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Abstract

:

In the present paper, we establish some basic inequalities involving the Ricci and scalar curvature of the vertical and the horizontal distributions for hemi-slant submersions having the total space a complex space form. We also discuss the equality case of the obtained inequalities and provide illustrative examples.
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1. Introduction


As a dual notion to the isometric immersions, O’Neill and Gray introduced independently the concept of Riemannian submersions in [1,2], respectively. Riemannian submersions play an important role in mathematical and theoretical physics, especially due to their usage in the superstring, Yang–Mills, Kaluza–Klein and supergravity theories [3,4,5,6,7,8]. For more information on Riemannian submersions, we refer to the monographs [9,10].



In [11], Taştan, Şahin and Yanan introduced and investigated hemi-slant submersions from almost Hermitian manifolds onto Riemannian manifolds. This class of submersions appears as a natural generalization of invariant, anti-invariant, semi-invariant and slant submersions, four families of Riemannian submersions with remarkable geometric properties thoroughly investigated by Şahin [12,13,14,15]. Later, these submersions were studied for different ambient spaces by various authors who obtained several results regarding their geometry (see, e.g., [16,17,18,19,20,21,22,23]).



One of the most important curvature invariants for a Riemannian manifold   ( M , g )   was introduced by Chen [24] as follows:


   δ M  = τ  ( p )  − inf  ( K )   ( p )  ,  



(1)




where   τ ( p )   is scalar curvature of M and


  inf ( K ) ( p ) = inf { K ( Π ) : Π  is  a  plane   sec tion   of   T p M  } .  



(2)







In ref. [25], B.-Y. Chen established a general optimal inequality involving the intrinsic invariant   δ M   and the squared mean curvature of a submanifold M isometrically immersed in a real space form   R ( c )   of constant sectional curvature c. This result gave rise to a whole theory, known as the theory of Chen’s invariants, which gained an exponential development in the following years (see the monograph [26] and the recent articles [27,28,29,30,31,32], as well as the references cited therein). The main purpose of this new theory is to prove answers to a fundamental problem in the geometry of submanifolds, namely “establish simple relationships between the main extrinsic invariants and the main intrinsic invariants of a submanifold” [26]. Recently, Chen-like inequalities have been investigated in the setting of Riemannian submersions (see, e.g., [19,33,34,35,36]).



Motivated by the studies indicated above, we obtain in this work various Chen-like inequalities for hemi-slant Riemannian submersions from complex space forms onto Riemannian manifolds and discuss the equality case of the obtained inequalities. The paper is organized as follows. In Section cid2, we recall the definition and some fundamental properties of hemi-slant submersions. In Section cid3, we derive the main inequalities: we first establish a Chen-like inequality involving the Ricci curvature and then state a Chen–Ricci inequality for the vertical and the horizontal distributions of hemi-slant Riemannian submersions with total space a complex space form, and with base an arbitrary Riemannian manifold. We also discuss the equality case of the obtained inequalities. In Section cid4, we provide examples of hemi-slant Riemannian submersions to show that the equality cases of the main inequalities can be attained.




2. Hemi-Slant Riemannian Submersions


In this study, manifolds, mappings, vector fields, sections, and so on, will always be supposed of class   C ∞  . We first recall the following definition.



Definition 1 

([11]). Let   ( M , J , g )   be an almost Hermitian manifold and   ( N ,  g N  )   be a Riemannian manifold. A Riemannian submersion   σ :  ( M , J , g )  →  ( N ,  g N  )    is said to be a hemi-slant submersion if there is a distribution    D ⊥  ⊂ ker  σ *    such that


  ker  σ *  =  D ⊥  ⊕  D θ  ,   J   D ⊥   ⊆   ( k e r  σ *  )  ⊥  ,   











and the angle   θ = θ ( X )   between   J X   and the space     D θ   q   is constant for nonzero   X ∈    D θ   q    and   q ∈ M  , where   D θ   is the orthogonal complement of   D ⊥   in   k e r  σ *   . In this case, θ is called the hemi-slant angle of σ. Moreover, the hemi-slant submersion σ is called proper if    D ⊥  ≠  { 0 }    and   θ ≠ 0 ,  π 2   .





Throughout this paper, we will assume all horizontal vector fields as basic vector fields.



Let   σ :  M , g , J  →  N ,  g N     be a hemi-slant submersion. For   U ∈ k e r  σ *   , we obtain


  J U = ϕ U + ω U ,  



(3)




where   ϕ U ∈ ker  σ *    and   ω U ∈   ( ker  σ *  )  ⊥   . For   Z ∈   ( ker  σ *  )  ⊥   , we obtain


  J Z = B Z + C Z  



(4)




where   B Z ∈ ker  σ *    and   C Z ∈   ( ker  σ *  )  ⊥   . We have


    ker  σ *   ⊥  = J  D ⊥  ⊕ ω  D θ  ⊕ μ ,  








where  μ  is the orthogonal complement of   J  D ⊥  ⊕ ω  D θ    in    ( k e r  σ *  )  ⊥   and is invariant under J. Let us consider the O’Neill’s tensors  T  and  A  given by [1]


   T ξ  η = v  ∇  v ξ   h η + h  ∇  v ξ   v η ,    A ξ  η = v  ∇  h ξ   h η + h  ∇  h ξ   v η  



(5)




for any vector fields  ξ  and  η  on M, where  v  and  h  denote the vertical and horizontal projections of the submersion, and ∇ is the Levi-Civita connection of g. On the other hand, for any   X , Y ∈ Γ (   ( k e r  σ *  )  ⊥  )   and   V , W ∈ Γ ( k e r  σ *  ) ,   from (5), we obtain


   ∇ V  W =  T V  W +   ∇ ^  V  W ,  



(6)






   ∇ V  X =  T V  X + h  ∇ V  X ,  



(7)






   ∇ X  V =  A X  V + v  ∇ X  V ,  



(8)






   ∇ X  Y = h  ∇ X  Y +  A X  Y ,  



(9)




where     ∇ ^  V  W = v  ∇ V  W  .



We denote by R,   R   ′   ,   R ^   and   R *   the Riemannian curvature tensors of Riemannian manifolds M, N, the vertical distribution   k e r  σ *    and the horizontal distribution    ( k e r  σ *  )  ⊥  , respectively. Then, the Gauss–Codazzi type equations are given by [1]


  R  ( U , V , F , W )  =  R ^   ( U , V , F , W )  + g  (  T U  W ,  T V  F )  − g  (  T V  W ,  T U  F )   



(10)






     R ( X , Y , Z , H )     =  R *   ( X , Y , Z , H )  − 2 g  (  A X  Y ,  A Z  H )           + g  (  A Y  Z ,  A X  H )  − g  (  A X  Z ,  A Y  H )      



(11)






     R ( X , V , Y , W )     = g  (  (  ∇ X  T )   ( V , W )  , Y )  + g  (  (  ∇ V  A )   ( X , Y )  , W )           − g  (  T V  X ,  T W  Y )  + g  (  A Y  W ,  A X  V )      



(12)




where


   σ *   (  R *   ( X , Y )  Z )   ) =   R   ′    (  σ *  X ,  σ *  Y )   σ *  Z  



(13)




for all   U , V , F , W ∈ Γ ( k e r  σ *  )   and   X , Y , Z , H ∈ Γ (   ( k e r  σ *  )  ⊥  )  .



Moreover, the mean curvature vector field  H  of any fiber of Riemannian submersion  σ  is given by


  H =  1 r   ∑  j = 1  r   T  U j    U j  ,  



(14)




where   {  U 1  , ⋯ ,  U r  }   is an orthonormal basis of the vertical distribution   k e r  σ *   . Furthermore,  σ  has totally geodesic fibers if  T  vanishes identically.



Let M be an almost Hermitian manifold with an almost complex structure J and a Hermitian metric g. If J is parallel with respect to the Levi–Civita connection ∇ on M, that is


  (  ∇ X  J ) Y = 0 .  








for all vector fields X and Y on M, then   ( M , J , g , ∇ )   is called a Kähler manifold. A complete and simply connected Kähler manifold M is said to be a complex space form if it has constant holomorphic sectional curvature c. In this case, the complex space form is denoted by   M ( c )  . The curvature tensor of the complex space form   M ( c )   is given by


     R ( X , Y ) Z     =  c 4   { g  ( Y , Z )  X − g  ( X , Z )  Y + g  ( J Y , Z )  J X           − g ( J X , Z ) J Y + 2 g ( X , J Y ) J Z }     



(15)




for any   X , Y , Z ∈ Γ ( T M )  .



