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Abstract: The nonparametric estimation of density and regression function based on functional
stationary processes using wavelet bases for Hilbert spaces of functions is investigated in this
paper. The mean integrated square error over adapted decomposition spaces is given. To obtain the
asymptotic properties of wavelet density and regression estimators, the Martingale method is used.
These results are obtained under some mild conditions on the model; aside from ergodicity, no other
assumptions are imposed on the data. This paper extends the scope of some previous results for
wavelet density and regression estimators by relaxing the independence or the mixing condition to
the ergodicity. Potential applications include the conditional distribution, curve discrimination, and
time series prediction from a continuous set of past values.

Keywords: multivariate regression estimation; multivariate density estimation; stationarity; ergod-
icity; rates of strong convergence; wavelet-based estimators; martingale differences; conditional

distribution; curve discrimination
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1. Introduction

The statistical literature has recently become more interested in statistical issues con-
cerning studying functional random variables or variables with values in an infinite-
dimensional space. The availability of data measured on ever-finer temporal/spatial grids,
such as in meteorology, medicine, satellite images, and many other research disciplines,
is driving the growth of this research issue, statistically modeling these data as random
functions revealed many complex theoretical and numerical research challenges. The reader
may consult the monographs for a summary of the theoretical and practical aspects of
functional data analysis. The work in Bosq [1] concerns linear models for random variables
with values in a Hilbert space, Ramsay and Silverman [2] discussed scalar-on-function and
function-on-function linear models, functional principal component analysis, and paramet-
ric discriminant analysis. The work in [3], on the other hand, concentrates on nonparametric
methods, particularly kernel-type estimation for scalar-on-function nonlinear regression
models. Such tools were extended to classification and discrimination analysis. Horvath
and Kokoszka [4] discussed the application of several interesting statistical concepts to the
functional data framework, including goodness-of-fit tests, portmanteau tests, and change
point problems. The work in [5] focuses on analyzing variance for functional data, whereas
that in [6] is more concerned with regression analysis for Gaussian processes. Recent
studies and surveys on functional data modeling and analysis can be found in [7-22].
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Motivated by diverse applications and their helpful role in statistical inference, the
problem of estimating conditional models has been subjected to a wide range of statistical
literature, employing many types of estimation approaches, the most common of which are
the traditional kernel methods. Such methods, however, may have some limitations when
estimating compactly supported or discontinuous curves at boundary points. Alternative
wavelet methods are prominent due to their adaptability to discontinuities in the curve to
be estimated. In practice, the wavelet procedure provides a simple estimation algorithm to
implement and compute. For more information on wavelets theory, we refer to [23-26] and
others. The work in [27] discusses wavelet approximation properties in detail, and surveys
the use of wavelets in various curve estimation problems. Some wavelet theory applications
are discussed in [28] by considering the estimation of the integrated squared derivative
density function in the independent unidimensional case. The results in [28] were then
extended by [29] to estimate the derivatives of a density for negatively and positively
associated sequences, respectively. Rao [30] proposed wavelet estimators for the partial
derivatives of a multivariate probability density function, where the rates of almost certain
convergence for the independence case are obtained. We cite [31] on estimating partial
derivatives of a multivariate probability density function in the presence of additive noise.
At this point, we refer to [32]. In the i.i.d. framework, Ref. [33] investigated the density
and regression estimation problems for functional data. The authors [33] developed a new
adaptive procedure based on the term-by-term selection of wavelet coefficient estimators
using wavelet bases for Hilbert spaces of functions. The primary goal of this paper is
to extend the previous reference to stationary ergodic processes. To our knowledge, the
consideration of the general dependence framework for wavelet analysis is unexplored,
which motivates this study. Allow {X,,n € Z} to be a stationary sequence. Consider
the backward field o7, = ¢(Xj : k < n) and the forward field 8, = o(X; : k > n). The
sequence is strongly mixing if

sup |P(ANB)—-P(A)P(B)|=a(n) -0 asn— oo.
A€oty BeE By

The sequence is ergodic if

lim © E’]P’(A N T*kB) —P(A)P(B)| =0,
k=0

n—oo 1

where T is the time-evolution or shift transformation. The naming of strong mixing in
the above definition is more stringent than what is ordinarily referred to (when using the
vocabulary of measure-preserving dynamical systems) as strong mixing, namely to that
: —n
nlgrolo}P’(A Nt "B) =P(A)P(B)

for any two measurable sets A, B, see, for instance, Ref. [34]. As a result, strong mixing
implies ergodicity, whereas the converse is not always true (see, for example, Remark 2.6 on
page 50 concerning Proposition 2.8 on page 51 in [35]). Some reasons for considering ergodic
dependence structure in data rather than a mixing structure are discussed in [36—44], where
details on the definition of ergodic property of processes are given, as well as illustrative
examples of such processes. One of the arguments used in [45] to justify the ergodic setting
is that for certain classes of processes, proving ergodic properties rather than the mixing
condition can be much easier. As a result, the ergodicity hypothesis appears to be the best
fit and offers a better framework for studying data series generated by noisy chaos. The
work in [45] provided an example of an ergodic but non-mixing process in their discussion,
which can be summarized as follows: Let (T;, A;) : i € Zbe a strictly stationary process such
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that T; | 7;_1 is a Poisson process with parameter Ai, where 7; is the sigma-field generated
by (T;, Aj, Ti—1, . . .). Assume that

Ai = f(Aic1, Tizq),

and f : [0,00] x N — (0, c0) is a given function. This process is not mixing in general (see
Remark 3 of [46]). It is known that any sequence (¢;);cz of i.i.d. random variables is ergodic.
Hence, according to Proposition 2.10 in [35], it is easy to see that (Y;);cz with

Yi = 19(( .. ,81',1,81‘), (€i+11 €2, ))/

for some Borel-measurable function ¢(-).

The primary goal of this paper is to provide the first complete theoretical justification
for wavelet-based functional density and regression function estimation for stationary
processes. To our knowledge, the mean integrated square error over adapted decomposition
spaces using wavelet estimators in functional ergodic data frameworks has not yet been
considered in the literature and thus remains a fundamentally unsolved open problem. By
combining several Martingale theory techniques used in the mathematical development
of the proofs, we hope to fill this gap in the literature. These tools are not the same as
those used in regression estimation under strong mixing or in an independent setting.
However, as we will see later, combining existing ideas and results is not enough to solve
the problem. Dealing with wavelet estimators in an ergodic setting will involve detailed
mathematical derivations.

The following is how the paper is structured. The multiresolution analysis is intro-
duced in Section 2. The main results for density estimation are presented in Section 3.
The main results for the regression estimation are presented in Section 4. Some potential
applications are listed in Section 5. Section 6 contains some concluding remarks. Section 7
contains a collection of all proofs.

