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Abstract: This paper presents the flexural analysis of functionally graded plates resting on elastic
foundations using new two-dimensional (2D) and quasi-three-dimensional (quasi-3D) higher order
shear deformation theories. The main interesting feature of this theory is that it proposes a new
displacement field with undetermined integral variables which involves only five unknown functions,
unlike other shear and normal deformation theories, hence making it easier to use. A parabolic
transverse shear deformation shape function satisfying the zero shear stress conditions on the plate
outer surfaces is considered. The elastic foundation follows the Pasternak mathematical model.
The material properties change continuously across the thickness of the FG plate using different
distributions: power law, exponential, and Mori-Tanaka models. The governing equations of FG
plates subjected to sinusoidal and uniformly distributed loads are established through the principle
of virtual works and then solved via Navier’s procedure. In this work, a detailed discussion on the
influence of material composition, geometric parameters, stretching effect, and foundation parameters
on the deflection, axial displacements, and stresses is given, and the obtained results are compared
with those published in previous works to demonstrate the accuracy and the simplicity of the present
formulations. The different obtained results were found to be in good agreement with the available
solutions of other higher-order theories. The proposed model is able to represent the cross section
warping in the deformed shape and to demonstrate the validity and efficiency of the approach, the
findings reported herein prove that this theory is capable of predicting displacements and stresses
more accurately than other theories, as its results are closer when compared to numerical methods
reported in other literatures.

Keywords: bending; stress; functionally graded plate; shear deformation theory; stretching effect;
Winkler-Pasternak parameters

MSC: 74E30; 74K20

1. Introduction

Functionally graded materials (FGMs) are a new type of advanced composite materials
made up of a combination of ceramics and metals that is designed to endure high thermal
environment and to provide stiffness to the host structure [1]. Their mechanical properties
are assumed to change following a smooth and continuous distribution from the lower
to the upper surface of the structure and thus eliminate stress concentration found in
laminate composites and maintain structural integrity at a desirable level [2]. Due to this
feature, FGMs have been explored in many engineering applications, such as aerospace,
aircraft, automobile, and defence industries and most recently, electronic and biomedical
applications [3,4].

Mathematics 2022, 10, 4764. https:/ /doi.org/10.3390/math10244764

https://www.mdpi.com/journal /mathematics


https://doi.org/10.3390/math10244764
https://doi.org/10.3390/math10244764
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com
https://orcid.org/0000-0003-4916-5773
https://orcid.org/0000-0002-2828-408X
https://doi.org/10.3390/math10244764
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com/article/10.3390/math10244764?type=check_update&version=4

Mathematics 2022, 10, 4764

2 0of 29

In recent years, due to widespread applications of FGMs in various engineering fields,
many theories have been developed in order to analyse bending, buckling and dynamic
behaviours of different FG structures [5-9]. The use of plates resting on elastic founda-
tions is very popular in structural engineering, such as reinforced concrete pavements,
airport runways, storage tanks foundations, swimming pools, retaining walls, and con-
crete footings [10-13]. The most famous model of elastic foundations is known as the
Winkler-Pasternak model. This contains, of course, two parameters—Winkler’s transverse
stiffness coefficient and Pasternak’s shear stiffness coefficient. The first parameter of the
Pasternak model represents the modelling of the elastic medium as a series of closely
spaced, mutually independent vertical linear elastic springs, while the second parameter
represents the transverse shear stress due to the interaction of the shear deformation of the
surrounding elastic medium [14-18].

The bending problem of transverse load acting on an isotropic inhomogeneous rect-
angular plate using both two-dimensional (2D) trigonometric and three-dimensional (3D)
elasticity solutions was analysed by Zenkour [19]. Additionally, the stress and displacement
response of the FG plates resting on Pasternak elastic foundations have been analysed under
uniform thermal and mechanical loading by Zenkour [20]. The effects of thickness stretch-
ing in functionally graded plates and shells were studied in a paper by Carrera et al. [21], in
which variable plate/shell models are implemented according to Carrera’s unified formula-
tion. Quasi-3D sinusoidal and hyperbolic shear deformation theories to study the static
and free vibration responses of FG plates were proposed by Neves et al. [22,23]. Based on a
simple refined higher-order shear deformation theory with two variables, Thai et al. [24]
examined the bending, buckling and free vibration of thick FG plates resting on elastic
foundation. The buckling response of a composite laminated material square plate hav-
ing an elliptical notch was studied by Ouinas and Achour [25] using the finite element
method. Mantari and Soares [26] developed an analytical solution to the static analysis
of functionally graded plates by using a new trigonometric higher-order theory in which
the stretching effect is included. A 3D elasticity solution for bending thick FG plates was
proposed by Zhang et al. [27] using a hybrid semi-analytical approach—the state-space-
based differential quadrature method. The influence of temperature and moisture on the
bending behaviour of FG plates resting on elastic foundations using refined shear and
normal deformations plate theory were investigated by Al Khateeb and Zenkour [28].
Thai and Choi [29] used a zeroth-order shear deformation theory for bending and vibration
analyses of functionally graded plates resting on elastic foundation. A refined higher-order
shear and normal deformation theory for E-, P-, and S-FGM plates on Pasternak elastic
foundation was presented by Lee et al. [30]. Akavci and Tanrikulu [31] presented 2D and
quasi-3D shear deformation theories for bending and free vibration analysis of single-layer
FG plates using a new hyperbolic shape function. Mantari and Granados [32] developed
an original first shear deformation theory for bending and free vibration analysis of func-
tionally graded plates resting on elastic foundation. Houari et al. [33] developed a new
simple and accurate three-unknowns sinusoidal shear deformation theory for the bending
and vibration analysis of FG plates. Recently, a bending analysis of different material
distributions of functionally graded beam was established by Aldousari [34], in which two
symmetric and anti-symmetric functions were developed and their effects on the static
deflection and bending stresses were compared with classical power law distribution. A
non-polynomial four-refined-shear deformation theory for free vibration analysis of FG
plates on elastic foundation was performed by Meftah et al. [35]. Zaoui et al. [36] and
Guerroudj et al. [37] presented hybrid quasi-3D shear deformation theories to study the
free vibration of functionally graded plates. A new simple shear deformation theory with
three unknown was developed by Amar et al. [38] for static analysis of FG plates on elastic
foundation. Younsi et al. [39] developed a non-polynomial 2D and quasi-3D theory to
investigate static and dynamic responses of FG plates. Belkhodja et al. [40] investigated
the flexion, free vibrations and buckling of FGMs plate with simply supported edges us-
ing a new exponential-trigonometric shear function. Thermal vibration of functionally
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graded graphene platelets reinforced composite (FG-GPLRC) annular plate resting on an
elastic foundation under the mechanical load framework of higher order shear deformation
(HSDT) was analysed by Wang et al. [41]. Many researchers [42—45] have studied the
flows of MHD hybrid nanofluid, while Qureshi et al. [46] have specially investigated the
dispersion of polymer matrix/CNT nanocomposite material through permeable surfaces
subjected to the magnetized hybrid nanofluids. The deduced mathematical model for
nanocomposites based on PDEs is beneficial for nanotechnology. The analytical solutions
for the temperature and velocity fields are obtained using the Laplace transform. The
discrete fractional proportional operator, the Caputo and Caputo—Fabrizio fractional op-
erators have been studied in references [47,48]. Vieru et al. [49] used the fractional time
derivative of Caputo-Fabrizio to develop a new mathematical model. The latter is based
on a fractional constitutive equation of the clean heat flux to describe the memory effects.
Saffari et al. [50] used a size-dependent non-local strain gradient theory to analyse free and
forced vibration responses of fluid-conveying viscoelastic nanotubes sitting on nonlinear
Visco—Pasternak foundations under magnetic fields. Alazwari et al. [51] used the Visco—
Winkler-Pasternak elastic foundation model in conjunction with a quasi-3D refined theory
for the first time to study the vibration response of FG plates.

