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Abstract

:

In this work, we develop enhanced Hille-type oscillation conditions for arbitrary-time, second-order quasilinear functional dynamic equations. These findings extend and improve previous research that has been published in the literature. Some examples are given to demonstrate the importance of the obtained results.
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1. Introduction


Oscillation phenomena take part in different models from real world applications; we refer to the papers [1,2] for models from mathematical biology where oscillation and/or delay actions may be formulated by means of cross-diffusion terms. The study of nonlinear dynamic equations is dealt within this paper because these equations arise in various real-world problems such as non-Newtonian fluid theory, the turbulent flow of a polytrophic gas in a porous medium, and in the study of   p −  Laplace equations; see, e.g., the papers [3,4,5,6,7,8,9,10] for more details. Therefore, we are interested in the oscillatory behaviour of the second-order quasilinear functional dynamic equation


    a  ( ξ )     z Δ   ( ξ )    α − 1    z Δ   ( ξ )   Δ  + p  ( ξ )    z ( g ( ξ ) )   β − 1   z  ( g  ( ξ )  )  = 0  



(1)




on an arbitrary unbounded above time scale  T , where   ξ ∈   [  ξ 0  , ∞ )  T  ,       ξ 0  ≥ 0  ,    ξ 0  ∈ T  ,   α , β > 0  ,   a  ξ    and   p  ξ    are positive rd-continuous functions on  T  such that    a Δ  ≥ 0   and    ∫   ξ 0   ∞   a  −  1 α     ( τ )  Δ τ = ∞  ,   g : T → T   is a rd-continuous function satisfying    lim  ξ → ∞   g  ( ξ )  = ∞  , and   l : =  lim inf  ξ → ∞     ξ  σ ( ξ )     > 0 .   



By a solution of Equation (1), we mean a nontrivial real–valued function   z ∈  C  ad  1    [  T z  , ∞ )  T    for some   T z   in    [  ξ 0  , ∞ )  T   for a positive constant    ξ 0  ∈ T   such that z satisfies Equation (1) on    [  T z  , ∞ )  T   and   a  ξ     z Δ   ξ    α − 1    z Δ   ξ  ∈  C  ad  1    [  T z  , ∞ )  T    where   C ad   is the space of right-dense continuous functions.



We shall not investigate solutions which vanish in the neighborhood of infinity. A solution z of (1) is said to be oscillatory if it is neither eventually positive nor negative; otherwise, it is said to be nonoscillatory. We assume that the reader is already familiar with the fundamentals of time scales; for a very useful introduction to time scale calculus, see [11,12,13,14].



In the following, we present some oscillation results for dynamic equations that are connected to our oscillation results for (1) on time scales and explain the significant contributions of this paper. Karpuz [15] presented a Hille–Nehari test for nonoscillation/oscillation of the second order dynamic equations


    a  ( ξ )   z Δ   ( ξ )   Δ  + p  ( ξ )  z  ( ξ )  = 0  








and


    a  ( ξ )   z Δ   ( ξ )   Δ  + p  ( ξ )  z  ( σ  ξ  )  = 0 .  








and showed that the critical constant for these dynamic equations is    1 4    as in the well-known cases   T = R   and   T = Z  . Erbe et al. [16] derived a Hille-type oscillation criterion for the half-linear second order dynamic equation


       z Δ   ( ξ )   α   Δ  + p  ( ξ )   z α   ( g  ( ξ )  )  = 0 ,  



(2)




where   α ≥ 1   is a quotient of odd positive integers and   g ( ξ ) ≤ ξ   for   ξ ∈ T ,   and showed that, if


   ∫   ξ 0   ∞   g α   ( τ )  p  ( τ )  Δ τ = ∞ ,  



(3)




and


   lim inf  ξ → ∞    ξ α   ∫  σ ( ξ )  ∞      g ( τ )   σ ( τ )    α  p  ( τ )  Δ τ >   α α    l  α 2     ( α + 1 )   α + 1     ,  



(4)




then all solutions to (2) oscillate.



Erbe et al. [17] established the Hille-type oscillation criterion for half-linear second order dynamic equation


    a  ξ     z Δ   ( ξ )   α   Δ  + p  ( ξ )   z α   ( g  ( ξ )  )  = 0 ,  



(5)




where   0 < α ≤ 1   is a ratio of odd positive integers and   g ( ξ ) ≤ ξ   for   ξ ∈ T ,   and proved that, if (3) holds and


   lim inf  ξ → ∞     ξ α   a ( ξ )    ∫  σ ( ξ )  ∞      g ( τ )   σ ( τ )    α  p  ( τ )  Δ τ >   α α    l  α 2     ( α + 1 )   α + 1     ,  



(6)




then all solutions to (5) oscillate. Bohner et al. [3] improved conditions (4) and (6) without restricted condition (3) for half-linear second order dynamic equation


    a  ( ξ )     z Δ   ( ξ )    α − 1    z Δ   ( ξ )   Δ  + p  ( ξ )    z ( g ( ξ ) )   α − 1   z  ( g  ( ξ )  )  = 0  



(7)




and obtained that if


   lim inf  ξ → ∞      ξ α   a ( ξ )     ∫  ξ  ∞   φ ¯   ( τ )  p  τ  Δ τ >   α α    l  α ( 1 − α )     ( α + 1 )   α + 1     ,  0 < α ≤ 1  



(8)




and


   lim inf  ξ → ∞      ξ α   a ( ξ )     ∫  ξ  ∞  φ  ( τ )  p  τ  Δ τ >   α α    l  α ( α − 1 )     ( α + 1 )   α + 1     ,  α ≥ 1 ,  



(9)




where


   φ ¯   ( ξ )  : =           g ( ξ )   σ ( ξ )     α  ,        g ( ξ ) ≤ σ ( ξ ) ,       1 ,        g ( ξ ) ≥ σ ( ξ )       








and


  φ  ( ξ )  : =           g ( ξ )  ξ    α  ,        g ( ξ ) ≤ ξ ,       1 ,        g ( ξ ) ≥ ξ .       











We seal by noting that Agarwal et al. [18,19,20], Erbe et al. [21,22], Hassan [23,24], Li and Saker [25], Saker [26], and Zhang and Li [27] established a number of Kamenev-type and Philos-type oscillation results for various classes of second-order dynamic equations. The reader is directed to papers [28,29,30,31,32,33,34,35,36,37,38,39,40] as well as the sources listed therein.



The goal of this paper is to find some improved Hille-type oscillation criteria for the generalized quasilinear second-order dynamic equation (1) in the cases where   α ≥ β ,      α ≤ β ,      g ( ξ ) ≤ ξ ,      g  ( ξ )  ≤ σ  ξ   ,   g ( ξ ) ≥ ξ ,   and   g  ( ξ )  ≥ σ  ξ   , which improve and extend relevant significant contributions reported in [3,16,17] without the condition (3) or extra time scale constraints. In the next results, we use the notation   γ : = max  α , β    and we assume that the improper integrals are convergent in the following theorems. Otherwise, we find that Equation (1) oscillates, see [41].



