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Abstract: Fractional diffusion equations have applications in various fields and in this paper we
consider a fractional diffusion equation with a Riemann-Liouville derivative. The main objective is to
investigate the convergence of solutions of the problem when the fractional order tends to 1~. Under
some suitable conditions on the Cauchy data, we prove the convergence results in a reasonable sense.
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1. Introduction

Fractional differential equations arise in models in many fields such as economics,
biology, mechanics, geology, and heat transfer, and usually there are two types of deriva-
tives that are of interest, namely the Caputo and the Riemman-Liouville derivatives. Both
of these derivatives are defined by non-local integrals. Note that the Riemann-Liouville
derivative of a constant is not zero and if an arbitrary function is constant at the origin,
then its fractional derivative has a singularity at the origin, for example, exponential and
Mittag—Leffler functions. However, if we study the initial value problem with the Ca-
puto derivative, we often treat the initial values as normal functions, just like the initial
value problem with the classical derivative. However, when considering a problem with
the Riemman-Liouville derivative its initial value condition usually involves a fractional
integral or a fractional derivative (see [1]). In this paper, we examine:

Dy 1 — uyy = G(x,t), (x,t) € (0,7) x(0,T),
u(0,t) =u(m,t)=0, 0<t<T, 1)
H %o = f(x),

where DS‘_ﬂJ is called the Riemann-Liouville fractional derivative of v with order , 0 < & < 1
and it is defined by

Dg,v(t) = zjt(l“(ll—oc) /Ot(t — r)—ﬂtv(r)dr), ()

d
and D8‘+v(t) =: —o(t) if « = 1. The diffusion equation arises from many diffusion
phenomena that occur in nature (e.g., phase transitions, biochemistry) and equations of
time fractional reactions occur in describing “memory” in physics, for example plasma
turbulence [2], fractal geometry [3,4], and single-molecular protein dynamics [5] (we also
refer the reader to Refs. [6-22]).
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In Ref. [23], the authors focused on:
Dg.u = F(t,u(t)), (x,t) € (0,7)x(0,T),

1—«a T (3)
" u|t:0:)\/ u(t)dt +h, heR,
0

where A > 0 and in [24] the following non-local problem was studied:
D{.u+F(t,v(t) =a, te(0,T),
Do+ F(tu(t) =b, te(0,T),

w(®) =0, u(m) = [ gty @

0

2(0) = 0, o(T) :/(]Tcp(t)v(t)dt,

where 1 < «, 8 < 2. In Ref. [25], the authors studied the existence and continuation of
solutions, and several global existence results were given to a general fractional differential
equation (FDE) with a Riemann-Liouville derivative.

Recently, the authors in Ref. [26] investigated the following nonlinear diffusion
equation with the Riemann-Liouville derivative

Dy, u — uyy = F(x,t,u),

and obtained the existence and regularity of mild solutions using the Banach fixed point
theorem. In Ref. [27], Luc studied the fractional diffusion equation with the Riemann—
Liouville derivative in the form

Dy u — uyxy = F(x,t), (5)

and under some assumptions on the input data, he obtained the wellposedness of prob-
lem (5).

Returning to Problem (1) we see that if f € H*(Q) for any s > 0, Problem (1) has a
unique solution. The solution to the problem depends on the fractional order « and we
denote the solution as u,. The main goal of this paper is to see what happens to 1, when
« — 17, and this question is inherently difficult.

In this paper, we prove for the first time that the solution u, to our problem converges
to the solution of the problem with a classical derivative. Theorem 1 gives a result concern-
ing this convergence in the homogeneous case and Theorem 2 is a convergent result for the
linear inhomogeneous case. The main technique of the paper is to use a Lemma in Ref. [28]
combined with the evaluation in Hilbert scale spaces.

2. Preliminaries

With Q) = (0, 77), note the spectral problem

Aej(x) = —Ajej(x), x€Q,
Ej(X) = O, X € BQ,

with the eigenvalues
0<)L1§/\2§§)\1§ with )\]—>OO fOI‘j—)oo

and the corresponding eigenfunctions e; € H}(Q).
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Definition 1. The Mittag-Leffler function, which is defined by

Y o (€ C)

=) ——,(z€C),

= T(na+p)

fora > 0and p € R. When B =1, it is abbreviated as Ey(z) = Ey1(z).

We note following lemmas (see for example Ref. [2] ).

