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Abstract: Friction has a vital role in studying materials’ and systems’ behavior. The friction between
two objects and the inner friction of materials under the condition of vibration usually can present
different characteristics. These characteristics are different from the conventional conditions. It is
shown in practice that vibration can reduce the friction coefficient and friction force between two
objects. Vibration can lighten abrasion of objects and reduce energy consumption. All of these
can give great efficiency, but, until now, the vibration friction-reducing mechanism has not been
fully revealed. In this manuscript, the friction-reducing mechanism of materials under arbitrary
vibration forces is investigated. The results show that the effective friction coefficient of materials
under arbitrary vibration forces is always the minimum. The relationship between the effective
friction coefficient and the negative gradient is investigated in this research. When the vibration force
direction projects are in the first and the third quadrants, the negative gradient of the effective friction
coefficient gets larger slowly, and then it becomes stable. When the vibration force direction projects
are in the second and the fourth quadrants, the negative gradient of the effective friction coefficient
decays to zero at the initial stage and then increases rapidly.
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1. Introduction

Vibration is common in engineering practice and daily life, and it is the main content
in the study of vibration friction mechanics. We are always in a vibration environment,
such as the vibration of houses and bridges, the vibration of machine tools, the vibration of
engines, and the vibration of road rollers and sinking and pulling machines. In the progress
of science and engineering, a lot of mechanical equipment are moving towards high speed,
high precision, and miniaturization [1,2]. Research on vibration is becoming more and more
important. It is necessary to master vibration law and the transmission path of the interface
so as to reasonably use or suppress vibration. One of the most important problems with
vibration is the friction between interfaces. It is the key to improving the reliability and
life of machinery and equipment, and its economic significance is very clear. In industry,
generally in this case, the main reason leading to the failure of machines is not damage of the
components of the machine itself but the wear of the contact interface of various parts under
the action of fretting or sliding friction [3–8]. As one of the most fundamental physical
phenomena, friction is the most common phenomenon, and vibration friction usually
happens in mechanical systems [9–12]. Many researchers have focused on the relationships
between vibration and friction. On the basis of oil film dynamic pressure lubrication
and an elastic contact model of the asperities, Bao et al. set up a kinematic coupling
model of the rotation-axial engagement process according to friction elements and gave the
engagement characteristics of the multi-disc wet friction clutch [13]. Marques et al. studied
several friction force models dealing with different friction phenomena in the research
of multibody system dynamics [14]. To study the random stick-slip vibration of duffing
systems of dry friction, a numerical approximate solution was performed by Jin et al. [15].
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Some researchers performed experimental validation and investigations of vibration friction
systems [16–18]. Sun et al. analyzed the friction coefficient based on the recurrence plots and
proposed a new method to identify the running-in state of the friction pair [19,20]. Many
nonlinear phenomena were presented in engineering of the discontinuities introduced
by friction in the governing equations [21–23]. In engineering practice, friction between
the contact bodies can cause lots of undesirable effects on the system, such as frictional
chatter [24], wear in friction-induced vibrations [25,26], and reduction characteristics of
silicon [27]. The natural frequencies and damped forced vibrations were investigated by
Safaei for an improved and lightweight sandwich plate of a periodic load in a limited
time [28]. Doan et al. analyzed the free vibration and static bucking of flexoelectric
variable thickness nanoplates. To emphasize the affection of flexoelectricity in free vibration
and static buckling of the nanoplates, a variety of parameter studies was conducted [29].
A nonlinear static bending study of microplates resting on imperfect Pasternak elastic
foundations was carried out by Thai Dung et al. By the improved couple stress theory and
finite element methods, the nonlinear finite element formulations were performed [30]. For
illustration as a stationary process with white noise, the vibration response of beams in
the condition of random load was studied by Nguyen et al. To predict the fundamental
frequencies of the structures, the artificial neural network (ANN) model was presented [31].
The dynamic problem for the moment theory of elasticity related to the finite length crack
in normal stress conditions on the banks was demoted to a series of displacement and
rotation integral equations in [32], which were performed mathematically. Moreover,
in [33], the dynamic problems related to micro-polar elastic bodies were carried out by
an eigenvalues technique. Lai Thanh Tuan et al. devised and performed numerical and
analytical solutions for problems in two dimensions, including the spreading of unsteady
axisymmetric boundary disturbances of a “non-classical” elastic medium of spherical
boundaries [34]. Recently, based on a serious of methodologies, many researchers have
performed numerous studies on the computation of plate and shell structures. Many
beneficial discoveries were made [35–39].