The following theorem gives us a characterization of hemi-slant submersions (see [11]).



Theorem 1. 

Let σ be a Riemannian submersion from an almost Hermitian manifold   ( M , g , J )   onto a Riemannian manifold   N ,  g N   . Then, σ is a hemi-slant Riemannian submersion with hemi-slant angle θ if and only if there exist a distribution   D ⊂ ker  σ *    and a constant   λ ∈ [ 0 , 1 ]   such that








	(i)

	
  D = { U ∈ ker  σ *  |  ϕ 2  U = − λ U }  ;




	(ii)

	
  ϕ V = 0  , for all   V ∈  D ⊥   , where   D ⊥   is the orthogonal complement of  D  in   ker  σ *   .









Furthermore, we have    cos 2  θ = λ .  





By virtue of (3) and (4), we have the following result.



Lemma 1. 

Let   ( M ( c ) , g )  ,   ( N ,  g N  )   be a complex space form and a Riemannian manifold, respectively. If   σ : M ( c ) → N   is a hemi-slant Riemannian submersion, then the following relations are valid


      g  ( ϕ U , ϕ V )  =  cos 2  θ g  ( U , V )  ,       g  ( ω U , ω V )  =  sin 2  θ g  ( U , V )  ,      











for any   U , V ∈ Γ   D θ    .






3. Chen–Ricci Inequality


In the present section, we aim to obtain some inequalities involving the Ricci curvature and the scalar curvature on the vertical and horizontal distributions for hemi-slant Riemannian submersions from a complex space form to a Riemannian manifold. We will also discuss the equality cases of these inequalities.



Let   σ : M ( c ) → N   be a proper hemi-slant Riemannian submersion from a complex space form   ( M ( c ) , g )   onto a Riemannian manifold   ( N ,  g N  )   and   dim  ( ker  σ *  )  = r =  k 1  + 2  k 2   . For every   q ∈ M  , we consider


  {  U 1  , ⋯ ,  U  k 1   ,  U   k 1  + 1   ,  U   k 1  + 2   , ⋯ ,  U   k 1  + 2  k 2  − 1   ,  U   k 1  + 2  k 2    }  








an orthonormal basis of   ( ker  σ *  )   and   {  X 1  ⋯ ,  X n  }   an orthonormal basis of    ( ker  σ *  )  ⊥  , respectively, such that   {  U 1  ,  U 2  , ⋯ ,  U  k 1   }   is an orthonormal basis of   D ⊥  , while


  {  U   k 1  + 1   ,  U   k 1  + 2   = sec θ ϕ  U   k 1  + 1   , ⋯ ,  U   k 1  + 2  k 2  − 1   ,  U   k 1  + 2  k 2    = sec θ ϕ  U   k 1  + 2  k 2  − 1   }  








is an orthonormal basis of   D θ  . We will call this basis an adapted hemi-slant basis of   ( ker  σ *  )  . Obviously, we have


   g 2   ( J  U i  ,  U  i + 1   )  =      0 ,     for   i ∈  1 , ⋯ ,  k 1  − 1  ,        c o  s 2  θ ,     for   i ∈   k 1  + 1 , ⋯ ,  k 1  + 2  k 2  − 1          








and


      ∑  i , j = 1  r   g 2   ( J  U i  ,  U j  )  = 2  k 2  c o  s 2  θ .     



(16)







Besides from (10), (11) and (15), we have


      R ^   ( U , V , F , W )      =  c 4   { g  ( V , F )  g  ( U , W )  − g  ( U , F )  g  ( V , W )  + g  ( U , J F )  g  ( J V , W )            − g ( V , J F ) g ( J U , W ) + 2 g ( U , J V ) g ( J F , W ) }          − g  (  T U  W ,  T V  F )  + g  (  T V  W ,  T U  F )  ,     



(17)




for all vector fields   U , V , F , W ∈ Γ ( ker  σ *  )   and


      R *   ( X , Y , Z , H )      =  c 4   { g  ( Y , Z )  g  ( X , H )  − g  ( X , Z )  g  ( Y , H )  + g  ( J Y , Z )  g  ( J X , H )             − g  ( J X , Z )  g  ( J Y , H )  + 2 g  ( X , J Y )  g  ( J Z , H )  } + 2 g   (  A X  Y ,  A Z  H )           − g  (  A Y  Z ,  A X  H )  + g  (  A X  Z ,  A Y  H )      



(18)




for all vector fields   X , Y , Z , H ∈ Γ (   ( ker  σ *  )  ⊥  )  .



Theorem 2. 

Let   σ : M ( c ) → N   be a proper hemi-slant Riemannian submersion from a complex space form   ( M ( c ) , g )   onto a Riemannian manifold   ( N ,  g N  ) .   Then, we have


     R i c  ^   ( U )  ≥  c 4   ( r − 1 + 3  cos 2  θ )  − r g  (  T U  U , H )    



(19)







for a unit vector field   U ∈ Γ (  D θ  )  , where r is the dimension of the vertical distribution. The equality case of (19) holds identically for any unit vector field   U ∈ Γ (  D θ  )   if and only if each fiber is totally geodesic.





Proof. 

From (17), we obtain


       R i c  ^   ( U )  =      c 4    ( r − 1 )  g  ( U , U )  + 3  ∑  i = 1  r   g 2   ( U , J  U i  )                                                                           − r g  (  T U  U , H )  +  ∑  i = 1  r     T U   U i   2      



(20)




where


    R i c  ^   ( U )  =  ∑  i = 1  r   R ^   ( U ,  U i  ,  U i  , U )  .  



(21)







If   U ∈ Γ (  D θ  )  , then choosing an adapted hemi-slant basis


  {  U 1  , ⋯ ,  U  k 1   ,  U   k 1  + 1   ,  U   k 1  + 2   , ⋯ ,  U   k 1  + 2  k 2  − 1   ,  U   k 1  + 2  k 2    }  








of   ker  σ *   , one derives


      ∑  i = 1  r   g 2   ( U , J  U i  )  = c o  s 2  θ .     



(22)







Using last equation in (20), we derive (19). On the other hand, it is clear that the equality case of (19) holds identically for any unit vector field   U ∈ Γ (  D θ  )   if and only if


   T U   U i  = 0 ,  i = 1 , ⋯ , r  








which means that the fibers are totally geodesic (see [9]). □





In a similar way, using an adapted hemi-slant basis of   ker  σ *   , we obtain the following results.



Theorem 3. 

Let   σ : M ( c ) → N   be a proper hemi-slant Riemannian submersion from a complex space form   ( M ( c ) , g )   onto a Riemannian manifold   ( N ,  g N  ) .   Then, we have


     R i c  ^   ( U )  ≥  c 4   ( r − 1 )  − r g  (  T U  U , H )    



(23)







for a unit vector field   U ∈ Γ (  D ⊥  )  . The equality case of (23) holds identically for any unit vector field   U ∈ Γ (  D ⊥  )   if and only if each fiber is totally geodesic.





Theorem 4. 

Let   σ : M ( c ) → N   be a proper hemi-slant Riemannian submersion from a complex space form   ( M ( c ) , g )   onto a Riemannian manifold   ( N ,  g N  ) .   Then, we have


        R i c  ^   ( U , V )  =  c 4   ( r − 1 + 3  cos 2  θ )  g  ( U , V )  − r g  (  T U  V , H )  +  ∑  i = 1  r  g  (  T  U i   V ,  T U   U i  )       



(24)







for   U , V ∈ Γ (  D θ  )  .





Theorem 5. 

Let   σ : M ( c ) → N   be a proper hemi-slant Riemannian submersion from a complex space form   ( M ( c ) , g )   onto a Riemannian manifold   ( N ,  g N  )  . Then we have


      2  r ^  =  c 4   {  r 2  − r + 6  k 2   cos 2  θ }  −  r 2    H  2  +  ∑  i = 1  r     T  U i    U i   2  .      



(25)









As a consequence of the last theorem, we derive the following.



Corollary 1. 

