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1. Introduction

The fixed point theorems for an operator T : X — X related to altering distances
between points in complete metric space were originally achieved by Delbosco [1], Skof [2],
M.S. Khan, M. Swaleh and S. Sessa [3] by using some suitable distance control function
u: Ry — R4, where Ry is the real interval [0, 00), and contractive conditions of type

H(@d(T(x), T(y))) < a- p(d(x,y)) +b-p(d(x, T(x))) + ¢ p(d(y, W), 0 <a+b+c <1,

or more general

ud(T(x), T(y))) <
a(d(x,y)) - p((d(x,y)) +b(d(x,y)) - {u(d(x, T(x))) + u(d(y, T(y)) 1+
c(d(x,y)) - min{p(x, T(y)), p(y, T(x))},

forallx,y € X, x # yand a,b,c : Ry* — [0,1) being decreasing functions in order that
a(t)+2-b(t) +c(t) <1foreveryt > 0. Also in [4], the authors considered a contractive
condition of type

u(d(T(x), T(y))) < a(d(x,y)) - u(d(x,y)),Yx,y € X,

where & : Ry — [0,1) is the order that limsup,_,, a(s) < 1. Further Akkouchi et al. [5],
Pant et al. [6-8] and Sastry et al. [9] have obtained common fixed point results by altering
the distance between the points of a metric space. Moreover, the fixed point results by
altering distance between the points was extended to the setup of generalized metric
spaces (fuzzy metrics spaces Masmali et al. [10], orthogonal complete metric Gungor [11],
partially ordered metric spaces Gupta et al. [12]) or to cyclic operators, see Khaleel et al. [13].
Recently, Branga and Olaru [14] extended the above results by altering the distance between
two points and considering a contractive condition of type

pd(T(x), T(y))) < n(p(d(x,y))), 1)
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forallx,y € X, x # yand 5 : [0,00) — [0, 00) is a monotone increasing, right continuous
and satisfies #7(t) < t for each t > 0. A survey work on some fixed point theorems by alter-
ing distances between points on a metric space can be found on Jha et al. [15]. Some recent
applications of fixed point theory may be found on Rezapour et al. [16], Zareen et al. [17]
and Turab et al. [18]. Next, our aim is to extend the results from [14] by considering a
contractive condition of type (1), # being a right upper semi-continuous function.

2. Preliminaries

Next, we recall the definitions of the upper semi-continuous and right upper semi-
continuous functions.

Definition 1 ([19]). Let us consider A a subset of R, a € A a point and f : A — R a function.
The following can be affirmed:

(1)  f is upper semicontinuous at a if for every € > 0 there is 6(¢) > 0 in order that
f(x) < f(a) +eforallx € (a—d(e),a+d(e)) NA;

(2)  f is upper semicontinuous if it is upper semicontinuous at every point a € A;
(3) [ is right upper semicontinuous at a if for each € > 0 there is §(¢) > 0 in order that

f(x) < f(a)+eforallx € (a,a+d(e)) NA;
(4)  f is right upper semicontinuous if it is right upper semicontinuous at every point a € A.

Remark 1. Let us consider A a subset of R, a € A a point and f : A — R a function. The
following can be remarked:

(1) if f is right-continuous at a, then f is right upper semi-continuous at a;

(2) if f is right upper semi-continuous at a and f is monotonically increasing, then f is right-
continuous at a;

(3) if f is upper semi-continuous at a, then f is right upper semi-continuous at a.

The following results will be used in order to proof Lemma 2:

Theorem 1 ([19]). Let A be a subset of R, a € A’, (the set of accumulation points of A) and
f+ A — Ra function. Then:

(1)  f is upper semi-continuous at a if and only if

limsup f(x) < f(a);

X—a

(2)  f is right upper semi-continuous at a if and only if

limsup f(x) < f(a).
N\

Theorem 2 ([19]). Let us consider A a subset of R, a € A a point and f : A — R a function.
Then:

(1) f is upper semi-continuous at a if and only if, for each sequence (a,),en C A satisfying
a, — aasn — oo, we have

limsup f(a,) < f(a);

n—oo

(2)  f is right upper semicontinuous at a if and only if, for every sequence (an),en C A satisfying
ay — aasn — oo, a, > aforalln € N, we have

limsup f(a,) < f(a).

n—o0
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Theorem 3 ([19]). If Aisasubset of Rand f : A — Ra function, then f is upper semi-continuous
if and only if the superlevel set Uy (f) := {x € A | f(x) > y} is closed in A for every y € R.