However, several problems for vibration friction in the case of arbitrary vibration
working environments have not yet been sufficiently studied, including the effective
coefficient of dynamic friction and the friction mechanism in arbitrary vibration of materials
and the negative gradient of friction.

The purpose of this paper is to present the friction-reducing mechanism of materials
under arbitrary vibration forces. Due to limitations associated with the negative gradient
of the effective friction coefficient and the effective friction coefficient in arbitrary vibration
working environments, the vibration friction characteristics of materials have not been
thoroughly explained. Based on the effective coefficient of dynamic friction and the friction
mechanism in arbitrary vibration of materials, the effective friction coefficient was deduced
in this research, and the negative gradient of friction was also discussed.

The main body of this paper is split into four sections. The material model is presented
in Section 2. The effective coefficient of friction is studied in Section 3. The negative gradient
of the effective friction coefficient is given in Section 4. In Section 5, important conclusions
are summarized.

2. Model of Material

It is a very common phenomenon that materials always vibrate under the vibration
condition in engineering. In the last century, some researchers proposed the concept of
effective friction coefficient from the perspective of breaking static conditions by using pure
mechanical methods [14,17]. In this paper, the concept of effective friction coefficient is used
to study the friction reduction effect of vibration under three conditions: that the vibration
direction is parallel to the force, the vibration direction is parallel to the normal pressure,
and the vibration direction is perpendicular to the force and the normal pressure. Then, on
the basis of these three conditions, the effective friction coefficient formula of vibration in
an arbitrary direction is further derived. It is proved that vibration can reduce friction. The
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influence and control of vibration parameters on friction reduction are explained by the
change in effective friction coefficient reduction rate in this paper.

Firstly, the model is established in a Cartesian coordinate system. This is shown in
Figure 1. The effective friction coefficient is f ∗; f1 is the coefficient of the maximum static
friction between the material and the surface; N is the normal compression force (opposite
paralleled axis Z); Q is the tension force (paralleled axis X); F0 is the amplitude of the
force F(t); F(t) = F0 sin(ωt + φ); Qmin is the minimum force to move the material. P is the
gravity force, P = mg.

Qmin = (N + mg) f1 − F0 = f1(N + mg)
(

1− F0

f1(N + mg)

)
, (1)

f ∗ =
Qmin

N + mg
= f1

(
1− F0

f1(N + mg)

)
. (2)
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This is the effective friction coefficient formula under the condition that the vibration
and the force direction are parallel. Since F0

f1(N+mg) > 0, the effective friction coefficient
under vibration is less than the coefficient of the max static friction f1; thus, the effective
friction under vibration is reduced.

When the vibration direction is parallel to the normal pressure, the material model is
shown in Figure 2.

Qmin = (N + mg− F0) f1 = f1(N + mg)
(

1− F0

N + mg

)
, (3)

f ∗ =
Qmin

N + mg
= f1

(
1− F0

N + mg

)
. (4)

Mathematics 2022, 10, x FOR PEER REVIEW 3 of 10 
 

 

pressure, and the vibration direction is perpendicular to the force and the normal 

pressure. Then, on the basis of these three conditions, the effective friction coefficient 

formula of vibration in an arbitrary direction is further derived. It is proved that vibration 

can reduce friction. The influence and control of vibration parameters on friction 

reduction are explained by the change in effective friction coefficient reduction rate in this 

paper. 

Firstly, the model is established in a Cartesian coordinate system. This is shown in 

Figure 1. The effective friction coefficient is 𝑓∗; 𝑓1  is the coefficient of the maximum static 

friction between the material and the surface; 𝑁  is the normal compression force 

(opposite paralleled axis Z); 𝑄 is the tension force (paralleled axis 𝑋); 𝐹0 is the amplitude 

of the force  𝐹(𝑡) ; 𝐹(𝑡) = 𝐹0 𝑠𝑖𝑛(𝜔𝑡 + 𝜙) ; 𝑄𝑚𝑖𝑛  is the minimum force to move the 

material. P is the gravity force, P = mg. 

