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Abstract: In this work, some general forms for forced and damped complex Duffing oscillators
(FDCDOs), including two different models, which are known as the forced and damped complex
Duffing oscillator (I) (FDCDO (I)) and FDCDO (II), are investigated by using some effective analytical
and numerical approaches. For the analytical approximation, the two models of the FDCDOs are
reduced to two decoupled standard forced and damped Duffing oscillators (FDDOs). After that,
both the ansatz method and Krylov-Bogoliubov-Mitropolsky (KBM) approach are applied in order
to derive some accurate analytical approximations in terms of trigonometric functions. For the
numerical approximations, the finite difference method is employed to analyze the two coupled
models without causing them to be decoupled for the original problems. In addition, all obtained
analytical and numerical approximations are compared with the fourth-order Runge-Kutta (RK4)
numerical approximations. Moreover, the maximum residual distance error (MRDE) is estimated in
order to verify the accuracy of all obtained approximations.

Keywords: complex Duffing oscillators; damped complex oscillator; forced and damped complex
oscillator; trigonometric functions; KBM method; ansatz method; finite difference method

MSC: 70K40; 70K60; 70K75; 34B15; 34C15

1. Introduction

Nonlinear oscillation is one of the most popular and widely researched fields due
to its diverse applications in automobiles, sensing, fluid and solid interactions, bioengi-
neering, and plasma oscillations [1-8]. There are huge numbers of equations of motion
that can be used to model and describe the mechanisms of motion of various waves and
oscillators [9,10]. For instance, Cveticanin [1,2] used the hybrid elliptic-Krylov—Bogolubov
method (eKBM) with the power-series method (PSM) to analyze a conserved coupled
system of second-order differential equations (DEs) with weak and strong nonlinearity.
In [1], the author used the mentioned method to derive only the first-order approximation
in terms of Jacobi elliptic functions (JEFs). In addition, Cveticanin [2] used the eKBM
to derive some analytical approximations in terms of JEFs for strong nonlinear DEs of
complex Duffing-type oscillators, which describe the dynamical behavior of numerous
realistic models. Grattarola and Torre [4] derived the sufficient and necessary conditions
for synchronization, which can be applied in order to find much information about a
wide range of nonlinear oscillators. Cveticanin [5] presented an approximate technique
based on a method of slowly varying the phase and amplitude in order to solve a set
of two coupled complex ordinary differential equations (ODEs). Mahmoud [6] used an
approximate method based on the Krylov-Bogoliubov averaging approach to analyze

Mathematics 2022, 10, 4475. https:/ /doi.org/10.3390/math10234475

https:/ /www.mdpi.com/journal/mathematics


https://doi.org/10.3390/math10234475
https://doi.org/10.3390/math10234475
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com
https://orcid.org/0000-0002-6724-7361
https://doi.org/10.3390/math10234475
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com/article/10.3390/math10234475?type=check_update&version=2

Mathematics 2022, 10, 4475

20f13

and solve a set of complex nonlinear physical oscillators. Manasevich et al. [7] studied
complex-valued Liénard systems to obtain the sufficient conditions for periodic solutions
to these issues. Cveticanin [8] used the averaging method to derive an exact solution to
a cubic-nonlinearity complex differential equation in terms of JEFs. Moreover, nonlinear
plasma oscillations were analyzed in the framework of a general form of the Van der Pol
oscillator [9]. The authors of [9] used some effective approximate methods, such as the
ansatz method and the Krylov—-Bogoliubov-Mitropolsky (KBM) method, to derive some
analytic approximations. Both the equivalent linearization approach (ELA) and weighted
averaging were employed [11,12] to analyze many different types of strong nonlinear oscil-
lators, including many different Duffing-type oscillators and a cubic Duffing oscillator with
discontinuity. The authors compared their results with those of many other approaches,
such as the min—-max approach, the parameter-expansion method, the modified Lindsted—
Poincare method, the homotopy perturbation method, and the fourth-order Runge-Kutta
(RK4) numerical method. Hieu [13] used the ELP with weighted averaging to derive an
approximation to a generalized strong nonlinear oscillator with a fractional term. As a
special case for the obtained results, the author of [13] studied the approximations to some
different types of Duffing oscillators and a nonlinear oscillator with fractional nonlinearity.
In addition, this author compared his results with those of RK4 numerical approximations.