Let   π : M ( c ) → N   be a proper hemi-slant Riemannian submersion from a complex space form   ( M ( c ) , g )   onto a Riemannian manifold   ( N ,  g N  ) .   Then, we have


   2  r ^  ≥  c 4   {  r 2  − r + 6  k 2   cos 2  θ }  −  r 2    H  2    



(26)







The equality case of (26) holds if and only if each fiber is totally geodesic.





Proof. 

The inequality (26) is clear from (25). On the other hand, the equality case of (26) holds if and only if


   T  U i    U i  = 0 ,  i = 1 , ⋯ , r  








which implies


   T U  U = 0 ,  



(27)




for all   U ∈ Γ ( ker  σ *  )  . Replacing U by   U + V   in (27), where   U , V ∈ Γ ( ker  σ *  )  , and using the symmetry of the O’Neill tensor  T  for vertical vector fields, we obtain    T U  V = 0  . Hence, the fibers of the submersion are totally geodesic. □





Now, if   {  U 1  , ⋯ ,  U r  }   is an orthonormal basis of   ker  σ *    and   {  X 1  ⋯ ,  X n  }   is an orthonormal basis of    ( ker  σ *  )  ⊥  , we denote


   T  i j  s  = g  (  T  U i    U j  ,  X s  )  ,  



(28)




where   1 ≤ i , j ≤ r   and   1 ≤ s ≤ n  , and


   A  i j  α  = g  (  A  X i    X j  ,  U α  )  ,  



(29)




where   1 ≤ i , j ≤ n   and   1 ≤ α ≤ r  . From [35], we use


  δ  ( N )  =  ∑  i = 1  n   ∑  k = 1  r  g  (   (  ∇  X i   T )   U k    U k  ,  X i  )  .  



(30)







We also define


    C  2  =  ∑  i , j = 1  n   g 2   ( C  X i  ,  X j  )  ,  



(31)






    B  2  =  ∑  i = 1  n   ∑  k = 1  r   g 2   ( B  X i  ,  U k  )   



(32)




and


   τ *  =  ∑  1 ≤ i < j ≤ n    R *   (  X i  ,  X j  ,  X j  ,  X i  )  .  



(33)







Moreover, if   X ∈ Γ (   ( ker  σ *  )  ⊥  )  , then


    C X  2  =  ∑  i = 1  n   g 2   ( C X ,  X i  )   



(34)




and


  R i  c *   ( X )  =  ∑  i = 1  n   R *   ( X ,  X i  ,  X i  , X )  .  



(35)







From the Binomial theorem, we have the following relation between the components of the O’Neill tensor field  T  and the squared mean curvature  H :


      ∑  s = 1  n   ∑  i , j = 1  r    (  T  i j  s  )  2      =  1 2   r 2    H  2  +  1 2   ∑  s = 1  n    (  T  11  s  −  T  22  s  − ⋯ −  T  r r  s  )  2           + 2  ∑  s = 1  n   ∑  j = 2  r    (  T  1 j  s  )  2  − 2  ∑  s = 1  n   ∑  2 ≤ i < j ≤ r     T  i i  s   T  j j  s  −   (  T  i j  s  )  2   .     



(36)







Theorem 6. 

Let   σ : M ( c ) → N   be a proper hemi-slant Riemannian submersion from a complex space form   ( M ( c ) , g )   onto a Riemannian manifold   ( N ,  g N  )  . Suppose U is a unit vertical vector field. Then:



(i) If   U ∈ Γ (  D ⊥  )  , we have


     R i c  ^   ( U )  ≥  c 4   ( r − 1 )  −  1 4   r 2    H  2  .   



(37)







(ii) If   U ∈ Γ (  D θ  )  , we have


     R i c  ^   ( U )  ≥  c 4   ( r − 1 + 3  cos 2  θ )  −  1 4   r 2    H  2  .   



(38)







Moreover, the equality cases of (37) and (38) hold if and only if there exist two orthonormal bases   {  U 1  = U ,  U 2  , ⋯ ,  U r  }   and   {  X 1  ⋯ ,  X n  }   of   ker  σ *    and    ( ker  σ *  )  ⊥  , respectively, such that    T  12  α  = ⋯ =  T  1 r  α  = 0   and    T  11  α  =  T  22  α  + ⋯ +  T  r r  α   , for   α = 1 , ⋯ , n  .





Proof. 

Let   {  U 1  , ⋯ ,  U  k 1   ,  U   k 1  + 1   ,  U   k 1  + 2   , ⋯ ,  U   k 1  + 2  k 2  − 1   ,  U   k 1  + 2  k 2    }   be an adapted hemi-slant basis of   ( ker  σ *  )  .



  ( i )   Due to the fact that one can choose the above adapted hemi-slant basis such that    U 1  = U  , it suffices to prove (38) for   U =  U 1   .



Using (28) in (25), we can write


  2  r ^  =  c 4   {  r 2  − r + 6  k 2   cos 2  θ }  −  r 2    H  2  +  ∑  α = 1  n   ∑  k , s = 1  r    (  T  k s  α  )  2  .  



(39)







If (36) is used in (39), then (39) can be rewritten as


     2  r ^     =     c 4    r 2  − r + 6  k 2   cos 2  θ  −  1 2   r 2    H  2  +  1 2   ∑  α = 1  n    (  T  11  α  −  T  22  α  − ⋯ −  T  r r  α  )  2              + 2  ∑  α = 1  n   ∑  s = 2  r    (  T  1 s  α  )  2  − 2  ∑  α = p + 1   b 1    ∑  2 ≤ k < s ≤ r  r    T  k k  α   T  s s  α  −   (  T  k s  α  )  2   .     



(40)







Thus, from (40) we derive


     2  r ^      ≥  c 4   (  r 2  − r + 6  k 2   cos 2  θ )  −  1 2   r 2    H  2           − 2  ∑  α = 1  n   ∑  2 ≤ i < j ≤ r    [  T  i i  α   T  j j  α  −   (  T  i j  α  )  2  ]  .     



(41)







Furthermore, taking   U = W =  U i   ,   V = F =  U j    in (10), we obtain


     2  ∑  2 ≤ i < j ≤ r   R  (  U i  ,  U j  ,  U j  ,  U i  )      = 2  ∑  2 ≤ i < j ≤ r    R ^   (  U i  ,  U j  ,  U j  ,  U i  )           + 2  ∑  α = 1  n   ∑  2 ≤ i < j ≤ r     T  i i  α   T  j j  α  −   (  T  i j  α  )  2   .     



(42)







Using (42) in (41), we derive


     2  r ^  ≥      c 4    r 2  − r + 6  k 2   cos 2  θ  −  1 2   r 2    H  2           + 2  ∑  2 ≤ k < s ≤ r    R ^   (  U k  ,  U s  ,  U s  ,  U k  )  − 2  ∑  2 ≤ k < s ≤ r   R  (  U k  ,  U s  ,  U s  ,  U k  )  .     



(43)







Furthermore, we have


  2  r ^  = 2  ∑  2 ≤ i < j ≤ r    R ^   (  U i  ,  U j  ,  U j  ,  U i  )  + 2  ∑  j = 1  r   R ^   (  U 1  ,  U j  ,  U j  ,  U 1  )  .  



(44)







Considering (44) in (43), we derive


     2   R i c  ^   (  U 1  )  ≥  c 4    r 2  − r + 6  k 2   cos 2  θ  −  1 2   r 2    H  2  − 2  ∑  2 ≤ k < s ≤ r   R  (  U k  ,  U s  ,  U s  ,  U k  )  .     



(45)







On the other hand, since   M ( c )   is a complex space form, its curvature tensor R satisfies (15) and we get


      ∑  2 ≤ k < s ≤ r   R  (  U k  ,  U s  ,  U s  ,  U k  )  =  c 4     ( r − 2 ) ( r − 1 )  2  + 3  ∑  2 ≤ k < s ≤ r    g 2   ( J  U k  ,  U s  )   .     



(46)







As    U 1  ∈ Γ  (  D ⊥  )   , we obtain immediately


   ∑  2 ≤ k < s ≤ r    g 2   ( J  U k  ,  U s  )  =  k 2   cos 2  θ  








and therefore (46) can be written as


   ∑  2 ≤ k < s ≤ r   R  (  U k  ,  U s  ,  U s  ,  U k  )  =  c 4     ( r − 2 ) ( r − 1 )  2  + 3  k 2   cos 2  θ   



(47)







Considering now the last equation in (45), we get


    R i c  ^   (  U 1  )  ≥  c 4   ( r − 1 )  −  1 4   r 2    H  2   








and the conclusion is now clear.



