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Abstract: We review recent studies about anisotropic flows (v1, v2, v3) of charmonium in the quark-
gluon plasma produced in relativistic heavy-ion collisions. Collective flows of the bulk medium are
developed due to the anisotropic pressure gradient of the medium. Strongly coupled with the bulk
medium, charm quarks carry collective flows from the expanding medium, which will be inherited by
the regenerated charmonium via the coalescence process. In event-by-event collisions where nucleon
positions fluctuate from the smooth distribution, there is triangularity in the medium initial energy
density. Triangular flows of the bulk medium and heavy flavor particles can be developed due to the
initial fluctuations. In the longitudinal direction, the rapidity-odd distribution of the initial energy
density is induced by the rotation of the medium in non-central heavy-ion collisions. Charmonium
suffers biased dissociation along positive and negative x-directions in forward (backward) rapidity.
The directed flow of charmonium becomes non-zero. The directed, elliptic and triangular flows
(v1, v2, v3) of charmonium come from the anisotropic initial distributions of the medium energy
density in the transverse and longitudinal directions.
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1. Introduction

In the relativistic heavy-ion collisions, an extremely hot deconfined medium consisting
of quarks and gluons, also called “quark-gluon plasma” (QGP), is believed to be generated
in the collision area [1]. Studying the signals and the properties of the deconfined matter,
which is similar to the state of our early universe, is one of the important tasks in relativistic
heavy-ion collisions. Deconfined matter is created when the energy density is above a
critical value ∼1 GeV/fm3 [2]. Then, the hot medium expands outside violently due to a
large gradient of the energy density and turns into a hadronic medium with a first-order
or crossover phase transition when the temperature drops below a critical temperature
Tc [3]. The anisotropy of the energy density profile is transformed into the anisotropy of
the azimuthal distribution of light hadrons [4]. Based on the theoretical and experimental
studies about the anisotropic flows of light hadrons [5–8], QGP turns out to be nearly a
perfect fluid with a small ratio of shear viscosity over entropy density η/s. Heavy quarks
and quarkonium, which are produced at the beginning of nuclear collisions, have been
suggested to be a clean probe of an early stage of the medium [9]. Compared with light
hadrons, which are usually produced at the hadronization hypersurface, heavy quarkonium
is more sensitive to the initial profiles of the hot medium. The color-screening effect and
random scatterings with thermal partons dissociate heavy quarkonium states in the hot
medium. It suppresses the nuclear modification factor RAA, which is defined as the ratio
of the quarkonium production in AA collisions and the production in proton-proton (pp)
collisions scaled by the number of binary collisions Ncoll [10–21]. The suppression of RAA
is proportional to the cold and hot nuclear matter effects, which have been observed in the
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experiments at the Super Proton Synchrotron (SPS) [22], the Relativistic Heavy-Ion Collider
(RHIC) [23] and the Large Hadron Collider (LHC) [24,25].

The charmonium nuclear modification factor is enhanced in AA collisions at the
LHC energies, where the medium temperatures are higher than the situation at RHIC
energies. The increase in charmonium RAA at LHC energies is suggested to come from
the coalescence of charm and anti-charm quarks in the QGP [26–32]. This coalescence
contribution is proportional to the square of charm pair numbers Ncc̄ in the medium
and is significantly enhanced when Ncc̄ becomes large. At LHC collision energies, Ncc̄ is
much larger than the value at RHIC and SPS energies. The pT spectrum of regenerated
charmonium depends on the distribution of charm quarks in phase space. In the expanding
QGP, charm quarks are strongly coupled with the medium to dump energy and carry
collective flows in the medium [33–39]. Heavy quark energy loss is determined by the
coupling strength between heavy quarks and the medium. With stronger coupling strength,
heavy quarks tend to reach momentum thermalization and diffuse into a larger volume
with the expanding medium. Therefore, the regenerated charmonium from the kinetically
thermalized charm quarks are mainly distributed at the low pT region [40]. Charm spatial
diffusions with the expanding medium reduce the probability of their coalescence into
a charmonium-bound state. At the LHC energies, where the regeneration mechanism
dominates charmonium production, charmonium’s final distribution is closely connected
with the dynamical evolutions of charm quarks in the medium.