2. Multiresolution Analysis

We will now introduce some basic notation to define wavelet bases for Hilbert spaces
of functions following [33,47] with some changes necessary for our setting. In our work,
we consider nonlinear, thresholded, wavelet-based estimators. Firstly, we initiate our study
by describing elements of the basic theory of wavelet methods and introducing nonlinear
wavelet-based estimators; the interested reader may refer to [23,24], see also [48,49] and
the references therein, although the wavelet bases on a separable Hilbert space H of real
or complex-valued functions on a complete separable metric space was introduced later
by [47], which we briefly recall here for the sake of reader’s convenience. Let H be a
separable Hilbert space of real-valued functions defined on a complete separable metric
space S. Since the space H is separable, it has an orthonormal basis

g:{EjIjGA},

where A is a countable index set. The space H is equipped with an inner product (-, -) and
anorm | - ||.
Consider the sequence of subsets {Z; k > 0} an increasing sequence of finite subsets
of A such that
UZ = A
k>0

The subset Jj denotes the orthogonal complement of 7 in 7, 4, i.e.,

Tk = L1/ I
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Choose, forany k > 0, {xs € S, ¢ € Iy and 5754 € S, { € Ji, such that the follow-

ing matrices
Ak = (ej<§k’é))(j,f)€IkXIk’ Bk = (ej(ﬂkfg))(j,f)ejkxjk’ (1)
satisfy one of the two following conditions, for instance, see [33,47] and the references therein.

(ADA; Ay = diag(ak) ez, and By By = diag(by¢)se g, Where ay ¢ and by ¢ for £ € Tj and
! € Jy are positive constants.

(A2) A A} = diag(ckr)rer, and BB} = diag(d¢)pe g where ¢y and dy ¢ for £ € Ty and
U € Jy are positive constants.

The condition (A.1) implies that

ae =Y lej(Cie), €€, and be= Y lej(m)l’l € I, )
JEL JETk

which means that all the columns of Ay and By are not the zero vector. As for (A.2), it gives

o= lej(C)l® j€T, and dir= Y lej(me)lj € T, 3)
KEI]( eeJk

indicating that all the rows of Ay and By, are not the zero vector. For any x € S, we set

! ej(Crelei(-),

O+ Qi) = jeZIk N

(i) = ) ;ej(ﬂk,f)ej('),

€Tk v/ Mk

g0 if (A1), bk,g if (A1),
Sikt = hike= 5)

e if (A2), dio if (AL2),

4)

where

The following collection form an orthonormal basis of H (see Theorem 2 of [47]):

B = {¢o(x,20,), £ € To; P (x,m10), k > 0,£ € T }. (6)

For more details, see [33,47,50]. Hence, we conclude that for any f € H, we have

f) =Y aepo(x:200) + Y. Y Broi(%: 1), 7)
=7 k>0t
where
wo e = (f,d0(C00)) Bre= (f, k(1K) ®)

In the following, we add two assumptions on the orthonormal basis £:

(E.1) There exists a constant C; > 0 such that, for any integer k > 0, one has

Q) 1
] 2
jEZZk %M(ék,eﬂ < Cy,
(ii)
Y et < i
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(E.2) There exists a constant C, > 0 such that, for any integer k > 0, one has

sup ) |e]'(x)|2 < Co| Tl
XGS]'ejk

Remark 1. Clearly, one can see that assumption (E.1) is satisfied under assumption (A.1) when
taking C1 = 1, we may also refer to [47], Section 4, Example 2 and its applications for more
details. [47,50] have presented three examples verifying the assumption (E.2) taking

see also [50] Theorem 3.2. Moreover, Ref. [33] have used both assumptions in the case of i.i.d and
functional data.

Besov Space

Over the years, many researchers have addressed, from a statistical point of view, the
following question: given an estimation method and a prescribed estimation rate for a
given loss function, what is the maximal space over which this rate is achieved, for instance,
see [27,51] and the references therein. We are interested in the estimation methods based on
wavelet bases’ thresholding procedures in a natural setting. It is well known that wavelet
bases provide characterizations of smoothness spaces such as the Holder spaces C*, Sobolev
spaces W*(Lp), and Besov spaces Bj (L) for a range of indices s that depend both on the
smoothness properties of ¢ and its dual function ¢, for instance, we refer to [51] for more
detail and examples, at this point, we may refer to [52]. From a statistical point of view, the
following definition is used in approximation theory for the study of nonlinear procedures
such as thresholding and greedy algorithms, for instance we refer to [27,49,51,53].

Definition 1 (Besov space). Let s > 0. We say that the function f € H, defined by (7), belongs
to the Besov space Bg,(H) if and only if:

sup| T |® Y Y |Bisl* < oo. 9

m>0 k>m LeJy

Definition 2 (Weak Besov space). Let r > 0. We say that the function f € H, defined by (7),
belongs to the weak Besov space W' (H) if and only if:

supA” 1 < oo. (10)
350 kg)fgk {IBrel=A}

3. Problem Definition of the Density Estimation

Let {X;, Y;}i>1 be a sequence strictly stationary ergodic pairs of random elements
where Y; is a real or complex-valued variable and X; takes values in a complete separable
metric space of Hilbert space S associated with the corresponding Borel o-algebra 5.
Let Px be the probability measure induced by X; on (S, B). Suppose that there exists
o-finite measure v on the measurable space (S, B) such that Py is dominated by v. The
Radon-Nikodym theorem ensures the existence of a non-negative measurable function f(-)
such that

Py (B) = /B F(x)v(dx), B € B. (11)

In this context, we aim to estimate f(-) based on n observed functional data X, ..., X;—
Examples of such random elements X; are stochastic processes with continuous sample
paths on a finite interval [a,b] with S = C[a, b] associated with supremum norm and
processes with square integrable sample paths on the real line when S = Ly(R). We
suppose that f € H, where H is a separable Hilbert space of real or complex-valued
functions defined on S and square-integrable with respect to the o-finite measure v. In
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this paper, we are particularly interested in the wavelet estimation procedures developed
in the 1990s; see Meyer’s work for the functional data of a Hilbert space, more precisely,
the nonlinear estimators. The majority of the approaches carried out in this model consist
in introducing kernel estimators techniques to estimate the model’s functional part, refer
to [54]. Let f(-) be the common density function of the sample Xj, . .., X;;, which is assumed
to be

(F1) 3IC > 0 a known constant such that

supf(x) < Cy. (12)

x€S

3.1. Density Function Estimator

From now, we assume that the density function f(-) € H, a separable Hilbert space.
Then, f(-) fulfills the wavelet representation (7). Suppose that we observe a sequence
{(X;,Y;)}i_q of copies of (X,Y) that is assumed to be functional stationary and ergodic
with X admitting the density function f(-). We study density estimation through wavelet
bases for Hilbert spaces of functions developed by [47]. We consider the estimates of the
coefficients {ay ;} and {By /} given, respectively, by (14) and (15). For any jo < m. Here, the
resolution level m = m(n) — oo at a rate specified below, since we assume that ¢(-) and
¥;(+) have a compact support so that the summations in (7) are finite for each fixed x (note
that in this case the support of ¢(-) and ¥;(-) is a monotonically increasing function of their
degree of differentiability [24]). We focus our attention on the nonlinear estimators (13)
which will be studied in the mean integrated squared error over adapted decomposition
spaces, in a similar way as in [33] in the setting of the i.i.d functional processes. The density