The Duffing-type equation/oscillator is one of the most famous and important equa-
tions, as it has succeeded in explaining many different oscillations in different plasma
oscillations [14], engineering problems [15], statistical mechanics, and many other appli-
cations [16-18]. Moreover, there is another form of the Duffing equation with complex
variables, which is known as a complex Duffing oscillator (CDO) [1,2], as mentioned above.
One of these equations was studied in [1] by Cveticanin, who solved the following problem:

5c'+mx —y=€eFR(x,%y71),

V- px® —ax = eF(x, %, vY), 1)
x(0) = x0 & %(0) = %o,
y(0) = xo & y(0) =

Here, F; = Fi(x,%,y,y) and F, = F(x, %,y,y) are weakly nonlinear functions, and
(a,m, p) are the parameters of the model under study. In addition, Cveticanin [2] analyzed
and discussed the following complex Duffing-type oscillator:

%+ 012 4 3e3z|z|* — 032> = €G(z, 2, cc), )

where z = z(t), x(t) = x, y(t) =y, z = x + iy is a complex function, and Z is the conjugate
of z, whereas x = x(t) and y = y(t) indicate the real and imaginary parts, respectively.
zz = |z|%, G(z,2, cc) represents a complex defection, “cc” indicates the complex conjugate
function, and i = v/—1. In [3], the authors investigated a cubic DE and presented the
desired solutions in different forms of functions, such as Jacobi and Weierstrass elliptic
functions. In the present investigation, the following two general forms of the forced
damped CDO are considered:

£42ez+ az+ Pzlz]* +92° = F(b), (©)]

and
54 2e2 +az+ Pzlz]P + 928 + 828 = F(b), 4)

where f (t) = fi(t) +if2(t) indicates any periodic force that can be taken as
fi(t) = ypcos(wit) and fo(t) = 7y2cos(wyt) or any other time-dependent function.
The coefficients (¢, a, B, v) of Equation (3) are real values, while for Equation (4), the
coefficients (e, a, ) are real values, but (B, 7,0) have complex values, as follows:
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p=(B1+ip2),
7= (1 +i72), @)
0 = (01 +idy).

In this investigation, two different models for the forced damped CDO, including
the FDCDO (I) (3) and the FDCDO (II) (4), will be analyzed and discussed by using
some effective techniques, such as the ansatz method, KBM approach [19], and finite
difference method (FDM). The two mentioned models are analyzed by using both the
ansatz method and the KBM approach in order to find some analytic approximations
in terms of trigonometric functions. To do that, the two aforementioned models will be
reduced to two decoupled systems of standard forced and damped Duffing oscillators
(FDDOs). After that, both the ansatz and KBM methods can be applied in order to find
some analytical approximations to the standard forced and damped Duffing oscillator
(FDDO). However, for the numerical approximations, both the FDM and RK4 methods
will be applied in order to analyze and solve the original complex problems numerically
without causing them to be decoupled from the original problems.

2. FDCDO (I)

Let us consider the following initial value problem (i.v.p.):

i+4 2ez+az+ Pzz]P + 922 = F(b), ©)
Z(O) = Zp & Z(O) = Zp,

where the coefficients (¢, «, B, ) are real constants and & > 0. To analyze this system, it
should be reduced to two decoupled forced and damped Duffing oscillators (FDDOs) by
using a suitable linear transformation.