The objective of this work is to study the static behaviour of FG plates simply sup-
ported and resting on elastic foundations of the Winkler—Pasternak type by applying
modified 2D and quasi-3D shear strain theories developed by Zaoui et al. [52], for which
only the problem of free vibration of FGM plates resting on elastic supports was assessed.
The most interesting feature of these theories is that they have a new displacement field
that contains fewer unknowns compared to other theories such as Neves et al. [22,23].
Indeterminate integrals have been used in the proposed field of displacements in which the
transverse shear and thickness stretching effects are considered in quasi-3D theory while
ignored in the 2D model. Moreover, these theories account for a parabolic variation of
transverse shear stresses across the thickness to satisfy shear stress free boundary condi-
tions without including shear correction factor. The principle of virtual work is applied to
establish the fundamental governing equations of FG plates subjected to sinusoidal and
uniformly distributed loads. Closed-form solutions of deflections for simply supported
plates are derived via Navier’s method, and the found results are compared to those pub-
lished in the literature to demonstrate accuracy and simplicity of the proposed theories.
The effects of power law index, slenderness ratio, side-to-thickness ratio, normal strain,
Winkler—Pasternak parameters, and different rules of mixture on the bending response
of FG plates have been carried out. The findings presented here demonstrate that the
suggested model can accurately describe the cross section warping in the deformed shape
and that it can estimate displacements and stresses of FG plates more precisely than other
shear deformation theories.

2. Mathematical Formulation
2.1. Material Properties

In this work, a functionally graded rectangular plate, having uniform thickness h,
length a, width b, is considered as seen in Figure 1. The material properties of FGM
are assumed to vary gradually through the thickness according to the following rules
of mixture.
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Figure 1. Geometry and coordinates of the considered FGM plate on elastic foundation.

2.1.1. The Power Law (P-FGM) Variation

The volume fraction of the P-FGM plate is supposed to change continuously across the
thickness of the plate according to the power law variation [53], as given in Equation (1):

1 z\F
PE) = Bt (= Ba) (3 + ) <1>
2.1.2. The Exponential (E-FGM) Variation

The volume fraction of the E-FGM plate is considered to vary continuously across the
thickness direction of the plate according to the exponential distribution [30,54] as follows:

1 P,

P(z) = PpePFHh/2) = Zn( =< ()
h Py

2.1.3. The Mori-Tanaka Homogenization Model

For the Mori-Tanaka scheme [29,39], the volume fraction of the FGM plate is defined
in the equations below:

Ve
P(z) = Py + (P. — Py) , (3a)
P 1
L Vi (£ 1) 2%
1 z\F

where P represents the effective material property, such as Young’s modulus E.Py; Py, P,
Vin and V; denote material properties and the volume fraction of the upper (metal) and
the lower (ceramic) faces of the plate, respectively. k is the power law index and P is the
volume fraction exponent. Since the effects of Poisson’s ratio (v) on the response of FG
plates are very small, they are supposed to be constant for all FGM graded layers.
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2.2. Kinematics

On the basis of higher-order shear deformation theories and considering the stretching
effect [52,55], the supposed displacement field of the plate can be expressed as

u(x,y,z,t) = ug(x,y,t )—zag‘;o—i—klf (z) [0 (x,y,t)dx
v(x,y,z,t) =vo(x,y,t )—zag”o +ky f(z) [0 (x,y,t)dy 4)

w(x,y,z,t) = wo(x,y,t) +g(z)P=(x,y,t)

where ug, vy, wp, 6 and ¢, are the five unknown displacement functions of the middle
surface of the plate. Note that the integrals do not have limits. The constants k; and k
depend on the geometry. f(z) is the shape function which represents the variation of the
transverse shear strains within the thickness. Note that g(z) = 0 for 2D analysis.

The shape function is chosen according to Zaoui et al. [9,52] as

f(z) = 7_[4731_1;14 (hz/1) (n sin ( 7 >+h2 cos (7:12» —7;13]14 (5a)

and

s2) =2 (5b)

The general strain—displacement relations can be defined from Equation (4) by the
application of the linear small-strain elasticity theory as follows

Ex 82 kl; k?{
gy = 860/ +z k; + f(z)4 &y (6a)
Yxy Ty K2, Ky

Yyz '70 0
{1} =g { T} e =g (6b)
Yxz Yxz
where ,
) 0w,
(IRATR AT IR 7a
U (o
Txy T kx —235

k29 , (7b)
klayfedx+k2 L [6dy
2 ko 0 dy + %
i} foar i) &

kldex+a¢z

dg(z

) = 9. and ¢/(z) = 28 (7d)
It can be seen from Equation (6) that the transverse shear strains (7yxz,7yz) are equal to

zero at the top (z = h/2) and bottom (z = —h/2) surfaces of the plate. A shear correction

coefficient is, hence, not required.
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The integrals employed in the above expressions are solved by a Navier’s type solution
and can be described as

o [,  ,90% o[,  _ 90
@/ fdx=A dxdy’ 5/ 6dy =B oxdy (8a)
0 0
_ At 9Y _p'%
/de_-Aax,/Gdy B (8b)

where the coefficients A’ and B'—which are defined according to the type of solutions
employed, k1 and ky—are expressed as follows:

1
-

1
A = Hz—ﬁwfw%b:ﬁ )
Note that « and p are defined in Equation (24).

The stress—strain relationships for FG plate according to three-dimensional (3D) elas-

ticity can be written as

Ox Qun Qi Qi 0 0 0 €x

oy Qr Qxn Qs 0 0 0 €y

oz | _|Qus Qs Qs 0 0 0 €2 (10)
Tyz 0 0 0 Q44 0 0 Yyz

Txz 0 0 0 0 Qss 0 Yxz

Txy 0 0 0 0 0 Q66 Yxy

The Q;;j expressions in terms of engineering constants depend on the normal strain ;.

o Ifthee; # 0 then Q; are

e (I-V)E(z)

Qu =Qx»=0x= m (11a)
O — . VE(@)
Q12 = Q13 =0x = A—2)a+v) (11b)
Quaa = Q55 = Qo6 = Z(Ii(_i)v) (11c)
e Ifthee; =0, then Q;; are
Qu = Q- L& (122)
R (=T
_ vEQ)

Qun = =) (12b)
Qua = Qs5 = Qo6 = z(li(j)v) (12¢)

2.3. Equilibrium Equations and Stress Components

The equilibrium equations of functionally graded plate subjected to mechanical load-
ings can be derived by applying the principle of virtual works [56], which can be expressed
in analytical form as