3 ) Co
Lemma 1 (see Ref. [28]). Let 1 <wa < land « < B < 1. Then there exists a constant C which is
independent of a, B, z such that, for any z < 0,

|Eqp(z) — €| < 1 (1—a). (6)
The proof can be found in Ref. [28].

Lemma 2 (see Ref. [29]). Let 0 < a < 1. Then the function z — Eq . (z) has no negative root.
Moreover, there exists a constant Cy, such that

0 < Ega(—2) < Co

. 7
_1+Z,Z>0 ()

For a positive number r > 0, we define the Hilbert scale space

H"(0, 1) = {f e L%(0,7) 2]27< \/7s1n(]x)>2 < +oo}, (8)

1
R
with the following norm ||u|| g o ) = <2]27< firl= sm(]x)> ) :

Theorem 1. Let the Cauchy data f € H=2(Q) NH—29(Q) NH26(Q) any 0 < e < 1,5 > 0,
0<pBo<1, 3 <<, B,0 < % and 0 < w«. Let uy be the mild solution to Problem (1) and u*
be the mild solution to Problem (1) witha =1, i.e.,
uf —uy, =0, (x,t) €(0,)x(0,7),
u*(0,t) =u*(m,t) =0, tx(0,T), 9)
u*(x,0) = f(x),
Then we get

. CI(a)T* %P
it = sy < (Ty g (1= )

+C(O,1,T)[(1 =) + (T = 1] fllg-2(q

Hs=26(Q2)

T TGl [
" {(1 N “)7 + ((T*>lia - 1)1 ||f”]]—]15+2£(0)/ (10)

where T* = max(T, 1).
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Proof. From the paper Ref. [27], we obtain the representation of the mild solution u,
/Q e (x, t)ej(x)dx = T(a)t* ' Eqn (= 2t*) ( /Qf(x)ej(x)dx). (11)
The mild solution of the classical problem is defined by
/Q u*(x,t)ej(x)dx = exp (— j*t) (/Q f(x)ej(x)dx). (12)
Subtracting both sides of the two equations above we get
/Q(u,x(x,t) —u*(x,t))ej(x)dx = [(a)t*? (E,X,,X(—jzt"‘) - exp (/ f(x )
+F(a)t“*l(exp(—j2t“> exp (/ f(x >
+T(a )(t"‘ 1—1 exp (/f x)e; x)dx>
+ (T~ 1) exp () ( / f(x)e]-(x)dx) (13)

Thus, we get

Uy (x, 1) — ZF t"‘_l(E“,a<—jzt"‘) exp (/f x)e;(x dx)e]()

+;(1’( )eXP (/f x)ej(x dx)eJ()
+;F(¢x)t”‘1(exp( Zt”‘)—exp (/f > ej(x)

= J1(xt) + Ja(x,t) + Ja(x, t) + Ja(x, t). (14)

Step 1. Estimate of ]1. In view of the inequality in Lemma 1, we have for z > 0 that

C

Eua(—2) = exp(=2)| < g (1 - ),
and we find that
Exu (—jzt”‘) - exp( j t“) Siipm (1—uw). (15)
From 0 < B <1, we get
c C i, (16)

<
1+j2t“ - (1 _I_]'thx)ﬁ -
Hence, we obtain the following estimate for 0 < g < 1,
[Eaa(=12") —exp (= /)| < G %1 (1 —a). (17)

This implies that
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160 oy Z]ZSIF P2 (Ewa (—71) = exp(—j (/f x)ej(x dx>
< CPr(a) P02 720 (1 22125 45(/ F(x)ej(x dx) : (18)

Using Parseval’s equality, we have for any 0 < § < 1 that
H]l('/t>||HS(Q) < CT ()t 1P (1 — ) [| £ o (0 (19)

Thus

HhHLl(O,T;HS(Q)) = AT H]l(,t)‘

dt < CT(a)(1— a)| f]

. w20 / #*-1-0Bgt) . (20)

T
Note the integral / t*~1=%8 gt is convergent and
0

/Tt“_l‘“ﬁdt _ T
0 x—afp

Hence, we get that

CF(oc)T"““ﬁ
L1( OTHS(Q)) a—af

Hh

LY e
Step 2. Estimate of J,. In this step (at the end) since § < a we choose 0 < p < 1 so that

u+0 < a. Note

H (. t)‘ ; o ja-1 1’2exp(—2j2t> < /Q f(x)e]-(x)dx>2. (22)