The content of the paper is as follows: In Section 2, we present the main results for Equation (1) for the delayed case. In Section 3, we provide the main results for Equation (1) for the advanced case, and to illustrate the significance of the results, we provide several examples on an arbitrary time scale.




2. Hille-Type Oscillation Criteria for the Delay Case


The next two theorems deal with the Hille-type oscillation criteria of the second-order quasilinear dynamic Equation (1) when   g  ξ  ≤ ξ   and   g  ξ  ≤ σ  ξ    on    [  ξ 0  , ∞ )  T  , respectively.



Theorem 1.

Let   g  ξ  ≤ ξ   on    [  ξ 0  , ∞ )  T  . If


    lim inf  ξ → ∞      ξ α   a ( ξ )     ∫  ξ  ∞     g β   ( τ )    τ γ   p  τ  Δ τ >   α α    l  α  1 − α      ( α + 1 )   α + 1     ,   



(10)




then all solutions to Equation (1) oscillate.





Proof. 

Suppose that (1) has a nonoscillatory solution z on    [  ξ 0  , ∞ )  T  . Without loss of generality, let   z ( ξ ) > 0    and   z ( g ( ξ ) ) > 0   on    [  ξ 0  , ∞ )  T  . According to [3] [Lemmas 2.1 and 2.2], there exists a    ξ 1  ∈   (  ξ 0  , ∞ )  T    such that   z ( ξ )   is strictly increasing and     z ( ξ )   ξ −  ξ 0      is strictly decreasing on    [  ξ 1  , ∞ )  T  . Define


  w  ( ξ )  : =   a  ( ξ )     z Δ   ( ξ )   α     z α   ( ξ )    .  



(11)







Hence,


      w Δ   ( ξ )     =      a  ( ξ )     z Δ   ( ξ )   α   Δ   1   z α   ( ξ )    +   a  ( ξ )     z Δ   ( ξ )   α   σ     1   z α   ( ξ )     Δ        =       a  ( ξ )     z Δ   ( ξ )   α   Δ    z α   ( ξ )    −   a  ( ξ )     z Δ   ( ξ )   α   σ     (  z α   ( ξ )  )  Δ    z α   ( ξ )   z α   ( σ  ( ξ )  )    .     











In view of (1) and (11), we have


   w Δ   ( ξ )  = −    z β   g ( ξ )     z α   ( ξ )    p  ( ξ )  −    (  z α   ( ξ )  )  Δ    z α   ( ξ )    w  σ ( ξ )  .  



(12)







If   β ≤ α ,   by the fact that     z ( ξ )   ξ −  ξ 0      is strictly decreasing on     [  ξ 1  , ∞ )  T  ,   we obtain for   ξ ∈   [  ξ 1  , ∞ )  T  ,  


       z β   g ( ξ )     z α   ( ξ )      ≥         g  ( ξ )   −  ξ 0     ξ  −  ξ 0       β   z  β − α    ξ        ≥       g  ( ξ )   −  ξ 0    β    ξ  −  ξ 0    α      ξ 1  −  ξ 0    α − β    z  β − α     ξ 1   ,     








whereas, if   β ≥ α ,   by the fact that z( ξ ) is nondecreasing on    [  ξ 1  , ∞ )  T   as well, we obtain for   ξ ∈   [  ξ 1  , ∞ )  T  ,  


       z β   g ( ξ )     z α   ( ξ )      ≥         g  ( ξ )   −  ξ 0     ξ  −  ξ 0       β   z  β − α    ξ        ≥         g  ( ξ )   −  ξ 0     ξ  −  ξ 0       β   z  β − α     ξ 1   .     











Let   0 <  k 1  < 1   be arbitrary. There exists a    ξ  k 1   ∈   [  ξ 1  , ∞ )  T    such that


     z β   g ( ξ )     z α   ( ξ )    ≥  k 1      g β   ( ξ )    ξ γ   .  



(13)







Substituting (13) into (12), we obtain for   ξ ∈   [  ξ  k 1   , ∞ )  T  ,  


   w Δ   ( ξ )  ≤ −  k 1      g β   ( ξ )    ξ γ   p  ( ξ )  −    (  z α   ( ξ )  )  Δ    z α   ( ξ )    w  σ ( ξ )  .  



(14)







(I)   0 < α ≤ 1 .   The result of applying the Pötzsche chain rule (see [13] [Theorem 1.90]) is


     (  z α   ( ξ )  )  Δ    z α   ( ξ )    ≥ α     z ( ξ )   z  σ ( ξ )      1 − α      z Δ   ( ξ )    z  ξ    .  



(15)







In addition,


      z ( ξ )   z  σ ( ξ )      1 − α   ≥     ξ −  ξ 0    σ  ξ  −  ξ 0        1 − α    ,  








by dint that     z ( ξ )   ξ −  ξ 0      is strictly decreasing. Let   0 <  k 2  < 1   be arbitrary. There exists a    ξ  k 2   ∈   [  ξ  k 1   , ∞ )  T    such that


      z ( ξ )   z  σ ( ξ )      1 − α   ≥  k 2      ξ  σ  ξ        1 − α     



(16)







Hence, (15) becomes


     (  z α   ( ξ )  )  Δ    z α   ( ξ )    ≥ α  k 2      ξ  σ  ξ        1 − α       z Δ   ( ξ )    z  ξ     



(17)







Substituting (17) into (14), we obtain for   ξ ∈   [  ξ  k 2   , ∞ )  T  ,  


   w Δ   ( ξ )  ≤ −  k 1      g β   ( ξ )    ξ γ   p  ( ξ )  − α  k 2      ξ  σ  ξ      1 − α    a  −  1 α     ( ξ )   w  1 α    ξ  w  σ ( ξ )  ,  



(18)




which yields that    w Δ  < 0  . Now, for any   ϵ > 0  , there exists a   ξ ∈   [  ξ  k 2   , ∞ )  T    such that, for   ξ ∈   [ ξ , ∞ )  T   ,


   ξ  σ ( ξ )   ≥ l − ϵ   and      ξ α  w  ξ    a ( ξ )   ≥  a *  − ϵ ,  



(19)




where


   a *  : =  lim inf  ξ → ∞      ξ α  w  ξ    a ( ξ )   ,  0 ≤  a *  ≤ 1 .  











In view of (18) and (19), we have


   w Δ   ( ξ )  ≤ −  k 1      g β   ( ξ )    ξ γ   p  ( ξ )  − α  k 2    ( l − ϵ )   1 − α      a *  − ϵ   1 +  1 α      a  σ ( ξ )    ξ   σ α   ( ξ )    .  



(20)




Integrating (20) from  ξ  to v, we conclude that


  w  v  − w  ξ  ≤ −  k 1   ∫  ξ  v     g β   ( τ )    τ γ   p  τ  Δ τ − α  k 2    ( l − ϵ )   1 − α      a *  − ϵ   1 +  1 α     ∫  ξ  v    a  σ ( τ )    τ   σ α   ( τ )    Δ τ .  