~

wavelet hard thresholding estimator f(-) is defined, for all x € S, by

My

Fa(x) = Y Roepo(x: o) + Y. Y Brel( — Y (6 k0, (13)
= k=0 (€ T {\M\ZK 7}
where
Ay = % Y oe(Xis Cie), (14)
i=1
N 10
Pre = - Z e (Xis 1k e)- (15)

Il
—_

Here, « is a large enough constant and m,, is the integer satisfying

1 n n
< < —
2Inn — |‘7m"| — Inn (16)

3.2. Estimation Procedure Steps
Our estimation method is divided into three steps:

1. Estimation of the wavelet coefficients a; o and By ¢, see (8), by the estimators @y » and
B\k,g defined by Equations (14) and (15);

2. Applying the hard thresholding to select the greatest B\k/[ ;

3. Reconstructing the selected elements of the initial wavelet basis.

1/2
It is important to note that our choice is the universal threshold x (h‘T") and the

definition of m;,, is based on theoretical considerations. The considered estimator does not
depend on the smoothness of f(-); we may refer the reader to [50] for more details in the
case of the linear wavelet estimator of f(-). Furthermore, for more details on the case of
H = L([a, b]) and more standard nonparametric models, see [27,55]. To state the results, we
need some notation. Throughout the paper, we will denote by F; the o —field generated by
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{X;:0 <j <i}and g, the c—field generated by {(X;,Y}) : X;;1,0 < j <i}. Let B € B, be

an open set of the Borel c—algebra B. Foranyi =1,...,n define f;: 1(.) as the conditional
density of X; given the c—field F;_;. Define

Fx, =P(X; € B) = Px(B), see(1l),

and
Fi

Fy' ™' = P(X; € B| Fi_1)

as the distribution function and the conditional distribution function, given the o—field
Fi_1, respectively. The following assumptions will be needed throughout the paper.

(C.0) There is a non-negative measurable function f7i-1 such that
/ FF ),B € B. (17)
(C.1) Foranyx € S

lim — fo' 1(x) = f(x), inthe as. and L? sense.

n—scon
At this point, we may refer to [56] for further details.

Theorem 1. Under the conditions (C.0), (C.1), (E1), (E.1) and (E.2), and (16) for any 6 € (0,1),
f € B (H) n w0 (h),

there exists a constant C1 > 0 in such a way that

w7 roof”) < cx (22’

A direct consequence is the following upper bound result: for s > 0, if

for large enough n.

f c B(S)o/(25+1) (H) N WZ/(25+1) (H),

then there exists a constant C, > 0 such that

R Inn 2s/(2s+1)
B(IF- 7)< c(20)

This rate of convergence corresponds to the near optimal one in the “standard”
minimax setting (see, e.g., [27]). Moreover, applying [[49], Theorem 3.2], one can see
that BY/ 2( )N W2(1-0) (H) is the “maxiset” associated to f(-) at the rate of convergence
(Inn/n)? ie.,

tim (22) E(IF - £IP) < o0 & f € BY2() 0200 1),

n—o00

4. Problem Definition of the Regression Estimation
For a measurable function p : R? — R, we define the regression function m(-, p) by

p(Y) =m(X,p) +e¢, (19)
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where € is a random variable independent of X with A'(0,1). We suppose that m(-,p) € H,
where H is a separable Hilbert space of real or complex-valued functions defined on S and
square integrable with respect to the o-finite measure v. We shall suppose that there exist a
known constant and Cy, > 0 such that

sup m(x,p) < Cp. (20)
x€S

In this context, we redefine the probability measure Px in (11) and suppose that f(-) is
a non-negative measurable known function.

(M.1) We shall suppose that there exist two known constant C, > 0 such that

supm(x;p) < Cp.
x€S

(M.2) We shall suppose that there exist two known constant ¢y > 0 such that

inf f(x) > c+.
xeSf ( ) Z tf
Regression Function Estimator

In this context, we aim to estimate m(-,p) based on n observed functional data
(X1,Y1),...,(Xy, Yn). The kernel estimator of the regression function for functional data
was proposed by [57]

(YZ)K(d(X/ Xl)/hn)

Tg=

1

~ 1

mn;h,, (X, P) =

K(d(x,X,-)/hn)

n
i=1

As combined with the work of [55], we define the wavelet hard thresholding estimator
m(-,p), forallx € S, by

ey k=0 (e Jy

o) = ¥ doso(6fon) + Y. ¥ Ol ), @)
{|9k,z| > K/ }

where
e = % é ;&)) P (Xi; Ce), (22)
Oy = % lé ;82)) Y (Xi; i 0)- (23)
where « is large enough constant and m1,, is the integer satisfying
% (lnnn)2 < 1Tl = (lnnn)2 (24)

Theorem 2. Under the conditions (E.1), (E.2) (M.1)-(M.2), (C.0) and (C.1), combined with the
assumption (24), for any 6 € (0,1), m(-,p) € BY2(H) N W?(1=0)(H), there exists a constant
C3 > 0in such a way that

E@ﬁmm—mmmW)sc(>i 25)
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for large enough n.

Suppose that m(-, ) and f satisfy (M.1) and, for any 6 € (0,1),m(-,p) € BY/?(H) N
W2(1-0)(H), where BY?2(H) is in (Definition 1) with s = 6/2 and W2(1-9)(H) is in
(Definition 2) with r = 2(1 — 6). Then, there exists a constant C3 > 0 such that

]E(Hﬁ(-,p) - m(~;p)||2) < CB((lnnn)Zf

for n large enough. Again, note that, for s > 0, if
m(-,p) c 83(25*‘1) (H) N WZ/(23+1)(H>/

then there exists a constant C4 > 0 such that

s/ (25+1)
(I - meso)l?) < oo S2)

Up to an additional logarithmic term, this rate of convergence corresponds to the
near-optimal one in the “standard” minimax setting (see, for example, [27]). Theorem 2
is the first to investigate an adaptive wavelet-based estimator for functional data in the
context of nonparametric regression for ergodic processes.

Since the coefficients defined by (22) and (23) depend on the unknown function f(-),
one can use

~ 1 ¢ p(Yh)
e = =) =—=¢(Xi; ), (26)
h i=1 f(xz) 1
5 1 ¢ p(Y)
Oe = — ) =—(Ximxe). 27)
e (X))
We define the wavelet hard thresholding estimator m(-, p), for all x € S, by

ey k=0 (e Jy

x,0) =Y Tfoepo(x o) + Zn: Y Ol T P Ke).  (28)
{|9kz| Z K\ = }

Recall the following elementary observation

-~

11 (fO-FO)
FO O fO T FOFO)
From the last equation, we can infer the following;:
e = ket — Z X))A()((?()‘))P(Yi)‘i)k(xi} ko),
i X))~ F(Xi) ;
Or = Oko+— Z Xz 700 o (YD) e (Xi; 17x,0)-

By combining Theorem 1 with Theorem 2, we obtain the following corollary.