0=06U+6Vy,+oVe (13)

where 6U is the virtual strain energy, 6V, is the virtual potential energy of applied dis-
tributed transverse loads, and JV, is the virtual strain energy of the elastic foundation.
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The virtual strain energy of the plate is defined by

SU= [[oxbex+0ydey+0z8e4Tay 6 Yay + Tyz 6 Yyz + Taz 6 Yaz) AV
:Z[Nx(562+Ny(588+NZ582+ny(5'ygy+M§5k§+M§(5k§
M, 6 Ky, M3 8 K + M 0K+ My 6 Ky + Q52 679 + Q% 67| dA

where A is the top surface and the stress resultants N, M and Q are given by

h/2
(oM ME) = [ Lz fledz, (= x,y,x9)
—h/2
h/2
N, = /g’(z) 0, dz
—h/2
h/2
(Q;Z/ Q;z) = / g(sz/ Tyz)dz
—h/2

(14)

(15a)

(15b)

(15¢)

The virtual potential energy of the applied external loads to the plate can be expressed as

(5Vp:—/q(5w0dA
A

where g is the external load applied to the plate.
The virtual strain energy of the foundation can be written as

d wq 90 wy
" dy 9y ﬂdA

d wo 9o wo
Jdx ox

JVE—/[waOcSwo—i—KS(
A

(16)

(17)

where K, and K; are the transverse and shear stiffness coefficients of the foundation,

respectively.

The governing equations of equilibrium can be obtained by substituting Equations
(14), (16) and (17) into Equation (13), integrating the displacement gradients by parts, and

setting the coefficients du, dvg, dwp, J6 and d¢; to zero separately, as follows:

ONx | ONyy _
51/10. ox + ay =0
dN, ON.
dvg: —2 Y =0
ay 0x
R2Mmb M PPME, )
owg : 522 + 32 5xay Kywo+ KsVewg = —q

=0

60 —ki M3 — koM — (ki A’ + ko B') My + kA »
x Y dxay ox dy

(18a)

(18b)

(18¢)

(18d)
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. asfcz aS;Z
L T

where V2 = (9?/9x?) + (0%/9y?) is the Laplacian operator in a 2D Cartesian coordi-
nate system.

The stresses and moment resultants which appeared in Equation (15) can be written in
terms of generalized displacements (u,v9,wy,0,¢-) as:

— N, =0 (18e)

Ny [Ayy A, 0 By By 0 By B, 0 Xp] 8%
Ny App A»n 0 Bip Bxn 0 Bj, B, 0 Xpp 86/
Ny 0 0 Aw 0 0 By 0 0 By 0| |7y
Mabc By Bz 0 Dypp D 0 Dj; Dj, 0 Y3 ki]c
My By Bn 0 Dp Dp 0 D, Dy 0 vl JhL 00
Mt 0O 0 Bg 0 0 Dy 0 0 D 0K,
M| B B, 0 Dy DL 0 H, H, 0 ||k
My B, By Di, D3 Hi, H, 0 Y| [k
M, 00 0 B, 0 0 Dy 0 0 H, 0] [
N, [ X13 X235 0 Yi3 Yoz 0 Yy Y3 0 Zs3 ggy
s s 0
- [ A1
Xz 55 Xz

where the stiffness components and inertias are given as:

h/2

(A 45 B3, Dy By D5 ) = [ (1,832,222 £(2),2 F(2), f2(2) )z (20a)

—h/2

h/2

(XZ]/ YI]IYZS]/ ) = / (1,z,f(z),g’(z))g’(z) Qijdz (20b)

—h/2
h/2

(o b i T o Ko Ky = [ (L2 2 f2f g @ f)olz) d2 (200)

—h/2

and p(z) is the mass density.

The in-plane normal and shear stresses (0, 0, and Tyy) can be determined accurately
by the constitutive Equation (10) for FG plates. However, if the transverse normal and
shear stresses (07, T, and Ty;) are computed from the constitutive Equation (10), they may
not respect the boundary conditions at the upper and lower surfaces of the plate. Therefore,
these stresses are determined by integrating the equilibrium equations of 3D elasticity with
respect to thickness coordinates as:

4

0
Ty = — / 90 + Ty dz + Cy(x,y) (21a)
. ox ay
—h/2
z
ot Jao,
Tyz = — / ( a;y + a;) dz + Cy(x,y) (21b)
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%oy N 0% Ty N 0%y,
dx? oxdy  Jy?

(]

] dz) dz + C3(x,y)z + Ca(x,y) (21¢)
—h/2 \~h/2

where C;’s (i = 1, 4) are constants and are determined by the following boundary conditions
at the upper and lower surfaces of the plate.

Tezloana = 0, Tzl iy = 0, 0zlopyp = 4(2,Y), 2],y =0 (21d)

3. Closed-Form Solutions for Simply Supported FG Plates

The Navier’s procedure [18,57], based on double Fourier series, is employed herein
to define the closed-form solution of the partial differential equations (Equation (18)) for
which the displacement variables satisfying the boundary conditions can be given as

1 Uy cos(a x) sin(B y)
Vo o o | Vimnsin(a x)cos(By)
wo g =Y, Y 4 Wunsin(a x)sin(B y) (21e)
6 m=1n=11 X, sin(a x) sin(B y)
¢ $mn sin(a x) sin(B y)

where (Un, Vinn, Winn, Xmn, ¢mn ) are unknown functions to be determined. « and p are
expressed as:
x« =mrm/aand B =nmn/b (22)

The transverse distributed load g(x, y) is also expanded in a double Fourier series as
et mrt nrm
qx,y) =Y. Y gunsin(—x)sin(—y (23)
B | ( a ) ( b )

The coefficients g, are given below for some general loadings:

e  For uniformly distributed load

1640 _
_ oy mn=135,..... 24
Gmn { 0 mn=24,6,.... @
e  For sinusoidal distributed load
Gmn = 40 (25)

in which gy is the intensity of the load.

Substituting Equations (19) and (23) into Equation (18), closed-form solutions of static
problem of FG plate can be obtained as follows:

S11 S12 S13 S Si5]| (Umn 0
S12 S22 S23 Sy Sos| | Vim 0
S13 523 S33 S3a S35| § Winn ¢ = { Gmn (26)
S14 Sy4 S34 Sas Sas| | Xum 0

S15 S5 S35 Sus Sss5] \ Pun 0
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in which S;; are the stiffness matrix’s coefficients and are defined as follows:
S11 = a?By1 + B*Ags
S12 = aB(A12 + Acs)
S13 = —a’Byy — ap*(Biz + 2Bes)
S1a = —a(k1Bj; + k2BS,) 4+ ap?Bg (k1A' + ko B')
S15 = o Xq3
S = a2 Ags + B2 A
Sp3 = —B° By — a®B(B12 + 2Bes)
Sos = —B(k1B5, + k2BS,) + a?B (k1 A’ + kyB') B,
525 = —p X3 27)
S33 = a*Dyq + B*Day + 2a2B%(D1p + 2Dgs)
+Ky + Ks(a® + B?)
Sas = a?k1 D5y + (koa® + k1 B%) DS, + B*k2 D5,
—202f? (k1 A’ + kyB')Di
S35 = a® Y13 + B Y3
Sys = K2HS, + K3HS, + 2kiko HS, + a2 (k1 A’ + kyB' ) H,
+a2 (k1A' A5 + B2 (kaB')* AYy
Sus = k1Y, + ko Y35 + a® ki A’ As + B? ko B/ A,
555 = 0(2 A%5 + ‘32 Ai4 + Z33