Taking into consideration that   w > 0   and passing to the limit as   v → ∞  , we obtain


   k 1   ∫  ξ  ∞     g β   ( τ )    τ γ   p  τ  Δ τ ≤ w  ξ  − α  k 2    ( l − ϵ )   1 − α      a *  − ϵ   1 +  1 α     ∫  ξ  ∞    a  σ ( τ )    τ   σ α   ( τ )    Δ τ .  



(21)




Multiplying both sides of (21) by     ξ α   a ( ξ )     and the fact that   a  ξ    is nondecreasing, we find that


      k 1     ξ α   a ( ξ )     ∫  ξ  ∞     g β   ( τ )    τ γ   p  τ  Δ τ    ≤      ξ α   a ( ξ )   w  ( ξ )          − α  k 2    ( l − ϵ )   1 − α      a *  − ϵ   1 +  1 α      ξ α   a ( ξ )    ∫  ξ  ∞    a  σ ( τ )    τ   σ α   ( τ )    Δ τ       ≤      ξ α   a ( ξ )   w  ( ξ )          −  k 2    ( l − ϵ )   1 − α      a *  − ϵ   1 +  1 α     ξ α   ∫  ξ  ∞   α  τ   σ α   ( τ )    Δ τ .     



(22)







Use the Pötzsche chain, it follows that


      − 1   τ α    Δ  =     τ α   Δ    τ α   σ α   ( τ )    ≤  α  τ  σ α   ( τ )     



(23)







Substituting (23) into (22), we achieve


      k 1     ξ α   a ( ξ )     ∫  ξ  ∞     g β   ( τ )    τ γ   p  τ  Δ τ    ≤      ξ α   a ( ξ )   w  ( ξ )  −  k 2    ( l − ϵ )   1 − α      a *  − ϵ   1 +  1 α     ξ α   ∫  ξ  ∞      − 1   τ α    Δ  Δ τ       =      ξ α   a ( ξ )   w  ( ξ )  −  k 2    ( l − ϵ )   1 − α      a *  − ϵ   1 +  1 α    .     











We obtain by taking the lim inf on both sides of the latter inequality as   ξ → ∞   that


   lim inf  ξ → ∞    k 1     ξ α   a ( ξ )     ∫  ξ  ∞     g β   ( τ )    τ γ   p  τ  Δ τ ≤  a *  −  k 2    ( l − ϵ )   1 − α      a *  − ϵ   1 +  1 α    .  











Since   0 <  k 1  ,  k 2  < 1   and   ϵ > 0   are arbitrary, we deduce that


   lim inf  ξ → ∞      ξ α   a ( ξ )     ∫  ξ  ∞     g β   ( τ )    τ γ   p  τ  Δ τ ≤  a *  −  l  1 − α    a  *   1 +  1 α    .  











Let


  A =  l  1 − α   ,  B = 1 ,  and  u =  a *  .  











Using the inequality (see [42])


  B u − A  u  1 +  1 α    ≤   α α    ( α + 1 )   α + 1      B  α + 1    A α   ,  A > 0 ,  



(24)




we see that


   lim inf  ξ → ∞      ξ α   a ( ξ )     ∫  ξ  ∞     g β   ( τ )    τ γ   p  τ  Δ τ ≤   α α    l  α  1 − α      ( α + 1 )   α + 1     ,  








which contradicts (10) with   0 < α ≤ 1  .



(II)   α ≥ 1 .   The result of applying Pötzsche chain rule (see [13] [Theorem 1.90]) is


     (  z α   ( ξ )  )  Δ    z α   ( ξ )    ≥ α    z Δ   ( ξ )    z  ξ    .  











Hence, by (11), (14) becomes


   w Δ   ( ξ )  ≤ −  k 1      g β   ( ξ )    ξ γ   p  ( ξ )  − α  a  −  1 α     ( ξ )   w  1 α    ξ  w  σ ( ξ )  .  



(25)







According to (25) and (19), it follows that, for   ξ ∈   [  ξ  k 1   , ∞ )  T   ,


   w Δ   ( ξ )  ≤ −  k 1      g β   ( ξ )    ξ γ   p  ( ξ )  − α   ( l − ϵ )   α − 1      a *  − ϵ   1 +  1 α      a  σ ( ξ )     ξ α   σ  ( ξ )    .  



(26)







Integrating (26) from  ξ  to v, we have


  w  v  − w  ξ  ≤ −  k 1   ∫  ξ  v     g β   ( τ )    τ γ   p  ( τ )  Δ τ − α   ( l − ϵ )   α − 1      a *  − ϵ   1 +  1 α     ∫  ξ  v    a  σ ( τ )     τ α   σ  ( τ )    Δ τ .  











Taking into consideration that   w > 0   and passing to the limit as   v → ∞  , we obtain


  − w  ξ  ≤ −  k 1   ∫  ξ  v     g β   ( τ )    τ γ   p  τ  Δ τ − α   ( l − ϵ )   α − 1      a *  − ϵ   1 +  1 α     ∫  ξ  v    a  σ ( τ )     τ α   σ  ( τ )    Δ τ .  



(27)







Multiplying both sides of (27) by     ξ α   a ( ξ )     and the fact that   a  ξ    is nondecreasing, we obtain


      k 1     ξ α   a ( ξ )     ∫  ξ  ∞     g β   ( τ )    τ γ   p  τ  Δ τ    ≤      ξ α   a ( ξ )   w  ( ξ )  − α   ( l − ϵ )   α − 1      a *  − ϵ   1 +  1 α      ξ α   a ( ξ )    ∫  ξ  ∞    a  σ ( τ )     τ α   σ  ( τ )    Δ τ       ≤      ξ α   a ( ξ )   w  ( ξ )  −   ( l − ϵ )   α − 1      a *  − ϵ   1 +  1 α     ξ α   ∫  ξ  ∞   α   τ α   σ  ( τ )    Δ τ .     



(28)







Applying the Pötzsche chain rule, we obtain


      − 1   τ α    Δ  =     τ α   Δ    τ α   σ α   ( τ )    ≤  α   τ α  σ  ( τ )    .  



(29)







Substituting (29) into (28), we arrive at


      k 1     ξ α   a ( ξ )     ∫  ξ  ∞     g β   ( τ )    τ γ   p  τ  Δ τ    ≤      ξ α   a ( ξ )   w  ( ξ )  −   ( l − ϵ )   α − 1      a *  − ϵ   1 +  1 α     ξ α   ∫  ξ  ∞      − 1   τ α    Δ  Δ τ       =      ξ α   a ( ξ )   w  ( ξ )  −   ( l − ϵ )   α − 1      a *  − ϵ   1 +  1 α    .     











We obtain by taking the lim inf on both sides of the latter inequality as   ξ → ∞   that


   lim inf  ξ → ∞    k 1     ξ α   a ( ξ )     ∫  ξ  ∞     g β   ( τ )    τ γ   p  τ  Δ τ ≤  a *  −   ( l − ϵ )   α − 1      a *  − ϵ   1 +  1 α    .  