  ( i i )   Due to the fact that in this case one can choose the adapted hemi-slant basis


  {  U 1  , ⋯ ,  U  k 1   ,  U   k 1  + 1   ,  U   k 1  + 2   , ⋯ ,  U   k 1  + 2  k 2  − 1   ,  U   k 1  + 2  k 2    }  








such that    U   k 1  + 1   = U  , it suffices to prove (38) for   U =  U   k 1  + 1    .



With similar arguments as in case   ( i )  , we obtain


     2   R i c  ^   (  U   k 1  + 1   )  ≥  c 4   {  r 2  − r + 6  k 2   cos 2  θ }  −  1 2   r 2    H  2        − 2  ∑  1 ≤ k < s ≤ r ;  k , s ≠  k 1  + 1   R  (  U k  ,  U s  ,  U s  ,  U k  )  .     



(48)




and


      ∑  1 ≤ k < s ≤ r ;  k , s ≠  k 1  + 1   R  (  U k  ,  U s  ,  U s  ,  U k  )  =   c ( r − 2 ) ( r − 1 )  8        +   3 c  4   ∑  1 ≤ k < s ≤ r ;  k , s ≠  k 1  + 1    g 2   ( J  U k  ,  U s  )  .     



(49)







As    U   k 1  + 1   ∈ Γ  (  D ⊥  )   , we obtain immediately


   ∑  1 ≤ k < s ≤ r ;  k , s ≠  k 1  + 1    g 2   ( J  U k  ,  U s  )  =  (  k 2  − 1 )   cos 2  θ  








and therefore (49) can be written as


   ∑  1 ≤ k < s ≤ r ;  k , s ≠  k 1  + 1    R  (  U k  ,  U s  ,  U s  ,  U k  )  =  c 4     ( r − 2 ) ( r − 1 )  2  + 3  (  k 2  − 1 )   cos 2  θ  .  



(50)







Considering now the last equation in (48), we get


    R i c  ^   (  U   k 1  + 1   )  ≥  c 4   ( r − 1 + 3  cos 2  θ )  −  1 4   r 2    H  2   








and inequality (38) is clear.



Now, we remark that the equality case of (37) holds if and only if the equality is attained in (41). However, this happens if and only if    T  11  α  =  T  22  α  + ⋯ +  T  r r  α    and    T  1 s  α  = 0  , for   s = 2 , ⋯ , r   and   α = 1 , ⋯ , n  . On the other hand, the equality case of (38) holds if and only, with respect to the hemi-slant adapted basis considered in the proof, we have     T   k 1  + 1 ,  k 1  + 1  α  =  ∑  i ≠  k 1  + 1    T  i i  α     and    T   k 1  + 1 , s  α  = 0  , for   α = 1 , ⋯ , n   and   s ∈  { 1 ⋯ , r }  −  {  k 1  + 1 }   . Using a reordering of the vectors in the basis of   ker  σ *   , we derive the conclusion. □





Theorem 7. 

Let   σ : M ( c ) → N   be a proper hemi-slant Riemannian submersion from a complex space form   ( M ( c ) , g )   onto a Riemannian manifold   ( N ,  g N  )  . Then, we have


    τ *  ≤  c 8   n  ( n − 1 )  + 3   ∥ C ∥  2   .   



(51)







Moreover, the equality holds in (51) if and only if the horizontal distribution    ( ker  σ *  )  ⊥   is integrable.





Proof. 

Using the anti-symmetry of  A  and (18), we obtain


  2  τ *  =  c 4   n  ( n − 1 )  + 3  ∑  i , j = 1  n  g  ( C  X i  ,  X j  )  g  ( C  X i  ,  X j  )   − 3  ∑  i , j = 1  n  g  (  A  X i    X j  ,  A  X i    X j  )  ,  



(52)




where   {  X 1  , ⋯ ,  X n  }   is an orthonormal basis of    ( ker  σ *  )  ⊥  . Now, using (31) in (52) we obtain


  2  τ *  =  c 4   n  ( n − 1 )  + 3   ∥ C ∥  2   − 3  ∑  i , j = 1  n    ∥  A  X i    X j  ∥  2  .  



(53)




and inequality (51) follows immediately. Moreover, it is clear that the equality case of (51) holds if and only if    A  X i    X j  = 0  , for   i , j = 1 , ⋯ , n   and the proof is now complete due to the fact that the vanishing of the O’Neill tensor  A  is equivalent to the integrability of the horizontal distribution (see, e.g., [9]). □





Theorem 8. 

Let   σ : M ( c ) → N   be a proper hemi-slant Riemannian submersion from a complex space form   ( M ( c ) , g )   onto a Riemannian manifold   ( N ,  g N  )  . If   {  X 1  , ⋯ ,  X n  }   is an orthonormal basis of    ( ker  σ *  )  ⊥  , then we have


        R i c  *   (  X 1  )  =  c 4    ( n − 1 )  + 3   ∥ C  X 1  ∥  2   − 3  ∑  α = 1  r   ∑  j = 2  n    (  A  1 j  α  )  2  .      



(54)









Proof. 

By using (29) in (53), we have


  2  τ *  =  c 4   n  ( n − 1 )  + 3   C  2   − 3  ∑  α = 1  r   ∑  i , j = 1  n    (  A  i j  α  )  2  .  



(55)







Thus, (55) can be written as


  2  τ *  =  c 4   n  ( n − 1 )  + 3   C  2   − 6  ∑  α = 1  r   ∑  j = 2  n    (  A  1 j  α  )  2  − 6  ∑  α = 1  r   ∑  2 ≤ i < j ≤ n     (  A  i j  α  )  2  .  



(56)







Moreover, taking   X = H =  X  i ,      Y = Z =  X j    in (11), we obtain


   ∑  2 ≤ i < j ≤ n   R  (  X i  ,  X j  ,  X j  ,  X i  )  =  ∑  2 ≤ i < j ≤ n    R *   (  X i  ,  X j  ,  X j  ,  X i  )  + 3  ∑  α = 1  r   ∑  2 ≤ i < j ≤ n     (  A  i j  α  )  2  .  



(57)







Using (57) in (56), we derive


     2  τ *      =  c 4   n  ( n − 1 )  + 3   C  2   − 6  ∑  α = 1  r   ∑  j = 2  n    (  A  1 j  α  )  2           + 2  ∑  2 ≤ i < j ≤ n    R *   (  X i  ,  X j  ,  X j  ,  X i  )  − 2  ∑  2 ≤ i < j ≤ n   R  (  X i  ,  X j  ,  X j  ,  X i  )  .     



(58)







Since   M ( c )   is a complex space form, its curvature tensor R satisfies the equality (15) and we obtain


   ∑  2 ≤ i < j ≤ n   R  (  X i  ,  X j  ,  X j  ,  X i  )  =  c 8    ( n − 2 )   ( n − 1 )  + 6  ∑  2 ≤ i < j ≤ n    g 2   ( C  X i  ,  X j  )   .  



(59)







Then, from (58) and (59), taking into account that


    C  2  − 2  ∑  2 ≤ i < j ≤ n    g 2   ( C  X i  ,  X j  )  = 2   C  X 1   2   



(60)




we get


  2 R i  c *   (  X 1  )  =  c 2    ( n − 1 )  + 3   C  X 1   2   − 6  ∑  α = 1  r   ∑  j = 2  n    (  A  1 j  α  )  2   



(61)




and equality (54) follows immediately. □





As an outcome of the above result, we have the following.



Theorem 9. 

Let   σ : M ( c ) → N   be a proper hemi-slant Riemannian submersion from a complex space form   ( M ( c ) , g )   onto a Riemannian manifold   ( N ,  g N  )  . If X is a unit horizontal vector field, then we have


        R i c  *   ( X )  ≤  c 4    ( n − 1 )  + 3   ∥ C X ∥  2   .      



(62)







Moreover, the equality case of the above inequality holds identically for all unit horizontal vector fields if and only if the horizontal distribution is integrable.





Proof. 

Inequality (62) is clear from Theorem 8 because in (54) we can select    X 1  = X   to be any arbitrary unit horizontal vector field. This is due to the fact that one can always choose in Theorem 8 an orthonormal basis   {  X 1  , ⋯ ,  X n  }   of    ( ker  σ *  )  ⊥   with    X 1  = X  .