Reducing the 1.V.P. (6) to Two Decoupled FDDOs
Using the relation z = x + iy in the i.v.p. (6), the x — y system is obtained as follows:

Q1 =%+ 2et +ax+ (B+7)x>+ (B —37)y*x — f1(t) =0,

Qo = §+2ey+ay+ (B+7)y° + (B—37)x% — fo(t) = 0, )
x(0) = x9 & y(0) = yo,
%(0) = %o & y(0) = yo.

Note that Q » are linearly decoupled, and the following linear transformation can be
used to reduce the coupled Equation (7) to two decoupled FDDOs:

x=u+vo,
{3y g
where 1 = u(t) and v = v(t) obey the following FDDOs:
ii + 2011 + Pru+ Qud = Fi(t), ©)
b+ 28,0 + Pyv + Q03 = Fy(t).

Inserting Equations (8) and (9) into the i.v.p. (7), after several calculations, the following
values of the coefficients &1 5, P; 2, Q12, and Fj (t) are obtained:

d1p =¢, 121,2 = 0)6,

Q2 =2(—1),
() = LA + A1), (10
Ey(t) = 5(A(t) — fa(t)),

whereas the the initial conditions (ICs) read:
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u(0) = 220&0(0) = 5™, (11)
1(0) = 5% & 9(0) = 250,
Accordingly, the residual errors read:
Q1 =2(B+37)uv(u+0), (12)
Q2 = —2(B+37)uv(u —v).

Thus, the i.v.p. (6) is reduced to two decoupled FDDOs (9) with the ICs in (11).

3. FDCDO (1)

Here, a new form of a forced and damped CDO with complex coefficients is considered:
54 2ez +az+ Pzz]P + 92 + 822 = F(b), 13)
Z(O) =z0& Z(O) = Zp,

where « is a real and positive constant and ¢ has a real value, while the coefficients
(B, ¥,0) have complex values. To analyze the i.v.p. (13), in order to obtain high-accuracy
approximations, it should be reduced to two decoupled FDDOs by using a suitable
linear transformation.

Reducing the I.V.P. (13) to Two Decoupled FDDOs

The i.v.p. (13) can be written in an (x, y)-system as follows:
X+ 2ex + w%x + C3,0x3 + Cllgxyz + C2,1x2y + Co,gyg’ — fl(t) =0, (14)
7+ 2ey + w%y + D3[0x3 + Dllzxyz + D2’1x2y + D(),3y3 — fz(l’) =0,

with the same ICs as those given in (7), and the above coefficients are given by

Cs0=pB1+7 +61,
Coz = —(B2+ 72— 02),
Co1 = —(B2 — 372 +302),
Ci2 = B1—3(71+61),
D30 = B2+ 72+ 02,
Dos = B1+ 71— 901,
Dyy = 1 — 371 + 361,
Dip = B2 —3(72+ 62).

Now, suppose that only the equilibrium point is considered: (x,y, %, y) = (0,0,0,0).
Now, to reduce the i.v.p. (14) to two decoupled FDDOs, the linear transformations in (8)
are used for this purpose; both (1, v) obey the FDDOs given in the system (9)

ii + 2e1i 4+ Pyu + Quu® = Hy(t), (15)
¥+ 2e0 + Pyv + Qovd = Ha(t).

By substituting Equation (15) into the system (14), after several calculations, the values
of the coefficients P; 5, Q1 2, and F; »(t) are obtained as follows:

Py =ua=wj,
Q1 =Coz+C30+Co1 +Cq2,
Q2 = Doz — D30+ Dy1 — D1, (16)
Hy(t) = 3 (A () + fa(t)),
Hy(t) = 3 (f1(t) — fa(1)),

and the ICs become
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{ u(0) = %(J'Co + o), ?(0) = %(Jfo —Yo), (17)
2 3

Thus, the i.v.p. (13) is reduced to two decoupled FDDO (15) with the ICs in (17).

4. Mathematical Methods for Analyzing the FDDO

Now, two different approaches to analyzing and solving the system of the two coupled
Equations in (9)—(11), as well as (15)—(17), are introduced, as illustrated in the following
section.