4. Results and Discussion
4.1. Bending Analysis of Simply Supported FG Plates

In this section, different numerical examples are presented and compared to the results
of various 2D, 3D, and quasi-3D shear deformation theories to check the accuracy of the
present theory in investigating the bending behaviour of simply supported FG plates.
The mechanical characteristics of the metal and ceramics used in this study are given in
Table 1. In the calculations, both homogeneous isotropic plates and FGPs are studied.
Additionally, an analysis of the parameters was performed. For convenience, the following
non-dimensional displacements and stresses are used in presenting the numerical results
in graphical and tabular forms:

— _ 10WE.(a b = _ h ab = _ h ab
w = a4q0 w(j/ jrz)/(Tx - %O—X(j/ j,Z),Uy— %U—y(zr j/z 7
= h = _ _h b = _ h
Txy = %Txy(o/o/z)r Txz = g Txz (0/ jzz)/ vz %Tyz(%/ozz)
~ . ~ (%52
0= peu (0,%,2),10 = ;FTCOW(%/%/Z)/UJC = (fmz ), (28)
~ UZ(%V%/Z) ~ TXy(OrorZ) ~  Txz (0;%12)
0z = 7 s Ty = o’ Txz = 0
7 — G b ~_— Gl (ab
0= qou (O,z,z),w— qow(2,2,z>,
Table 1. Material properties used in the FG plates [52,55].
Material Properties
E (GPa) % p (kg/m?)
Aluminum (Al) 70 0.3 2702
Alumina (Al,O3) 380 0.3 3800
Zirconia (ZrO,) 200 0.3 5700
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4.1.1. Functionally Graded Plates (P-FGM)

In this section, non-dimensional displacements and stresses of an Al/ Al,O3 FG square
plate under uniformly and sinusoidal distributed loads for various values of the power law
index are calculated and presented in Tables 2 and 3.

Table 2. The non-dimensional displacement and stress components of an Al/Al,O3 FG square plate
subjected to uniformly distributed load (a/h = 10).

k £z w(0) 7ol Ty(t) Tx2(0) T Ty
Akavci and Tanrikulu [31] =0 0.4665 2.8909 1.9103 0.4988 0.4363 1.2857
Akavci and Tanrikulu [31] #0 0.4635 2.9981 1.8925 0.4782 0.4315 1.2578
0 Younsi et al. [39] = 0.4665 2.8913 1.9102 0.5043 0.4367 1.2855
Younsi et al. [39] #0 0.4637 2.9919 1.8932 0.5042 0.4317 1.2585
Present study =0 0.4665 2.8912 1.9102 0.5043 0.4369 1.2856
Present study #0 0.4625 3.0729 1.8756 0.4761 0.4307 1.2548
Akavci and Tanrikulu [31] =0 0.9288 4.4707 2.1693 0.4988 0.5364 1.1141
Akavci and Tanrikulu [31] #0 0.8977 4.6110 2.0822 0.4782 0.5119 1.0211
1 Younsi et al. [39] =0 0.9287 44713 2.1692 0.5043 0.5370 1.1141
Younsi et al. [39] #0 0.8980 4.6005 2.0832 0.4791 0.5121 1.0225
Present study = 0.9287 44713 2.1692 0.5042 0.5372 1.1141
Present study #0 0.8961 4.7379 2.0578 0.4761 0.5114 1.0206
Akavci and Tanrikulu [31] =0 1.1940 5.2248 2.0342 0.4581 0.5643 0.9909
Akavci and Tanrikulu [31] #0 1.1376 5.3825 1.9257 0.4524 0.5081 0.8921
) Younsi et al. [39] =0 1.1940 5.2256 2.0340 0.4637 0.5657 0.9908
Younsi et al. [39] #0 1.1380 5.3726 1.9281 0.4532 0.5082 0.8926
Present study =0 1.1940 5.2255 2.0340 0.4636 0.5658 0.9908
Present study #0 1.1352 5.5232 1.8972 0.4505 0.5074 0.8902
Akavci and Tanrikulu [31] =0 1.3888 5.8855 1.7205 0.4090 0.5253 1.0305
Akavci and Tanrikulu [31] #0 1.3259 6.0382 1.6062 0.4358 0.4804 0.9274
. Younsi et al. [39] = 1.3890 5.8866 1.7202 0.4151 0.5278 1.0303
Younsi et al. [39] #0 1.3262 6.0301 1.6101 0.4365 0.4806 0.9279
Present study =0 1.3889 5.8865 1.7202 0.4149 0.5279 1.0303
Present study #0 1.3237 6.1920 1.5744 0.4341 0.4797 0.9256
Akavci and Tanrikulu [31] =0 1.5875 7.3617 1.2828 0.4436 0.4159 1.0705
Akavci and Tanrikulu [31] #0 1.5453 7.5123 1.2016 0.4332 0.4561 0.9860
10 Younsi et al. [39] =0 1.5875 7.3628 1.2825 0.4495 0.4174 1.0703
Younsi et al. [39] #0 1.5454 7.5064 1.2059 0.4339 0.4562 0.9862
Present study = 1.5875 7.3628 1.2825 0.4495 0.4176 1.0703

Present study #0 1.5436 7.6914 1.1724 0.4314 0.4554 0.9852
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Table 3. Non-dimensional displacement and stress of an Al/Al,O3 FG square plate subjected to
sinusoidal load.

o+ (h/3) w(0)
k Theory €
alh=4 alh =10 alh =100 alh=4 alh =10 alh =100
Carrera et al. [21] #0 0.6221 1.5064 14.9690 0.7171 0.5875 0.5625
Neves et al. [22] #0 0.5925 1.4945 14.9690 0.6997 0.5845 0.5624
Neves et al. [23] #0 0.5910 1.4917 14.9440 0.7020 0.5868 0.5648
Hebali et al. [2] #0 0.5952 1.4954 14.9630 0.6910 0.5686 0.5452
Akavci and Tanrikulu [31] =0 0.5806 1.4895 14.9670 0.7282 0.5889 0.5625
! Akavci and Tanrikulu [31] #0 0.5754 1.4322 14.3060 0.6908 0.5691 0.5457
Younsi et al. [39] =0 0.5808 1.4896 14.9675 0.7283 0.5889 0.5625
Younsi et al. [39] #0 0.5758 1.4330 14.3135 0.6910 0.5692 0.5459
Present study =0 0.5803 1.4894 14.9675 0.7280 0.5889 0.5625
Present study #0 0.5705 1.4157 14.1330 0.6896 0.5680 0.5447
Carrera et al. [21] #0 0.4877 1.1971 11.9230 1.1585 0.8821 0.8286
Neves et al. [22] #0 0.4404 1.1783 11.9320 1.1178 0.8750 0.8286
Neves et al. [23] #0 0.4340 1.1593 11.7380 1.1095 0.8698 0.8241
Hebali et al. [2] #0 0.4507 1.1779 11.8710 1.0964 0.8413 0.7926
Akavci and Tanrikulu [31] =0 0.4431 1.1787 11.9200 1.1613 0.8818 0.8287
4 Akavci and Tanrikulu [31] #0 0.4247 1.1017 11.0880 1.0983 0.8417 0.7925
Younsi et al. [39] =0 0.4437 1.1789 11.9209 1.1609 0.8817 0.8287
Younsi et al. [39] #0 0.4260 1.1045 11.1152 1.0982 0.8419 0.7928
Present study =0 0.4424 1.1783 11.9208 1.1618 0.8818 0.8287
Present study #0 0.4181 1.0802 10.8633 1.0970 0.8403 0.7910
Carrera et al. [21] #0 0.3965 0.8965 8.9077 1.3745 1.0072 0.9361
Neves et al. [22] #0 0.3227 1.1783 11.9320 1.3490 0.8750 0.8286
Neves et al. [23] #0 0.3108 0.8467 8.6013 1.3327 0.9886 0.9228
Hebali et al. [2] #0 0.3325 0.8889 8.9977 1.3333 0.9791 0.9114
Akavci and Tanrikulu [31] =0 0.3242 0.8778 8.9059 1.3917 1.0089 0.9362
10 Akavci and Tanrikulu [31] #0 0.3095 0.8229 8.3185 1.3352 0.9818 0.9141
Younsi et al. [39] =0 0.3248 0.8780 8.9059 1.3915 1.0088 0.9362
Younsi et al. [39] #0 0.3109 0.8259 8.3473 1.3353 0.9819 0.9141
Present study =0 0.3235 0.8775 8.9059 1.3917 1.0089 0.9362
Present study #0 0.3033 0.8031 8.1118 1.3333 0.9807 0.9130