N

( )F t
m

Q

P

 

Figure 1. The vibration model of parallel force. 

𝑄𝑚𝑖𝑛 = (𝑁 +𝑚𝑔)𝑓1 − 𝐹0 = 𝑓1(𝑁 +𝑚𝑔) (1 −
𝐹0

𝑓1(𝑁+𝑚𝑔)
),  (1) 

𝑓∗ =
𝑄𝑚𝑖𝑛

𝑁+𝑚𝑔
= 𝑓1 (1 −

𝐹0

𝑓1(𝑁+𝑚𝑔)
).  (2) 

This is the effective friction coefficient formula under the condition that the vibration 

and the force direction are parallel. Since 
𝐹0

𝑓1(𝑁+𝑚𝑔)
 > 0, the effective friction coefficient 

under vibration is less than the coefficient of the max static friction 𝑓1; thus, the effective 

friction under vibration is reduced. 

When the vibration direction is parallel to the normal pressure, the material model is 

shown in Figure 2. 

N( )F t

m
Q

P

 

Figure 2. The vibration model of vertical force. 

𝑄𝑚𝑖𝑛 = (𝑁 +𝑚𝑔 − 𝐹0)𝑓1 = 𝑓1(𝑁 +𝑚𝑔) (1 −
𝐹0

𝑁+𝑚𝑔
),  (3) 

Figure 2. The vibration model of vertical force.



Mathematics 2022, 10, 3529 4 of 10

When the vibration direction is perpendicular to the force and the normal pressure,
the material model is shown in Figure 3.

Qmin =

√
( f1(N + mg))2 − F02 = f1(N + mg)

√
1−

(
F0

f1(N + mg)

)2
, (5)

f ∗ =
Qmin

N + mg
= f1

√
1−

(
F0

f1 A

)2
. (6)

where A = N + mg, and P is the gravity force; P = mg.
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Similarly, the effective friction under vibration is reduced in these conditions. Then,
on the basis of these three conditions, the effective friction coefficient formula of vibration
in an arbitrary direction is further derived. Arbitrary vibration force can be seen as three
components, and the effective friction coefficient under the arbitrary time-varying external
forces is one of the critical characters to show the nonlinear dynamic characteristics of the
system. Herein, it is studied in different conditions, respectively.

Firstly, the model is established in a Cartesian coordinate system, as shown in Figure 4.
Next, m is the mass; f1 is the coefficient of the maximum static friction between the material
and the surface; N is the normal compression force (opposite paralleled axis Z); Q is the
tension force (paralleled axis X); F0 is the amplitude of the force F(t); F(t) = F0 sin(ωt + φ)
is the arbitrary time-varying external forces, and its vectors are α, β, γ. P is the gravity
force, P = mg. Then, the arbitrary time-varying external forces in different conditions are
discussed separately.
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3. Effective Coefficient of Friction f*

When the arbitrary time-varying external force projects are in the first and the third
quadrants of the xz plane (including the limit boundary: projection in the axis z), the
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maximum synthetic tension and the minimum compression are obtained, as shown in
Figure 5. Herein, the force Q comes to Qmin and yields

(Qmin + F0 cos α)2 + (F0 cos β)2 = ( f1(N + mg− F0 cos γ))2, (7)

where Qmin is the minimum force to move the material.
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Then, there is

f ∗ = f1

√(1− F0 cos γ

N + mg

)2
−
(

F0 cos β

f1(N + mg)

)2
− F0 cos α

f1(N + mg)

, (8)

where f ∗ is the effective coefficient of friction.
Here, supposing f ∗ ≥ f1, there is√(

1− F0 cos γ

N + mg

)2
−
(

F0 cos β

f1(N + mg)

)2
− F0 cos α

f1N + mg
≥ 1. (9)

A = N + mg, then there is(
1− F0 cos γ

A

)2
−
(

F0 cos β

f1 A

)2
≥
(

1 +
F0 cos α

f1 A

)2
, (10)

there is
(

1− F0 cos γ
A

)2
−
(

F0 cos β
f1 A

)2
≥
(

1 + F0 cos α
f1 A

)2
≥ 1.