4.1. First Approach to Analyzing the FDDO

As shown in Equations (9)—(11) and (15)—(17), both the first model (6) and the second
model (13) are reduced to two decoupled system of FDDOs. Accordingly, the general form
of the FDDO that should be solved reads:

Ny =9 +2¢¥ + a¥ + 6% — f(t) =0, y
{ Y(0) = ¥o & ¥(0) = Yo, (18)

with
f(t) = focos(wt). (19)

Here, the following ansatz is introduced in order to find an approximation to the i.v.p. (18):
Y = e e cos(yp) + casin(y)] + d cos(wt), (20)

whereas ¢ = () can be determined from the following equation:
= ho + hie 2 4 hpe 4 4 hge O, (21)

Here, the coefficients c; 5, d, and hg 1 2 3 should be determined.
Putting Equations (19)—(21) into Ny = 0, yields

Ny = S1 cos(y) + Sy sin(y) + Sz cos(wt) + h.o.t, (22)
with

o 1 s or(3c36 — 262 (20— 36a? + 262 +-2(yr)?) )
1— 7 ’
4 +3c36 + deye?typ”

52 — 16—381‘

co <3c%(5 — 2¢2¢t (—204 — 36d% 4 2¢% + 2(1/1/)2)> ]
1 ,

+3c36 — dcye*ty”
36d°
4

3
S5 = [2( 24 c%)&de’zet + + (& — w?)d —fo],

where the abbreviation h.o.t indicates higher-order terms.
By solving the following equation, the value of d can be obtained:

1—5013 + (0 —w?)d — fo = 0. (23)

For S; = S, = 0, by eliminating ¢"(¢) from the resulting system, the following
equation is obtained:

2 (—2a — 36d2 + 262 + 21/1’(t)2) - 3(c% + c%) de~2et — . (24)
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Inserting the value of ¢’ given in Equation (21) into Equation (24), the following
equation is obtained:

My + Mye 2 4+ Mpe € + Mae % ... =0,
with
My = (4h%——4a——6d26—%4£2>,
Mi = (8holn —35(} +3) )
M = 4(}1% + 2h0h2>,
Mz = 8(hyhy + hohz).

By solving the system My 123 = 0, the values of the constant kg ; » 3 are obtained:

20 + 36d% — 2¢2
ho = — 5

3(c2+c3)s
hy = ————,
8ho
9(c3 + c§)26?
hy = —————5—,
12813
27(cf + ¢3)38°
3= o (25)
1024h3

The constants c; , are determined from the ICs ¥(0) = ¥ and ¥(0) = ¥y, leading to

1 = WO — d,
o = —de + eWy + Wy . (26)
wo + w1 + wy + w3
Based on the above calculations, the expression of the frequency ¢ reads:
_ L _ ,—2¢t 4t —6¢t
¢a)_h¢4-u€%m(1 e )+3m(1 e )+2m(1 e ﬂ. 27)

Using the obtained solution, it is easy to find the functions (u, v) for f1(t) = 71 cos(wst)
and f(t) = 7, cos(wyt) when 71772 = 0. However, for vy, # 0, the following formula of

the FDDO is considered:
Ny =¥ 4+ 2e¥ + a¥ + 03 — (acos(wit) + beos(wat)) =0, 28)
¥(0) =¥ & ¥(0) = Yo,
where ¥ = ¥ ().
It is assumed that the solution of the i.v.p. (28) has the following ansatz form:
¥ = e (cq cos(y) + cosin(yp)) + dq cos(wqt) + do cos(wat), (29)
with
=10 +rie 2 oo pze0, (30)

where the constants c; 5, dj o, and ¢ 1 2 3 need to be determined, whereas 4, b, and w » are
free parameters. By following the same procedure that was used to determine the values
of the constants c; 5, d, and hg 1 2 3, the values of ¢y 5, dy o, and rg 1 » 3 can be obtained. By
inserting Equations (29) and (30) into N, = 0 and by vanishing the coefficients of cos(y),
sin(¢), and 1, the following equations are obtained:
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2(2r3 — 20 — 35(d3 + d3) + 2¢2) =0,
8rory —36(c3 +¢3) =0,
4(r3 +2ror2) =0, (31)
4(r5 +2rr3) =0,
8(1’11’2 + 1’01’3) =0.