In this manuscript, we review the recent studies about the effects of charm quark
diffusions on the charmonium collective flows. To describe the dynamical evolutions
of charm quarks and charmonium, the Boltzmann-type transport model [12] and the
Langevin-plus-coalescence model [41] will be introduced. In the expanding medium, the
diffusion of charm quarks reduces the spatial densities of charm quarks and suppresses the
coalescence probability per one c and c̄. In semi-central collisions, the elliptic flows of the
medium are developed. Additional triangular flows are also observed, which is induced
by the fluctuations in the distribution of initial energy density. The rotation of the hot
medium also results in the rapidity-odd distribution of the medium along the longitudinal
direction. Charmonium suffers from biased dissociation along the positive and negative
x−directions in the tilted medium. The directed flow of charmonium is non-zero in forward
(backward) rapidities. All of charmonium anisotropic flows in AA collisions are due to
the anisotropic initial distribution of the medium energy density in the transverse and
longitudinal directions, as well as the charm quark diffusions in the medium.

2. Charm Thermalization and Charmonium Regeneration
2.1. Charm Quark Evolution

As heavy quarks are stongly coupled with the quark-gluon plasma, they suffer sig-
nificant energy loss and carry collective flows in the medium. Large collective flows of
D-mesons have been observed in experiments where D-mesons are close to kinetic equi-
librium when they move out of the medium. The dynamical evolutions of charm quarks
in QGP and D-mesons in hadronic gas are regarded as Brownian motion. Heavy quarks
lose energy via random scatterings with thermal partons and the gluon radiation induced
by the medium. Including both hot medium effects, the time evolution of heavy quark
momentum is described with the Langevin equation [42],

dp
dt

= −ηp + ξ + fg, (1)

where p is the three-dimensional momentum of heavy quarks. The drag coefficient de-
pends on the medium temperature T and the momentum η = κ/(2TE) with the definition
of the energy E =

√
m2

c + |p|2. Charm quark mass is taken as mc = 1.5 GeV [41]. The
dynamical evolutions of the medium local temperatures T(x, t) will be given by the hy-
drodynamic model. The momentum diffusion coefficient κ is connected with the spatial
diffusion coefficient Ds via the relation κ = 2T2/Ds. From theoretical and experimental
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studies about the elliptic flows and nuclear modification factors of D-mesons in nuclear
collisions, the value of Ds(2πT) is estimated to be 5 ≤ Ds(2πT) ≤ 7 with weak depen-
dence on temperature [43,44]. It becomes larger in the hadronic medium due to a weaker
coupling strength.

In the noise term ξ, the correlation between random scatterings at different time steps
have been neglected, and ξ is approximated to be a white noise satisfying the relation

〈ξ i(t)ξ j(t′)〉 = κδijδ(t− t′), (2)

where the momentum dependence has been neglected in ξ. Three directions are represented
by the index, i, j = (1, 2, 3). t and t′ are the time points of the evolution.

In the third term, the gluon radiation induced by the medium is represented by the
term fg = −dpg/dt, which contributes a recoil force on heavy quarks. pg is the three-
dimensional momentum of an emitted gluon. Neglect the contribution from subsequent
gluon emissions; in each time step ∆t, the number of emitted gluons 〈Ng〉 in the time period
t ∼ t + ∆t is calculated with the formula [42]

Prad(t, ∆t) = 〈Ng(t, ∆t)〉 = ∆t
∫

dxdk2
T

dNg

dxdk2
Tdt

, (3)

where the spectrum of emitted gluons are taken from Refs. [45,46]. When the time period
∆t is small enough, the number of emitted gluons 〈Ng〉 is always smaller than the unit, and
the value of Prad can be interpreted as the probability of emitting one gluon. x = Eg/E is
the ratio of emitted gluons and the heavy quark energies. kT is the transverse momentum of
the emitted gluons. The radiation term dominates the energy loss of heavy quarks at high
pT region, while at low pT regions, heavy quark energy loss is dominated by the first two
terms on the right-hand side of Equation (1). In this work, we focus on the regeneration of
charmonium via the coalescence of charm and anti-charm quarks, where most regenerated
charmonium is located at low pT bins.