— Z]'ZS
]

We now consider the term [t*~1 —1|. If 0 < t < 1, then we use the inequality
1—e2<Cyzt, 0 <pu <1toobtain

el 1‘ = g1 (1 - tl—“) = 111 — exp(—(1 — a) log(1/1)))
I
< t71C, (1 — a)H <10g(1)> . (23)
In view of the inequality log(z) < z for any z > 1, we have that
1.\H
pl < tTH
(log( ; )) <t H

Therefore, we obtain for the case 0 < t < 1 that

el 1‘ < Cu(1—a)rer 1, (24)
For the case t > 1, we see that

g1 1‘ _ a1 (tl—a . 1) < -1 ((T*)l—a _ 1)/ (25)



Mathematics 2022, 10, 4026 60f 13

where T* = max(T,1). From (24) and (25), we have that
21 1) < gt [c},(1 — ) (T 1}, (26)

forany 0 < u < 1. In view of the inequality e > < Cpz~%, 0 < 6 < 1, one has the following
inequality

exp(—22t) < Cjr 2. 27)

Combining (22), (26), and (27), we deduce that

[ ;IS(Q) < (0, p)P 22 Cu(1 — )Mt 4 (TF) 1 — 1]2
]Z]-zs—w (/(;f(x)ej(x)dx)Z
= C(0, p)2 % {Cy(l — )t 4 ()1 } HfHHs 2(0)- (28)
Thus
[0 g = COMET[@ =4 (T ][l 29

where C(6, u) represents a constant that depends on y, 6. Therefore, we have

1721l 2 0,785 c2y) = /OT Hfz(-/f)

< C(6,u)(1~ tx)VH f| . / ! 10y

1-6
c@m () = 1) | sy () #a). 0
Note (with y chosen so that 8 + y < «)
/t”‘lef‘dt T
a—0—yu
and
/Tt""lf"dt _
0 x—0
The above imply that
HIZHLl(O,T;HS(Q)) <C(O,uT) [(1 — )l (T } Hf‘ B2 (0 (31)

Step 3. Estimate of J3. Using Parseval’s equality, we have

138 () = (T(@) ) Z;ZS exp( ( / flx ) (32)
In view of the inequality e™* < C/gz’ﬁ, we have

exp(—ijt) < Cé TP
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This inequality together with (32) gives

3 )l ) < ‘F("‘) - 1}t_ﬁHf||]H[5—2ﬁ(Q)’ (33)

Thus

A ——

st <T@ = 1| fll s a5 )(/OTrﬁdt). (34)

Since 0 < B < 1, then the proper integral fOT t~Pdt is convergent and

T T1-8
t=Pdt = : 35
J — (35)
Combining (34) and (35), we obtain
T1-F
||]3HL1(O,T;H5(Q)) S |F - 1| HfHHHﬁ(Q)' (36)

Step 4. Estimate of J5. We will choose y = % below. In view of Parseval’s equality, we get

||]4(.,t)||]12{[5(0) = (1"(04))2t2"‘*2 ijs(exp( j t”‘) —exp </ flx dx> . (37)
]

Using the inequality [e™ — e~?| < C¢|a — b|¢, see Refs. [30,31] page 1213, for any
a,b>0,0<e<1 weget

|exp (= 1) —exp (= )] < Ce* |1 — 1] (38)
From (26), we obtain the following inequality
= =l < [C;,(l — )M (T 1]
<G =i (1) 1), (39)
for any 0 < p < 1. Thus, we obtain that
1 — £12 < Cpe) (1 — w)emgeee 4o (7)1 — 1) 2, (40)

From some previous observations, we have

200—2 25 X ) _ ox
t ]ZJ (exp(—7) —exp(- (/f )
C(V/ 8) (1 _ a)ZEyt25a72£}t+2a72 ]2j25+45 (/Q f(x)e]-(x)dx>2

Cly,e) <(T*)1—tx B 1)2£tzgu¢+21x—2 ;jZSHE(/Qf(X)Ej(x)dx)Z_ an)
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We now choose y = %. Using the inequality v/a + b < v/a + V/b for any a,b > 0, we have

Qe Ex

< T(@)Cla,e)(1—a) ZE2 7| fll o

+ () Cae) (T = 1) E Y (42)

H]4('/ t))

He(Q)

The latter estimate implies that

1 Tall 2 0,7 0y = /OT H]‘*("t)‘ HS(Q)dt

<T@)C(@, ) (1= ) % |[f vz /' % ey

+ T () Ca,e) ()1 —1)€||fHHS+2€(Q)(/O a4

We note that the two integrals fOT t7 %14t and fOT te*+a=14t are convergent. Thus, it
follows from (43) that

ae s\ 1— €
H]4||L1(O,T;HS(Q)) S |:(1 - 06)7 + ((T )l f - 1) :| Hf||Hs+2€(Q)l (44)

where the hidden constant depends on a,e. [

Remark 1. Note that the right hand side of (10) goes to 0 when o — 1.