For the above equation, when cos β = 0, cos γ = 0, and cos α = 0 at the same time,
then the left could be equal to the right. However, cos α2 + cos β2 + cos γ2 = 1, and so cos α,
cos β, and cos γ cannot be all zero simultaneously. Hence, the supposition is not tenable.
Therefore, there is f ∗ < f1.

When the vibration force projects are in the second and the fourth quadrants of the xz
plane, the model is shown in Figure 6.
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Assume |cos α| = i, |cos β| = j, |cos γ| = k and i > 0, j ≥ 0, k > 0, there is,

(Qmin − F0i)2 + (F0 j)2 = ( f1(N + mg− F0k))2. (11)

Substituting N + mg = A into the above equation, there is

f ∗1 = f1

√(1− F0k
A

)2
−
(

F0 j
f1 A

)2
+

F0i
f1 A

, (12)

where f1
∗ is the effective coefficient of the friction when the vibration force project is in the

second quadrant. Meanwhile, when the vibration force project is in the fourth quadrant,
there is

(Qmin + F0i)2 + (F0 j)2 = ( f1(N + mg + F0k))2, (13)

where Qmin is the minimum force to move the material.
Simplifying the above expression yields

f ∗2 = f1

√(1 +
F0k
A

)2
−
(

F0 j
f1 A

)2
− F0i

f1 A

, (14)

where f2
∗ is the effective coefficient of friction when the vibration force project is in the

fourth quadrant.
Hence, the effective friction coefficient f ∗ should be the minimum of the above, that is,

f ∗ = min( f ∗1 , f ∗2 ).

Suppose i
k < f1, F0i

f1 A < F0k
A ,
(

1− F0i
f1 A

)2
>
(

1− F0k
A

)2
≥
(

1− F0k
A

)2
−
(

F0 j
f1 A

)2
, there is

f1
∗ = f1

√(1− F0k
A

)2
−
(

F0 j
f1 A

)2
+

F0i
f1 A

 < f1. (15)

Suppose i
k > f1, F0i

f1 A > F0k
A ,
(

1 + F0i
f1 A

)2
>
(

1 + F0k
A

)2
≥
(

1 + F0k
A

)2
−
(

F0 j
f1 A

)2
, there is

f1
∗ = f1

√(1 +
F0k
A

)2
−
(

F0 j
f1 A

)2
− F0i

f1 A

 < f1. (16)

When i
k = f1 and j 6= 0, there is f1

∗ < f1, f2
∗ < f1; when i

k = f1 and j = 0, there is
f1
∗ = f2

∗ = f1.
To sum up, the results show that when i

k = f1 and j = 0, there is f ∗ = min( f1
∗, f2

∗) = f1.
Otherwise, there is f ∗ < f1 always.

4. Negative Gradient of the Effective Friction Coefficient

In addition, the negative gradient η of the effective friction coefficient is discussed in
this paper. The negative gradient has a critical effect on the ratio of the effective friction
coefficient to the friction coefficient. Suppose |cos α| = i, |cos β| = j, |cos γ| = k, ρ = F0

A .
When i ≥ 0, j > 0, k > 0 (in the first coordination), there is 1− ρk > 0.

η = 1− f ∗

f1
= 1− (|1− ρk| − ρi

f1
) = ρ

√
1− i2 +

ρi
f1

(17)

and i = 1√
1+ f 2

1
, η′|i = 0 ; η obtains the max value.
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By deriving Equation (17), there is

η′|i = −ρ(
i√

1− i2
− 1

f1
) (18)

According to the values shown in Figure 7, there is no negative gradient at the f1 = 0
stage. The curve is absolutely smooth, and the negative gradient η is always zero in this
stage. When f1 = 0.1, η is increased with ρ immediately, and the curve is much steeper.
With the increase in f1, η will be stable gradually. When f1 = 1, η will be flat.
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According to


i2 + k2 = 1
i/k = f1

j = 0
, there is


i = f1√

1+ f 2
1

k = 1√
1+ f 2

1
j = 0

. (19)

