craft
(2015), in which transmission dynamics in wild animal and livestock populations are
studied. PLoS ONE again stands out as the journal with the highest number of citations for
these papers.

The epidemiological models used in the studies are diverse, with the SIS model serv-
ing as the basis for 36 studies, the SIR studied in 27 and the SEIR used in 12. Other
less used models are SEIQR (Susceptible, Exposed, Infected, Quarantined and Recov-
ered), SEAIR (Susceptible-Exposed-Asymptomatically Infected-Symptomatically Infected-
Recovered), etc.

As indicated, the use of epidemiological models in the related literature has resulted in
very relevant publications, which suggest that factors such as the mechanism of infection,
total population variation and population movement play an important role in disease
transmission dynamics and therefore provide useful information for strategies designed
for disease control and prevention.

Simpler models may provide less valid forecasts because they cannot control for some
time-varying features of epidemic spread. A more complex model may provide a more
detailed description of the epidemic, but the results may be sensitive to changes in the stated
assumptions and depend on external preliminary estimates of epidemic and transmission
characteristics, such as incubation duration and infectious periods. This determines that no
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one model stands out more than another. Models can be useful tools, but they should not
be over-interpreted. In addition, while none of them can perfectly predict the future, they
are capable of providing a sufficiently accurate approximation to be useful in determining
public policy so that the competent authorities can dictate the actions necessary to curb
the epidemic.
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