Theorem 4 ([19]). Let (a,),en C R be a sequence and a € R. Then,

limsupa, <a,
n—o0

if and only if there is a number ng € N in order that

a, < aforalln > nyg.

Boyd and Wong [20] extend the contraction principle (the Picard-Banach theorem) in
complete metric spaces.

Theorem 5 ([20]). Let 7 : Ry — Ry be a function fulfilling the statements: 1 is right upper
semicontinuous and n(t) < t forall t > 0. If (X, d) is a complete metric space and T : X — X is
an operator in order that

d(T(x), T(y)) <n(d(x,y)), Vx,y € X,

then T has a unique fixed point x* € X and the sequence T™ (xg) — x* as m — oo, for any
arbitrary point xg € X.

The following result will represent a generalization of the above Boyd’s result and it
will be used in order to prove Lemma 3 and Theorem 8.

Definition 2 ([21]). A function i : RE. — R, k > 1is a comparison function if:

(i) n is increasing with respect to each variable, i.e., the mapping t; — n(ty,--- ,t;,--- ) is
increasing for every i € {1,...,k};

(ii)  the iterates sequence " (t) — 0as n — oo, for every t > 0, where p : Ry — R is defined

by u(t) :==n(t,t, - ,t).

Theorem 6 ([21]). Let us consider (X,d) a complete metric space, i : R, — Ry a comparison
function and T : X — X be an operator in order that

d(T(x), T(y)) < n(d(x,y),d(x, Tx),d(y, Ty),d(x, Ty),d(y, Tx)), Vx,y € X,

T has a unique fixed point x* € X and the sequence T™ (xg) — x* as m — oo, for any arbitrary
point xg € X.

3. Results
Definition 3 ([3]). A function v : Ry — Ry belongs to the class T, if:
(i) -y is continuous;

(ii) -y is monotonically increasing;
(iti) y(t) = 0ifand only ift = 0.

Let us consider (X,d) a metric space. When the metric d is changed by a function
v € T, it can be seen that, in the majority of cases, the application y o d does not keep the
metric properties.

Example 1. Let us considerd : R x R — Ry, d(x,y) = |x —y|and v : Ry — Ry, y(t) = t4.
The following can be affirmed:

(1) ~yeT;

(2) v odisnotametricon X.
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Proof.

(1) TItis obvious that vy verifies the conditions from Definition 3.
(2) Bytakingx = 2,y = 3 and z = 2.1, we observe that the triangle inequality is not
verified for 7y o d, and consequently it is not a metric on R.
O

Lemma 1. Let 7 : Ry — Ry be a function, under the following hypothesis:
(1) s right upper semicontinuous;
(2) #y(t) <tforallt>0.

Then:

11m\41}1f(5 —1(s)) > 0 forevery t > 0.
S

Proof. By using the hypothesis (2), it follows that lim\inf(s —1(s)) > 0 for every t > 0.
SNt
Suppose that there exists ¢y > 0 such that lini itnf(s —1(s)) = 0. Taking into consideration
s \ido

the properties of the limit inferior and limit superior of a function, the fact that 7 is right
upper semi-continuous, applying Theorem 1 (2) and the hypothesis (2), we obtain

to = liminfz(s) < limsupn(s) < n(ty) < to,
sxdo s \ido

which is a contradiction. Consequently, lim\itnf(s —1(s)) > 0foreveryt >0. [
s

Lemma 2. Letbey €I, u: Ry — R defined by:

u(t) = sup{s € Ry | y(s) < n(y(t))}, )

and n : Ry — R a function, under the following hypothesis:
(1) n(0)=0;

(2) 1 is right upper semicontinuous;
(3) #(t) <tforallt>0.
Then:
(i) s well defined;
(i) u(0)=0;
(iii) u(t) <tforallt € Ry;
(@) y(u(t)) < n(y(t)) forall t € Ry;
(v) u(t) <tforallt>0;
(vi) 1 oy is right upper semi-continuous;
(vii) w is right upper semi-continuous.