In Table 2, the computed results of non-dimensional deflection and stress compo-
nents of moderately thick square FG plate under uniform load are compared to those
given by quasi-3D and 2D shear deformation theories by Akavci and Tanrikulu [31] and
Younsi et al. [39]. From this table, it can be observed that the results of the proposed 2D
theory agree well with those of Akavci and Tanrikulu [31] and Younsi et al. [39] in all cases.
Additionally, by comparing the obtained values of the present quasi-3D theory with those
given by the other quasi-3D theories, an excellent correlation can be noted.

Table 3 presents the non-dimensional normal stress (') and transverse displacement
(w) of square thin and thick plates subjected to sinusoidal load for three different power law
indices (k). The determined results are compared with those generated by Carerra et al. [21]
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based on fourth-order variations of both in-plane and transverse displacements across the
thickness, quasi-3D sinusoidal and hyperbolic shear deformation theories of Neves et al. [22,23],
quasi-3D shear deformation theories of Hebali et al. [2], and 2D and quasi-3D hyperbolic
shear deformation theories of Akavci and Tanrikulu [31] and Younsi et al. [39]. A good
agreement between the results is found for both thin and thick plates. Additionally, the
present model provides a good prediction of both displacement and stress even in thick FG
plates, where the stretching effects are more pronounced.

Moreover, it should be noticed that the number of unknown variables used in the
present formulation is just four in the 2D theory and five in the quasi-3D model, while nine
unknown functions were used in hyperbolic shear deformation theories of Neves et al. [22,23].
It can be concluded that the present theory is not only accurate but also comparatively
simple in predicting the bending response of simply supported FGM plates.

The stresses and displacements variations through the thickness of Al/Al,O3 FG
square plate subjected to sinusoidal load are plotted in Figure 2. The results are shown
as compared to the quasi-3D shear deformation theory of Akavci and Tanrikulu [31]
for different values of the power law index (k). From this figure, excellent agreement
between the obtained results and those computed by Akavci and Tanrikulu can be ob-
served [31]. It is important to note that the in-plane stresses (0y) and (?xy) exhibit linear
variation through the thickness of homogeneous plate, while variation is parabolic for FG
plates. The figure also shows that the deflection (w) and in-plane stresses—(0’y) and (0),
respectively—increase and that the shear stresses (Tyy) and (T ) decrease with the increas-
ing value of material index (k).

In the middle of the FG plate, the axial stresses are negative in the lower half of the
metal for all values of the power index k and then become positive in the upper part starting
from the geometric ratio z/h > 0.17. Beyond this value, the stresses tend to increase with
the increase in the power index, and the most important stress is found for k = 10. An
inverse behaviour is observed for the tangential stresses in the plane; they are positive and
are obtained in the lower face of the plate, whereas the minimal tangential stresses are
obtained on the upper face of the plate FG. The importance of these stresses depends on
the quality of the air of FGM materials.

The maximum transverse shear stresses are located in the median plane for homo-
geneous plates, and they tend to shift slightly towards the upper surface with respect to
the median plane with the importance of k. The maximum transverse shear stresses will
possess an asymmetric characteristic through the thickness of the FG plate. In this case and
for an index k = 1 the maximum axial and shear stresses in the plan are found respectively
12 and 6 times more important than the maximum transverse shear stress. Regarding
the deflection (w), it is found to be almost stable through the thickness of the plate and
increases significantly proportionally with the index k.

Figure 3 presents a 3D interaction diagram of the power-law index (k), side-to-thickness
ratio (a/h), and centre deflection (w) using the proposed 2D and quasi-3D theories. It can
be seen from this figure that the centre deflection increases with the increase of the power
law index and decreases with the increasing of the thickness ratio. It is due to the fact that
a higher value of (k) corresponds to lower value of volume fraction of the ceramic phase
and thus leads to the decrease of the value of the elasticity modulus, which makes the plate
softer. The figure shows also that the centre deflections computed from the present 2D
theory, which neglects the thickness stretching effect, are higher than those calculated from
quasi-3D theory.
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Figure 2. Distributions of the non-dimensional displacements (7, @) and stresses (?x,ﬁz,?xy,?xz)
through the thickness of square P—-GM plate (a/h = 10) [31].
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0

Figure 3. Effect of the power law index k and side-to-thickness ratio a/h on the non-dimensional
deflection w of simply supported Al/Al;O3 P—FGM plates.

4.1.2. Exponentially Graded Plates (E—FGM)

Computations in this section are carried out for a simply supported E-FGM plate.
The material properties of the E-FGM plate are defined by the exponential function given
in Equation (2). The non-dimensional stress and displacements of the E-FGM plate are
calculated and compared with the results of different HSDTs for different loadings.