Now, if the horizontal distribution is integrable, then    A  X i    X j  = 0  , for   i , j = 1 , ⋯ , n  , and it is clear that we have equality in (62). Conversely, if the equality case of (62) holds identically for all unit horizontal vector fields, then it follows that    A  i j  α  = 0  , for   α = 1 , ⋯ , r   and   i , j = 1 , ⋯ , n  ,   i ≠ j  , which means    A  X i    X j  = 0  , for all   i ≠ j  . However, due to the skew-symmetry of  A  for horizontal vector fields, it is obvious that    A  X i    X i  = 0  . Hence,    A  X i    X j  = 0   for   i , j = 1 , ⋯ , n  , and therefore the horizontal distribution is integrable. □





Now, we are going to state the Chen–Ricci inequality between the vertical and horizontal distributions for a hemi-slant Riemannian submersion   σ : M ( c ) → N   from a complex space form   ( M ( c ) , g )   onto a Riemannian manifold   ( N ,  g N  )  . Suppose   {  U 1  ,  U 2  , ⋯ ,  U r  }   is an orthonormal basis of   ker  σ *    and   {  X 1  ⋯ ,  X n  }   is an orthonormal basis of    ( ker  σ *  )  ⊥  . Then, for the scalar curvature  τ  of   M ( c )  , we have


  2 τ =  ∑  k = 1  r  R i c  (  U k  ,  U k  )  +  ∑  s = 1  n  R i c  (  X s  ,  X s  )  .  



(63)







Further, we can write


     2 τ     =  ∑  j , k = 1  r  R  (  U j  ,  U k  ,  U k  ,  U j  )  +  ∑  i = 1  n   ∑  k = 1  r  R  (  X i  ,  U k  ,  U k  ,  X i  )           +  ∑  i , s = 1  n  R  (  X i  ,  X s  ,  X s  ,  X i  )  +  ∑  s = 1  n   ∑  j = 1  r  R  (  U j  ,  X s  ,  X s  ,  U j  )  .     



(64)







Next, let us denote as usual (see [35]):


       T V   2     =  ∑  i = 1  n   ∑  k = 1  r  g  (  T  U k    X i  ,  T  U k    X i  )  ,     



(65)






       T H   2     =  ∑  k , j = 1  r  g  (  T  U k    U j  ,  T  U k    U j  )  ,     



(66)






       A V   2     =  ∑  i , j = 1  n  g  (  A  X i    X j  ,  A  X i    X j  )  ,     



(67)






       A H   2     =  ∑  i = 1  n   ∑  k = 1  r  g  (  A  X i    U k  ,  A  X i    U k  )  .     



(68)







Theorem 10. 

Let   σ : M ( c ) → N   be a proper hemi-slant Riemannian submersion from a complex space form   ( M ( c ) , g )   onto a Riemannian manifold   ( N ,  g N  )  . Suppose   {  U 1  ,  U 2  , ⋯ ,  U r  }   is an orthonormal basis of   ker  σ *    and   {  X 1  ⋯ ,  X n  }   is an orthonormal basis of    ( ker  σ *  )  ⊥  .



(i) If    U 1  ∈ Γ  (  D ⊥  )   , then


          c 2   n r + n + r − 2 + 3    B  2  +   C  X 1   2             ≤   R i c  ^   (  U 1  )  + R i  c *   (  X 1  )  +  1 4   r 2    H  2  + 3  ∑  α = 1  r   ∑  s = 2  n    (  A  1 s  α  )  2           − δ  ( N )  +    T V   2  −    A H   2  .      



(69)







(ii) If    U 1  ∈ Γ  (  D θ  )   , then


          c 2   n r + n + r − 2 + 3  2  cos 2  θ +   B  2  +   C  X 1   2             ≤   R i c  ^   (  U 1  )  + R i  c *   (  X 1  )  +  1 4   r 2    H  2  + 3  ∑  α = 1  r   ∑  s = 2  n    (  A  1 s  α  )  2           − δ  ( N )  +    T V   2  −    A H   2  .      



(70)







The equality case of (69) and (70) holds if and only if


      T  11  s     =  T  22  s  + ⋯ +  T  r r  s  ,       T  1 j  s     = 0 ,      











for   s = 1 , ⋯ , n  ,   j = 2 , ⋯ , r  .





Proof. 

Since   M ( c )   is a complex space form, using (64) and (32) we get


     2 τ     =  c 4   [  ( n + r )   ( n + r − 1 )  + 6  k 2   cos 2  θ + 6   B  2  + 3   C  2  ]  .     



(71)







On the other hand, using the Gauss–Codazzi type Equations (10)–(12), we derive


     2 τ     = 2  τ ^  + 2  τ *  +  r 2    H  2  −  ∑  k , j = 1  r  g  (  T  U k    U j  ,  T  U k    U j  )  + 3  ∑  i , s = 1  n  g  (  A  X i    X s  ,  A  X i    X s  )           +  ∑  i = 1  n   ∑  k = 1  r   { g  (  T  U k    X i  ,  T  U k    X i  )  − g  (  A  X i    U k  ,  A  X i    U k  )  − g  (   (  ∇  X i   T )   U k    U k  ,  X i  )  }           +  ∑  s = 1  n   ∑  j = 1  r   { g  (  T  U j    X s  ,  T  U j    X s  )  − g  (  A  X s    U j  ,  A  X s    U j  )  − g  (   (  ∇  X s   T )   U j    U j  ,  X s  )  }  .     



(72)







Therefore, using (30) and (36) in (72), we obtain


     2 τ     = 2  τ ^  + 2  τ *  +  1 2   r 2    H  2  −  1 2   ∑  s = 1  n    (  T  11  s  −  T  22  s  − ⋯ −  T  r r  s  )  2  − 2  ∑  s = 1  n   ∑  j = 2  r    (  T  1 j  s  )  2           + 2  ∑  s = 1  n   ∑  2 ≤ i < j ≤ r    (  T  i i  s   T  j j  s  −   (  T  i j  s  )  2  )  + 6  ∑  α = 1  r   ∑  s = 2  n    (  A  1 s  α  )  2  + 6  ∑  α = 1  r   ∑  2 ≤ i < s ≤ n     (  A  i s  α  )  2           +  ∑  i = 1  n   ∑  k = 1  r   { g  (  T  U k    X i  ,  T  U k    X i  )  − g  (  A  X i    U k  ,  A  X i    U k  )  }  − 2 δ  ( N )           +  ∑  s = 1  n   ∑  j = 1  r   ( g  (  T  U j    X s  ,  T  U j    X s  )  − g  (  A  X s    U j  ,  A  X s    U j  )  )      



(73)







Using now (42), (57) and (71) in (73), we get


         c 4   [  ( n + r )   ( n + r − 1 )  + 6  k 2   cos 2  θ + 3   C  2  + 6   B  2  ]           = 2   R i c  ^   (  U 1  )  + 2 R i  c *   (  X 1  )  +  1 2   r 2    H  2      










        −  1 2   ∑  s = 1  n    (  T  11  s  −  T  22  s  − ⋯ −  T  r r  s  )  2  − 2  ∑  s = 1  n   ∑  j = 2  r    (  T  1 j  s  )  2           + 6  ∑  α = 1  r   ∑  s = 2  n    (  A  1 s  α  )  2  +  ∑  i = 1  n   ∑  k = 1  r   { g  (  T  U k    X i  ,  T  U k    X i  )  − g  (  A  X i    U k  ,  A  X i    U k  )  }           − 2 δ  ( N )  +  ∑  s = 1  n   ∑  j = 1  r   { g  (  T  U j    X s  ,  T  U j    X s  )  − g  (  A  X s    U j  ,  A  X s    U j  )  }           + 2  ∑  2 ≤ i < j ≤ r   R  (  U i  ,  U j  ,  U j  ,  U i  )  + 2  ∑  2 ≤ i < j ≤ n   R  (  X i  ,  X j  ,  X j  ,  X i  )  .     



(74)







Hence, in view of (65)–(), the equality (74) implies


         c 4   [  ( n + r )   ( n + r − 1 )  + 6  k 2   cos 2  θ + 3   C  2  + 6   B  2  ]           ≤ 2   R i c  ^   (  U 1  )  + 2 R i  c *   (  X 1  )  +  1 2   r 2    H  2           + 6  ∑  α = 1  r   ∑  s = 2  n    (  A  1 s  α  )  2  + 2  (    T V   2  −    A H   2  )  − 2 δ  ( N )           + 2  ∑  2 ≤ i < j ≤ r   R  (  U i  ,  U j  ,  U j  ,  U i  )  + 2  ∑  2 ≤ i < j ≤ n   R  (  X i  ,  X j  ,  X j  ,  X i  )  .     