The initial momentum distribution of heavy quarks can be calculated with the per-
turbative QCD model, such as the PYTHIA and FONLL model [47]. The initial spatial
distribution of heavy quarks is proportional to the product of two thickness functions,
dNcc̄/dxT = σcc̄

ppTA(xT − b/2)TB(xT + b/2). σcc̄
pp is the production cross-section of charm

pairs in proton-proton collisions. TA(B) =
∫

dzρA(B)(xT , z) is the thickness function defined
as the integration of the nucleon density over the longitudinal direction. When heavy
quarks move in the medium according to the Langevin equation, their positions are up-
dated at each time step, x(t + ∆t) = x(t) + p/E · ∆t. The charm quark mass is larger than
the medium temperature. The thermal production of charm pairs can be neglected, and the
total number of charm pairs are conserved when they undergo Brownian motion in the
medium. Heavy quarks carry the information of the initial stage of the hot medium.

2.2. Hot Medium Evolution

To explain the large collective flows of light hadrons in experiments, the QGP medium
is suggested to be a nearly perfect fluid. The dynamical evolution of the medium temper-
atures and the velocities are well described in the hydrodynamic models. The equation
of state (EoS) of the QGP and hadronic medium are taken from lattice QCD calculations
and the Hadron resonance gas model, respectively [48]. In Figure 1, time evolution of
the temperatures at the center of the medium are given by a MUSIC calculation [49]. The
collision energy is taken as

√
sNN = 5.02 TeV. The initial energy density profile is given by

the Glauber model, where the maximum initial temperature is determined with the hadron
multiplicity observed in heavy-ion collisions. The evolution of the temperature stops when
it decreases to a kinetic freeze-out temperature ∼0.12 GeV.
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Figure 1. The time evolution of the local temperature at the center of the medium in the central
rapidity in

√
sNN = 5.02 TeV Pb-Pb collisions. The collision centrality is chosen as 0–20%, 20–40%,

40–60% and 60–80%. This temperature evolution is calculated with a MUSIC calculation. This figure
is cited from Ref. [41].

3. Charmonium Thermal Production
3.1. Diffusion of Charm Quarks

With multiple charm quarks undergoing Brownian motion in the medium, uncorre-
lated c and c̄, which are usually from different cc̄ pairs, may collide with each other to
form a new charmonium state. At low temperatures close to Tc, heavy quark potential
is partially restored, so the newly formed charmonium state may survive from the hot
medium. At LHC energies, where the number of charm pairs is large, the coalescence of
c and c̄ even dominates the final production of J/ψ and ψ(2S) in Pb-Pb collisions. The
coalescence probability between one random c and c̄ quarks is written as

〈Pcc̄→ψ(xM, pM)〉events = gM

∫
dx1dx2

dp1

(2π)3
dp2

(2π)3
d2Nnorm

1
dx1dp1

d2Nnorm
2

dx2dp2
W(xr, qr)

× δ(3)(pM − p1 − p2)δ
(3)(xM −

x1 + x2

2
), (4)

where x1,2 and p1,2 are the positions and momentum of c and c̄ quarks. d2 Nnorm
1

dx1dp1
is the

normalized distribution of one charm in phase space. The delta function ensures the
momentum conservation in the reaction c + c̄→ ψ + g, where the gluon momentum has
been neglected for simplicity, xM = (x1 + x2)/2 and pM = p1 + p2 are the position and
momentum of the formed meson. The degeneracy factor gM = 1/12 is from the color and
spin degrees of freedom. The Wigner function W is the Weyl transform of the charmonium
wave function,

W(r, q) =
∫

d3ye−iq·yψ
(

r +
y
2

)
ψ∗
(

r− y
2

)
, (5)

where ψ(r) is a charmonium wave function calculated from the Schrodinger equation with
the in-medium heavy quark potential. When the wave function is approximated to be a
Gaussian function, the corresponding Wigner function becomes W(xr, qr) = 8 exp[− xr