Since   0 <  k 1  < 1   and   ϵ > 0   are arbitrary, we deduce that


   lim inf  ξ → ∞      ξ α   a ( ξ )     ∫  ξ  ∞     g β   ( τ )    τ γ   p  τ  Δ τ ≤  a *  −  l  α − 1    a  *   1 +  1 α    .  











Applying the inequality (24) with


  A =  l  α − 1   ,  B = 1 ,  and  u =  a *  .  











Hence,


   lim inf  ξ → ∞      ξ α   a ( ξ )     ∫  ξ  ∞     g β   ( τ )    τ γ   p  τ  Δ τ ≤   α α    l  α  α − 1      ( α + 1 )   α + 1     ,  








which contradicts (10) with   α ≥ 1  . This completes the proof. □





Theorem 2.

Let   g  ξ  ≤ σ  ξ    on    [  ξ 0  , ∞ )  T  . If


    lim inf  ξ → ∞       ξ  α   a ( ξ )     ∫  ξ  ∞     g β   ( τ )     σ γ   ( τ )    p  τ  Δ τ >   α α    l  α  α − 1      ( α + 1 )   α + 1     ,   



(30)




then all solutions to Equation (1) oscillate.





Proof. 

Suppose, on the contrary, that z is a nonoscillatory solution of (1) on    [  ξ 0  , ∞ )  T  . Without loss of generality, we may assume   z ( ξ ) > 0   and   z ( g ( ξ ) ) > 0   for   ξ ∈   [  ξ 0  , ∞ )  T   .



According to [3] [Lemmas 2.1 and 2.2], there exists a    ξ 1  ∈   (  ξ 0  , ∞ )  T    such that   z ( ξ )   is strictly increasing and     z ( ξ )   ξ −  ξ 0      is strictly decreasing on     [  ξ 1  , ∞ )  T  .   Define a function w as in (11). Using the product and quotient rules, we have


      w Δ   ( ξ )     =      a  ( ξ )     z Δ   ( ξ )   α   Δ   1   z α   ( σ  ( ξ )  )    + a  ( ξ )     z Δ   ( ξ )   α      1   z α   ( ξ )     Δ        =       a  ( ξ )     z Δ   ( ξ )   α   Δ    z α   ( σ  ( ξ )  )    − a  ( ξ )     z Δ   ( ξ )   α      (  z α   ( ξ )  )  Δ    z α   ( ξ )   z α   ( σ  ( ξ )  )    .     











By dint of (1) and (11),


   w Δ   ( ξ )  = −    z β   g ( ξ )     z α   ( σ  ( ξ )  )    p  ( ξ )  −    (  z α   ( ξ )  )  Δ    z α   ( σ  ( ξ )  )    w  ξ  .  



(31)







If   β ≤ α ,   by the fact that     z ( ξ )   ξ −  ξ 0      is strictly decreasing on     [  ξ 1  , ∞ )  T  ,   we obtain for   ξ ∈   [  ξ 1  , ∞ )  T  ,  


       z β   g ( ξ )     z α   ( σ  ( ξ )  )      ≥         g  ( ξ )   −  ξ 0     σ  ( ξ )   −  ξ 0       β   z  β − α    σ ( ξ )        ≥       g  ( ξ )   −  ξ 0    β    σ  ( ξ )   −  ξ 0    α      ξ 1  −  ξ 0    α − β    z  β − α     ξ 1   ,     








whereas, if   β ≥ α ,   by the fact that z( ξ ) is nondecreasing on    [  ξ 1  , ∞ )  T   as well, we obtain for   ξ ∈   [  ξ 1  , ∞ )  T  ,  


       z β   g ( ξ )     z α   ( σ  ( ξ )  )      ≥         g  ( ξ )   −  ξ 0     σ  ( ξ )   −  ξ 0       β   z  β − α    σ ( ξ )        ≥         g  ( ξ )   −  ξ 0     σ  ( ξ )   −  ξ 0       β   z  β − α     ξ 1   .     











Let   0 <  k 1  < 1   be arbitrary. There exists a    ξ  k 1   ∈   [  ξ 1  , ∞ )  T    such that


     z β   g ( ξ )     z α   ( σ  ( ξ )  )    ≥  k 1      g β   ( ξ )     σ γ   ( ξ )    .  



(32)







Substituting (13) into (31), we obtain for   ξ ∈   [  ξ  k 1   , ∞ )  T  ,  


   w Δ   ( ξ )  ≤ −  k 1      g β   ( ξ )     σ γ   ( ξ )    p  ( ξ )  −    (  z α   ( ξ )  )  Δ    z α   ( σ  ( ξ )  )    w  ξ  .  



(33)







(I)   0 < α ≤ 1  . Using the Pötzsche chain rule and the fact that     z ( ξ )   ξ −  ξ 0      is strictly decreasing, we obtain for   ξ ∈   [  ξ  k 2   , ∞ )  T  ⊆   [  ξ  k 1   , ∞ )  T  ,  


       (  z α   ( ξ )  )  Δ    z α   ( σ  ( ξ )  )      ≥    α    z Δ   ( ξ )    z  σ ( ξ )    ≥ α  k 2    ξ  σ ( ξ )       z Δ   ( ξ )    z  ξ          =    α  k 2   a  −  1 α     ( ξ )    ξ  σ ( ξ )     w  1 α    ξ  .     











Hence,


      w Δ   ( ξ )     ≤    −  k 1      g β   ( ξ )     σ γ   ( ξ )    p  ( ξ )  − α    z Δ   ( ξ )    z  σ ( ξ )    w  ξ        ≤    −  k 1      g β   ( ξ )     σ γ   ( ξ )    p  ( ξ )  − α  k 2   a  −  1 α     ( ξ )    ξ  σ ( ξ )     w  1 +  1 α     ξ  .     



(34)







Integrating (34) from  ξ  to v, we conclude that


  w  v  − w  ξ  ≤ −  k 1   ∫  ξ  v     g β   ( τ )     σ γ   ( τ )    p  τ  Δ τ − α  k 2   ∫  ξ  v   a  −  1 α     ( τ )    τ  σ ( τ )     w  1 +  1 α     τ  Δ τ ,  








and thus


  − w  ξ  ≤ −  k 1   ∫  ξ  ∞     g β   ( τ )     σ γ   ( τ )    p  τ  Δ τ − α  k 2   ∫  ξ  ∞   a  −  1 α     ( τ )    τ  σ ( τ )     w  1 +  1 α     τ  Δ τ .  



(35)







Multiplying both sides of (35) by      ξ  α   a  ξ     , we obtain


     −    ξ  α   a ( ξ )   w  ( ξ )     ≤    −  k 1      ξ  α   a ( ξ )     ∫  ξ  ∞     g β   ( τ )     σ γ   ( τ )    p  τ  Δ τ − α  k 2    ξ α   a ( ξ )    ∫  ξ  ∞   a  −  1 α     ( τ )    τ  σ ( τ )     w  1 +  1 α     τ  Δ τ       =    −  k 1      ξ  α   a ( ξ )     ∫  ξ  ∞     g β   ( τ )     σ γ   ( τ )    p  τ  Δ τ − α  k 2    ξ α   a ( ξ )    ∫  ξ  ∞     a ( τ )    τ α  σ  ( τ )          τ α  w  τ    a ( τ )     1 +  1 α    Δ τ .     