3. Inhomogeneous Case

In this section, we consider the following diffusion equation with the inhomoge-
neous term

D{ u —uye = G(x,t), (x,t) € (0,m)x(0,T),
u=0, (x,t) €9Q x(0,T), (45)
tliauhzo = f(.X)

In order to reduce the calculation duplication process, we take the function f = 0. The
goal of this section is to prove the convergence of the mild solution to problem (45) when
x— 1",

Theorem 2. Let G € L®(0, T; H*T2¢(Q)) N L (0, T; H5~28(Q)) N L™ (0, T, H*=9(Q)), for any
1
e>0,5s>00<p,0<1, 3 << 1,6,0 < %,,B < Etmd() < w. Let u, be the mild solution
of Problem (45) and let u* be the mild solution to the classical problem, i.e.,
uf —uy, = G(x,t), (x,t)€(0,7)x(0,T),
u*=0, (x,t) €00 x(0,T), (46)
u*(x,0) = f(x), xe€Q.

Then we have the following estimate

ua(. t) —u*(,t)]

| AN

(1= )||G| oo 1526 (q2))
€
(=% + ()7 =1)) 6] oo a0

« ™
+\/CaTz 1-a)f + — (T = 1) [[Gll (o rm0(0ry) 47)

Hs (Q)
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Proof. The mild solution u, of Problem (45) is defined by (see Ref. [26])

/Q ug (x, t)ej(x)dx = ./(;t(t —1)* Epa (*jz(f - T’)a) (/Q G(x, r)ej(x)dx) dr. (48)

The mild solution to the classical problem is given by

/Qu*(x, thej(x)dx = /Ot exp(—j*(t — r))(/Q G(x,r)ej(x)dx)dr. (49)

From two above equalities, we get that

:jo_il l/ot(t r)ﬂfl[EMé( (=) )—exp(—jz(t—r))] </ G(x,r)e;(x) >dr} (x)
+§ [ = el =)~ exp(-(e - )] (] Gtereod )dr]e]m
+]§ /Ot (=t —1] exp(—f(t—r))( [ 6txne <>dx>dr]ej(x>
= Hy(x,t) +Hp(x, t) + Ha(x, ). (50)

Step 1. Estimate of Hy. In order to estimate H;, we use the bound (17) and obtain

<Gt —r) (1 —a). (51)

Eua( = 2(t—1)%) —exp(=/(t — 1))

The term H; is bounded by

() i [/ ) [Eaa (=2t 1)) —exp(~ (t—r))] () Glrreixyi )]
i (/ ) 1dr>

M“")M [Eaa (<7t =1)") = exp(- <f—r>>r< JREEHETE >dx> dr, 2)

B 5

\ N

where we have used the Holder inequality. In view of (51), we obtain

||H1HH5(Q (1—a) i (/t r),xfleacﬁ </Q G(x,r)ej(x )dx)zd )

t 2
_ 2 _ \a—1-2ap
(1-a) /0 (t—7) GO e o

t
<(1- a)ZHGHiOO(O,T;HSfZﬁ(Q)) </0 (t— 7)“12“/5517)- (53)

Note
p—2ap

ot
_oa-1-2aB 7. _
/0 (t—r) dr &= 20p’

and we recall that § < % Thus, we can deduce that

(| Hy | (54)

Hs (Q) S (- “)HGHL“(O,T;HS*M(Q)).

Step 2. Estimate of Hp.
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Bl ) =
1
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IN
e

Il
—

]

bt

We will choose y = % below. Using Holder’s inequality, the term H, is bounded by

2 l/ot(t_r)al [exp(—jz(t—f’)“) _exP(_jZ(t—r))] (/Q G(x,r)ej(x )alx)alr}2

P e =ntar)

|:/0t(t_r)o<—1[exp(_]'z(t—r)"‘) _exP(_jz(t_r))r(/O G(x,r)ej(x)dx) dr.

