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[T I N

Abstract: Steady-state solutions of two mixed initial-boundary value problems are presented in
equivalent forms. They describe isothermal permanent motions of incompressible Burgers’ fluids
over an infinite flat plate that applies time-dependent shear stresses to the fluid. More exactly, they
are the first exact solutions for motions of Burgers’ fluids with differential expressions of the shear
stress or velocity on the boundary. The obtained results are designed to make equivalent solutions
for motions caused by an infinite plate moving in its plane at velocities that seem to be similar to
previous shear stresses. It is simple to limit all results for the purpose of providing efficient results
for incompressible Oldroyd-B, Maxwell, second grade and Newtonian fluids undergoing comparable
motions. They may also be used to estimate how long it will take to get to a steady or permanent state.

Keywords: steady-state solutions; mixed initial-boundary value problems; Burgers’ fluids

MSC: 35F16; 76 A05

1. Introduction

The one-dimensional rate type fluid model proposed by Burgers [1] has often been
used to describe the behavior of different viscoelastic materials such as polymeric liquids,
cheese, soil and asphalt [2,3]. For instance, Lee and Markwick [4] reported that the behavior
of asphalt and sand-asphalt and the predictions of their model agreed well. Additionally,
this model was designed to describe the earth’s mantle’s ephemeral creep tendencies [5,6]
and the fine-grained polycrystalline olivine’s high-temperature viscoelasticity [7,8]. Krish-
nan and Rajagopal have given a detailed analysis of the modeling, use and applications of
asphalt concrete from antiquity to the present [9]. The same authors explored the expansion
of Burgers’ model to a frame-indifferent three-dimensional form [10].

First exact steady solutions for isothermal motions of incompressible Burgers’ fluids
are those obtained by Ravindran et al. [11] in an orthogonal rheometer. Hayat et al. [12] have
derived steady-state solutions for periodic motions of the same fluid over an infinite plate
or between parallel plates. Starting solutions for oscillatory motions (the second problem of
Stokes) of incompressible Burgers’ fluids over an infinite moving plate, for instance, can be
found in the references [13-15]. However, none of these solutions correspond to a motion
in which a differential expression of the shear stress is given on the boundary.

The main purpose of this note is to present the first closed-form formulations for
the dimensionless steady-state solutions corresponding to some motions of the incom-
pressible Burgers’ fluids over an infinite flat plate. The novelty of this work consists in
the consideration of the shear stress or velocity on the boundary of the flow domain as a
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time-dependent function defined as the sum between a decreasing exponential function
and an oscillatory function with a given pulsation. The steady-state (permanent) solutions
which are determined in this article are presented in elegant forms and are new in the
literature. They correspond to isothermal motions of incompressible Burgers’ fluids for
which differential expressions of shear stress or velocity are given on the boundary.

The solutions that have been obtained for motions with shear on the boundary are
given in their most basic form and are easily particularized to provide the comparable
responses for incompressible Oldroyd-B, Maxwell, second grade and Newtonian fluids
flowing in a similar way. They may also be used to determine the time needed to attain the
steady or permanent state, which is essential for experimentalists’ researchers in practice.
Additionally, new precise solutions are developed for motions of the same fluids caused by
the infinite plate that moves in its plane at velocities of the same form as the previous shear
stresses. It is exploited by the fact that the governing equations of the fluid velocity and
shear stress have identical forms.

2. Constitutive and Governing Equations

The constitutive equations of the incompressible Burgers’ fluids (IBF) are given
by Equations.

A e A
T=—pl+85, Sl+a?)2+ﬁg§§—u<ﬁ1+7%2>, 1)
where T—Cauchy stress tensor, 31 —extra-stress tensor, [—unit tensor, Ay = L; + L;7 is the
first Rivlin-Ericksen tensor (L; being grad v), p—hydrostatic pressure, p—fluid viscosity,
«, B and 7 (< a) are material constants and D/ Df;—upper-convected derivative. The
model defined by Equation (1) contains as particular cases the Oldroyd-B fluids if § = 0,
Maxwell fluids if B = ¢ = 0 and Newtonian fluids if « = § = v = 0. In some motions,
the governing equations of second grade fluids can also be obtained as particular cases of
the present equations. Since the incompressible fluids undergo isochoric motions only;, it
results in the following condition

trA; =0 or equivalently divuv =0, )

having to be identically satisfied.
In the following, we shall consider isothermal unsteady motions of IBF over an infinite
flat plate with velocity field:

v=v(g1,h) =11, b ey, 3)

where ez, —unit vector along the £;—direction of the Cartesian coordinate system (CCS)
#1, 71 and Z; whose §;—axis is perpendicular to the plate. At f; = 0, the fluid is at rest.
We also assume that $;, as well as v, are functions of #; and #; only. Substituting the fluid
velocity in Equation (1); and bearing in mind that the fluid has been at rest at the initial
moment f; = 0, it is easy to show that the components SAylyAl, gy‘lﬁl, SA2121 and §21 t, of
the S; are zero while the non-trivial shear stress (91, k) = S 2191 (U1, f1) has to satisfy the
partial differential equation