2

σ2 −
σ2qr

2] [27]. xr and qr are the relative coordinates and momentum between c and c̄ in the
center of mass frame of charmonium. The information of the charmonium wave function
is encoded in the Gaussian width, which is connected with the root-mean-square radius

of charmonium, σ2 = 4
3
(m1+m2)

2

m2
1+m2

2
〈r2〉M [27]. The production NAA

M of charmonium in AA

collisions is proportional to the square of the charm pair number NAA
cc̄ [41],
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NAA
M =

∫
dxM

dpM

(2π)3 〈Pcc̄→ψ(xM, pM)〉events(NAA
cc̄ )2, (6)

NAA
cc̄ =

∫
dxTTA(xT −

b
2
)TB(xT +

b
2
)RS

dσcc̄
pp

dy
∆ycc̄, (7)

where the factorRS represents the nuclear shadowing effect. It changes the initial distribu-
tion of charm pairs in AA collisions, especially at the LHC energies.

From Equations (4)–(6), charmonium final production depends on the dynamical
evolutions of charm quarks in the medium. Strongly coupled with the medium, charm
quark density is reduced by the expansion of the medium. This indicates that, in the hotter
medium, it takes a longer time to cool down and restore the heavy quark potential. As
a result, the charm quarks diffuse into a larger volume before they combine to form a
charmonium state. This diffusion effect will suppress the coalescence probability of one c
and one c̄.

The thermal production of J/ψ at
√

sNN = 2.76 TeV and 5.02 TeV Pb-Pb collisions are
studied based on the coalescence model in Refs. [11,12,14,15,27,32]. At 5.02 TeV, J/ψ RAA
is enhanced due to more significant number of charm pairs in the medium compared with
the situation at 2.76 TeV. However, the coalescence probability per one c and c̄ is reduced
when the time of the medium expansion is longer. This effect is characterized by the ratio
NJ/ψ/(Ncc̄)2 of J/ψ production over the square of the charm pair number, as shown in
Figure 2. The ratio NJ/ψ/(Ncc̄)2 is calculated as a function of Np at the collision energies of√

sNN = (2.76, 5.02, 39) TeV. Different time scales of charm momentum thermalization are
considered in the figure. In upper and lower panels of the figure, charm quarks are assumed
to reach momentum thermalization at τ ∼ τt. Charm quarks perform free streaming before
the time scale τt and diffuse according to the diffusion equation in τ > τt. In more central
collisions, the initial energy density of the medium becomes larger. It takes a longer time
for the medium to decrease to Tc, where the coalescence of c and c̄ happens. The spatial
density of charm quarks is diluted to reduce the coalescence probability of one c and c̄.
Similarly, at higher collision energies, with the production of higher energy density, the
diffusion of charm quarks is more vital, and charm spatial density is more reduced.

Figure 2. The ratio of J/ψ production to the square of the total charm pair number (with Nc =

ND + NΛc + . . . including all charm flavor hadrons) as a function of the number of participants
Npart in Pb-Pb collisions. The collision energies are chosen as

√
sNN = 2.76, 5.02, 39 TeV, respectively.

Charm quark momentum distribution is assumed to reach equilibrium at the beginning of medium
expansion τt = 0.6 fm/c in the upper panel and τt = 4 fm/c in the lower panel. This figure is cited
from Ref. [32].
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The charm diffusion in the expanding medium tends to suppress the nuclear modifi-
cation factor RAA. In Figure 3, when employing the same hydrodynamic evolution at both
2.76 TeV and 5.02 TeV as a test, RAA(5.02 TeV) is enhanced because of a larger production
cross-section of charm pairs dσcc̄

pp/dy at 5.02 TeV compared with the situation at 2.76 TeV.
Their ratio is plotted with blue dotted line in Figure 3. When taking the realistic evolutions
for the medium produced at each collision energy, the coalescence probability per one c
and c̄ is reduced at 5.02 TeV due to a stronger diffusion of charm quarks before the coales-
cence process. The difference between the blue dotted line (with the same hydrodynamic
evolution) and the black solid line (with two realistic hydrodynamic evolutions) are due to
the different diffusions of charm quarks in two collision energies.

partN
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Figure 3. The ratio of inclusive nuclear modification factors RAA at 2.76 TeV and 5.02 TeV Pb-
Pb collisions, plotted with a black solid line. The blue dotted line is a situation where the same
hydrodynamic evolution is used as a test in both collision energies. The reduction from dotted to
black solid lines is due to the stronger diffusion of charm quarks in the hotter medium produced at
5.02 TeV. This figure is cited from Ref. [32].