Proof. (i) Let us consider t € Ry an arbitrary chosen number. We construct the set

Ap:={s € Ry [ 7(s) <n(v(1)}- ®)

As (0) = 0 (in accordance with Definition 3 (iii)) and #(y(¢)) > 0 (7,7 : R4 — Ry),
we obtain y(0) < (7(t)), therefore 0 € Ay, so A; is a non-empty set. The next cases can
be differentiated:

1. t=0

As ¥(0) = 0 (in accordance with Definition 3 (iii)) and #(0) = 0 (by the hypothesis (1))

we obtain #(7(0)) = 0, therefore Ay = {s € Ry | 7¥(s) < 0}. Taking into account

Definition 3 (iii), it is obtained that Ag = {0}. It results in #(0) = sup Ag = sup{0} = 0.
2. t>0:

Select s € A; is an arbitrary chosen element. One has s € R and y(s) < 5((t)). On
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the opposite side, as t > 0, considering Definition 3 (iii), we obtain y(t) > 0. Applying

hypothesis (3), we obtain #(y(t)) < y(t). It results that y(s) < (t). Taking into

account that y is monotonically increasing (using Definition 3 (ii)), it is found that

s < t. Hence, s € [0, t). Considering that we have arbitrary selected s € A, it follows

that Ay C [0, t). As a result, the set A; is bounded from above by t. We conclude that,

there is sup A; < t. Therefore, y(t) := sup A; < t is well defined and we get u(t) < t.

(ii), (iii) follows from (i).

(iv) Let us consider t € R an arbitrary selected element. In accordance with (i), the
set A; is bounded from above by t and (t) := sup Ay. It results that, there is a sequence
(sn)nen C A¢in order thats, — p(t) asn — oo and s, < pu(t) for all n € N. Considering
thats,, € A; forall n € N, it is concluded that

Y(sn) < n(y(t)) foralln € N.

On the opposite side, as v is continuous (using Definition 3 (i)), we obtain y(s,) —
y(u(t)) as n — oo. Hence, from the previous inequality, we conclude that (p(t)) <
n(v(1).

Specifically, u(t) € Ay and Ay C [0, u(t)]. Select s € [0, u(t)]. We obtain s < p(t), and
taking into account that vy is monotonically increasing (in accordance with Definition 3 (ii)),
it follows that y(s) < y(u(t)). Hence, v(s) < 5(7y(t)),i.e., s € As. Asaresult, Ay = [0, u(t)].

(v) From (iii), we obtain u(t) < t for all t € R;. Assume that there is t > 0 in
order that u(t) = t. Applying (iv) we obtain y(t) < 5(y(t)). On the other side, t > 0
implies y(t) > 0 (in accordance with to Definition 3 (iii)) and applying hypothesis (3) we
obtain 7(y(t)) < 7(t). It results that y(t) < (), which contradicts the initial assumption.
Therefore, j(t) < t forall t > 0.

(vi) Asy,v : Ry — Ry wededuceyoy : Ry — Ry. Lett € Ry be an arbitrary
point. We consider an arbitrary sequence (t,),eny € Ry satisfying t, — tasn — oo,
tp, > t for all n € N. Since 7 is continuous (in accordance with Definition 3 (i)), we obtain
v(tn) — (t) as n — oo. Because 7 is monotonically increasing (by Definition 3 (ii)),
we find that y(t,) > (t) for all n € N. Therefore, the sequence (y(t4)),en € Ry has
the following properties: y(t,) — ¥(t) asn — oo, y(t,) > (t) forall » € N. On the
other hand, 7 is right upper semi-continuous, hence it is right upper semi-continuous at
7(t) € Ry. Applying Theorem 2 (2), it follows that limsup 77(7y(t,)) < n(y(¢)), i.e.,

n—o0

limsup(i7 o 7)(tn) < (170 7)(8)- )

Since the sequence (t,),en € Ry satisfying t, — tasn — oo, t, > tforalln € N, was
chosen arbitrarily, from the inequality (4), by using Theorem 2 (2), it results that o 7y is
right upper semi-continuous at t € R. Because the point ¢ € R was arbitrarily selected,
we deduce that 7 o 1y is right upper semi-continuous.