2

(55)

Using (38) and (40) and the inequality (a + b)® < C¢(a® + b®) forany a,b > 0,€ > 0,
we find for any 0 < r < ¢ that

’exP(_]'Z(t—r)“) —exp(_]'Z(t —r))’ < ng2€|(t—r)"‘ —(t—r)f

S 1= )= ) ()= 1) (e,

Now choose y = %. Thus, we see

‘exp( PA(t—r1) )—exp(—jz(f—r))‘2

]48(1 )2]48( r)%e —|—]4€((T*) 1>2£(t _ r)Zas.

This implies that

The right hand side of (55)

o) ijzsﬂe /ot(t )l (/Q G(x,r)ej(x)dx) 2dr

+ ((T* ) Z]ZSHe/ R (/Q G(x,r)ej(x)dx)

Hence, we obtain that

t
2 Q) <(1- a)“s/o (t— r)”‘*H“SHG(.,r)H]iﬂsm(mdr

2¢ ot
+ ((T*)lfa - 1) /0 (t N ;,)uc71+2ocsHG(., V)H]IzﬂHzg(Q)

Note the convergence of the two proper integrals fot (t — r)-lteegy

)*~1+2%4r and we have the following estimate

2 \1— 2¢ 2
I 1 ) S (= @)+ (T = 1)) [ F o e )

Thus, we deduce that

ae 1w €
I e ) S (1= )% + (T = 1) VGl o g 2 )

Step 3. Estimate of Hj.

(56)

(57)

(58)

(59)

and

(60)

(61)
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We will choose u = 5 below and recall § < «. By Parseval’s equality, we obtain that
o 2
2 _ :
S Wi [ [ [0t =1 el =) (] e ) dr]
j=1

(t—r)" L _1ldr
< ([ le=nrea )
{/ [GEo% 1‘eXP(—ZjZ(f—7’))</QG(x,r)ej(x)dx>2dr}

In view of (26) (and choosing i = %) we have for 0 < r < t that

||Mg

’(t —pyel 1‘ <Glt-ni 1 —w)t + (1) = 1) (-, (62)
where C, indicates a constant which depends on a. The inequality (62) implies that

t o t o
/ ’(t —r) o 1‘dr < Cu(1—uw)2 (/ (t— r)Tldr)

0 0

t
#\1—a _ aa—1
+((1) 1)(/0 (t—r)lar).  (©3)

Note
/t(t — ) ldr = %t% /t(t — 1)Ly = 1t”‘
0 a o Coa
Thus, it follows from (63) that

/Ot ‘(t oyl 1(dr < CTH(1—a)? + T; ((T*)l_”‘ - 1). (64)

By applying the inequality e ) < Coj %(t —r)7?% for any 6 > 0, we get the
following estimate:

]21'25 [/Ot [t =1t = 1] exp(—27(t = 1)) (/Q G(x,r)e]-(x)dx> ‘L

g/;‘(t—r) 71)t7r (ZJZS 29(/ xr)ej(x)dx>2)dr

t
< HGHiOO(O,T;HSG(Q))(/O (t*r)“—l—edr%»‘/o (f?’)—edr>/ (65)

where we have used the triangle inequality. Then (recall § < «) from the convergence of
the two proper integrals above, we deduce

2 3 L3 ™ %\ 1— 2
Q) = [szTz(l —a)z+ 7((T ) — 1)] G120, -0 (66)

Combining (54), (61), and (66), we get
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[ual.st) = u*("t)HHS(Q) < |[Ha | m(Q) T HHZHHS(Q) + HH3HHS(Q)

<(1-w) HGHLW(O,T;HS’M(Q))

+ ((1 — (x)%“ + ((T*)P“ - 1)8) ||G||Loo(o,T;Hs+2€(O))

o @ Ta
+ \/C,XTz(l —a)? + 7((T*)1*“ - 1)HGHL°<’(o,7‘,-1&[[s49((2))' (67)
O]

Remark 2. Note the right hand side of (47) tends to zero when a — 17.

4. Conclusions

In this work, the main objective was to investigate the convergence of solutions to the
problem when the fractional order tends to 1~ with the Riemann-Liouville derivative. In
the future, we hope to investigate the convergence towards 1~ with the Caputo derivative,
the Atangana Baleanu Caputo derivative, and some other non-integer order derivatives.
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