Corollary 1. Under the conditions of Theorems 1 and 2, there exists a constant Cs > 0 such that

5 (jmtxp) - moo)l?) < &5 )
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for large enough n.

Remark 2. In our previous paper [40], we were concerned with the nonparametric estimation of the
density and the regression function in a finite-dimensional setting using orthonormal wavelet bases.
Our findings differ significantly from those presented in the present paper. In [40], we provided the
strong uniform consistency properties with rates of these estimators, over compact subsets of R?,
under a general ergodic condition on the underlying processes. We also establish the asymptotic
normality of wavelet-based estimators. We used the Burkholder—Rosenthal inequality as the main
ingredient in this paper, which is a more complicated tool than the exponential inequality used in
the previous paper. More importantly, in the present paper, we look into the mean integrated square
error over compact subsets, which is entirely different from the results of the previous paper.

5. Applications
5.1. The Conditional Distribution

Our result can be used to investigate the conditional distribution F(y | x) for y € R%.
To be more precise, let p(y) = 1{y < t}. We define the wavelet hard thresholding estimator
m(-,p), forallx € S, by

ley k=0/le T}

Fly | x) =Y iloedo(x; o) + 2 Y Ol o (), (30)
{|9k( > K }

where
1 Y;
e = 3 SR X ) &)
o _ 12 IL{YZ' < f} .
Oy = - 1; W#’k(xlr Mie)- (32)

A direct consequence of Theorem 2 is
~ Inn 0
E HF(y|x) F(y | x) H <c(=F). (33)

5.2. The Curve Discrimination

We can state the curve discrimination problem in the following way. Let {X;},_; _,
be a sample of curves, and each of them is known to belong to one among G groups
t =1,...,G. Let us denote by T; the group of the curve X;. Assume that each pair of
variables (X;, T;) has the same distribution as the pair (X, T). Given a new curve x, the
question is to know its class membership, and for that, we will estimate, foranyt =1, ..., G,
the conditional probability:

p(x) =P(T=1|X=x).

Following the idea proposed in [58,59] permitting the estimation of these probabilities by

Z 10,090 (x; o o) + Z ) 9k/]1 Y (X Mke), (34)
= k=0 (€T, {|9k£| >K1/ ~ }
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where
< T
Fo = Z ]1{ U= o X2, (35)
v T
e = Z ]1{ Xi; 1k e)- (36)

A direct consequence of Theorem 2 is

B[ 10— 10 ) < (™) @)

As remarked by [58,59], for each 1, we make use of the notation
v — 1 ifT=1
0 otherwise,

pu(x) =E(Y | X =x).

An application of Theorem 2 is

(1) - pet?) <o)’

5.3. Time Series Prediction from Continuous Set of Past Values

then, we can write

A direct consequence of our results is the prediction of future values of some real time
series, which we will follow from [59]. One of the purposes of the proposed functional
method is to predict the future from a continuous set of past values of the process. Let
{Z(t)}cr denote a real-valued process and s denote a fixed non-negative real number. We
are interested in the prediction’s problem of a future value Z(7) given some past values
Z(t)fort— T <t < 7, at some time T > 0. Our goal can be seen as the estimation of the
operator r:

Z(t+s)=r(Z(t)fort—T <t <T)+e¢

whenever it exists. Let us describe the model. Suppose that the process has been observed
from t = 0 until ¢ = tpax and without loss of generality, assume that

tmax = 1T +s < 7.

The methodology consists of splitting the observed process into n pieces of fixed
length. Each piece of the process is denoted by

X;={Z(#),i—1)T <t <iT}.

Let us denote the response value Y; = Z(iT + s). This can be formulated by a regres-
sion problem in the following way:

Yi:m(Xi,Id)—l-s,» fori=1,...,n,

where Id denotes the identity function. To fit the theoretical setting of the present paper, we
assume that such a function m(-, Id) does not depend on i; this is the case for the stationary
processes. Hence, at time 7, we can use for predicting the value at time T + s the following
predictor, which is directly derived from (21) :
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m(x, [d) = Y 7oupo(x Coe) + Xn: Y Ol

U (X i), (38)
(€T, k=0 (€T, {|§H| >k h‘”}
o n
where

. 1 & Z(iT +5)
Mk, ni;if(xi) Pr(Xi; Cr ) (39)
~ 1 & Z(iT +s)
0 — ———— P (X;; , 40
k.0 ni; ) i (Xi; Mk e) (40)

where x = {Z(t), for T — T < t < t}. Our Theorem 2 gives mathematical support to this
nonparametric functional predictor, and provides a different way of solving the prediction
problem investigated in [3,59].

6. Concluding Remarks

In this work, we have investigated the nonparametric estimation of the density and the
regression function based on the functional stationary processes, using wavelet bases for
Hilbert spaces of functions. We have characterized the mean integrated square error over
compact subsets. The asymptotic properties of these estimators are obtained employing the
Martingale approach, which is completely different from the mixing and the independent
setting. The assumption on the dependence of the process is ergodicity. To motivate the
present paper, we have presented the conditional distribution, the curve discrimination and
the time series prediction from a continuous set of past values. Extending the nonparametric
functional ideas to the local stationary process is a somewhat underdeveloped field. It
would be interesting to extend our work to the case of the functional local stationary
process, which requires nontrivial mathematics; this would go well beyond the scope of
the present paper.

7. Proofs
7.1. Proof of Theorem 1

In this paper, we need an upper bound inequality for partial sums of unbounded
martingale differences that we use to derive the asymptotic results for the density and the
regression functions estimates built upon functional strictly stationary and ergodic data.
Here and in the sequel, we denote by “C” a positive constant that may be different from line
to line. This inequality is given in the following lemmas. This lemma is stated following
Notation 1 in [60].

Lemma 1 (Burkholder-Rosenthal inequality). Let (X;);>1 be a stationary Martingale adapted
to the filtration (F;)i>1, define (d;);>1 is the sequence of Martingale differences adapted to (F;)i>1
and

Then, for any positive integer n,

1/2
, forany p>2; 41)

| max |5l < 0% a |, +
== p/2

Y E(dz/Fi1)
p

where, as usual, the norm || - ||, = (E[| - |P])1/”.
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Lemma 2 ([61]). Let {Z;,i > 1} be a sequence of Martingale differences such that
|Z;| < B, as.,

then, for all € > 0 and all sufficiently large n, we have

&2
P > € <2exp{2nB2}.