(vii) Let t € R} be an arbitrary point. We consider an arbitrary sequence (t,),en € R4
satisfying t, — tasn — oo, t, > t for all n € N. Since vy is continuous (in accordance with
Definition 3 (i)), we obtain y(t,) — (t) as n — oco. Because 7 is monotonically increasing
(by Definition 3 (ii)), we find that y(t,) > (¢) for all n € N. Therefore, the sequence
(7(tn))nen € Ry has the following properties: y(t,) — v (t) asn — oo, y(t,) > (t) for
all n € N. On the other hand, # is right upper semi-continuous, hence it is right upper
semi-continuous at y(t) € R. Applying Theorem 2 (2), it follows that

limsup 7 (y(£)) < 7(y(8))- ®)

n—o0

Taking into account Theorem 4, from the relation (5) we deduce that there exists a
number 1y € N such that

1(v(£a)) < n(y(8)) forall n > no. (6)
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From the relation (6) we obtain

{s € Ry [7v(s) <n(v(tn))} S {s € Ry | r(s) <m(y(£))} forall n > ny,

hence

sup{s € By | 7(s) < n(y(ta))} < sup{s € Ry | 7(s) < n(y(t))} forall n > no,

and considering the definition of the function y (the relation (2)) we find
u(ty) < u(t) for all n > ny. (7)
Using Theorem 4, the inequality (7) implies

limsup p(t,) < u(t). (8)

n—oo

Since the sequence (t,),en € Ry satisfying t, — tasn — oo, t, > tforalln € N, was
chosen arbitrarily, from the inequality (8), by using Theorem 2 (2), it results that y is right
upper semi-continuous at t € R . Because the point t € R was arbitrarily selected, we
deduce that y is right upper semi-continuous. [

Lemma 3. Let 17 : RS — R be a function under the following hypothesis:
(1) t—n(ttttt) € Ry isincreasing and right upper semi-continuous;

(2) n(t,to s, by, t5) < max{ty, by, ta, by, t5}, for all (b1, b, t3, 1, t5) € R\ {(0,0,0,0,0)};
(3) 1 is increasing with respect to each variable

and a function vy € «y. We define the functions p : RS, — Ry and a : Ry — Ry by

u(ty, to, b3, by, t5) = sup{s € Ry | y(s) < n(v(t1), v(t2), v(t3), v(ta), v(ts))} 9

and
w(t) == pu(t, t,t,4,1). (10)
Then, the following statements are true:

(i) piswell defined and increasing with respect to each variable;

(i)  w is well defined and increasing;

(iii) w(t) < tforallt > 0;

(iv) w is right upper semicontinuous;

(v) forevery t > O, the iterates sequence {a" (t) },en converges to zero as n — oo;
(vi) u is a comparison function.

Proof.

(i) Forevery (f1,t,t3,ts,t5) € Ri we define the set

Aty popatats) = 18 € Ry [7(s) <mpy(tr),v(t2), v(t3), v(ta), v(t5)) ). (11)
Since v(0) = 0and n(y(t1),v(t2), v(t3), v(ts), ¥(t5)) € Ry, we obtain that

Y(0) < n(y(tr), v(t2), ¥(t3), v (ts), ¥(ts5)),

hence 0 € Ay, 4, 5 1, 15) and thus A, 4, 44, 1) is a non-empty set. On the other hand
the hypothesis (1) leads us to the fact that « is increasing on R and taking into
account that «(Ry) C Ry one has «(0) = 1(0,0,0,0,0) = 0. Further, let us consider