Solving the system (31) yields

ro =/ (a—€2) + 36(d3 + ),
r = 83—;; (Cj + sz), 5 (32)
2=~ ()’
275 3
= 033 (2 +c?)".
The constants d; » are obtained by solving the following algebraic system:
X483 —a+ady + 30d3d; — dyw? =0,
Rd3 — b+ ady + 36d3d; — dywd =0 3)
30— 2+ 30a7dy — dawy = 0.
By integrating Equation (30), for ¢(0) = 0, the frequency ¢ is obtained:
_ L _ ,—2et 4t _,—bet
P = 1ot + - [6r1(1 e )+3r2(1 e >+2r3(1 e )] (34)

where the values of 71 » 3 are defined in Equation (32).

The constants ¢ » can be found with the ICs: ¥(0) = ¥y & ¥(0) = ¥o. By inserting
the condition ¥ (0) = ¥y into the solution (29) and Equation (34), the value of the constant
c1 is obtained: ¢; = ¥y — d; — dp. In addition, by using the condition ¥(0) = ¥ in
Equations (29) and (34), an algebraic equation of the ninth degree is obtained. By solving
this equation, the value of ¢, can be obtained.

4.2. Second Approach to Analyzing the FDDO

In this section, another new approach, which is known as the Krylov—Bogoliubov-
Mitropolsky (KBM) method, is applied to solve the FDDO (18). For this purpose, the
i.v.p. (18) is written in the following p-problem (perturbation problem):

Y+ w3Y + p[2e¥ + 62 — £(1)] =0, (35)
¥(0) = Yo & ¥(0) = Y.
It is assumed that the solution of the i.v.p. (35) is given by
¥ = Ciacos(¢p) + ple(a, ¢) + Caasin(¢)], (36)
with @
a=pAa),
. 37
Lol e, 7
where a = a(t) and ¢ = ¢(t).
Moreover, the residual error is defined by
Ry = ¥ + W3¥ + p2e¥ + 62 — £(1)). (38)
Inserting Equations (36) and (37) into Equation (38) yields
—2Cywyp(ae + A(a)) sin(¢)
Ry=1p +1aC1 (3a26C? — 8wyB(a)) cos(¢) 4 (39)

+@3 (90 (a,9) + p(a,9) ) + Ja*6 cos(39)C} — f(1)
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Equating the coefficients of cos(¢), sin(¢), and the free term in expression (39) to
zero yields

ag+ A(a) =0,
3a25C3 — 8wyB(a) =0, (40)

@3 (902 (0,9) + p(a,9) ) + % cos(39)CF — f(1) = 0.

Solving the system (40) yields

A(a) = —ea,
B(a) = 3%;551/ 41)
9(a,9) = “I2 cos(3¢9) + e

By inserting the values of A(a) and B(a) given in the system (41) into the system (37)
and integrating the obtained results, the following values of (a, ¢) are obtained:

{ a= exp( pet),

42
¢ = wot + 16£w (1 - e—zspt). 42

The approximate solution can be obtained for p = 1. However, the parameter p can
be kept in order to obtain as small of a residual error as possible, but here, p represents an
optimal parameter. The constants C; and C; are obtained from the ICs

°°_ -3 f(O)p
G+C+——-Wy=0, 43
32w} irat w3 0 (43)
and .
co 3C36ep® + 32C1epwd — 32pf'(0) + 32Wpw3 m
2T 12C36p2wy + 32pwy '
The final solution of the i.v.p. (18) is given by
% exp(—3pet) cos(3¢)
Y = Cie P cos(p) +p| ) (45)
) 4 Caat)sin()
with

¢ = wot + 136c25 (1 _ e*2€pt>.