3.2. Elliptic Flow v2

In non-central nuclear collisions, the collision area of two nuclei is elliptic. The gradient
of the initial energy density becomes anisotropic in the transverse plane. With different
accelerations in the x- and y-directions, the azimuthal distribution dN/dφ of the final
hadrons is anisotropic as well, which can be expanded as

dN/dφ ∝ 1 + 2
∞

∑
n=1

vn cos n(φ−Φn), (8)

where vn and Φn are the magnitude and the phase of the nth-order harmonic flows in the
azimuthal angle distribution of final particles. As charm quarks are strongly coupled with
the medium, charm quarks diffuse in the expanding medium to carry elliptic flows. At
temperatures close to Tc where heavy quark potential is partially restored, charmonium
is regenerated via the coalescence of charm quarks and inherits the collective flows of
charm quarks.

In AA collisions, final charmonium comes from two mechanisms: the primordial
production at the beginning of nuclear collisions and the regeneration from the coalescence
of charm quarks in the QGP expansion. Charmonium bound states suffer dissociation
in the hot medium. On the other hand, the regeneration process increases the final pro-
duction of charmonium. Both contributions can be included in the transport equation.
The charmonium distribution in phase space fΨ evolves with time. It can be simplified
as [11,12,50,51],[

cosh(y− η)
∂

∂τ
+

sinh(y− η)

τ

∂

∂η
+ vT · ∇T

]
fΨ = −αΨ fΨ + βΨ (9)

where τ and η are the proper time and the pseudo-rapidity, respectively. Here, y is the

rapidity in momentum space. vT = pT/ET = pT/
√

m2
Ψ + p2

T is the transverse velocity
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of charmonium moving in the medium. The terms on the left-hand side represent the
charmonium distribution fΨ changing with time τ and coordinates (η, xT). On the right-
hand side, α and β represent the decay rate and the regeneration rate of charmonium. The
decay rate αΨ is proportional to the density of thermal gluons and the inelastic cross-section.
The regeneration rate βΨ in the reaction c + c̄→ Ψ + g is proportional to the densities of
charm and anti-charm quarks and their coalescence probability. The formulas of αΨ and βΨ
are given in Equations (10) and (11),

αΨ(p, x, τ|b) =
1

2ET

∫ d3 pg

(2π)32Eg
Wcc̄

gψ(s) fg(pg, x, τ)Θ(T(x, τ|b)− Tc), (10)

βΨ(p, x, τ|b) =
1

2ET

∫ d3 pg

(2π)32Eg

d3 pc

(2π)32Ec

d3 pc̄

(2π)32Ec̄

×Wgψ
cc̄ (s) fc(pc, x, τ|b) f c̄(pc̄, x, τ|b)

×(2π)4δ(4)(p + pg − pc − pc̄)Θ(T(x, τ|b)− Tc). (11)

In the above formulas, fg is the gluon density, and Wcc̄
gψ is the dissociation rate calcu-

lated from pQCD [52,53]. The step function Θ(T − Tc) ensures that the parton dissociation
only exists in the QGP. In βΨ, Wgψ

cc̄ is connected with Wcc̄
gψ via the detailed balance. δ

functions indicate the energy-momentum conservation in the coalescence process. fc and
f c̄ are the density of c and c̄ quarks. Their distribution can be obtained from the Langevin
model. As D meson elliptic flows are large and close to the flows of light hadrons [34,54], in
the thermalization limit, charm spatial density satisfies the equation ∂µ(ρcuµ) = 0, where
uµ is the four-velocity of the fluid. Charm momentum distribution is taken as a normalized
Fermi distribution as an approximation.