The following lemmas describe the asymptotic behavior of the estimators @y , and ‘B\k’g.

n

Y. Zi

i=1

Lemma 3. Foranyk € {0,...,my} and any { € Iy, under assumptions (C.0), (C.1), (E1) and
(E.1)(i), there exists a constant C > 0 such that

—~ 1
E(‘Dék,g—ﬂék’gF) < C(l’li’l) (42)

n

Lemma 4. Forany k € {0,...,m,} and any { € Jy, and under assumptions (C.0), (C.1), (E1),
(E.1) and (E.2), and condition (16), there exists a constant C > 0 such that

E(‘Ek,é - ﬁk,f‘4> = C<1nn>2/ as. (43)

n

Lemma 5. For any k € {0,...,m,} and any ¢ € Ty, for x > 0 large enough and under
assumptions (C.0), (C.1), (E1), (E.1) and (E.2), and condition (16), there exists a constant C > 0

such that X
—~ x [Inn Inn
P(“Bk,é —,Bk,z‘ > 5 n) < C(ﬂ) . (44)

7.1.1. Proof of Theorem 1

Observe that the proof of Theorem 1 is a direct application of ([49], Theorem 3.1) with
c(n) = (Inn/n)V/2, 0; = 1, r = 2 and the Lemmas 3-5. We adapted and extended the
method of demonstration of [33], Theorem 3.1 to the stationary ergodic process. [

7.1.2. Proof of Lemmas
Proof of Lemma 3

Consider the following decomposition

Qpp— Qe = ®pp— Qg+ Hgp — Ay
= Ao+ Ak, (45)

where

~ 1 &
A= Y Elpr(xi; Cre) | Fioa)-
i
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Under the assumptions (C.0) and (C.2), we have

[0

T L [t (el

/S‘Pk(X; Ck,e) (i éfffl (x)) v(dx)
[ 96620 (F(x) +o(1)v(ax)

[ 90620 fx)(ax) +0(1)
= wapo+o(1).

We readily obtain
Ky = Qgg, as, N — 0o, (46)

implying that
Agrz =0(1), as. (47)

Therefore, we infer that
Qe —apy = Age1+o(l), as.
Let us now consider the term Ay ;1. We have
Ak = Wi — gy

(P (x5 Cr0) — Elgpr(xi; Cr0) | Fi1])

1=

1

[ I
'M: I
N

Il
—_

Dy (xi; G t)-

1

Notice that (P (x;; {k ¢))o<k<m, is a sequence of Martingale differences with respect to
the sequence of o—fields (F;)o<x<m,- It is obvious, by Lemma 1 inequality, to see that

j

Applying the Burkholder-Rosenthal inequality (1), for p = 2, we obtain

S

2 || lxai ) N2 + 11 ) E| @ (xii )| Fia ] 1372
i=1
= q)(l) + @(2) (48)

n

Y Pp(xii Cre)

i=1

E“Ak,é,l 2} - %E

n

Y Pu(xi; Cxe)

i=1

IN

On one hand, using a very famous decomposition combined with the fact that Fy is
the trivial oc—field, we obtain
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—of) = | Dr(x; 8k 113

= E[|¢e((x1;2k0)) — Elgic(x13,0)| 7ol
2 .
= E[Z | ¢(xa; Gke) 1 (EL] ¢ (xa; i) |])2j]

j=0
= ch [ e Ge) V] -CEL] glxas i) [P

= 2E[| Or(x1; ) |2} + C(E]| dr(x1;:Cie) 11)° +CSE[| Pr(x1;Cir) |2}/ (49)

By the Cauchy-Schwarz inequality, together with assumptions (E.1)(i), (E.2) and the
condition (16), we obtain

sup|¢x(xi; Cxe)| < sup lej(Ck.e)llej(x)]
xeS| Z | xesjgjk \/g] J /
1 1/2 1/2
< (E 7|€](€kz)| ) <Sup Y ej(x)|2>
jedy Sikt XE€S jeT;
< C%/ZC;/Z /|\7k|

IN

C3 \/ |jmn |
[ n

Observe that, under the assumptions (F.1) and (E.1)(i) and the fact that £ is an or-
thonormal basis of H, we have

IN

E “‘Pk(xl}gk,f) \2] /S\<Pk(x; Cko) |2 f (v (dx

< Cr [ |otxgioriax)
2
= d
f/]dk —e(G)ei(0)| vl
= C — d
f/]ezk Py |€ Zro) v (dx)
< GG (51)
where C; is a positive constant,
Bl ot ] = ({5 ). &)
E[l gu(xiii0) 2] = 0(1) (53)

therefore,

® 1) = O(n'/?). (54)
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On the other hand, we consider the second term of decomposition (48), observe that

n 1/2
o, — (E <Z E [cb%(xy %) |5EH} ) >

i=1

., 172

= (Z E<]E [CD%(XH Ckt) |}-z>1} ))
- s

= (gE{q)%(Xi; Zk,é)})

using the notable identity, we obtain

E [q’% (xi; ék,z)}
= E[(|4’k(xi;5k,z)—E[¢k(xi;€k,é)|}ll]’)2}
< E“ Pk (i3 Che) 17 2 | rc(xi; Cioe) | B ¢ (i3 Qi) | | Fia]
+E[| (x5 Ce) 12 |]:i—1H
ZE“ Pr(xi; i) |2} +2E [E[l (i3 G ) |2 |-7:1‘71H
< 4]E[| Pr(xi; i) H

IN

observe that, using (50) and (51), we obtain
@, = O(n'/?). (55)

therefore, we combine (54) and (55) to obtain

)7\ 1/2
]) =0(n'?).

n
(E D (xi; Gk r)
i=1
Hence,
2
2 1 -
E[|Ak,f,1|] = E Y (i Cxe) }
i=1
1
= ﬁO(n)

< c<h‘”>
n

Therefore, there exists a constant C = C C1>0, such that

~ 4C 1
E(\lxk,e —lxk,dz) == 4C<r;n>- (56)

Hence, the proof is complete. [

Proof of Lemma 4

Consider the following decomposition

Bie—Bre = Bre—Bre+PBre— Bre
= Bryi+ Bieo, (57)
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where

_ 1
Bre = p Y Bl (xi; 17k,0) | Fial-
i3

Observe that, under the assumptions (F1) and (E.1)(i) and the fact that £ is an or-
thonormal basis of H, and proceeding in a similar way as in (46), we show that

Bie=Bre as, 1n— oo (58)
This, in turn, implies that
Bk,€,2 = 0(1), a.s. (59)
Therefore, we obtain
Bii—PBre = Biei+o(l), as.