(36)







Now, for any   ϵ > 0  , there exists a   ξ ∈   [  ξ k  , ∞ )  T    such that, for   ξ ∈   [ ξ , ∞ )  T   ,


   ξ  σ ( ξ )   ≥ l − ϵ   and      ξ α  w  ξ    a ( ξ )   ≥  a *  − ϵ ,  








where


   a *  : =  lim inf  ξ → ∞      ξ α  w  ξ    a ( ξ )   ,  0 ≤  a *  ≤ 1 .  











Then, (36) becomes


     −   ξ α   a ( ξ )   w  ( ξ )     ≤    −  k 1     ξ α   a ( ξ )     ∫  ξ  ∞     g β   ( τ )     σ γ   ( τ )    p  τ  Δ τ         −  k 2    ξ α   a ( ξ )     ( l − ϵ )   1 − α      a *  − ϵ   1 +  1 α     ∫  ξ  ∞    α  a ( τ )   τ  σ α   ( τ )    Δ τ .     



(37)







Since, by Pötzsche chain rule, we have


      − 1   τ α    Δ  =     τ α   Δ    τ α   σ α   ( τ )    ≤  α  τ  σ α   ( τ )    .  











It follows now from    a Δ  ≥ 0   and (37) that


     −   ξ α   a ( ξ )   w  ( ξ )     ≤    − k    ξ α   a ( ξ )     ∫  ξ  ∞     g β   ( τ )     σ γ   ( τ )    p  τ  Δ τ         −  k 2   ξ α    ( l − ϵ )   1 − α      a *  − ϵ   1 +  1 α     ∫  ξ  ∞   α  τ  σ α   ( τ )    Δ τ       ≤    − k     ξ  α   a ( ξ )     ∫  ξ  ∞     g β   ( τ )     σ γ   ( τ )    p  τ  Δ τ         −  k 2    ( l − ϵ )   1 − α      a *  − ϵ   1 +  1 α      ξ  α   ∫  ξ  ∞      − 1   τ α    Δ  Δ τ       =    − k    ξ α   a ( ξ )     ∫  ξ  ∞     g β   ( τ )     σ γ   ( τ )    p  τ  Δ τ −  k 2    ( l − ϵ )   1 − α      a *  − ϵ   1 +  1 α    ,     








which yields that


   k 1      ξ  α   a ( ξ )     ∫  ξ  ∞     g β   ( τ )     σ γ   ( τ )    p  τ  Δ τ ≤   ξ α   a ( ξ )   w  ( ξ )  −  k 2    ( l − ϵ )   1 − α      a *  − ϵ   1 +  1 α    .  











We obtain by taking the lim inf on both sides of the latter inequality as   ξ → ∞   that


   lim inf  ξ → ∞    k 1      ξ  α   a ( ξ )     ∫  ξ  ∞     g β   ( τ )     σ γ   ( τ )    p  τ  Δ τ ≤  a *  −  k 2    ( l − ϵ )   1 − α      a *  − ϵ   1 +  1 α    .  











By virtue of the facts that   0 <  k 1  ,  k 2  < 1   and   ϵ > 0   are arbitrary, we conclude that


   lim inf  ξ → ∞       ξ  α   a ( ξ )     ∫  ξ  ∞     g β   ( τ )     σ γ   ( τ )    p  τ  Δ τ ≤  a *  −  l    1 − α     a  *   1 +  1 α    .  











Letting   A =  l    1 − α     ,   B = 1  , and   u =  a *   , and using the inequality (24), we arrive at


   lim inf  ξ → ∞       ξ  α   a ( ξ )     ∫  ξ  ∞     g β   ( τ )     σ γ   ( τ )    p  τ  Δ τ ≤   α α    l  α  1 − α      ( α + 1 )   α + 1     ,  








which contradicts (30) with   0 < α ≤ 1  .



(II)   α ≥ 1  . Using the Pötzsche chain rule and the fact that     z ( ξ )   ξ −  ξ 0      is strictly decreasing, we obtain for   ξ ∈   [  ξ  k 2   , ∞ )  T  ⊆   [  ξ  k 1   , ∞ )  T  ,  


       (  z α   ( ξ )  )  Δ    z α   ( σ  ( ξ )  )      ≥    α     z ( ξ )   z ( σ ( ξ ) )    α     z Δ   ( ξ )    z  ξ          ≥    α  k 2     ξ  σ ( ξ )    α     z Δ   ( ξ )    z  ξ    = α  k 2   a  −  1 α     ( ξ )     ξ  σ ( ξ )    α   w  1 α    ξ  .     











Hence,


      w Δ   ( ξ )     ≤    −  k 1     g β   ( ξ )     σ γ   ( ξ )    p  ( ξ )  − α    z Δ   ( ξ )    z  σ ( ξ )    w  ξ        ≤    −  k 1     g β   ( ξ )     σ γ   ( ξ )    p  ( ξ )  − α  k 2   a  −  1 α     ( ξ )     ξ  σ ( ξ )    α   w  1 +  1 α     ξ  .     



(38)







Integrating (38) from  ξ  to v, we arrive at


  w  v  − w  ξ  ≤ −  k 1   ∫  ξ  v     g β   ( τ )     σ γ   ( τ )    p  τ  Δ τ − α  k 2   ∫  ξ  v   a  −  1 α     ( τ )     τ  σ ( τ )    α   w  1 +  1 α     τ  Δ τ ,  








and thus


  − w  ξ  ≤ −  k 1   ∫  ξ  ∞     g β   ( τ )     σ γ   ( τ )    p  τ  Δ τ − α  k 2   ∫  ξ  ∞   a  −  1 α     ( τ )     τ  σ ( τ )    α   w  1 +  1 α     τ  Δ τ .  



(39)







Multiplying both sides of (39) by      ξ  α   a  ξ     , we have


     −    ξ  α   a ( ξ )   w  ( ξ )     ≤    −  k 1      ξ  α   a ( ξ )     ∫  ξ  ∞     g β   ( τ )     σ γ   ( τ )    p  τ  Δ τ         − α  k 2     ξ  α   a ( ξ )    ∫  ξ  ∞   a  −  1 α     ( τ )     τ  σ ( τ )    α   w  1 +  1 α     τ  Δ τ       =    −  k 1      ξ  α   a ( ξ )     ∫  ξ  ∞     g β   ( τ )     σ γ   ( τ )    p  τ  Δ τ         − α  k 2     ξ  α   a ( ξ )    ∫  ξ  ∞     a ( τ )   τ   σ α   ( τ )          τ α  w  τ    a ( τ )     1 +  1 α    Δ τ .     