) 02 5 0\ o1y (71, F1) 5
1 = AiAA,t = 1 = e —— A>0,t>0. 4
( +“at1+ﬁat12>71(y1 1) M( +78t1> 3 hn 1 4)

The incompressibility condition (2) is identically satisfied. When the body forces are
conservative and there is no pressure gradient in the flow direction, the motion equations
reduce to the following relevant partial differential equation

oty (11, F1) iy (91, F1)

= a ;7 0, £ 0, 5
P P o n> 1> 5)
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where p—constant density. The boundary conditions that will be used here are:

e 0\ 91 (91, F1) e ; N
)Tl (0, tl) = ]4(1 + ’)’afl> 78]21 o =57 cos(w t1), 9}13’1001/{1 (yl, tl) =0, (6)
or

NP 0\ o1q(¥1, 1) e ; N
>T1(0, i’l) = "l/l<1 +’)/afl) T o =51 sm(w tl), yilinooul(ylltl) =0. (7)

The second condition from the relations (6) and (7) tell us that the fluid is quiet far
away from the plate. We also assume that there is no shear in the free stream, i.e.,

lim i—l (91, fl) =0. (8)

]2] — 00
9t1(0,)

afl f] =0
(7) imply for %; (0, #;) the following expressions

The initial conditions 1 (0,0) = = 0 and the boundary conditions (6) and

a(0,h) = (B,

o b et n(ped) niy _ aPon(1-pe?) o, ©)
27 (aw) +(1-pe?)? (@) +(1-pw?)® '
respectively,
2 (0.F1) = (1—Bw?) sin(w ;) —aw cos(w fl)s‘
u0h) = (aw)?+(1—paw?)? 10
+ w$; 067’2+17ﬁa]2 rif M1+lfﬁw2 e”zfl ( )
2| (aw) 4+ (1-pe?)? (@) +(1-pu?)’ '

where 15 = (—a £ \/a? —48)/(2p).

Consequently, the result is that the fluid motion is generated by the flat plate that applies a
shear stress 1 (0, 1) of the form (9) or (10) to the fluid. If 8 — 0, then r, — —o0, 11 — —1/a
and the previous expressions take the simpler forms (see [16], Equations (5) and (6))

NP cos(w f1) + aw sin(wty) 1 ( Fi ) 5
7(0,t1) = — exp| —— ) |51, 11
1( 1) [ (aw)z 11 (D‘w)z 1 P « 1 ( )
£(0,F) = sin(w f1) — aw cos(wty) L exp <_fl> 8 12)
' (aw)® +1 (aw)® +1 o '

corresponding to similar motions of incompressible Maxwell and Oldroyd-B fluids. If both
« and B tend to zero, the plate applies an oscillatory shear stress

%1(0, tl) = §1 cos(w fl) or § (0, fl) = §1 sin(w fl) , (13)

to the fluid. Such shear stresses are applied by the flat plate to incompressible second grade
fluids if vy is different to zero or to Newtonian fluids if v = 0.

3. Exact Steady-State Solutions

Let us introduce the following non-dimensional variables, functions and parameters
in order to get exact results that are independent of the flow geometry.

— . Sy ~ 51 ¢ —
T - W/ J 7t1/ w =
2

1 il
5 $ S
a* = 710(, IB* =2 ﬁ, ')/* = 71’)/ .