(75)







If    U 1  ∈ Γ  (  D ⊥  )   , then considering (47) and (59) in (75), in view of (60) we obtain (69). Similarly, if    U 1  ∈ Γ  (  D θ  )   , then using (50), (59) and (60) in (75), we obtain (70). Finally, the equality of (69) and (70) holds if and only if we have equality in (75), which happens if and only if    T  11  s  −  T  22  s  − ⋯ −  T  r r  s  = 0   and    T  1 j  s  = 0  , for all   s = 1 , ⋯ , n   and   j = 2 , ⋯ , r  . This completes the proof. □





Remark 1. 

If   σ : M ( c ) → N   is a proper hemi-slant Riemannian submersion from a complex space form   ( M ( c ) , g )   onto a Riemannian manifold   ( N ,  g N  )  , then from (71) and (72) we get


          c 4   [  ( n + r )   ( n + r − 1 )  + 6  k 2   cos 2  θ + 3  (   C  2  + 2   B  2  )  ]           = 2  τ ^  + 2  τ *  +  r 2    H  2  −    T H   2  + 3    A V   2           − 2 δ  ( N )  + 2    T V   2  − 2    A H   2  .      



(76)







From (76) we derive immediately that


      2  τ ^  + 2  τ *      ≤  c 4   [  ( n + r )   ( n + r − 1 )  + 6  k 2   cos 2  θ + 3  (   C  2  + 2   B  2  )  ]           −  r 2    H  2  +    T H   2  + 2 δ  ( N )  − 2    T V   2  + 2    A H   2  ,      



(77)







and


      2  τ ^  + 2  τ *      ≥  c 4   [  ( n + r )   ( n + r − 1 )  + 6  k 2   cos 2  θ + 3  (   C  2  + 2   B  2  )  ]           −  r 2    H  2  + 2 δ  ( N )  − 2    T V   2  + 2    A H   2  − 3    A V   2  .      



(78)







Moreover, it is clear that the equality case of (77) holds for all   p ∈ M   if and only if the horizontal distribution    ( k e r  σ *  )  ⊥   is integrable, while the equality cases of (78) hold for all   p ∈ M   if and only if the fibers of σ are totally geodesic submanifolds of   M ( c )  . In particular, we deduce the following result.





Theorem 11. 

Let   σ : M ( c ) → N   be proper a hemi-slant Riemannian submersion from a complex space form   ( M ( c ) , g )   onto a Riemannian manifold   ( N ,  g N  )   with totally geodesic fibers. Then, we have


      2  τ ^  + 2  τ *      ≤  c 4   [  ( n + r )   ( n + r − 1 )  + 6   k 2   cos 2  θ          + 3  (   C  2  + 2   B  2  )   ] + 2     A H   2  .      



(79)







Moreover, the equality case of (79) holds for all   p ∈ M   if and only if the horizontal distribution    ( k e r  σ *  )  ⊥   is integrable.





We now recall the following result, which we will use a little later.



Lemma 2 

([37]). Let    a 1  ,  a 2  , ⋯ . ,  a n    be n real numbers   ( n > 1 )  . Then


   1 n      ∑  i = 1   n   a i   2  ≤   ∑  i = 1   n   a  i  2   











with equality iff    a 1  =  a 2  = ⋯ . =  a n   .





Theorem 12. 

Let   σ : M ( c ) → N   be a proper hemi-slant Riemannian submersion from a complex space form   ( M ( c ) , g )   onto a Riemannian manifold   ( N ,  g N  )  . Then we have


          c 4   [  ( n + r )   ( n + r − 1 )  + 6  k 2   cos 2  θ + 3  (   C  2  + 2   B  2  )  ]           ≤ 2  τ ^  + 2  τ *  + r  ( r − 1 )    H  2  + 3    A V   2  − 2 δ  ( N )  + 2    T V   2  − 2    A H   2  .      



(80)







Equality case of (80) holds for all   p ∈ M   if and only σ has totally umbilical fibers.





Proof. 

From (76) we have


         c 4   [  ( n + r )   ( n + r − 1 )  + 6  k 2   cos 2  θ + 3  (   C  2  + 2   B  2  )  ]           = 2  τ ^  + 2  τ *  +  r 2    H  2  −  ∑  s = 1  n   ∑  j = 1  r    (  T  j j  s  )  2  −  ∑  s = 1  n   ∑  j ≠ k  r    (  T  j k  s  )  2           + 3    A V   2  − 2 δ  ( N )  + 2    T V   2  − 2    A H   2  .     



(81)







Applying Lemma 2 in (81), we get


         c 4   [  ( n + r )   ( n + r − 1 )  + 6  k 2   cos 2  θ + 3  (   C  2  + 2   B  2  )  ]           ≤ 2  τ ^  + 2  τ *  +  r 2    H  2  −  1 r   ∑  s = 1  n    (  ∑  j = 1  r   T  j j  s  )  2  −  ∑  s = 1  n   ∑  j ≠ k  r    (  T  j k  s  )  2           + 3    A V   2  − 2 δ  ( N )  + 2    T V   2  − 2    A H   2  ,     



(82)




which gives (80). Equality case of (80) holds for all   p ∈ M   if and only if the components of the O’Neill tensor  T  satisfy    T  11  s  =  T  22  s  = ⋯ =  T  r r  s    and    T  j k  s  = 0  , for   s = 1 , ⋯ , n  ,   j , k = 1 , ⋯ , r  ,   j ≠ k  . The conclusion is now clear. □





Using a similar proof as in Theorem 12, we deduce the following result.



Theorem 13. 

Let   σ : M ( c ) → N   be a proper hemi-slant Riemannian submersion from a complex space form   ( M ( c ) , g )   onto a Riemannian manifold   ( N ,  g N  )  . Then we have


          c 4   [  ( n + r )   ( n + r − 1 )  + 6  k 2   cos 2  θ + 3  (   C  2  + 2   B  2  )  ]  ≥ 2  τ ^  + 2  τ *           +  r 2    H  2  −    T H   2  +  3 n  t r   (  A V  )  2  − 2 δ  ( N )  + 2    T V   2  − 2    A H   2       



(83)







The equality case of the above inequality holds for all   p ∈ M   if and only if the components of the O’Neill tensor  A  with respect to some suitable orthonormal bases of the horizontal and vertical distributions satisfy    A  11  s  =  A  22  s  = ⋯ =  A  n n  s    and    A  i j  s  = 0  , for   s = 1 , ⋯ , r   and   i , j ∈ { 1 , 2 , ⋯ , n }  ,   i ≠ j  .






4. Examples


In this section, we provide examples of hemi-slant Riemannian submersions, illustrating the main results stated above.



From [11], we know that the concept of hemi-slant submersion generalizes in a natural way the notions of invariant, anti-invariant, semi-invariant and slant submersions. More precisely, if we denote the dimension of   D ⊥   and   D θ   by   p 1   and   p 2  , respectively, then we have the following:




	
If   θ = 0  , then M is a semi-invariant submersion [12].



	
If   θ = 0   and    p 1  = 0  , then M is an invariant submersion [15,38].



	
If   θ = 0   and    p 2  = 0  , then M is an anti-invariant submersion [13].



	
If    p 1  = 0  , then M is a slant submersion with slant angle  θ  [14].








We would like to point out that there is a special type of anti-invariant submersion, called Lagrangian submersion, for which the almost complex structure of the total space of the submersion reverses   ker  σ *    and    ( ker  σ *  )  ⊥   (see [39]). Examples of invariant, anti-invariant, Lagrangian, semi-invariant, slant and hemi-slant submersions, as well as various interesting results regarding the geometry of these submersions, can be found in [11,12,13,14,15,39]. At this point, we would just like to note that according to Theorem 4.5 of [39], it follows that the horizontal distribution of a Lagrangian submersion with total space a complex space form is integrable. However, such submersions do not provide us suitable examples to illustrate the equality case of the inequalities stated in Theorems 7, 9 and 11, because a Lagrangian submersion is not a proper hemi-slant submersion.