The centre deflections (@) in-plane and transverse shear stresses (7x, Txy ) of Al/Al,O3
plates under sinusoidal loads are calculated for different values of aspect ratio (b/a),
thickness ratio (a/h), and exponent values (k) in Tables 4-7. The central deflections of the
very thick E-FGM plates are analysed in Table 4. The obtained predictions are compared
with the quasi-3D sinusoidal and exact 3D elasticity theories of Zenkour [19], 2D and
quasi-3D trigonometric models of Mantari and Soares [26], and the quasi-3D and 2D shear
deformation theories by Akavci and Tanrikulu [31], Younsi et al. [39]. Since the proposed
and other quasi-3D models include the thickness-stretching influence, they lead to results
close to each other, whereas 2D HSDTs overestimate the deflections due to omitting the
thickness-stretching influence. In Tables 5 and 6, the computed non-dimensional stresses
are provided as compared with those given by Younsi et al. [39], Akavci and Tanrikulu [31]
based on quasi-3D and 2D hyperbolic theories and Mantari and Soares [26] using 2D and
quasi-3D trigonometric theories. It can be seen from the table that an excellent agreement
is achieved between the results of present theory and those of other theories. Tables 4-7
also demonstrate that deflection (@) and transverse shear stress (Ty;) decrease and that
in-plane stress (7 ) increases with an increase in the exponent (k).
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Table 4. Non-dimensional deflection w(0) = %w (%, g, 0) of E-FGM plates subjected to sinusoidal
distributed load (a/h = 2).

k

bla Theory & 0.1 0.3 0.5 0.7 1 15
Zenkour [19] #0 0.5769 0.5247 0.4766 0.4324 0.3726 0.2890
Zenkour [19] = 0.5730 0.5180 0.4678 0.4221 0.3611 0.2771
Mantari and Soares [26] #0 0.5778 0.5224 0.4717 0.4256 0.3648 0.2793
Mantari and Soares [26] =0 0.6362 0.5751 0.5194 0.4687 0.4017 0.3079
Akavci and Tanrikulu [31] =0 0.6351 0.5741 0.5185 0.4679 0.4004 0.3075
! Akavci and Tanrikulu [31] #0 0.5750 0.5198 0.4694 0.4236 0.3624 0.2780
Younsi et al. [39] = 0.6355 0.5745 0.5189 0.4683 0.4007 0.3077
Younsi et al. [39] #0 0.5758 0.5205 0.4701 0.4242 0.3629 0.2784
Present study =0 0.6343 0.5734 0.5179 0.4674 0.4000 0.3072
Present study #0 0.5731 0.5181 0.4679 0.4222 0.3612 0.2771
Zenkour [19] #0 1.1944 1.0859 0.9864 0.8952 0.7726 0.6017
Zenkour [19] =0 1.1879 1.0739 0.9700 0.8754 0.7493 0.5757
Mantari and Soares [26] #0 1.1940 1.0794 0.9750 0.8799 0.7537 0.5786
Mantari and Soares [26] =0 1.2776 1.1553 1.0441 0.9430 0.8092 0.6237
Akavci and Tanrikulu [31] = 1.2763 1.1541 1.0431 0.9422 0.8079 0.6234
2 Akavci and Tanrikulu [31] #0 1.1938 1.0765 0.9723 0.8775 0.7511 0.5771
Younsi et al. [39] =0 1.2768 1.1546 1.0435 0.9426 0.8082 0.6236
Younsi et al. [39] #0 1.1917 1.0774 0.9731 0.8782 0.7517 0.5775
Present study =0 1.2753 1.1532 1.0423 0.9415 0.8074 0.6231
Present study #0 1.1880 1.0740 0.9701 0.8755 0.7494 0.5758
Zenkour [19] #0 1.4429 1.3116 1.9112 1.0811 0.9333 0.7275
Zenkour [19] =0 1.4354 1.2977 1.1722 1.0579 0.9056 0.6961
Mantari and Soares [26] #0 1.4421 1.3037 1.1776 1.0627 0.9104 0.6992
Mantari and Soares [26] =0 1.5340 1.3873 1.2540 1.1329 0.9725 0.7506
Akavci and Tanrikulu [31] =0 1.5327 1.3861 1.2530 1.1320 0.9712 0.7503
3 Akavci and Tanrikulu [31] #0 1.4386 1.3005 1.1748 1.0602 0.9076 0.6976
Younsi et al. [39] =0 1.5332 1.3866 1.2534 1.1324 0.9715 0.7504
Younsi et al. [39] #0 1.4396 1.3015 1.1756 1.0610 0.9082 0.6981
Present study =0 1.5316 1.3852 1.2521 1.1313 0.9706 0.7499
Present study #0 1.4354 1.2977 1.1722 1.0579 0.9057 0.6961

In Figure 4, the variations of non-dimensional displacements and stresses according
to the thickness of an E-FGM plate subjected to sinusoidal loading for different E./E,,
ratios are displayed using the present theory, including the thickness-stretching effect and
compared to the quasi-3D theory of Younsi et al. [39]. A very good accuracy between
the solutions is observed. It can be seen also from these results that the non-dimensional
displacements increase with the increasing of E./E;,. In addition, it can be deduced that
E./E,, ratios affect considerably the non-dimensional stresses.
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Table 5. Non-dimensional stress oy (%) - Oy <%, %, %) of E-FGM plates subjected to sinusoidal

a2q
distributed load (a/h = 10).

k

bla Theory c 0.1 0.3 0.5 0.7 1 1.5 2 2.5 3
Mantari and Soares [26] #0 02196 0.2345 0.2503 0.2671 0.2944 0.3460 0.4065 04775 0.5603
Mantari and Soares [26] = 02062 0.2204 0.2355 0.2515 0.2774 03264 0.3835 04502 0.5278
Akavci and Tanrikulu [31] =0 0.2063 0.2205 0.2356 0.2516 0.2776 03266 0.3838 0.4504 0.5281
Akavci and Tanrikulu [31] #0 0.2142 0.2285 0.2438 0.2601 0.2866 0.3370 0.3964 0.4664 0.5485
! Younsi et al. [39] =0 0.2063 0.2205 0.2355 0.2516 0.2775 0.3265 0.3837 0.4504 0.5279
Younsi et al. [39] #0 0.2137 0.2280 0.2433 0.2595 0.2860 0.3363 0.3957 0.4657 0.5478
Present study = 0.2063 0.2205 0.2356 0.2517 0.2776 0.3266 0.3838 0.4505 0.5282
Present study #0 02195 0.2344 0.2502 0.2670 0.2943 0.4359 04064 04773 0.5602
Mantari and Soares [26] #0 0.4552 04867 0.5200 0.5554 0.6126 0.7201 0.8449 0.9898 1.1580
Mantari and Soares [26] =0 0.4350 0.4649 04966 05303 0.5850 0.6881 0.8085 0.9490 1.1125
Akavci and Tanrikulu [31] =0 0.4351 0.4650 0.4968 0.5305 0.5852 0.6884 0.8088 0.9493 1.1129
Akavci and Tanrikulu [31] #0 0.4466 04773 0.5098 0.5443 0.6002 0.7058 0.8289 0.9725 1.1397
2 Younsi et al. [39] =0 0.4351 0.4650 0.4967 0.5305 0.5851 0.6883 0.8087 0.9492 1.1128
Younsi et al. [39] #0 0.4459 04765 0.5090 0.5435 0.5993 0.7048 0.8278 0.8278 1.1388
Present study = 0.4351 0.4650 0.4968 0.5306 0.5852 0.6884 0.8089 0.9494 1.1131
Present study #0 0.4551 0.4865 0.5199 0.5553 0.6124 0.7199 0.8447 0.9897 1.1579
Mantari and Soares [26] #0 0.5514 0.5896 0.6302 0.6733 0.7427 0.8730 1.0240 1.1990 1.4017
Mantari and Soares [26] =0 0.5288 0.5651 0.6037 0.6447 0.7112 0.8365 0.9828 1.1536 1.3523
Akavci and Tanrikulu [31] =0 0.5290 0.5653 0.6039 0.6449 0.7114 0.8368 0.9832 1.1540 1.3528
Akavci and Tanrikulu [31] #0 0.5418 0.5791 0.6187 0.6608 0.7289 0.8570 1.0061 1.1797 1.3813
> Younsi et al. [39] =0 0.5289 0.5652 0.6038 0.6449 0.7113 0.8367 0.9831 1.1538 1.3527
Younsi et al. [39] #0 0.5410 0.5783 0.6179 0.6599 0.7279 0.8559 1.0050 1.1786 1.3803
Present study =0 0.5290 0.5653 0.6039 0.6450 0.7114 0.8368 0.9833 1.1541 1.3529
Present study #0 0.5512 0.5895 0.6300 0.6731 0.7425 0.8728 1.0238 1.1988 1.4016