S = 51 / S1 (14)
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The dimensionless forms of the relations (4) and (5), namely

) 92 0(Y,3)  9t(Y,3)  oa(Y,3)
<1+“a<\+ﬁagz)7“ )= (” a<‘) oy or a3 ¢

are immediately obtained using Equation (14) and dropping out the star notation. Eliminat-
ing 7(Y,J) between the two relations (15), one obtains the next governing equation

9 0(Y,3) _ 9\ @(Y,J) . ~
(1+a+ﬁa> R _<1+783>8Y2’ Y>0 3>0  (16)

for the dimensionless velocity field @ (Y, J).
The corresponding dimensionless boundary conditions are

a 82 ~\ a(D(T, ) _ ~ : — . ~
(1 + a% + '8832>T(0"J) = <1 + 783) o o = cos(w J), Yll_r)r;oa)(T,t) =0; J>0, (17)
or
<1—0—0¢a+ﬁ82>r(0 J) = <1—|— J > 90(Y, ) =sin(wy), limao(Y,J)=0, I>0 (18)
a3 " Pag 35) Ty vl D ) = '

The boundary conditions (17) and (18) and the fact that the fluid was at rest at the
initial moment J = 0, tell us that the two unsteady motions become permanent or steady
in time. An important problem for such motions is to know the need time to reach the
permanent or steady state. To determine this time, exact expressions have to be known for
the transient or steady-state components of starting solutions. Unfortunately, there is no
modality to verify the correctness of the transient solutions. This is the reason that we shall
provide closed-form expressions for the steady-state solutions corresponding to the two
motions in consideration. These solutions are independent of the initial conditions, but
they satisfy the governing equations and boundary conditions. In order to avoid a possible
confusion, we denote by @¢y (Y, J), Tep(Y,J) and @sp(Y,J), Tsp(Y,J) the permanent solu-
tions corresponding to the partial differential Equation (16) with the boundary conditions
(17), respectively (18).

Direct computations show that the dimensionless velocity fields @) (Y, 3) and @5 p Y,3)
corresponding to the two motions can be presented in the simple forms

N = — # =6 Y+iwy ~) — 1 =6 Y+iwJ
@cp(Y,3J) = %e{ (1+iw'y)5e , @sp(Y,J) = —Im (1+iw’y)5e , (19)

or equivalently

@cp(Y,J) = —/p*+q2e Y cos(w I — Y + ¢), (20)
@sp(Y,3) = —V/P* + g% e Tsin(w I — Y + ¢),

where 9ie and Im denote the real and the imaginary part, respectively, of that which follows.

aw + /(aw) + b2 —aw —|— 2 4 p?
e S el

w’ﬂ § q_ wperr]
wpy+n)* +(wny—p)*’ (wWpy+n)*+(wry—p)*’ 22)

o= \/iw(l — Bw? +iwa)/(1+iwy), a=y(1— ﬁwz) —a, b=1-— ﬁwz + ayw?, ¢ = arctg(q/p)

P=7

The corresponding shear stresses 7, (Y, J) and 75, (Y, J) are given by the relations

~ I R e o) — I i —6 Y+iw3 5
p(Y,J) wiﬁe{ (1+iw7)52e }, Top(Y,J) = w m{ (1+iw'y)52e }, (23)
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or equivalently

) ~
Tp(Y,3) = wy| 5—5 e Meos(wI =Y + ¢+ ¢), (24)
(Cala /]
o PP o
Top(Y,J) = w : e Tsin(wI—yY +¢+19), (25)

where ¢ = arctg(p/1). Equivalence of the expressions of @, (Y,J), @sp(Y,J) and
Tp(Y,J), Tsp(Y,J) given by Equation (19), respectively (23) to those from the equalities
(20), (24) and (25), is graphically proved by Figures 1 and 2.

05 I ' ' '
051 1

o] D_ i o
i3 i
- i 1 =
~% -05 e 0 N
B 2
Z -1t 1 £
E —— Eq.(10) E Eq. (191
9 -15 sea Eq@0y | Q —03 @ e o Eq.(20)

-2 ' ' : I

0 0 T 20 30 0 10 T 20 30
Figure 1. Profiles of @, (Y’,J) and @sp(Y',J) given by Equations (19); and (20);, respectively,
(19), and (20), fora = 0.8, =07, y=0.6, w=m/12and J =5.
0.6 T T ' '

_ —— Eq. (230 . — Eq.(23)
L] L Uyl -
o 04 o o o Eq.(24) = 05 o o o Eq.@23)
h—ut} L‘F"

Y=
3 3
£ =
o2 ‘ ' 9 05 ' '

0 10 Y 20 30 0 10 Y 20 30

Figure 2. Profiles of 7,;(Y,J) and 7s,(Y',J) given by Equations (23); and (24), respectively,
(23)7 and (25) fora = 0.8, f=0.7, v =06, w=m/12and J =5.