The initial distribution of primordially produced charmonium in nuclear collisions is
obtained from the production in proton-proton collisions scaled with the number of binary
collisions Ncoll . In proton-proton collisions, the pT-spectrum of J/ψ can be parametrized
with the form

f J/ψ
pp ≡

d2σ
J/ψ
pp

dy2πpTdpT
=

dσ
J/ψ
pp

dy
× (n− 1)

π(n− 2)〈p2
T〉pp

[1 +
p2

T
(n− 2)〈p2

T〉pp
]−n, (12)

where the rapidity-differential cross-section dσ
J/ψ
pp /dy is determined by experiments [55,56].

The parameters n and 〈p2
T〉 characterize the shape of the J/ψ pT-distribution in pp colli-

sions [57]. In AA collisions, the cold nuclear matter (CNM) effect also changes the produc-
tion of charmonium. The nuclear shadowing effect modifies the parton densities in the
nucleus, which affects the charmonium production. The partons from nucleons scatter with
other nucleons before fusing into a charmonium and charm pair. This process increases
the pT of produced charmonium compared with the situation in pp collisions. It is also
called the Cronin effect, which can be included by modifying f J/ψ

pp with a Gaussian smear-
ing method. All of the cold nuclear matter effects happen before the hot medium effects.
Therefore, those CNM effects are included in the initial distribution of Equation (9) [58],

fΨ(x, pT , y, τ0) = (2π)3δ(z)TA(xT − b/2)TB(xT + b/2)RA
SRB

S f J/ψ
pp , (13)

where the shadowing factorRA(B)
S is calculated with the EPS09 NLO calculation [59]. f J/ψ

pp
is the momentum distribution of primordially produced J/ψ with the modification of
Cronin effect.

Solving the transport model, the J/ψ nuclear modification factor including both
primordial production and regeneration is plotted in the left panel of Figure 4. Dotted,
dashed and solid lines represent the primordial production, regeneration, and inclusive
production, respectively. In semi-central and central collisions, the regeneration dominates
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the final production of J/ψ. The regenerated charmonium is mainly located in the low pT
region because of the charm quark energy loss. The primordial production dominates the
production at high pT . Therefore, in the right panel of Figure 4, v2 of the final inclusive
J/ψ is significant in low pT regions because of the collective flows of charm quarks. At
high pT , v2 is small because J/ψ as a color-singlet state is not strongly coupled with the
medium, as with single charm quarks. Primordially produced charmonium performs free
streaming in the medium, and the small non-zero v2 of J/ψ is induced by the path-length
difference of trajectories when they move along different directions in the transverse plane.
At the high pT region in the right panel of Figure 4, theoretical calculations underestimate
the experimental data. This may be due to the non-thermal distribution of charm quarks in
the medium [60].
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Figure 4. (Left) J/ψ nuclear modification factor RAA as a function of number of participant Np

at
√

sNN = 5.02 TeV Pb-Pb collisions. Dotted, dashed and solid lines represent the primordial
production, regeneration and inclusive production, respectively. The band corresponds to the
uncertainty in the production cross-section of charm pair dσcc̄

pp/dy. (Right) Elliptic flows of inclusive
J/ψ as a function of pT in centrality 0–20%. This figure is cited from Ref. [57].

3.3. Triangular Flow v3

In the event-by-event heavy-ion collisions, the nucleon positions fluctuate and deviate
from the smooth distribution of the nucleus [61]. The energy density produced by the
collisions also fluctuate event-by-event. The realistic fluctuating profiles of the medium
energy density is simulated with the Monte Carlo Glauber model (MC-Glauber) [62]
and Monte Carlo fKLN model (MC-KLN) [63]. In the dynamical expansion , where the
anisotropy in the initial distribution of medium energy density is transformed into the
anisotropy in the momentum distribution of hadrons, there is a non-zero triangular flow in
the azimuthal distribution of hadrons. In experiments, the v3 of light hadrons have been
observed and explained well with the hydrodynamic model plus the fluctuating initial
conditions. The value of v3 is proportional to the triangularity in the initial fluctuating
distribution. The regenerated charmonium from the coalescence of charm quarks also
carry collective flows. The magnitude of the charmonium v3 is determined by the initial
fluctuations and the degree of charm kinetic thermalization.