Hence, we readily infer

E(‘Ek,é_ﬁk,£’4> = l4 ( 4), (60)

Yike = Pr(Xis i) — Bl (xi; k) | Fi1]-

Notice that (¥; s)o<k<n is a sequence of Martingale differences with respect to the
sequence of o —fields (F;)o<k<n, applying the Burkholder-Rosenthal inequality for p = 4

(see Lemma 1), we obtain
A\ 174

(%

Z‘szf

where

Y ike 112]a<>§1 Z‘I’,k ’ 4
; 1/2
< Y E(Y7 | Fio1)
i=1 4/2
_ (1) )
= ‘I’u +‘I’k,£. (61)

Consider the first term of Equation (61). We have

o)

|
E(Wk(xUﬂk,f) — E [ (x1;171,0) | Fol ’4>
E[(Wk(xvﬂk,e)! +EU¢k(X1/"7k,€)H)4}-

IA

Using the classical identity

n
(a+b)" =Y CKakpr—k
k=0
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in connection with the Jensen inequality and taking n = 4, we obtain

(|9 (x5 771c0) | +EH¢k(X1;77k,e)H)4

4
= kgocﬂlpk(xl}ﬂk,z)‘k(EHI/’k(Xl}ﬂk,é)H)4_k

4
< Y Chlgetaained) B[t |-
k=0

This gives that

1)

IN

E

4
1;) CK|x (xi; 7i0) |'E [!llfk(xv Mk,e) !“ﬂ

4
Y CiE [|1Pk(X1; Mke) |k} E [|1Pk(x1; ) |47k] : (62)
=0

By proceeding in a similar way as in (51) and making use of the assumptions (F.1) and
(E.1)(i), we infer that

E[Wk(xl;ﬂk,e)ﬂ <C, (63)

where C is a positive constant. Moreover, by the Cauchy-Schwarz inequality together with
assumptions (E.1)(ii), (E.2) and the condition (16), we obtain

1
sup|Pr(%;1ke)| < sup Y ——=Ie;(1x0)llej(x)]
x€S XES je Ty 4 /hj,k,ﬁ

. 1/2 1/2
< <Z h,|€j(77k,z)|2> (sup Y |e]-(x)|2>
jed; ikt XES je T,
< GG 1%
S C4 |Jm,,|
n
< S (64)
We then obtain
E[ [¢e(ximke)] ] = O< lnnn) (65)
E[[getximn] = o), (66)
E“"l’k(xl;ﬂk,fﬂs] = O(@) (67)
E["l’k(xl;ﬂk,z)ﬂ = O(ﬁ) (68)

Observe that the largest term is (68); now, using (68) in Equation (62), we deduce that

S = o(gn)

1/2
'%2—O<("fﬂ> (69)

Inn

This implies that
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Let us now investigate the upper bound of ‘I’,(czl_,) in (61). Observe that

" 1/2

Y E(¥ie/ Fio1)

2
v -

2

()]

for alli = 1,...,n. Making use of the Jensen inequality with the fact that (a — b)? =
a? — 2ab + b2, it follows that

n n

Y E[¥R ] = Y (B[ — Elgetxinee) | Fia])’1Fia))

i=1 =1

n
< 42E{ Y (Xis i e)) ‘fi—l}-
i=1

Observe, under the assumptions (E.1), (E.1)(i), (C.0) and (C.1) and (63):

iE[(lpk(Xi;Wk,Z))zu-ifl} = ”/S|1Pk(x;’7k,z)|2 (,11 iff"l(x))/(dx)
i

i=1

n [ et P (F00 + o(1))v(dx)

< n(cf+o(1))/Sllpk(x;ék,z)|21/(d><)
< nCsCy. (70)
It follows that
¥ = o(n'?). (71)

Combining (61), (69) and (71), we obtain

n 4 2
E( - o(”)+o@ﬂ.
= Inn
We conclude that

Y Yike
~ 4 1 1
E(‘,Bk,é—ﬁk,é‘ ) = O(iﬂlnﬂ) +O(nz>' (72)

This implies that there exists a constant C > 0, such that

2
E(‘Bk,e—ﬁer) < C<1nnn> (73)

The proof is achieved. U

Proof of Lemma 5

Consider the previous decomposition in Lemma 4, to write that

Brie—Bre = (Bk,é - Bk,é) + (Ek,f - ﬁk,@)
= Byru1+ Bioo,
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where
14 1 &
Been = - Y Yike = p Y (Wi (xi5 17k,0) — E[re(xi5 17k,0) | Fiea ),
i3 i
1 n
Biia = - ZE['vbk(xi} M) | Fie1] = Bre-

By using (59), we obtain the desired result for the term By ; »

Bii—Bre = Brgi+o(l).

zEﬁ) - ]P’(

An application of Lemma 2 implies that

Now, observe that

12 n
P <‘ E Z lFi,k,Z 2 1IIi,k,f
i=1 i=1

i=

22W>

= |k (xi; k) — Bl (xis x,0) | Fi1|
2sup | (% 1x,0) |
xES

Y

IN

n
S\ nn

< Gn. (74)

Let B = C3y/n. Then, for all €, = 5+/nInn where n is sufficiently large, we have

d

n
Y Wik
= 2nB?

K €2
EEannn < 2expy —

(3vomes)
211<C3\/ﬁ)2

— Dexpd 2lnn
N P 8C3n

KZ
-
= 2explnn 8C3”}

= 2expq —

= op o), (75)

where

K2

Z/U(K, n) - @

By choosing « such that w(n, k) = 2, we have

K lnn>
> D
-2 n

A
O
_|_
[}

=

P (‘Ek,é — B

c(h‘n”)z. (76)

IN

The proof of (44) is achieved. [



Mathematics 2022, 10, 3433

21 of 33

7.1.3. Proof of Theorem 2
Recall that

)= Y fouolxlon + Y, Y §k,z]1{§w>1(\/m}l/ﬂk(x;ﬂk;e),

ey k=0 L€ J

where

't:

(Xi; 1k 0)-

1 n
EZ Oe(Xis Cre), Orr =

i=1

Lemma 6. Foranyk € {0,...,my} and any ¢ € Ty and under the assumptions (E.1)(i), (M.1)-
(M.2), (C.0) and (C.1), there exists a constant C > 0 such that

. 1
E(|77k,£_77k,£|2) < C<r;n> (77)

Lemma 7. Forany k € {0,...,m,} and any { € Jy, and under the assumptions (E.1), (E.2)
(M.1)-(M.2), (C.0) and (C.1), combined with the condition (24), there exists a constant C > 0 such

that )
~ 4 Inn
E(‘ek,g—eklg‘ ) _c< R ) . as. (78)

Lemma 8. Forany k € {0,...,m,} and any ¢ € Jy, for k > 0 large enough, (E.1), (E.2) (M.1)-
(M.2), (C.0) and (C.1), combined with the condition (24), there exists a constant C > 0 such

that R
Inn Inn
(‘GH—QH’ > K n) < c<n> . (79)

7.1.4. Proof of Theorem 2

Observe that the proof of Theorem 2 is a direct application of ([49], Theorem 3.1) with
c(n) = (Inn/n)'/2,0; = 1, r = 2 and the following Lemmas 6-8. We extended the method
of the proof in [33], Theorem 4.1. [J