Next, we will construct the first example of proper hemi-slant submersion satisfying the equality case of all inequalities established in the above section.



Example 1. 

Consider the Kähler manifold   (  R 6  , J ,  g 1  )   equipped with the canonical Euclidean metric   g 1   and the complex structure J given by:


   J  (  x 1  ,  x 2  ,  x 3  ,  x 4  ,  x 5  ,  x 6  )  =  ( −  x 4  ,  x 6  ,  x 5  ,  x 1  , −  x 3  , −  x 2  )  .   











Define now a map   σ :  (  R 6  , J ,  g 1  )   → )   (  R 3  ,  g 2  )    by


   σ  (  x 1  ,  x 2  ,  x 3  ,  x 4  ,  x 5  ,  x 6  )  =  (    x 1  +  x 4    2   , −   −  x 2  +  x 5    2   ,  x 3  cos α +  x 6  sin α )  ,   











where   α ∈ ( 0 ,  π 2  )   and   g 2   is the standard canonical Euclidean metric on   R 3  . Then, it is easy to check that σ is a hemi-slant submersion such that


    D ⊥  = S p  {  V 1  = −  1  2    ∂  ∂  x 1    +  1  2    ∂  ∂  x 4    }  ,   










    D θ  = S p  {  V 2  = −  1  2    ∂  ∂  x 2    −  1  2    ∂  ∂  x 5    ,  V 3  = − sin α  ∂  ∂  x 3    + cos α  ∂  ∂  x 6    }    











and


        ( k e r  σ *  )  ⊥   = S p {       H 1  =  1  2    ∂  ∂  x 1    +  1  2    ∂  ∂  x 4    ,  H 2  = −  1  2    ∂  ∂  x 2    +  1  2    ∂  ∂  x 5    ,           H 3  = cos α  ∂  ∂  x 3    + sin α  ∂  ∂  x 6     } .       











Moreover, the hemi-slant angle of σ is  θ = a r c c o s (   s i n α + c o s α   2   )  . A straightforward computation shows that fibers of the submersions are totally geodesic and the horizontal distribution is integrable. Hence, we conclude that the inequalities stated in Theorems 2, 3, 6, 7, 9–11 and 13 are satisfied with equality sign.





Similarly, the following map illustrates the equality case of the above-mentioned inequalities.



Example 2. 

Consider the Euclidean space   R 10   equipped with the standard metric (denoted by   g 1  ) and the compatible almost complex structure J given by


   J  (  x 1  ,  x 2  , ⋯ ,  x 9  ,  x 10  )  =  (  x 7  ,  x 3  , −  x 2  ,  x 10  ,  x 8  , −  x 9  , −  x 1  , −  x 5  ,  x 6  , −  x 4  )  .   











Then,   (  R 10  , J ,  g 1  )   is a Kähler manifold and we define a map   σ :  (  R 10  , J ,  g 1  )  →  (  R 5  ,  g 2  )    by


   σ  (  x 1  ,  x 2  , ⋯ ,  x 10  )  =  (  t 1  ,  t 2  ,  t 3  ,  t 4  ,  t 5  )    











where


          t 1  =  x 5  ,    t 2  =   1  1 +  7   2  − 1       x 1  +   1  1 +  7  1 −  2        x 7  ,    t 3  =  x 2            t 4  =  x 4  tanh α +  x 10  sech α ,    t 5  =   5  3   x 3  +  2 3   x 6  ,      











  α ∈ ( 0 ,  π 2  )   and   g 2   is the standard canonical Euclidean metric on   R 5  . A direct computation shows that σ is a hemi-slant submersion with the hemi-slant angle   θ = arccos (   5  3  )   such that


       D ⊥   = S p {       V 1  = −   1  1 +  7  1 −  2        ∂  ∂  x 1    +   1  1 +  7   2  − 1       ∂  ∂  x 7    ,           V 2  = − tanh α  ∂  ∂  x 10    + sech α  ∂  ∂  x 4    ,  V 3  =  ∂  ∂  x 8     } ,       










       D θ  = S p  {  V 4  = −  2 3   ∂  ∂  x 3    +   5  3   ∂  ∂  x 6    ,  V 5  =  ∂  ∂  x 9    }  .      











and


        ( k e r  σ *  )  ⊥   = S p {       H 1  = −   1  1 +  7  1 −  2        ∂  ∂  x 1    −   1  1 +  7   2  − 1       ∂  ∂  x 7    ,           H 2  = tanh α  ∂  ∂  x 4    + sech α  ∂  ∂  x 10    ,           H 3  = −  2 3   ∂  ∂  x 3    −   5  3   ∂  ∂  x 6    ,  H 4  =  ∂  ∂  x 2    ,  H 5  =  ∂  ∂  x 5     } .       











We derive immediately that fibers of the submersions are totally geodesic and the horizontal distribution is integrable. Hence, we have again that σ satisfies the equality case of the inequalities stated in Theorems 2, 3, 6, 7, 9–11 and 13.






5. Conclusions


(Semi-)Riemannian submersions are mathematical objects of high interest in theoretical physics (see, e.g., [9]). A particular class of such submersions was introduced by Taştan et al. [11], as a natural generalization of some important families of Riemannian submersions: invariant, anti-invariant, semi-invariant and slant submersions. In this paper, we prove various optimal inequalities involving basic curvature invariants for hemi-slant Riemannian submersions having as total space a complex space form and discuss the equality case of the obtained inequalities. Finally, we provide examples of hemi-slant Riemannian submersions to show that the equality cases of the main inequalities can be attained. For further research, it would be interesting to obtain Chen-like inequalities for lightlike submersions (see [40]). In this case, it could be necessary to use not only techniques from submanifold theory, but also from singularity theory (see, e.g., [41,42,43,44]).







Author Contributions


Conceptualization, M.A.A., R.D., N.Ö.P. and G.-E.V.; methodology, M.A.A., R.D., N.Ö.P. and G.-E.V.; software, M.A.A., R.D., N.Ö.P. and G.-E.V.; validation, M.A.A., R.D., N.Ö.P. and G.-E.V.; investigation, M.A.A., R.D., N.Ö.P. and G.-E.V.; visualization, M.A.A., R.D., N.Ö.P. and G.-E.V. All authors have read and agreed to the published version of the manuscript.




Funding


G.-E. Vîlcu was supported by a grant of the Ministry of Research, Innovation and Digitization, CNCS/CCCDI—UEFISCDI, project number PN-III-P4-ID-PCE-2020-0025, within PNCDI III.




Data Availability Statement


Not applicable.




Conflicts of Interest


The authors declare no conflict of interest.




References


	



O’Neill, B. The fundamental equations of a submersion. Mich. Math. J. 1966, 13, 459–469. [Google Scholar] [CrossRef]

	



Gray, A. Pseudo-Riemannian almost product manifolds and submersions. J. Math. Mech. 1967, 16, 715–737. [Google Scholar]

	



Bourguignon, J.P.; Lawson, H.B. Stability and isolation phenomena for Yang-Mills fields. Commun. Math. Phys. 1981, 79, 189–230. [Google Scholar] [CrossRef]

	



Bourguignon, J.P.; Lawson, H.B. A Mathematician’s Visit to Kaluza-Klein Theory; Special Issue; Rendiconti del Seminario Matematico Università e Politecnico di Torino: Torino, Italy, 1989; pp. 143–163. [Google Scholar]

	



Ianus, S.; Visinescu, M. Kaluza-Klein theory with scalar fields and generalized Hopf manifolds. Class. Quantum Gravity 1987, 4, 1317–1325. [Google Scholar] [CrossRef]

	



Ianus, S.; Visinescu, M. Space-time compaction and Riemannian submersions. In The Mathematical Heritage of C.F. Gauss; Rassias, G., Ed.; World Scientific: River Edge, NJ, USA, 1991; pp. 358–371. [Google Scholar]

	



Mustafa, M.T. Applications of harmonic morphisms to gravity. J. Math. Phys. 2000, 41, 6918–6929. [Google Scholar] [CrossRef]

	



Watson, B. G, G’-Riemannian submersions and nonlinear gauge field equations of general relativity. In Global Analysis, Analysis on Manifolds: Dedicated to Marston Morse; Teubner-Texte zur Mathematik; Rassias, T., Ed.; Teubner: Leipzig, Germany, 1983; Volume 57, pp. 324–349. [Google Scholar]

	