Firstly, one can generate a large set of fluctuating initial conditions with the Monte
Carlo method. Then, we can take these fluctuating medium evolutions into the transport
model to calculate the v3 of J/ψ in each event. This calculation needs a huge computation
time. Instead, one can take single-shot hydrodynamics where triangular distributions
of the initial energy density from fluctuations are encoded in the initial conditions. To
introduce the triangularity in the initial energy density of the medium, a deformation factor
is included in the formula of the energy denstiy [64],

ε(x, τ0|b)→ ε(x̃, τ0|b), (14)
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where the deformed coordinate is x̃ = (xT
√

1 + ε3 cos[3(φs −Ψ3)], φs, η). xT =
√

x2 + y2

and φs = arctan(|y|/|x|) are the transverse radius and azimuth angle. Ψ3 = 0 is regarded as
the reaction plane angle in the smooth hydrodynamic evolution. The value of the parameter
ε3 characterizing the magnitude of the fluctuation is determined to be ε3 = 0.08, 0.1, 0.2 in
the centrality bins 0–10%, 10–30% and 30–50%, respectively, in 5.02 TeV Pb-Pb collisions
according to the simulation from the MC-Glauber or MC-KLN model [64,65]. The spatial
distributions of the energy density with and without the fluctuations are plotted in Figure 5.
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Figure 5. The initial energy density in the transverse plane in
√

sNN = 5.02 TeV Pb-Pb collisions. In
the left panel, no fluctuations are considered. In the right panel, a deformation characterizing the
triangularity in the energy density is included. This figure is cited from Ref. [66].

In the left panel of Figure 5, the shape of the initial energy density is elliptic, which
comes from the geometry size of the collision area. In the right panel of Figure 5, the triangu-
lar shape in the profile of the energy density is encoded, which characterizes the magnitude
of the fluctuations. The corresponding elliptic and triangular flows (v2, v3) of J/ψ are
calculated based on the transport equation by taking the corresponding hydrodynamic
evolutions; please see Figure 6.
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Figure 6. (Left) Elliptic flows of J/ψ as a function of pT in
√

sNN = 5.02 TeV Pb-Pb collisions.
The dotted and dashed lines and shadow bands represent the elliptic flows of initially produced,
regenerated and inclusive J/ψ, respectively. The collision centrality is 0–10%, 10–30%, and 30–50%,
respectively. (Right) Triangular flows of charmonium as a function of pT . This figure is cited from
Ref. [66].
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In Figure 6, elliptic flows depend sensitively on the collision centrality. In a central
collision, the pressure gradient of the medium energy density is nearly isotropic in the
transverse plane. Elliptic flows of the medium and heavy flavor particles are small in the
centrality range of 0–10%. In a centrality range of 10–30%, the elliptic flow becomes larger
due to the elliptic profile of the collision area, where medium acceleration is different along
the x- and y-directions in the transverse plane. In the high pT region, theoretical calculations
underestimate the experimental data. This may be due to the non-thermal distribution
of charm quarks [60]. For triangular flows, they mainly come from the fluctuation of
the medium energy density, which shows relatively weak dependence on the impact
parameter. The charmoniums v3 in three centralities are close to each other without
significant differences. The observation of J/ψ v3 indicates clearly that charm quarks are
strongly coupled with the medium to be affected by the fluctuations.

3.4. Directed Flow v1

In the previous discussions, we have discussed the anisotropy of the medium ini-
tial energy density in the transverse plane. In this section, we discuss the rapidity-odd
distribution of the energy density induced by the rotation of the medium in semi-central
nuclear collisions. In the collision area, the nucleus moving with the positive (negative)
rapidity tends to tilt the produced bulk medium to positive (negative) x with respect to
the beam axis for positive (negative) z. The magnitude of the tilt in the bulk medium is
connected with the directed flows of light-charged hadrons, which have been observed in
experiments [67,68]. In the Au-Au collisions at RHIC energy, the rapidity distribution of
the medium energy density is plotted in the centrality of 0–80%; please see the left panel
of Figure 7. In the forward (backward) rapidity, the medium is tilted towards the positive
(negative) x-direction. The initial entropy density of the medium is parametrized with
the formula

s(τ0, xT , η) = s0 × exp[−θ(|η| − η0)
(|η| − η0)