(40)







Now, for any   ϵ > 0  , there exists a   ξ ∈   [  ξ k  , ∞ )  T    such that, for   ξ ∈   [ ξ , ∞ )  T   ,


   ξ  σ ( ξ )   ≥ l − ϵ   and      ξ α  w  ξ    a ( ξ )   ≥  a *  − ϵ ,  








where


   a *  : =  lim inf  ξ → ∞      ξ α  w  ξ    a ( ξ )   ,  0 ≤  a *  ≤ 1 .  











Then, (40) becomes


     −   ξ α   a ( ξ )   w  ( ξ )     ≤    −  k 1     ξ α   a ( ξ )     ∫  ξ  ∞     g β   ( τ )     σ γ   ( τ )    p  τ  Δ τ         −  k 2    ξ α   a ( ξ )     ( l − ϵ )   α − 1      a *  − ϵ   1 +  1 α     ∫  ξ  ∞    α  a ( τ )    τ α  σ  ( τ )    Δ τ .     



(41)







By Pötzsche chain rule, we have


      − 1   τ α    Δ  =     τ α   Δ    τ α   σ α   ( τ )    ≤  α   τ α  σ  ( τ )    .  











It follows now from    a Δ  ≥ 0   and (41) that


     −    ξ  α   a ( ξ )   w  ( ξ )     ≤    −  k 1      ξ  α   a ( ξ )     ∫  ξ  ∞     g β   ( τ )     σ γ   ( τ )    p  τ  Δ τ         −  k 2   ξ α    ( l − ϵ )   α − 1      a *  − ϵ   1 +  1 α     ∫  ξ  ∞   α   τ α  σ  ( τ )    Δ τ       ≤    −  k 1      ξ  α   a ( ξ )     ∫  ξ  ∞     g β   ( τ )     σ γ   ( τ )    p  τ  Δ τ         −  k 2    ( l − ϵ )   α − 1      a *  − ϵ   1 +  1 α      ξ  α   ∫  ξ  ∞      − 1   τ α    Δ  Δ τ       =    −  k 1     ξ α   a ( ξ )     ∫  ξ  ∞     g β   ( τ )     σ γ   ( τ )    p  τ  Δ τ −  k 2    ( l − ϵ )   α − 1      a *  − ϵ   1 +  1 α    ,     








which implies that


   k 1      ξ  α   a ( ξ )     ∫  ξ  ∞     g β   ( τ )     σ γ   ( τ )    p  τ  Δ τ ≤   ξ α   a ( ξ )   w  ( ξ )  −  k 2    ( l − ϵ )   α − 1      a *  − ϵ   1 +  1 α    .  











We obtain by taking the lim inf on both sides of the latter inequality as   ξ → ∞   that


   lim inf  ξ → ∞    k 1      ξ  α   a ( ξ )     ∫  ξ  ∞     g β   ( τ )     σ γ   ( τ )    p  τ  Δ τ ≤  a *  − k   ( l − ϵ )   α − 1      a *  − ϵ   1 +  1 α    .  











By means of the facts that   0 <  k 1  ,  k 2  < 1   and   ϵ > 0   are arbitrary, we conclude that


   lim inf  ξ → ∞       ξ  α   a ( ξ )     ∫  ξ  ∞     g β   ( τ )     σ γ   ( τ )    p  τ  Δ τ ≤  a *  −  l    α − 1     a  *   1 +  1 α    .  











Letting   A =  l    α − 1     ,   B = 1  , and   u =  a *   , and using the inequality (24), we obtain


   lim inf  ξ → ∞       ξ  α   a ( ξ )     ∫  ξ  ∞     g β   ( τ )     σ γ   ( τ )    p  τ  Δ τ ≤   α α    l  α  α − 1      ( α + 1 )   α + 1     ,  








which contradicts (30) with   α ≥ 1  . The proof is complete. □






3. Hille-Type Oscillation Criteria for the Advanced Case


The next two theorems deal with the Hille-type oscillation criteria of the second-order quasilinear dynamic Equation (1) when   g  ξ  ≥ ξ   and   g  ξ  ≥ σ  ξ    on    [  ξ 0  , ∞ )  T  , respectively.



Theorem 3.

Let   g  ξ  ≥ ξ   on    [  ξ 0  , ∞ )  T  . If


    lim inf  ξ → ∞      ξ α   a ( ξ )     ∫  ξ  ∞   τ  β − γ   p  τ  Δ τ >   α α    l  α  1 − α      ( α + 1 )   α + 1     ,   



(42)




then all solutions to Equation (1) oscillate.





Proof. 

Suppose, on the contrary, that z is a nonoscillatory solution of (1) on    [  ξ 0  , ∞ )  T  . Without loss of generality, we may assume   z ( ξ ) > 0   and   z ( g ( ξ ) ) > 0   for   ξ ∈   [  ξ 0  , ∞ )  T   . By virtue of Theorem 1, there exists a    ξ 1  ∈   [  ξ 0  , ∞ )  T    such that (12) holds for   ξ ∈   [  ξ 1  , ∞ )  T   . If   β ≤ α ,   by the fact that z( ξ ) is nondecreasing and     z ( ξ )   ξ −  ξ 0      is strictly decreasing, we obtain for   ξ ∈   [  ξ 1  , ∞ )  T  ⊆   (  ξ 0  , ∞ )  T  ,  


     z β   g ( ξ )     z α   ( ξ )    ≥  z  β − α    ξ  ≥   ξ  −  ξ 0     β − α      ξ 1  −  ξ 0    α − β    z  β − α     ξ 1   ,  








whereas, if   β ≥ α  , we obtain for   ξ ∈   [  ξ 1  , ∞ )  T  ,  


     z β   g ( ξ )     z α   ( ξ )    ≥  z  β − α    ξ  ≥  z  β − α     ξ 1   .  











Let   0 <  k 1  < 1   be arbitrary. There exists a    ξ  k 1   ∈   [  ξ 1  , ∞ )  T    such that


     z β   g ( ξ )     z α   ( ξ )    ≥  k 1    ξ  β − γ   .  



(43)







Substituting (43) into (12),we obtain for   ξ ∈   [  ξ  k 1   , ∞ )  T  ,  


   w Δ   ( ξ )  ≤ −  k 1    ξ  β − γ   p  ( ξ )  −    (  z α   ( ξ )  )  Δ    z α   ( ξ )    w  σ ( ξ )  .  











The remainder of the proof is similar to that of Theorem 1 and is thus omitted. □





Theorem 4.

Let   g  ξ  ≥ σ  ξ    on    [  ξ 0  , ∞ )  T  . If


    lim inf  ξ → ∞      ξ α   a ( ξ )     ∫  ξ  ∞   σ  β − γ    τ  p  τ  Δ τ >   α α    l  α  1 − α      ( α + 1 )   α + 1     ,   



(44)




then all solutions to Equation (1) oscillate.





Proof. 