By applying the approximation in (45), the approximations to the i.v.p. in (6) and (13)
are achieved.

5. Finite Difference Method for Analyzing the FDCDOs

At the outset, it should be pointed out that the coupled system (7) would be analyzed
directly without causing decoupling for this system. In order to compute the numerical
approximations of (x,y) and their derivatives using the FDM, first, the time interval [0, T
should be divided into 1 sub-intervals with a uniform step size At = h = T/n and t; = jh,
where j = 0,1,2,--- ,n. Now, to replace the original system of the coupled differential
Equation (7) with difference equations, the following discretizations for the first- and
second-order derivatives are introduced

3xi_o—4x;_1+x; 2x +x;
- j—2 j—1T I e Bl e WL |
x] - 2At & % % 4 (46)
. 3yj—2—4yj- 1+y/& Yj—2—2Yj-11Y;
Vi=——ar  &Yi=""xr

where x; = x(t),y; = y(tj),and j = 2,3,--- ,n
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Inserting the values of the first and second derivatives given in Equation (46) into the
x — y system of the coupled Equation (7), the following values of (x;,y;) are obtained:

~82f (E2D) 4+ AR(B+ )20, + (4eAt —2)x; | W
Xi=r ,
J +X o (ocAtz + AR (B—37)y2_, — 3Ate + 1)
and -
., —Af ( ) + AP (B + 'y)]/] o+ (deAt —2)y; 4 8)
i Y2 (zxAtz + AR (B —39)x2, — 3Ate + 1) '

wherer =1/(eAt—1)and j=2,3,--- ,n
In the same way, the FDM can be applied to analyze the forced and damped CDO
(IT) (13):

o[ arCiex, + ary 2(AtC1 Y2+ Bt —3¢) + APCo A2 oy, o )
/ +At C03y Z_Atfl(] 2)+4€AtX] 1+ X 2—2x] 1 ’
and
yi = Atzyj,2 (D2,1Xj272 + DC) + Atle,zx]’,zy]{z + At2D3,0x}?’_2 (50)
J +At2D0,3y}?’72 — At2f2 (i’]',z) — 3€Atyj,2 + 4€Afyj,1 +Yj—2— 2y1;1

Finally, a system of n equations is obtained for n unknowns, which can be solved
recursively using RK4 method. However, the values of (xg, o) and (x1,y1) must be known;
(x0,Y0) represents the ICs given in the problem (7), whereas (x1,y1) = (x(t1),y(t1)) =
(x(h),y(h)) are unknown. However, the values of (x1, 1) may be estimated by using either
the analytical approximation or the RK4 method. Note here that our formulas for (x,y) are
elegant because the obtained system is solved recursively, and there is no need to solve any
cubic equations.

6. Results and Discussion

Let us consider the following numerical example for the first model of the FDCDO (I):

54022+ 242z 40228 = £ (1),
‘ (51)
z(0) =0&2(0) =0,
with fi(t) = 77 cos(wit) = 0.1cos(0.1t), fo(t) = yacos(wpt) = —0.02cos(0.17t) and

T = 40.

Now, the ansatz approximation (29) and the KBM approximation (45) can be carried
out to model the i.v.p. (51). The approximation of the real component x(= u + v) and the ap-
proximation of the imaginary component y(= u — v) using the ansatz approximation (29)
and the KBM approximation (45) are compared with the numerical approximations using
the RK4 approach, as illustrated in Figures 1 and 2. In addition, the numerical approxi-
mations for both the real and imaginary components (x, y) using the FDM are compared
with the numerical RK4 approximations, as depicted in Figure 3. In addition, the abso-
lute analytical approximations of |z| using approximations (29) and (45) are compared
with the absolute numerical RK4 approximations, as illustrated in Figure 4. Moreover,
the numerical approximation using the FDM for the absolute |z| is compared with the
numerical RK4 approximation, as seen in Figure 5. Furthermore, the MRDE L rpg for all
obtained approximations in comparison with that of the numerical RK4 approximation
is estimated, as shown in Table 1. Remember that the following formulas are used to
estimate the MRDE LyrpE: LMRDE|X = \x — Re(RK4)|, LMRDE|y = |]/ - Im(RK4)|, and
LmroE||; = I|z] — [RK4][.
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Table 1. The estimation of the MRDE LyrpE for all obtained approximations.
Approximation LMRDE|x LMRDEly LMRDE||Z|
Ansatz Approx. 0.00531153 0.000769225 0.00534933
KBM Approx. 0.00508124 0.00110036 0.00511926
FDM Approx. 0.00157888 0.000318576 0.0016104
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Figure 1. Both the analytic approximation (29) using the ansatz method and the RK4 approximation