Then, there is

η = 1− f ∗

f1
=

1−
(
|1− ρk|+ ρi

f1

)
, i/k < f1

1−
(
|1 + ρk| − ρi

f1

)
, i/k ≥ f1

=

∣∣∣∣ρ√1− i2 − ρi
f1

∣∣∣∣. (20)
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η′
∣∣
i =


−ρ
(

i√
1−i2

+ 1
f1

)
, 0 ≤ i < f1√

1+ f 2
1

ρ
(

i√
1−i2

+ 1
f1

)
, i = f1√

1+ f 2
1

. (21)

To sum up, according to the values shown in Figure 8, there is no negative gradient
in the stage of f1 = 0. Obviously, there is no friction in this stage; η is always zero with
increasing ρ. When f1 = 0.1, η increases with ρ obviously, and then the curve will be
steeper. When f1 = 0.5, η decreases with ρ and decays to zero first, but then η increases
with ρ gradually. In conclusion, the negative gradient of effective friction has a critical
effect on friction. It was shown that the changes in the negative gradient of the effective
friction coefficient changed the effective friction coefficient under the arbitrary time-varying
external forces, which consequently reduced the friction. From a tribological perspective,
the negative gradient of the effective friction coefficient plays a great role in the course
of vibration affection on the friction. The rules concerning the negative gradient of the
effective friction coefficient resulted in an effective friction coefficient, especially under the
arbitrary time-varying external forces.

Mathematics 2022, 10, x FOR PEER REVIEW 8 of 10 
 

 

To sum up, according to the values shown in Figure 8, there is no negative gradient 

in the stage of  𝑓1 = 0. Obviously, there is no friction in this stage; 𝜂 is always zero with 

increasing 𝜌. When 𝑓1 = 0.1, 𝜂 increases with 𝜌 obviously, and then the curve will be 

steeper. When  𝑓1 = 0.5 , 𝜂  decreases with  𝜌  and decays to zero first, but then 𝜂 

increases with 𝜌 gradually. In conclusion, the negative gradient of effective friction has 

a critical effect on friction. It was shown that the changes in the negative gradient of the 

effective friction coefficient changed the effective friction coefficient under the arbitrary 

time-varying external forces, which consequently reduced the friction. From a tribological 

perspective, the negative gradient of the effective friction coefficient plays a great role in 

the course of vibration affection on the friction. The rules concerning the negative gradient 

of the effective friction coefficient resulted in an effective friction coefficient, especially 

under the arbitrary time-varying external forces. 

  

(a) 𝑓1 = 0 (b) 𝑓1 = 0.1 

  

(c) 𝑓1 = 0.5 (d) 𝑓1 = 1 

Figure 8. The negative gradient of effective friction coefficient 𝜂. 

5. Conclusions 

In conclusion, this paper investigated the effective coefficient of friction under 

arbitrary time-varying external forces. The results show the relationship of the effective 

friction coefficient and the negative gradient of friction. 

(1) When the vibration force direction projects are in the first and the third quadrants, 

the negative gradient 𝜂 increases first, and then 𝜂 will be stable gradually. When the 

vibration force direction projects are in the second and the fourth quadrants, 𝜂 decreases 

but then increases gradually. 

Figure 8. The negative gradient of effective friction coefficient η.

5. Conclusions

In conclusion, this paper investigated the effective coefficient of friction under arbitrary
time-varying external forces. The results show the relationship of the effective friction
coefficient and the negative gradient of friction.

(1) When the vibration force direction projects are in the first and the third quadrants,
the negative gradient η increases first, and then η will be stable gradually. When the
vibration force direction projects are in the second and the fourth quadrants, η decreases
but then increases gradually.
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(2) From a tribological perspective, the negative gradient of the effective friction
coefficient plays a great role in the course of vibration affection on the friction. The changes
in the negative gradient of the effective friction coefficient resulted in an effective friction
coefficient, especially under the arbitrary time-varying external forces. The effective friction
coefficient was closely related to vibration properties and the influence and control on
vibration systems with friction.

(3) It is shown that the numerical and analytical results of the rules concerning the
negative gradient of the effective friction coefficient change the effective friction coefficient
under the arbitrary time-varying external forces, which consequently reduce the friction
in vibration.
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