7.1.5. Proof of Lemmas
Proof of Lemma 6

Consider the following decomposition

Moo —Me = Te = ke + e — Mo
= Axe1+ Ak, (80)
where
~ L [e(Yd) ]
- -VE X G o) | Fi
Mk,e n l; _f(xz) gbk( gk,€)| 1
1 &L (m(X,p) +6) }
= oy p|[EROI T )| Fi
”1:21 FIX) P (Xi; Cie0) | Fia
1 & [m(X;,p) }
= S Y|Py (X )| Fi
”1; FX) $e(Xi; Cr o) | Fiza

+
S|
1=

3 LB #0681 |
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From the independence between ¢; and X;, we have

E[€i|gi71} = E[€i|xi]
= Ele]
= 0.
Observe that
E ﬁ‘l’k(xi;ék,mfi—l = E [e( )]<Pk(Xz,Ckfz)|fz 1]
= E_ f[(e )]ka(XuCkaz 1:|
_ | Ele
- E_f(xz)(l) (Xuékeﬂfz 1}
= 0
This implies that

e =

[p& P (X5 Qo) | Fie 1]

i L
%i { f%g;j (Pk(xl/ng)IFl 1}

Making use of the assumptions (M.1)-(M.2), (C.0) and (C.1), we have

Moo = 72 W M) 3 1)1 (v ()
m X/p @u <3Zi > dX)

m(x
<Pk X; Ce) (f (%) +0(1))v(dx)
m(x
<Pk X; Ck,e) f ()v(dx) + o(1)
= ke + 0(1).
We readily obtain that
Mo = ke, as, 1 — oo,
implying that
Agro =0(1), as.
Therefore,
e —tke = Axer+o(l), as.

Let us now turn our attention to the term Ay, in (80), we have

Aol = e — ke

_ Z(

= - Z Dy (Xi; T )
i=1

f(Xi)

(Xi:Gos) — E P(Y")w(x,«;gk,zml})

(81)

(82)

(83)
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Notice that (P (x;; Ck ¢))o<k<m, is a sequence of Martingale differences with respect to
the sequence of o—fields (F;)o<k<m, - It is obvious, proceeding as the proof of (56), that

|

(X3 Cier)

E [|Ak,é,1|2} =

(o))

Y Dp(xi; Cre)
/2 || (13 i) 12 + | ZE[cbz (xi; )| Fioa | 1172

E
i=1
i=

= P+ Py (84)

where

IN

On the one hand, using a very famous decomposition combined with the fact that 7
is the trivial c—field, we obtain
2]

Dl
)
)

1
~of) = | Pelxiidee) 113

= E

p(Yi) p(1)
’f(xl)%(()q,ékﬁ)) E{f(xll) (x1,§k£)|]-“0}
(

2| p(11) Tl
"L ) (2| Feyeimsn

p(Y1) p(Yq)
’f x) PG| |- E ‘f (X))

IN

Pr(x1;Cr)

j

= EC]E Pr(x1; Tk )

j=

= CIE

(
p(Y1)
‘f(xll)f/’k(xlfgkz

+C} (E ‘p O (x1; Ckr)

2
+CIE

Pr(x1; G )

7

‘P(Yl)
f(X1)

It follows, from assumptions (M.1) and (M.2), that

lo(Yi)| < Cm + [ei], (85)

combined with the independence between X; and €, E[€3] = 1. Observe that, under
assumption (E.1)(i) and the fact that £ is an orthonormal basis of H, we have
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e [fhoonoanol | = BVl izt
< Bt [ ot Pov(a
- (C‘Z“f“) LT e (i
= S @ ey
< (C‘Z“C;rl)cl:ou). (86)

Moreover, from Assumptions (M.1) and (M.2) and using (52), (85), combined with the
independence between X; and €1, E[e;] = 0. we have

R

® ;) = O(n'/?). (88)

E sz((:?l)) O (X15 T )

Therefore,

On the other hand, we consider the second term of decomposition (84), and proceeding
as in the proof of (55) and considering (86) and (87)

D, = O(Tll/z). (89)
therefore, combining (88) and (89) to obtain

n

2N\ 172
(E Y D(Xi; i r) ]) =0(n'/?).
i=1
Hence,
2
2 1 -
E[|Ak,e,1| } = E Y Pp(xi; Cxe) ]
i=1
1
Inn
< -
< (=) (90)
Therefore, combining (83) and (90), there exists a constant C such as
~ 2 C Inn
- <= <c(=").
B[R — aeel”) < - _c< ~ > 1)

Hence, the proof is complete. [
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Proof of Lemma 7

Consider the following decomposition

Orr—Or = Oro— 0O+ 0 — 0o
= Big1+ Biro, (92)

where

1 Y,
Oe = Y E JFZEX)) e (xis 1k, 0) | Fi1 |-
i=1 i

Observe that, under the assumptions (M.1)-(M.2) and (C.1), the Equation (81) and the
fact that £ is an orthonormal basis of H, by proceeding as in (82), we show that

ék,g = Gk,g, as, n— oo, (93)
implying that
Byio =0(1), as. (94)
Therefore,
(7,(,4 — Gk/g = Bk,[,l + 0(1), a.s.

Hence, we obtain

Y Wik

. 4 1 n 4
E(|fe—6 ) = E : 95)
n i=1

Y Y
Yike = mlPk(Xi,‘ ko) — E [f(xi)llfk(xi; Uk,ﬁ)}—il:|~

where

Notice that (¥;¢)o<k<n is a sequence of Martingale differences with respect to the
sequence of o—fields (F;)o<k<n, applying the Burkholder—Rosenthal inequality for p = 4

(see Lemma 1), we obtain
A\ 1/4

n
E
i=1
< nYH¥pella+

max
l<]<n

Y ike Z Fike

4
1/2

n
Y E(¥:, o Fio1)
i=1 4/2

= v+ (96)

Consider the first term of Equation (96),

ST = 1l
(f (X1 7k0) — ]E[;g?l))lpk(xl}ﬁk,éﬂ}-o} 4)
S [{F T e

By combining the identity

(a+b)" ch bk
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and the Jensen inequality and taking n = 4, we obtain

N}

{ p(11) P (X1; 77k 0)

(‘p(n;lpk(xl}ﬂkﬁ

f(xl f X1
3 4k
- k;)df Jegll))ll’k(xl;ﬂkz ( {f k(X1 77k0) D
Lk lp(1) . k To(mh) . 4k
< ];)C{Z f(Xll)lle(Xlrﬂk,[) E ‘f(Xll)tpk(Xl’kag) .