(t1,t2,t3,ta, t5) € R Then, for every s € Aty ot 4 5) WE have

Y(s) < n(v(tr), v(t2), v(t3), v(ts), v(ts)) < max{y(t1),v(t2), v(t3), v(ts), 7(ts5) }.
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Therefore, there exists iy € {1,2,3,4,5} such thats < t; < max{ty,t,13,t4,t5}. Thus,

A(t1,l‘z,t3,t4,t5) c [0/ max{tlz ty, t3, tg, t5})
and consequently
u(ty, to, t3,t4,t5) < max{ty, tp, t3, ty, t5}.
From here, we find that «(t) < f for each t > 0. Finally, by using the hypothesis (3) and

definition of A, 4, 1. 1, +5), We find that y is increasing with respect to each variable.

(ii) It follows from (i).
(iii) Let us assume that there is f; > 0 in order that

tg = D((to) = ]/l(f(), to, to, to, fo) =sup A(to/toztorto/to)'

Then, there exists a sequence {sy }nen C A4 1,t,t0,1o) Such that s, a(ty) as n — co.
Therefore, for all n € N, we have that y(s,) < n(v(to), v(to), v(to0), v(to), v(to)) and
taking into consideration that <y is continuous, we find that

Y(to) = y(a(to)) < n(v(to), v(to), ¥(to), v(to), ¥(ta)) < ¥(to),

which is a contradiction.
(iv) Let us consider t € Ry and {f;},en C Ry such thatt, ~\, t as n — oco. Then
¥(tn) \¢ 7(t) as n — oo and by considering the hypothesis (1) we find that

limsup 17((tn), v(tn), v (tn), v (tn), ¥ (En)) < (v (8), v (), v (2), v (t), ().

n—oo

From here, by using Theorem 4, we deduce that there exists a number 1y € N such that

7y (tn), v (En), v (), v(tn), v (Bn)) < (v (), v (), v (E), v (£), ¥(t))

for all n > ny. Hence,
A(tn,tn/tnrtn,tn) g A(f,l‘,f,f,t)’

which implies that
w(tn) = p(tn, tu, tu, tn, tn) < plt, b 48 1) = a(t),
for all n > ng. By passing to the limit as n — co one has that

limsup a(t,) < a(t),
n—oo
i.e., that a is right upper semi-continuous on R, .
(v) From (ii) and (iii), we obtain

0 < o™ l(1) < a(t) < a(t),

for all t > 0. Then, there is I > 0 in order that a”(t) N\, as n — oo. If | > 0, then from
(iii) and (iv), we find that ! = a(I) < I, which is a contradiction. Thus, I = 0.
(vi) By taking into consideration (i) and (v), we find that the function p fulfills the Defini-
tion 2 i.e., it is a comparison function.
O

Example 2. Let us consider 17 : R — R defined:

= te[0,1]
1) = t+17 ’
n(t) { ﬁ, t e (1,00).

Then,
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(i) n verifies the condition of Lemma 2;
(i) 1 is not right continuous at t = 1;
(iii) for every a € (0,1) there exists tg > 0 such that « - tg < 1(tg).

Proof.

(i) Itis obvious that#(0) = 0and #(t) < t for each t > 0. On the other hand, we observe
that for every ¢ > 0 we have 7(t) < #(1) + ¢ for each t € (1,00). Thus, 7 is right
upper semicontinuous.

(i) Since }{I} n(t) =1 # 1 =n(1), it follows that 7 is not right continuous at = 1.

(iti) Let us consider & € (0,1). We distinguish the following cases:

Casel: o > % Then, there exists 0 < tg < % < 1such that«a -ty < 7(tp).

Case2: o < % Then, there exists 1 < ty < 12;;‘ such that a - tg < 17(to).
Case 3: % < a < 1. Then, there exists 1 < to such that a - to < (to).

O

We aim to analyze the existence and uniqueness of fixed points for operators described
on spaces endowed with such altering metrics. In the following part, we set up some fixed
point results on spaces with altering metrics.

Theorem 7. Let vy € I'and yy : Ry — R be such that:

(1) n(0)=0;
(2) 1 is right upper semi-continuous;
(3) #(t) <tforallt>0.