It should be noted that the normal stress (0x) increases in importance in the two
extreme surfaces, whether in the ceramic or in the metal depending on the couple E./E,,
When E./E,; = 0.1, the compressive stress in the metal is on the order of 4.44 times greater
than that of ceramic traction. An opposite behaviour occurs in the case that E./E;;, = 10, in
which case the compressive stress in the metal is 4.44 times less than that of the traction in
the upper layer of the ceramic. When E./E,;, = 1, the normal stress is asymmetrical on both
sides of the middle layer of the plate. The maximum shear stresses (Tyy) are in the external
layers and they are half in comparison with the normal stresses (7y) It is also noted that the
maximum shearing stresses through the thickness (Ty;) are four times less than the shear
stresses (Tyy).
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Table 6. Non-dimensional stress Ty, (0) = H%sz (0, %, 0> of E-FGM plates subjected to sinusoidal
distributed load (a/h = 10).

k

bla Theory c 0.1 0.3 0.5 0.7 1 1.5 2 2.5 3
Mantari and Soares [26] #0 0.2454 0.2450 0.2442 0.2430 0.2405 0.2344 02263 0.2162 0.2045
Mantari and Soares [26] = 02380 0.2376 0.2368 0.2356 0.2330 0.2268 0.2185 0.2094 0.1985
Akavci and Tanrikulu [31] =0 0.2434 0.2430 0.2422 0.2410 0.2385 0.2324 0.2242 0.2140 0.2023
Akavci and Tanrikulu [31] #0 0.2367 0.2364 0.2359 0.2353 0.2338 0.2300 0.2249 0.2182 0.2102
! Younsi et al. [39] =0 02416 0.2412 0.2404 02392 0.2366 0.2305 0.2222 0.2121 0.2003
Younsi et al. [39] #0 02371 0.2369 0.2364 0.2357 0.2342 0.2304 0.2252 0.2186 0.2105
Present study = 0.2461 0.2457 0.2449 02437 0.2412 0.2351 0.2269 0.2168 0.2051
Present study #0 0.2357 0.2354 0.2350 0.2343 0.2328 0.2291 0.2240 0.2174 0.2094
Mantari and Soares [26] #0 0.3927 0.3921 03908 0.3889 0.3849 03752 0.3621 0.3460 0.3273
Mantari and Soares [26] =0 0.3810 0.3803 0.3790 03770 0.3730 0.3630 0.3497 0.3344 0.3165
Akavci and Tanrikulu [31] =0 03896 0.3889 0.3877 0.3857 0.3817 0.3719 0.3588 0.3425 0.3237
Akavci and Tanrikulu [31] #0 0.3790 0.3787 03779 03768 0.3744 03684 0.3602 0.3496 0.3368
2 Younsi et al. [39] =0 0.3867 0.3860 0.3847 0.3828 0.3787 0.3689 0.3557 0.3394 0.3206
Younsi et al. [39] #0 03797 03793 03786 03774 0.3750 0.3691 0.3608 0.3501 0.3373
Present study = 0.3939 0.3933 03920 0.3901 0.3860 0.3763 0.3632 0.3470 0.3282
Present study #0 03774 03770 03763 03752 0.3728 0.3669 0.3587 0.3482 0.3355
Mantari and Soares [26] #0 0.4418 0.4411 04396 04375 04330 04221 04074 0.3893 0.3683
Mantari and Soares [26] =0 04286 04279 04264 04242 04196 0.4084 0.3934 0.3761 0.3558
Akavci and Tanrikulu [31] =0 0.4383 04376 04361 0.4340 04294 04185 04036 0.3854 0.3642
Akavci and Tanrikulu [31] #0 0.4265 04261 04252 04239 04212 04146 04053 0.3934 0.3789
> Younsi et al. [39] =0 0.4350 0.4343 04328 04307 04261 04151 0.4002 0.3819 0.3607
Younsi et al. [39] #0 0.4273 0.4268 0.4260 0.4247 0.4220 0.4153 0.4059 0.3940 0.3795
Present study =0 0.4432 0.4425 04410 04389 04343 04234 04086 0.3904 0.3693
Present study #0 04246 04242 04234 04221 04194 04128 0.4036 0.3918 0.3775

4.1.3. Comparative Study

In this section, parametric studies have been presented to evaluate the effect of the
power law index (k) and side-to-thickness ratio (a/h) on the bending of functionally graded
plates using three rules of mixture (P-FGM, E-FGM, Mori-Tanaka models). Figure 5
illustrates the variation of non-dimensional deflection () with respect to exponent index
(k) and slenderness ratio (a/h) for P-FGM, E-FGM, Mori-Tanaka homogenization scheme.
It can be noted from this figure, that when the exponent index increases, deflections of
plates using E-FGM decrease whereas the deflections increase when P-FGM and Mori—
Tanaka models are used. Such behaviour is due to the fact that the increase in the power
law index will increase the stiffness of the EGM plate and thus lead to a reduction of the
transverse displacement.
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Table 7. Non-dimensional central displacement w(0) = G(h)w/h q¢ and in-plane normal stress
0+ (0) = 0x(0)/go of E-FGM plates subjected to uniformly distributed load.

hla Quantity Theory Eo/Ex
0.1 0.5 1 2 10
Vaghefi et al. [58] (BEM) 4.0916 8.9751 12.5990 17.6640 39.0600
Vaghefi et al. [58] (FEM) 4.1215 9.0047 12.6130 17.7110 39.1550
. Akavci and Tanrikulu [31] (¢; # 0) 3.8333 8.8724 12.5970 17.7440 38.3330
@ Younsi et al. [39] (e; # 0) 3.8345 8.8756 12.6025 17.7511 38.3451
Present study (e,=0) 4.1011 9.1087 12.8653 18.2171 41.0098
02 Present study (e, # 0) 3.8265 8.8560 12.5740 17.7123 38.2668
Vaghefi et al. [58] (BEM) —15.356 —9.2902 —7.4462 —5.9410 —3.4665
Vaghefi et al. [58] (FEM) —15.403 —9.2995 —7.4588 —5.9591 —3.4805
Tx Akavci and Tanrikulu [31] (¢; # 0) —16.3220 —9.6545 —7.6944 —6.1109 —3.4530
(=h/2) Younsi et al. [39] (- # 0) ~162898  —9.6313 —7.6770 —6.0994  —3.4504
Present study (e,=0) —15.6820 —9.2913 —7.3718 —5.8141 —3.2271
Present study (e, # 0) —16.6927 —9.8955 —7.8723 —6.2318 —3.4891
Vaghefi et al. [58] (BEM) 0.9707 2.1378 2.9853 4.1208 8.7134
Vaghefi et al. [58] (FEM) 0.9732 2.1407 2.9792 4.1333 8.7293
. Akavci and Tanrikulu [31] (¢; # 0) 0.8923 2.0834 2.9602 4.1669 8.9229
@ Younsi et al. [39] (e; # 0) 0.8925 2.0843 2.9615 4.1685 8.9253
Present study (e,=0) 0.9602 2.1772 3.0822 4.3543 9.6015
03 Present study (e, # 0) 0.8908 2.0798 2.9549 4.1595 8.9080
Vaghefi et al. [58] (BEM) —7.223 —4.3084 —3.4496 —2.7499 —1.6449
Vaghefi et al. [58] (FEM) —7.2639 —4.3378 —3.4681 —2.7673 —1.6499
_ Akavci and Tanrikulu [31] (e, # 0) —7.6576 —4.5062 —3.5748 —2.8235 —1.5731
. Younsi et al. [39] (e, # 0) —7.6386 —4.4941 —3.5659 —2.8175 —1.5715
Present study (e,= 0) —7.2499 —4.2796 —3.3846 —2.6589 —1.4605
Present study (e, # 0) —7.7999 —4.5974 —3.6421 —2.8693 —1.5869