Suppose on the contrary that z is a nonoscillatory solution of (1) on    [  ξ 0  , ∞ )  T  . Without loss of generality, we may assume   z ( ξ ) > 0   and   z ( g ( ξ ) ) > 0   for   ξ ∈   [  ξ 0  , ∞ )  T   . By virtue of Theorem 2, there exists a    ξ 1  ∈   [  ξ 0  , ∞ )  T    such that (31) holds for   ξ ∈   [  ξ 1  , ∞ )  T   . If   β ≤ α ,   by the fact that z( ξ ) is nondecreasing and     z ( ξ )   ξ −  ξ 0      is strictly decreasing, we obtain for   ξ ∈   [  ξ 1  , ∞ )  T  ⊆   (  ξ 0  , ∞ )  T  ,  


     z β   g ( ξ )     z α   σ ( ξ )    ≥  z  β − α    σ ( ξ )  ≥   σ  ( ξ )   −  ξ 0     β − α      ξ 1  −  ξ 0    α − β    z  β − α     ξ 1   ,  








whereas, if   β ≥ α  , we obtain for   ξ ∈   [  ξ 1  , ∞ )  T  ,  


     z β   g ( ξ )     z α   ( σ  ( ξ )  )    ≥  z  β − α    σ ( ξ )  ≥  z  β − α     ξ 1   .  











Let   0 <  k 1  < 1   be arbitrary. There exists a    ξ  k 1   ∈   [  ξ 1  , ∞ )  T    such that


     z β   g ( ξ )     z α   ( σ  ( ξ )  )    ≥  k 1    σ  β − γ    ( ξ )  .  



(45)







Substituting (45) into (31), we obtain for   ξ ∈   [  ξ  k 1   , ∞ )  T  ,  


   w Δ   ( ξ )  ≤ −  k 1    σ  β − γ    ( ξ )  p  ( ξ )  −    (  z α   ( ξ )  )  Δ    z α   ( σ  ( ξ )  )    w  ξ  .  











The remainder of the proof is similar to that of Theorem 2 and is so omitted. □





Remark 1.

By Theorems 1, 2, 3 and 2, it is clear that the second-order Euler dynamic equations


   ξ σ  ( ξ )   z  Δ Δ    ( ξ )  + λ z  ( ξ )  = 0   



(46)




and


   ξ σ  ( ξ )   z  Δ Δ    ( ξ )  + λ z  ( σ  ( ξ )  )  = 0 ,   



(47)




are oscillatory if   λ > 1 / 4  , since, for Equation (46), we have


    lim inf  ξ → ∞      ξ α   a ( ξ )     ∫  ξ  ∞     g β   ( τ )    τ γ   p  τ  Δ τ =  lim inf  ξ → ∞      ξ α   a ( ξ )     ∫  ξ  ∞   τ  β − γ   p  τ  Δ τ = λ  lim inf  ξ → ∞   ξ  ∫  ξ  ∞    Δ τ   τ σ ( τ )   = λ ,   








and for Equation (47), we have


    lim inf  ξ → ∞       ξ  α   a ( ξ )     ∫  ξ  ∞     g β   ( τ )     σ γ   ( τ )    p  τ  Δ τ =  lim inf  ξ → ∞      ξ α   a ( ξ )     ∫  ξ  ∞   σ  β − γ    τ  p  τ  Δ τ = λ  lim inf  ξ → ∞   ξ  ∫  ξ  ∞    Δ τ   τ σ ( τ )   = λ .   











It is well known that this is the best possible case for the second-order Euler differential equation    ξ 2   z  ″    ( ξ )  + λ z  ( ξ )  = 0  .






4. Examples


The applications of the theoretical findings in this paper are shown in the examples below.



Example 1.

For   ξ ∈   [  ξ 0  , ∞ )  T   , consider a second-order quasilinear delay dynamic equation


      ξ 4     z Δ   ( ξ )      z Δ   ( ξ )   4    Δ  +   λ  2   σ  ξ      ξ  g 3   ( ξ )   4       z ( g ( ξ ) )    z ( g ( ξ ) )  4   = 0 ,  g  ( ξ )  ≤ ξ ,   



(48)




where   λ > 0  . Here,   α = β =   3 4   ,    a  ( ξ )  =  ξ 4  ,   and   p  ( ξ )  =   λ  2   σ  ξ      ξ  g 3   ( ξ )   4      . It is clear that    a Δ   ( ξ )  ≥ 0   on    [  ξ 0  , ∞ )  T   and


    ∫   ξ 0   ∞   a  −  1 α     ( τ )  Δ τ =  ∫   ξ 0   ∞    Δ τ   τ 3   = ∞ .   








We will show that the results of this paper improve those reported in [3,17] for Equation (48) for   l < 1  . Now,


       lim inf  ξ → ∞     ξ α   a ( ξ )    ∫  σ ( ξ )  ∞      g ( τ )   σ ( τ )    α  p  ( τ )  Δ τ    =    λ  lim inf  ξ → ∞    ξ   ∫  σ ( ξ )  ∞    Δ τ   2   τ  σ 5   ( τ )   4          ≥    λ   l 3  4   lim inf  ξ → ∞    ξ   ∫  σ ( ξ )  ∞      − 1   τ    Δ  Δ τ       =    λ   l 5  4  ,      










       lim inf  ξ → ∞      ξ α   a ( ξ )     ∫  ξ  ∞      g ( τ )   σ ( τ )    α  p  τ  Δ τ    =    λ  lim inf  ξ → ∞    ξ   ∫  ξ  ∞    Δ τ   2   τ  σ 5   ( τ )   4          ≥    λ   l 3  4   lim inf  ξ → ∞    ξ   ∫  ξ  ∞      − 1   τ    Δ  Δ τ       =    λ   l 3  4  ,      








and


       lim inf  ξ → ∞      ξ α   a ( ξ )     ∫  ξ  ∞     g β   ( τ )    τ γ   p  τ  Δ τ    =    λ  lim inf  ξ → ∞    ξ   ∫  ξ  ∞    Δ τ   2 τ   σ ( τ )           ≥    λ  lim inf  ξ → ∞    ξ   ∫  ξ  ∞      − 1   τ    Δ  Δ τ = λ .      











An application of the results of [17] yields all solutions to Equation (48) oscillating if


   λ >  4   l 29  16      3 3   7 7   4  ,   



(49)




and, by using the results of [3], all solutions to Equation (48) oscillate if


   λ >  4   l 15  16      3 3   7 7   4  ,   



(50)




and also, using Theorem 1, shows that then all solutions to Equation (48) oscillate if


   λ >  4   l 3  16      3 3   7 7   4  .   



(51)







By comparing (49), (50) and (51), we find that (51) is superior to both (49) and (50). It means that condition (10) improves conditions (6) and (8) to Equation (48).





Example 2.

For   ξ ∈   [  ξ 0  , ∞ )  T   , consider a second-order quasilinear delay dynamic equation


        z Δ   ( ξ )   3   Δ  +   3 λ   ξ 4       σ  ξ    g ( ξ )    3   z 3   ( g  ( ξ )  )  = 0 ,  g  ( ξ )  ≤ ξ ,   



(52)




where   λ > 0  . Here,   α = β = 3 ,    a ( ξ ) = 1 ,   and   p  ( ξ )  =    3 λ   ξ 4         σ  ξ    g ( ξ )     3   . It is clear that the condition (3) holds since


    ∫   ξ 0   ∞   g α   ( τ )  p  ( τ )  Δ τ = 3 λ  ∫   ξ 0   ∞     σ 3   τ    τ 4   Δ τ ≥ 3 λ  ∫   ξ 0   ∞    Δ τ  τ  = ∞ .   