If (X, d) is a complete metric space and T : X — X is an operator such that:

Y(d(T(x), T(y))) < n(v(d(x,y))), YVx,y € X, (12)

then the following statements are true:

(i) u(0) = 0, p is right upper semi-continuous and u(t) < t for all t > 0, where the function
u: Ry — Ry is defined by the relation (2);
(i) T wverifies the inequality

d(T(x), T(y)) < u(d(x,y)), Vx,y € X. (13)

(iti) T has a unique fixed point x* € X and the sequence T™(xy) — x* as m — oo, for any
arbitrary point xg € X.

Proof.

(i) We notice that the functions #, v satisfy the hypotheses of Lemma 2. It results that,
we can take into consideration the function u : R — R defined by the relation (2),
which has the properties: #(0) = 0 (by Lemma 2 (ii)), ¢ is right upper semicontinuous
(in accordance with Lemma 2 (vii)) and u(t) < t for all t > 0 (by Lemma 2 (v)).

(ii) Letx,y € X be arbitrary elements. Considering that the operator T : X — X fulfills
the inequality (12), we obtain

d(T(x), T(y)) € {s € Ry | 7(s) < y(v(d(x,¥)))},

hence,

d(T(x), T(y)) < sup{s € Ry | v(s) <n(y(d(x,y)))} = u(d(x,y)).

As the elements x, y € X are chosen arbitrarily, from the previous relation we deduce
that T verifies the inequality (13).

(iii) p:R4 — Ry isright upper semi-continuous (by (i), #(t) < t for all t > 0 (from (i)),
(X, d) is a complete metric space (in accordance with the hypothesis) and T : X — X
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is an operator verifying the inequality (13) (by (ii)). Applying Theorem 5, we find that
T has a unique fixed point x* € X and the sequence T"(xy) — x* as m — oo, for any
arbitrary point xg € X.

O

Theorem 8. Let us consider 7 : RS, — R, v € T under hypothesis of Lemma 3, (X, d) a complete
metric space and T : X — X an operator such that:

v(d(T(x), T(y))) <n(r(d(xy)), v(d(x, T(x))), vy, T(y))), v(d(x T(y))), (d(y, T(x)))),

Vx,y € X. Then:
(i) T wverifies the inequality

d(T(x), T(y)) < p(d(x,y),d(x, T(x)),d(y, T(y)),d(x, T(y)),d(y, T(x))), Vx,y € X,

where the function y : Ry — R is defined by the relation (9) from Lemma 3.
(i) T has a unique fixed point x* € X and the sequence T™(xy) — x* as m — oo, for any
arbitrary point xg € X.

Proof.

(i) Letx,y € X be arbitrary elements. Then, for all x,y € X we have that

d(T(x),T(y)) €
{seRy | v(s) < n(v(d(x,y)), v(d(x, T(x))),v(d(y, T(y))), y(d(x, T(y))), y(d(y, T(x))))},

hence,

d(T(x), T(y)) <
sup{s € Ry [ 7(s) < n(v(d(x,y)),v(d(x, T(x))), v(d(y, T(y))), v(d(x,T(y))), v(d(y, T(x))))}
= u(d(x,y),d(x, T(x)),d(y, T(y)),d(x, T(y)),d(y, T(x))).

(i) From Lemma 3 (vi), we have that y defined by Equation (9) is a comparison function.
Now, the conclusion follows by taking into account (i) and by applying Theorem 6 to
operator T.

O

Corollary 1. Let (X,d) be a complete metric space v € T, a,b,c € Ry, a+b+c < 1and
T : X — X be an operator such that:

Y(d(T(x), T(y))) <a-v(d(x,y)) +b-v(d(x,T(x))) +c-v(dy, T(y))),

forall x,y € X. Then, T has a unique fixed point x* € X and the sequence T™(x9) — x* as
m — oo, for any arbitrary point xy € X.