Additionally, the exact solutions corresponding to incompressible Oldroyd-B, Maxwell,
Newtonian or even second-grade fluids performing the same motions may be found
straight immediately as limiting instances of the earlier discoveries. As an illustration, the
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dimensionless steady-state solutions for the isothermal motions of incompressible Newtonian
fluids brought on by the flat plate that applies shear stresses to the fluid of type (13)

coNcp(T,Cj) = —ﬁ exp(—Y\/g) cos(w3 — T\/g— %) , 26)
Onsp(X,3) = = exp(—1y/¢ ) sin(wd - 1\ /§ - 7),

TNCP(Y,S) = exp(—Y\/%) cos (wﬁ — T\/%) , 2
TNSP(Y,J) = exp(—Y\/g) sin(wﬁ — Y\/%) ,

or equivalently

ONep (Y, 3 )—%e{ . @W@—“}, (28)
1w

1(1]

ep(1,3) = Fef VBV 2y (1, 3) = Im{eVi@Vierm (29)

are immediately obtained taking « = = ¢ = 0 in Equations (19), (20) and (23)—(25).

Finally, in order to use previous results to develop dimensionless steady-state solutions
for other unsteady motions of the IBF, let us bring to light the fact that eliminating @ (Y, J)
between Equation (15), one obtains for the corresponding shear stress 7(Y’,J), a partial
differential equation identical in form with that of the fluid velocity, namely

d aT(T/ ) (Y/ ) ~
<1+a+/3a ) - <1+73d) yr s Y0 350 @)

Consequently, the result is that the expressions of the dimensionless steady-state shear
stresses Tc» (Y, J) and 75, (Y, J) given by the relations (23);, (24), respectively (23),, (25) can
be obtained solving the dimensionless differential Equation (30) with the boundary conditions

J > ~ RO N
<1 + “ﬁ + /3832)1(0,‘5) = cos(w J), %gI;OT(Y,J) =0, 3>0, (31)
respectively
1+a=— I + B > 7(0,J) =sin(w J), lim7(Y,3)=0; 3>0 (32)
a~ 832 7 - \j 7 Y%oo Id - 7 \’ .

4. Application

Let us again consider an IBF at rest over an infinite flat plate which at the moment
f1 = 0" begins to move in its plane with a time-dependent velocity

[/ (0, f1> (1—Buw? )cos(wt1)+aw sm(w ) v

(2w)?+(1—pw?)*
+ |4 “w2772(1 .Bw ) er1t1 _ “("}277’] (17;80‘72) efzfl (33)
271 | (aw)?+(1-pw?) (aw)?+(1—pw?)” ’
o ( )sineh) — (w f1)
N 7 1—- ﬁw sin(wfy zchoswtl
h(0,h) = Pt pat? "
> . (34)
+ wV ary+1—Pw? e”ltl _an+1-fw ol2h1
27 | (aw)*+(1-pw?) (aw)®+(1—pw?)” ’

where V is a dimensional constant velocity.

Owing to the shear, the fluid is gradually moved and the corresponding velocity
vector v(71, 1), reported to the same CCS as before, is again given by Equation (3). We
also assume that the extra-stress tensor S is a function of #; and #; only. Its components
Siigrs Spizis S22, and Sz ¢, are again zero and the dimensional fluid velocity (71, )
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together with the corresponding non-trivial shear stress %; (1), f1) satisfy the same partial
differential Equations (4) and (5). The corresponding boundary conditions can be written
in suitable forms

<1 +u— P —0—ﬁat 2>ﬁ1(0,f1) = Vicos(wky), lim a1(fy,F) =0; £ >0,  (35)

yl — 00

respectively

d 92 o A N
(1 +0€8A +'Bat 2>ﬁ1(0,f1) =W sin(w tl), y}linooul(]/l,fl) =0 tl > 0. (36)

The following non-dimensional variables, functions and parameters are introduced

_VlA ~_V12" 141 * ’f'l *x U
Y =" \S—*h 0=, "= w'=Lw
vy ! V1 2’ iz (37)
ot ‘B* _ * ,Y

and again, abandoning star notation, one obtains for the two dimensionless entities @ (Y, J)

and 7(Y,J) partial differential equations of the forms (15). The velocity field @ (Y, J) also

satisfies the partial differential Equation (16) which is identical in form with Equation (30).
The corresponding non-dimensional boundary conditions are

9 9 . ~ ,
<1+“ag+5332>“(0"’) = cos(w J), Ylgr;oco(T, J)=0,3>0, (38)
or
J > J i J li 0, 3 >0. 39
(1405 + 5z )@(0,3) =sin(w), limo(r,2) =02 > (39)