We will see that the results of this paper improve those reported in [17] for Equation (52) for   l < 1  . Now,


       lim inf  ξ → ∞    ξ α   ∫  σ ( ξ )  ∞      g ( τ )   σ ( τ )    α  p  ( τ )  Δ τ    =    3 λ  lim inf  ξ → ∞    ξ 3   ∫  σ ( ξ )  ∞    Δ τ   τ 4         ≥    λ  lim inf  ξ → ∞    ξ 3   ∫  σ ( ξ )  ∞      − 1   τ 3    Δ  Δ τ       =    λ  l 3       








and


       lim inf  ξ → ∞      ξ α   a ( ξ )     ∫  ξ  ∞     g β   ( τ )    τ γ   p  τ  Δ τ    =    3 λ  lim inf  ξ → ∞    ξ 3   ∫  ξ  ∞     σ 3   ( τ )    τ 7   Δ τ       ≥    3 λ  lim inf  ξ → ∞    ξ 3   ∫  ξ  ∞    Δ τ   τ 4         ≥    λ  lim inf  ξ → ∞    ξ 3   ∫  ξ  ∞      − 1   τ 3    Δ  Δ τ = λ .      








An application of the results of [16] yields all solutions to Equation (52) oscillating if


   λ >   3 3    4 4   l 12    ,   



(53)




and also, using Theorem 1, shows that then all solutions to Equation (52) oscillate if


   λ >   3 3    4 4   l 6    .   



(54)







By comparing (53) and (54), we find that (54) is superior to (53). It means that condition (10) improves condition (4) to Equation (52).





Example 3.

For   ξ ∈   [  ξ 0  , ∞ )  T   , consider a second-order quasilinear dynamic equation


      ξ 3      z Δ   ( ξ )   7  3   Δ  +   2 λ  σ 2   ξ     ξ 2   g 3   ( ξ )     z 3   ( g  ( ξ )  )  = 0 ,  g  ( ξ )  ≤ σ  ξ  ,   



(55)




where   λ > 0  . Here,   α =   7 3   ,     β = 3 ,     a  ( ξ )  =  ξ 3  ,   and   p  ( ξ )  =    2 λ  σ 2   ξ     ξ 2   g 3   ( ξ )      . Now,


    ∫   ξ 0   ∞   a  −  1 α     ( τ )  Δ τ =  ∫   ξ 0   ∞     Δ τ   τ 7    = ∞   








and


       lim inf  ξ → ∞       ξ  α   a ( ξ )     ∫  ξ  ∞     g β   ( τ )     σ γ   ( τ )    p  τ  Δ τ    =    λ  lim inf  ξ → ∞    ξ 2   ∫  ξ  ∞   2   τ 2  σ  ( τ )    Δ τ       ≥    λ  lim inf  ξ → ∞    ξ 2   ∫  ξ  ∞      − 1   τ 2    Δ  Δ τ = λ .      











An application of Theorem 2 shows that then all solutions to Equation (55) oscillate if


   λ >   3   l 28  9       7 7   10 10   3  .   













Example 4.

For   ξ ∈   [  ξ 0  , ∞ )  T   , consider a second-order quasilinear advanced dynamic equation


       ξ 5  3    z Δ   ( ξ )    z Δ   ( ξ )   Δ  +  λ 3   ξ 3    z ( g ( ξ ) )  3  = 0 ,  g  ( ξ )  ≥ ξ ,   



(56)




where   λ > 0  . Here,   α = 2 ,     β =   1 3   ,     a  ( ξ )  =   ξ 5  3  ,   and   p  ( ξ )  =   λ 3    ξ 3   . Now,


    ∫   ξ 0   ∞   a  −  1 α     ( τ )  Δ τ =  ∫   ξ 0   ∞     Δ τ    τ 5  6    = ∞   








and


       lim inf  ξ → ∞      ξ α   a ( ξ )     ∫  ξ  ∞   τ  β − γ   p  τ  Δ τ    =    λ  lim inf  ξ → ∞    ξ 3   ∫  ξ  ∞    1 / 3   τ  τ 3    Δ τ       ≥    λ  lim inf  ξ → ∞    ξ 3   ∫  ξ  ∞      − 1   τ 3    Δ  Δ τ = λ .      











An application of Theorem 3 shows then that all solutions to Equation (56) oscillate if


   λ >   4  27  l 2     .   













The significant point to note here is that the results due to Erbe et al. [16,17] and Bohner et al. [3] do not apply to Equations (55) and (56).




5. Conclusions


	(1)

	
In this paper, several Hille-type criteria are presented that can be applied to (1) and are valid for various types of time scales, e.g.,   T = R ,  T = Z ,  T = h Z   with   h > 0  ,   T =  q  T 0     with   q > 1  , etc. (see [13]).




	(2)

	
The results in this paper are including the cases where   α ≥ β   and   α ≤ β   and, for both cases, advanced and delayed dynamic equations without the need to impose condition (3).




	(3)

	
In particular, the results of this research are a significant improvement compared to the results of the papers [3,16,17] when   α = β   and   g  ξ  ≤ ξ  ; see the following details:



By dint of


       ξ α   a  ξ     ∫  ξ  ∞      g ( τ )  τ   α  p  τ  Δ τ    ≥      ξ α   a  ξ     ∫  ξ  ∞      g ( τ )   σ ( τ )    α  p  τ  Δ τ       ≥      ξ α   a  ξ     ∫  σ ( ξ )  ∞      g ( τ )   σ ( τ )    α  p  τ  Δ τ     








and


    α α    l  α  α − 1      ( α + 1 )   α + 1     <   α α    l  α 2     ( α + 1 )   α + 1      for  α ≥  1 2   and  0 < l < 1 ,  








we achieve:



	(i)

	
If   α = β   and   g  t  ≤ t  , condition (10) improves (8).




	(ii) 

	
If   α = β   and   g  t  ≤ t  , conditions (10) and (30) improve (6).




	(iii)

	
If   α = β ,  r ( t ) = 1 ,   and   g  t  ≤ t  , conditions (10) and (30) improve (4).




	(iv)

	
If   α = β   and   g  t  ≥ t  , condition (42) reduces to (8) for   0 < α ≤ 1   or (9) for   α ≥ 1  .




	(v)

	
If   α = β   and   g  t  ≥ σ  t   , condition (44) reduces to (8) for   0 < α ≤ 1   or (9) for   α ≥ 1  .








	(4)

	
It would be interesting to establish a Hille-type criterion to Equation (1) assuming that    ∫   t 0   ∞   a  −  1 α     ( τ )  Δ τ < ∞  .
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