to the i.v.p. (6) for (a) the real and (b) imaginary components (x,y) are considered.
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Figure 2. Both the analytic approximation (45) using the KBM method and the RK4 approximation to

the i.v.p. (6) for (a) the real and (b) imaginary components (x,y) are considered.
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Figure 3. The numerical approximations for (a) the real and (b) imaginary components (x, y) using

the FDM are compared with the RK4 numerical approximations.
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Figure 4. (a) The analytic approximation (29) using the ansatz method and (b) the analytic approxi-
mation (45) using the KBM method for the absolute value of |z| are compared with the numerical

RK4 approximations of the i.v.p. (6).
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Figure 5. The numerical approximation for the absolute value |z| using the FDM is compared with

the numerical RK4 approximation.

The tabulated and graphical findings show that all of the analytical and numerical
approximations have a high degree of accuracy and are more stable with respect to long
periods of time. However, the analytical KBM approximations are more accurate than the
ansatz approximations, but they are less accurate than the numerical FDM approximations.
In the same way, all obtained analytical and numerical approximations can be applied in
order to model the second model of the FDCDO (II) (13) and many other models.

The impacts of some related parameters on the profile of the FDCDO (I) (3) are
investigated in Figure 6. It is observed that the amplitude of the oscillator decreases with
the enhancement of (g, ), while increasing both (71, 72) would lead to an increase in the
oscillator amplitude. The amplitude is somewhat insensitive to other parameters, such
as (B,7). For some physical applications, such as plasma physics, the fluid equations
for some plasma models can be reduced to a nonlinear Schrodinger-type equation by
using a reductive perturbation method [20]. Subsequently, the nonlinear Schrédinger-type
equation [20,21] can be reduced to a CDO by using a suitable transformation. After that,
the obtained approximations can be implemented to study the impacts of the plasma
parameters on the profile of the CDO.
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Figure 6. The impacts of the coefficients (a) ¢, (b) «, (c) (71, 72), and (d) 8 on the profile of the forced
and damped CDO (I) (3) according to the analytic approximation (29).

7. Conclusions

Nonlinear complex Duffing oscillators, including a damped complex Duffing oscillator
(CDO) and a forced and damped CDO, were analyzed and solved by using some different
analytical and numerical approaches. Two different general models of the forced and
damped CDO, which are known as the forced and damped CDO (I) and the forced and
damped CDO (II), were analyzed and discussed via both the ansatz method and the
KBM approach. Accordingly, some accurate analytic approximations were derived in
the terms of trigonometric functions for both the unforced and damped CDO and the
forced and damped CDO. All analytical approximations that were obtained were compared
with the numerical approximations when using both the fourth-order Runge-Kutta (RK4)
method and the finite difference method (FDM). The distinguishing feature of the numerical
methods is that of obtaining numerical approximations without decoupling in the original
coupled models. To verify the accuracy of the obtained approximations, the maximum
residual distance error was estimated in the whole study domain, as compared with that
in the numerical RK4 approximations. It was found that the obtained approximations
exhibited good accuracy and prolonged stability. However, it was noticed that the second
analytic approximation (45) was a little more accurate than the first one (29).
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