Bearing in mind the results of the previous section, it is clear that the dimensionless
velocity fields @, (Y, J) and @s,(Y,J) corresponding to these motions are given by the
following relations (see Equations (23)—(25))

wcp(Y/:S) _ wme{we—é Y—‘riwfj}l CDsp(Yr\NJ) —_ wlm{(.l)(sze—é Y’+iw3}, (40)

(Y, 3J) = wzi)%e{ (

1+ iwy

or equivalently

@cp(Y,J) = w p e Teos(wI—nY +¢+¢), 41)
PP+a* v ~
@sp(Y,3J) = w . e sinfWJI—nY +¢+ 1), (42)

where ¢ and ¢ have already been defined.
The corresponding shear stresses, namely

1

meié Y+Hiwy }, Tsp(Y/:‘) _ wzlm{ ‘;975 Y+iwy }’ (43)

(1+iwy)éd

or equivalently

\/ 2+q e —pY

0 (0,3) =~ L e cos(o 3 =t + 9+ 29), )
2 2
p(1,3) = —? YT o0V sin(w3 — pY + ¢+ 29), (45)
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have been obtained using the relations (8) and (15),. The equivalence of the expressions
of 7»(Y,J) and 7, (Y,J) given by Equation (43);, respectively (43), to those from the
equalities (44) and (45) is graphically proved by Figure 3.

02 T T 02 T T

@ &
= 0.1 . " g
= )
[#5) hﬁ‘
] 0 @ -02r .
7 &
u 4+
501 — Eq.43) gy — Eq.(3) _
i o o o Eq.(44) o o o o Eq. (43)

_D2 | | v _Dﬁ‘ | |

0 10 7T 20 30 0 10 T 20 30

Figure 3. Profiles of 1,(Y’,J) and 7, (Y, J) given by Equations (43); and (44), respectively
(43); and (45) fora =08, p=0.7, ¥ =06, w=m/12and J =5.

Finally, taking « = B = ¢ = 0 in Equations (40)—(45), we recover the dimension-
less steady-state solutions corresponding to isothermal motions of the incompressible
Newtonian fluids generated by the flat plate that moves in its plane with the oscillatory
velocities V; cos(wfy) or Vi sin(wt) (see [17], Equations (27)~(33)). The corresponding
velocity fields, namely

(DNCP(Y',()) = exp(—T\/§> Cos(w3 — Y\/g) ,(DNSP(Y,J) = exp(—Y\/g) sin(wJ — Y\/§> , (46)

are the dimensionless forms of the solutions (12) and (17) obtained by Erdogan [18].

5. Conclusions

The exact steady-state solutions to initial-boundary value problems often explain the
motions or deformations of various fluids or solids. Additionally, they may be used as tests
to validate numerical schemes created to research more difficult problems as well as to
calculate the amount of time needed to reach the steady or permanent state. For two mixed
initial-boundary value problems describing isothermal unsteady motions of IBF over an
infinite flat plate when differential expressions of the shear stress are given on the boundary,
we provided equivalent closed-form expressions for the dimensionless steady-state velocity
and shear stress fields in this note.

The exact dimensionless steady-state solutions for unsteady motions of the same
fluids over an infinite plate that move in its plane with time-dependent velocities of the
same form as the previously applied shear stresses are developed using these solutions.
They seem to be the first exact solutions of this type in the existing literature. All of the
results found here may be easily customized to provide exact steady-state solutions for
incompressible Oldroyd-B, Maxwell, second grade and Newtonian fluids acting in similar
motions. For illustration, the corresponding solutions for isothermal unsteady motions of
the incompressible Newtonian fluids due to the infinite plate that applies a shear stress
$1 cos(wty) or Sy sin(wty) to the fluid are brought to light. The results that have been
obtained here, especially the method used to find them, will be useful for establishing
similar solutions for MHD motions of incompressible Burgers” fluids through a porous
media. The authors also believe that present results can be used to investigate flows of
stratified fluids or nanofluids with Burgers’ fluids as base.
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Nomenclature
T The Cauchy stress tensor
31 The extra-stress tensor
L The velocity gradient
Ay The first Rivlin—Ericksen tensor
u The velocity vector
p The hydrostatic pressure
u The dimensionless velocity component in the x-direction
«, B, v The material coefficients of Burgers’ fluids
T The (x,y) component of the dimensionless extra-stress tensor
w The pulsation of the oscillation
U The dynamic viscosity
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