Then, we have

4 k 4—k
%(‘Yffz)f = E ch ;gll))l/’k(xl;ﬂk,f) EU})gll))lPk(Xv’?k,e) H
k ik
= ZC4 ‘PE}Z)) W (X1 17k,0) ]E ‘;8?1)) (X1 1k0) ] (97)

By following the same reasoning as in (86) and under the same assumptions (M.1)-
(M.2) and (E.1)(i), we have

2

E <C, (98)

p(Y1) :
‘ f(Xll) lPk (Xll ’7k,£)

where C is a positive constant. Moreover, by the Cauchy-Schwarz inequality together with
assumptions (E.1)(ii), (E.2) and condition (24), we obtain

sup|r(x1ke)| < sup ) lej (17x,0) lej(x)]
/r,ké j j

x€S XES]EJk
1/2 1/2
1 2 2
< (Z i lei )] ) (Sup Y Jei(x)| )
jedy tikt x€S je Ji
< C%/ZC%/ZM
< Coy/Tml
n
- W (99)
Hence, we infer that
p(Y1) . | N n
E[ £k X | = O( (hm)z>/ (100)
E_ ) (i . o(1 101
i f(xl)lpk( 1/77k,Z) = ( ), ( )
_ p(Y1) ] . n
E_f(xl)lpk(xlzﬂk/) | = o( (1nn)2>’ (102)
[|p(1) 91 n
E f(xl)lpk(xl,m)_ = o((lnn)2> (103)
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Observe that the largest term is (103), now, using that same statement (103) in
Equation (62), we deduce that

1 4
L)' < cm[lmoximl]
n
((lnn)2>
It follows that 1/2
1 _ n
Yo = O(lnn> ‘ 1o

Let us now investigate the upper bound of ‘I’,(CZE) of (61). Observe that

1/2

2
v -

n
Y E(¥7,/ Fi1)
i=1 2

()

foralli =1,...,n, using the Jensen inequality and the fact that

(a—b)*> = a*> —2ab + b2,

it follows

f;E{|Ti,k,é’2|El}
=

= é(EU;E;Z))lPk( k) — E{?Ezglpk(xi;nhzﬂﬂ_l]
p(Yi) 2|]:i1].

n
4y E X;;
1; ’f(Xi) e (Xi; 1710)
From the independence between €; and X;, we have
E[€2|Qi—1} = E{€2|Xi:|
E{ez} =1

Under assumptions (M.1)-(M.2) and (E.1)(i) and (C.1), (63) and (105), we have

)

n Yl )
LE 'f X;) Xis )| [Fia
i=1 1
n YZ )
s ‘;EX‘))lpk(Xi;ﬂu) |gi1]|]:i1]
i=1 ;
C2+1) PR
- H(L / el ”Zl—}{x)(x) v(dx)
C2 1
= 1’[( Cf+ (1—|—0 /‘ka nke dx)
- (105)
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where )
c— (Cmc;l)(uoa)).

It follows
¥ = cnl/2 (106)

Combining (61), (69) and (71), we obtain

4
n \2 5
o([frxad ) - of(e)) vot)
combining this with (95), we conclude

B(|o-ol) = o () (m)) +o( (i )7): 107)

Hence, there exists a constant C > 0, such that

. 4 2 2
E(‘ek,g—ek,gm < c(i) gc(h‘n">. (108)

The proof is achieved. [

n
Y Wik
i1

Proof of Lemma 8
Considering the previous decomposition (92) in Lemma 7, we have

§k,£ b0y = <§k,f - ék,é) + (B0 — Ok r)
= Brei+ Bireo,
where
1 n
Bio1 = - Y Wik
i—1
1 p(Yd) . p(Y;) .
n;%(f(xi)llfk(xuﬁk,z)—]ﬁl f(xi)lpk(xuﬂk,é)|]:z—1 ,
1y | e(Yi) ]
Biya = - E Xi; o) | Fic | — Oce.
k0,2 ”i; [f(Xi)lPk( i Me) | Fioa 0

Statement (94) achieves the desired result for the term By ,»
Oke —Oke = Brer+o(l).

We consider the next decomposition

Yire = VietWike (109)
where ) )
(P . | e . :
Vl,k,@ = <f(xz) lpk(xl/ Uk,@)ﬂAi E |:f(xl)lpk(xl/ Uk,@)]lAi|-7:;—1:| )/
p(Yi) p(Yi)

Wit = (B Xty — B | 2 s 17 ),
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and

14, = {lei = c.vinn},

and ¢, denotes a constant which will be chosen later. Now, observe that

Inn Inn
<‘9ké_9k€‘> S/ n) < (}Bké1f> . >+0(1)
n
= ]P’( Y Wik zgvmnn>+o(1)
i=1
= hLh+L+o(1), (110)
where
n
L = Z ikt nlnn
K
L = ]P’(l;wi,k,g 25 nlnn).

First, we aim to bound the term [; of Equation (110). The Markov inequality and the
Cauchy-Schwarz inequality yield

L < K\/m (iEVzu>
< Wi_flla(mk,d). a1
Observe that
(IVikel)
= E(‘;&))llfk(xuﬂke)]lft —E{p(i))llf Xi; Tk,e) L, | Fi 1} )
< E(‘;EYZ))W(XHUM)HA’)JF EHp()lz))lpk(xi}ﬂk,ﬁ)]lmh]:i1]) (112)
< 2 <;Exli>)lpk(xi?77k,£)]l¢4i‘>

E
< 2 (E (‘ })82)) Pe(Xis 1k e)

We use (98) combined with an elementary Gaussian inequality and take c to have

A 172
)) (B(A))2 (113)

2

R =
i 1/2 =2.
We obtain
2C n 2lnn
< = %
e
—(%-1/2
< En (4 >
K Inn
1
<

Ck g (114)
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2C

where Cx = ==. We now intend to investigate an upper bound for I, of decomposition

(110). We start by verifying the condition of Lemma 2. Suppose that assumptions (M.1)
and (M.2) are satisfied combined with (99), we obtain

|Yi1Af| < Cy+cevinn
< Cv¥lnn, (115)

which implies

p(Y:) [p( i) }
W; < X'; 1 g—]E X',’ 1 gll c]r'_
Wisd < | B g — E| B g i L L i
2CvVInn
< Cisup|1/’k(x}’7k,€)|
f xES
S E\/lnn %
cf (Inn)
< Gyl
Inn
< Gvn, (116)

where C3 = %, let B = C3+/1, then, for all ¢, = %\/ nInn sufficiently large 1, we have

b:p(

2nB?

n
Y Wike
i=1

K 6,21
ZE\/nlnn < 2expy —

(3vitmn)

211(C3\/ﬁ)2
k% Inn

= 2expy———
4Cn

x2
= 2exp{lnn 4C§”}

= 2exp —

= 2 wlem) (117)
where
2
w(x,n) = —5—.
4C3n
Taking « such that w(n, x) = 2, we have
1
L < C. (118)
n

It follows from (110), (114) and (118) that

~ ~ x [Inn 1
P<’9k,€_6k,f‘22\/n> < CﬁJrO(l) (119)

2
c(h‘”) . (120)

IN

The proof of (79) is achieved. [
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