Falciteli, M.; Ianus, S.; Pastore, A.M. Riemannian Submersions and Related Topics; World Scientific: River Edge, NJ, USA, 2004. [Google Scholar]

	



Şahin, B. Riemannian Submersions, Riemannian Maps in Hermitian Geometry, and Their Applications; Academic Press: Cambridge, MA, USA; Elsevier: Amsterdam, The Netherlands, 2017. [Google Scholar]

	



Taştan, H.M.; Şahin, B.; Yanan, Ş. Hemi-slant submersions. Mediterr. J. Math. 2016, 13, 2171–2184. [Google Scholar] [CrossRef]

	



Şahin, B. Semi-invariant Riemannian submersions from almost Hermitian manifolds. Canad. Math. Bull. 2011, 56, 173–183. [Google Scholar] [CrossRef]

	



Şahin, B. Anti-invariant Riemannian submersions from almost Hermitian manifolds. Cent. Eur. J. Math. 2010, 3, 437–447. [Google Scholar] [CrossRef]

	



Şahin, B. Slant submersions from almost Hermitian manifolds. Bull. Math. Soc. Sci. Math. Roum. 2011, 1, 93–105. [Google Scholar]

	



Şahin, B. Riemannian submersions from almost Hermitian manifolds. Taiwan. J. Math. 2013, 17, 629–659. [Google Scholar] [CrossRef]

	



Akyol, M.A.; Prasad, R. Semi-Slant ζ⊥—, Hemi-Slant ζ⊥—Riemannian Submersions and Quasi Hemi-Slant Submanifolds. In Contact Geometry of Slant Submanifolds; Chen, B.Y., Shahid, M.H., Al-Solamy, F., Eds.; Springer: Singapore, 2022; pp. 301–332. [Google Scholar]

	



Akyol, M.A.; Gündüzalp, Y. Hemi-slant submersions from almost product Riemannian manifolds. Gulf J. Math. 2016, 4, 15–27. [Google Scholar] [CrossRef]

	



Akyol, M.A.; Şahin, B. Conformal semi-invariant submersions. Commun. Contemp. Math. 2017, 19, 1650011. [Google Scholar] [CrossRef]

	



Aytimur, H.; Özgür, C. Sharp inequalities for anti-invariant Riemannian submersions from Sasakian space forms. J. Geom. Phys. 2021, 166, 104251. [Google Scholar] [CrossRef]

	



Faghfouri, M.; Mashmouli, S. On anti-invariant semi-Riemannian submersions from Lorentzian para-Sasakian manifolds. Filomat 2018, 32, 3465–3478. [Google Scholar] [CrossRef]

	



Gilkey, P.; Itoh, M.; Park, J.H. Anti-invariant Riemannian submersions: A Lie-theoretical approach. Taiwan. J. Math. 2016, 20, 787–800. [Google Scholar] [CrossRef]

	



Kumar, S.; Kumar, S.; Pandey, S.; Prasad, R. Conformal Hemi-Slant Submersions From Almost Hermitian Manifolds. Commun. Korean Math. Soc. 2020, 35, 999–1018. [Google Scholar]

	



Pal, T.; Hui, S.K. Hemi-Slant ξ⊥-Lorentzian Submersions From (LCS)n-Manifolds. Mat. Vesn. 2020, 72, 106–116. [Google Scholar]

	



Chen, B.-Y. A Riemannian invariant for submanifolds in space forms and its applications. In Geometry and Topology of Submanifolds VI; World Scientific Publishing: River Edge, NJ, USA, 1994; pp. 568–578. [Google Scholar]

	



Chen, B.-Y. Some pinching and classification theorems for minimal submanifolds. Arch. Math. 1993, 60, 568–578. [Google Scholar] [CrossRef]

	



Chen, B.-Y. Pseudo-Riemannian Geometry, δ-Invariants and Applications; World Scientific: Hackensack, NJ, USA, 2011. [Google Scholar]

	



Mustafa, A.; Uddin, S. Chen–Ricci inequality for CR-warped products and related open problems. Mediterr. J. Math. 2021, 18, 67. [Google Scholar] [CrossRef]

	



Mustafa, A.; Uddin, S.; Al-Solamy, F.R. Chen–Ricci inequality for warped products in Kenmotsu space forms and its applications. Rev. R. Acad. Cienc. Exactas Fís. Nat. Ser. A Math. 2019, 113, 3585–3602. [Google Scholar] [CrossRef]

	



Poyraz, N.Ö. Chen inequalities on spacelike hypersurfaces of a GRW spacetime. Differ. Geom. Appl. 2022, 81, 101863. [Google Scholar] [CrossRef]

	



Siddiqui, A.N.; Murathan, C.; Siddiqi, M.D. The Chen’s first inequality for submanifolds of statistical warped product manifolds. J. Geom. Phys. 2021, 169, 104344. [Google Scholar] [CrossRef]

	



Uddin, S.; Chen, B.-Y.; Al-Jedani, A.; Alghanemi, A. Bi-warped product submanifolds of nearly Kaehler manifolds. Bull. Malays. Math. Sci. Soc. 2020, 43, 1945–1958. [Google Scholar] [CrossRef]

	



Uddin, S.; Lone, M.S.; Lone, M.A. Chen’s δ-invariants type inequalities for bi-slant submanifolds in generalized Sasakian space forms. J. Geom. Phys. 2021, 161, 104040. [Google Scholar] [CrossRef]

	



Alegre, P.; Chen, B.-Y.; Munteanu, M.I. Riemannian submersions, δ-invariants, and optimal inequality. Ann. Glob. Anal. Geom. 2012, 42, 317–331. [Google Scholar] [CrossRef]

	



Chen, B.-Y. Examples and classification of Riemannian submersions satisfying a basic equality. Bull. Austral. Math. Soc. 2005, 72, 391–402. [Google Scholar] [CrossRef]

	



Gülbahar, M.; Meriç, Ş.; Kılıç, E. Sharp inequalities involving the Ricci curvature for Riemannian submersions. Kragujev. J. Math. 2017, 41, 279–293. [Google Scholar] [CrossRef]

	



Lee, C.W.; Lee, J.W.; Şahin, B.; Vîlcu, G.-E. Optimal inequalities for Riemannian maps and Riemannian submersions involving Casorati curvatures. Ann. Mat. Pura Appl. 2021, 200, 1277–1295. [Google Scholar] [CrossRef]

	



Tripathi, M.M. Chen–Ricci inequality for curvature like tensor and its applications. Differ. Geom. Appl. 2011, 29, 685–692. [Google Scholar] [CrossRef]

	



Watson, B. Almost Hermitian submersions. J. Differ. Geom. 1976, 11, 147–165. [Google Scholar] [CrossRef]

	



Taştan, H.M. On Lagrangian submersions. Hacet. J. Math. Stat. 2014, 43, 993–1000. [Google Scholar] [CrossRef]

	



Şahin, B. On a submersion between Reinhart lightlike manifolds and semi-Riemannian manifolds. Mediterr. J. Math. 2008, 5, 273–284. [Google Scholar] [CrossRef]

	



Gür Mazlum, S.; Şenyurt, S.; Grilli, L. The dual expression of parallel equidistant ruled surfaces in Euclidean 3-space. Symmetry 2022, 14, 1062. [Google Scholar] [CrossRef]

	



Izumiya, S.; Romero Fuster, M.C.; Ruas, M.A.S.; Tari, F. Differential Geometry from Singularity Theory Viewpoint; World Scientific Publishing Co., Pte. Ltd.: Hackensack, NJ, USA, 2016. [Google Scholar]

	



Li, Y.; Şenyurt, S.; Özduran, A.; Canli, D. The characterizations of parallel q-equidistant ruled surfaces. Symmetry 2022, 14, 1879. [Google Scholar] [CrossRef]

	



Saji, K.; Yildirim, H. Legendrian dual surfaces of a spacelike curve in the 3-dimensional lightcone. J. Geom. Phys. 2022, 179, 104593. [Google Scholar] [CrossRef]












	
	
Publisher’s Note: MDPI stays neutral with regard to jurisdictional claims in published maps and institutional affiliations.











© 2022 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access article distributed under the terms and conditions of the Creative Commons Attribution (CC BY) license (https://creativecommons.org/licenses/by/4.0/).






nav.xhtml


  mathematics-10-03993


  
    		
      mathematics-10-03993
    


  




  





media/file0.png