Proof. Let us consider 77 : R,°> — R defined by
n(t, b, ta, ta,ts) =a-ty+b-tr+c-ta

We remark that 7 fulfills the conditions from Theorem 8 and the conclusion follows
fromit. O

Corollary 2. Let (X,d) be a complete metric space, v € T, a,b,c : Ry \ {0} — Ry and
T : X — X be an operator such that:

(1) a,b,careincreasing;

(2) a(t)+2-b(t) +c(t) <1foreveryt > 0;

(3)  the function t — a(t) +2 - b(t) + c(t) € Ry is right upper semi-continuous;
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(4) forallx,y € X, x # y we have:
7(d(T(x), T(y))) <

a(d(x,y)) - v(d(x,y)) + b(d(x,y)) - {r(d(x, T(x))) + v(d(y, T(y))) }+
c(d(x,y)) - min{y(d(x, T(y))), v(d(y, T(x)))}-

Then, T has a unique fixed point x* € X and the sequence T™ (xo) — x* as m — co, for any
arbitrary point xg € X.

Proof. Let us consider  : ]R+5 — R described by:
n(t,to, 3, ta,t5) = a(ty) - t1 +b(t1) - (b2 +t3) + c(t1) - min{ty, t5}.

We remark that 7 fulfills the conditions from Theorem 8 and the conclusion follows
fromit. O

Further, Theorem 7 will be applied to continuous data dependence of the fixed points
of Picard operators defined on spaces with altering metrics.

Let us consider a function p : Ry — R satisfying the conditions: y(0) = 0, p is right
upper semi-continuous and y(t) < t for all t > 0. According with [21], if

s —p(s) — o0ass — oo, (14)
we can define the function
0y : Ry — Ry, 0,(t) =sup{s € Ry |s—pu(s) < t}. (15)

We notice that 0, is monotonically increasing and 6, (t) — 0 as t — 0. The function 6,,
appears when we analyze the data dependence of the fixed points.

Theorem 9. Let v € T'and n : Ry — Ry under the following hypothesis:

(1) n(0)=0;
(2) 1 is right upper semi-continuous;
(3) n(t) <tforallt>0.

If (X, d) is a complete metric space and T : X — X is an operator such that:

r(d(T(x), T(y))) < n(v(d(xy))), Vxy € X, (16)

then the statements are true:

(i) T has a unique fixed point x* € X;

(i) d(x,x*) <6,(d(x,T(x))), Vx € X;

(iii) if {Yn}nen is a sequence in X such that d(y,, T(y»)) — 0asn — oo then y, — x* as
n — oo, i.e., T has the Ostrowski property;

(iv) if the function u : Ry — R described by the relation (2) satisfies the hypothesis (14) and
U : X — X is an operator verifying the conditions:

(a) Fy, the fixed point set of operator U is not empty,
(b) thereisn > 0in order that d(U(x), T(x)) <15, Vx € X,

then d(y*, x*) < 6,(17), Vy* € Fy.

Proof. We notice that the hypotheses of Theorem 7 are satisfied.

(i) Applying Theorem 7 (iii), we obtain that T has a unique fixed point x* € X.
(ii) By using Theorem 7 (ii), we obtain that T verifies the inequality

d(T(x), T(y)) < p(d(x,y)), Vx,y € X.
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Let us consider x € X an arbitrary selected element. Taking into account the properties
of the metric d and the previous inequality we obtain

d(x,x*) <d(x,T(x)) +d(T(x),x")

— d(x, T(x)) + d(T(x), T(x")) < d(x, T(x)) + p(d(x, ")),

hence,

d(x, x%) — p(d(x, x%)) < d(x, T(x)),

thus,
dx,x*) e {seRy | s—pu(s) <d(x,T(x))}.

Considering the definition of the function 6, (by relation (15)), from the previous
relation we deduce

d(x,x*) <sup{s € Ry [s—p(s) <d(x,T(x))} = 0,(d(x,T(x))).

(iii) Let us consider {y, },en a sequence in X such that d(y,, f (yn)) — 0as n — co. Taking
into account (ii) one has d(y,, x*) < 0,(d(yn, f(yn))) — 0asn — co and thus y,, — x*
asn — oo.