2

2σ2 ]

× [chardNcoll + (1− chard)(N+
partζ+(η) + N−partζ−(η))], (15)

where s0 and the parameters in the exponential factor characterize the initial entropy
density and the rapidity-odd distribution of the medium, respectively [69]. The initial
entropy density depends on both soft and hard processes, where the fractions are (1− chard)
and chard = 0.05, respectively. N+

part and N−part are the number of participants in the forward
and backward rapidities. The feature of the rapidity-odd distribution is introduced via
the function ζ+,−(η). The hydrodynamic evolutions of the medium in both transverse
and longitudinal directions are given by the MUSIC calculation with the input of the
rapidity-odd initial entropy density.
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fm. (Right) The directed flows of J/ψ and ψ(2S) as a function of rapidity η. Different pT bins (pT > 0
and pT > 4 GeV/c) are calculated. This figure is cited from Ref. [69].
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The directed flows of D mesons have been observed [70]. Compared with light
hadrons, charmonium is produced in the initial parton hard scatterings where the tilted
shape of the entropy distribution is apparent. Different from charm quarks, primordially
produced charmonium with zero net color charge is weakly coupled with the medium.
Therefore, charmonium suffers biased dissociation along the positive and negative x-
directions in the tilted medium, and this information is not contaminated by the following
QGP evolutions where the tilted shape of the medium is less evident. In the right panel of
Figure 7, directed flows of J/ψ and ψ(2S) as a function of pseudorapidity η are calculated
in different pT bins in

√
sNN = 200 GeV Au-Au collisions [69]. As one can see, in the

forward rapidity, charmonium moving along positive x-direction suffer stronger medium
dissociation due to the longer path-length in the medium. This results in anisotropy in
the azimuthal distribution of the final charmonium, where charmonium v1 is negative in
forward rapidity and negative in backward rapidity. For an excited state ψ(2S), the binding
energy is smaller than the value of the ground state. They are more easily dissociated and
sensitive to the profile of the medium entropy density. In Figure 7, charmonium directed
flows are bigger than the values of the light hadrons. In the above calculations regarding v1,
the regeneration process has been neglected for simplicity, which becomes less important,
especially in the high pT region where the directed flow is strong, as shown by the lines
with pT > 4 GeV/c in Figure 7. Confirming and quantifying the charmonium v1 help to
extract the rotation and the rapidity-odd distribution of the hot medium.

4. Summary

In the present work, we review recent studies about charmonium anisotropic flows
in relativistic heavy-ion collisions. The pressure gradients of the medium energy density
become different along different directions, where the acceleration of the medium expansion
is also anisotropic. With strong coupling between heavy quarks and the bulk medium,
charm quarks approach kinetic thermalization to carry collective flows from the expanding
medium. The anisotropic flows of charm quarks will be inherited by the regenerated
charmonium via the coalescence process. The elliptic flow of charmonium originates
from the shape of the QGP produced in the collision area of two nuclei in semi-central
collisions. It depends on the impact parameter and becomes almost zero in most central
collisions. The triangular flow of charmonium comes from the fluctuations of the medium
initial energy density. As the fluctuations of nucleon positions in the nucleus show weak
dependence on the impact parameter, charmonium v3 are similar to each other without
evident differences in central and semi-central collisions. In the longitudinal direction, the
rapidity-odd distribution of the energy density is introduced due to the rotation of the hot
medium produced in non-central collisions. This results in biased charmonium dissociation
along the positive and negative x-directions due to the different path-length in QGP. The
directed flows of J/ψ and ψ(2S) are larger than the case of light hadrons. As primordially
produced charmonium is mostly dissociated by the medium in the initial stage, where the
tilted shape of the medium is evident, charmonium directed flow is proposed as a sensitive
probe of the profile of the medium initial energy densitiy in relativistic heavy-ion collisions.
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