(iv) Let us consider y* € Fj an arbitrary-selected fixed point of the operator U. From (ii),
using the condition (b) and the fact that 6, is monotonically increasing, it results that

- d(y*,x7) < 0u(d(y™, T(y"))) = 6u(d(U ("), T(y"))) < 0u()-

The following examples represent applications of our main results (Theorems 7 and 8)
to the existence and uniqueness of fixed point for certain operators.

Example 3. Let us consider v, : Ry — R defined as in Example 1, respectively, Example 2
and the integral equation

t
x(t) = /K(t,s,x(s))ds+g(t), telo1], (17)
0

under the following conditions:
(Hp)K € C([0,1] x [0,1] xR, R), g € C(]0,1],R);
(Hy) |K(t,s,u) — K(t,5,0)|* < y(ju—o|*) forallt,s € [0,1] and u,v € R.
Then, the Equation (17) has a unique solution in C([0, 1], R) (the class of continuous functions
x:1[0,1] = R).

Proof. Let us consider C([0,1], R) endowed with ||x||« = sup |x(t)|, and let
te[0,1]

T:C([0,1],R) — C([0,1],R),
defined by

t
Tx(t) = /K(t,s,x(s))ds+g(t).
0

Then, for each x,y € C([0,1],R) and € [0, 1], we have

y(ITx(t) = Ty(1)]) = |Tx(t) — Ty()[* <
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t t

(] IKtts.x()) —K(t,s,y(s))|ds)4 < [IK(t5.x(5)) = K(t5,y(s))*ds <

0 0
/ﬂ(IX(S) = y(s)[M)ds < y(llx = ylIz) = n(r(llx = ylleo))-
0

Since 7 is increasing, we find that y(||Tx — Ty||«) < 17(7(]|]x — y||«)) for each x,y €
C([0,1], R) The conclusion now follows from Theorem 7 applied to operator T. [

Example 4. Let us consider
(@) X=1{1,2,3,4}andd: X x X — R described by:

d(1,1) =d(2,2) = d(3,3) = d(4,4) =0,

d(1,2) =d(2,1) = ,d(1,4) =d(4,1) =

QN W~

NN
N =

,d(1,3) = d(3,1) =

S

d(2,3) = d(3,2) =

NN

,d(2,4) =d(4,2) =1, d(3,4) = d(4,3) =

(b) T:X — Xdescribed by:

Then, T has a unique fixed point.

Proof. It results from Corollary 1 applied for v : Ry — R, y(t) = t> and 7 : R,° = Ry,
n(tutats tyts) =5 h+3 bty ts O

4. Conclusions

In this paper, we have extended the results from [14] by considering for an operator
T : X — X a general contractive condition. First, we proved that for a given control
function v : Ry — R and a contractive condition of type

v(d(T(x), T(y))) < n(r(d(x,y))),Vx,y € X,

we can build a function y : Ry — R such that

d(T(x), T(y)) < p(d(x,y)), Vx,y € X.

Further, we built Example 2, where we gave an example of function# : Ry — R,
which satisfies Lemma 2, but does not satisfy the setup from [14]. Next, we provided an
existence and uniqueness result and a data dependence result for fixed point of operator T
and we showed additionally that it has the Ostrowski property. The paper is completed by
Example 3 as an application of Theorem 7 to an integral equation. Next, we considered a
more general contractive condition of type

Y(d(T(x), T(y))) < n(v(d(x,y)), v(d(x, T(x))), v(d(y, T(y))), v(d(x, T(y))), v(d(y, T(x)))),

Vx,y € X. Corollary 1 showed us that Theorem 1 from [3] is obtained as a particular
case of Theorem 8, and additionally we obtained in Corollary 2 a similar result as in
Theorem 2 from [3], but imposing different condition to the functions a, b, c. Moreover, for
v(t) = t in Theorem 7 we get Theorem 5. As future research direction we would like to
point the following ones:

*  To extend the main results to common fixed point theory;
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* To generalize the above results to the setup of general metric spaces, e.g., fuzzy,
orthogonal or partially ordered metric spaces.
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