Figure 6 is devoted to present the influence of side-to-thickness ratio on the non-
dimensional deflection of a simply supported plate with different models. As can be
observed from this figure, an increase in side-to-thickness ratio causes a reduction in the
magnitude of deflection. This means that the effect of shear deformation is significant when
plates are thick (2/h < 5) and negligible for thin plates. Furthermore, it is apparent that
plates made with exponential function have the lowest deflection than the other functions.

An additional comparative study for evaluating the dimensionless centre deflections
of the Mori-Tanaka homogenization scheme and P-FGM and E-FGM plates subjected to
sinusoidal load is also carried out. In Figure 7, it is shown that the deflection at the centre
of plates with Mori—Tanaka homogenization model is larger than those of P-FGM and
E-FGM plates. The E-FGM plate which has the smallest deflection is stiffer than the other

FGM plates.
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Figure 4. Distributions of the non-dimensional displacements (i, @) and stresses ((7x,(7z, Txy, ?xz)
through the thickness of square E-FGM plate (a/h = 10) [39].
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Mori Tanaka Model
P-FGM

Figure 5. Non-dimensional deflection variation @ of different models of FG plates for various values
of power-law index (k) and side-to-thickness ratio (a/h).
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Figure 6. Effect of the side-to-thickness ratio (a/h) on the non-dimensional deflection of different
FG plates.
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Figure 7. Comparison of the deflection of the Mori-Tanaka model and P-FGM and E-FGM plates
(a/h=4,k=2).

4.2. Analysis of FG Plates on Elastic Foundation

This section aims to demonstrate the accuracy of the proposed new models in predict-
ing the static response of FG plates resting on elastic foundation. The following relations
of non-dimensional displacements, stresses and foundation parameters in the bending
problem are used:

qoa* qoat
(g ) (41
ok = —qﬁ‘%@(%, oy —%),axy* = qz%axy (0, 0, —%) (29)
Ko = Kea jo = Kt By = 1GPa
Ky = Kf_v)ile/?s %’DC 125%302)

In the first example, isotropic square plates on elastic foundation are analysed to verify
the accuracy of the proposed theories. The dimensionless deflection of a homogeneous
square plate subjected to uniform loads is presented in Table 8 for two values of the side-
to-thickness ratio (a/h) and different values of the foundation parameters (Ky, K;). The
obtained results are compared to those given by Thai and Choi [29] using the differential
quadrature method and those of Al Khateeb and Zenkour [28] based on refined shear
deformation plate theory. This table proves that the computed results are in excellent
agreement with those reported by the other theories of Thai and Choi [29] and Al Khateeb
and Zenkour [28] for all values of side-to-thickness ratio and foundation parameters.
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Table 8. Comparison of the dimensionless deflection w* of isotropic square plate subjected to
uniformly distributed load.

alh =10 alh =200
Ky K Thai etal. Al Khateeb and  Present Present Thai etal. Al Khateeb and  Present Present
[24] Zenkour [28] 2D Quasi-3D [24] Zenkour [28] 2D Quasi-3D
5 3.3455 3.18068 3.3452 3.3302 3.2200 3.21959 3.2200 3.2117
1 10 2.7504 2.61977 2.7503 2.7452 2.6684 2.66809 2.6684 2.6628
15 2.3331 2.2253 2.3330 2.3329 2.2763 2.27602 2.2763 2.2722
20 2.0244 1.93304 2.0243 2.0270 1.9834 1.98317 1.9834 1.9803
5 2.8421 2.70699 2.8420 2.8358 2.7552 2.75485 2.7552 2.7491
3 10 2.3983 2.28765 2.3982 2.3977 2.3390 2.33866 2.3389 2.3346
15 2.0730 1.97963 2.0729 2.0754 2.0306 2.03037 2.0306 2.0274
20 1.8244 1.74394 1.8244 1.8286 1.7932 1.79298 1.7932 1.7907
5 1.3785 1.32344 1.3784 1.3854 1.3688 1.36864 1.3688 1.3674
- 10 1.2615 1.21169 1.2614 1.2684 1.2543 1.25412 1.2542 1.2531
15 1.1627 1.11725 1.1627 1.1694 1.1572 1.15711 1.1572 1.1562
20 1.0782 1.03638 1.0782 1.0847 1.0740 1.07389 1.0740 1.0732
The next example is implemented for Al/Al,O3 moderately thick rectangular plates
on elastic foundation. Table 9 presents a comparison of non-dimensional displacements
and stresses of FG plate for various exponent values (k) and foundation parameters (Ky, /o).
derived from the present theory, the sinusoidal shear deformation theory of Zenkour [20],
and the 2D zeroth-order shear deformation theory of Thai and Choi [29]. It is clear that the
present results are found to be closer with other theories for the different parameters. It
should be noted that the present theory is not only efficient but more accurate in predicting
the bending behaviour of FG plates resting on elastic foundation. The table exhibits that
axial displacements, deflection, and stresses decrease with the increase in foundation
parameters. In addition, it is apparent that the computed values from the present quasi-
3D theory which takes into account the thickness stretching effect are smaller than those
calculated from 2D theory.
Table 9. Comparisons of non-dimensional displacements and stresses of simply supported FG
rectangular plate (Al/Al,O3) resting on elastic foundation under uniform loads (b = 34, a/h = 10).
k Ky Jo Method u* v* w* oy oy* Oxy*
Zenkour [20] 0.1972 0.1022 1.2583 0.7162 0.2448 0.2893
Thai and Choi [29] 0.1971 0.1022 1.2583 0.7160 0.2447 0.2890
0 0 Present 2D 0.1972 0.1021 1.2582 0.7159 0.2442 0.2869
0 Present Quasi-3D 0.1953 0.1009 1.2503 0.8755 0.4074 0.2823
Zenkour [20] 0.1922 0.1003 1.2259 0.6970 0.2376 0.2843
Thai and Choi [29] 0.1922 0.1003 1.2260 0.6969 0.2375 0.2840
100 0 Present 2D 0.1922 0.1002 1.2259 0.6967 0.2370 0.2819

Present Quasi-3D 0.1905 0.0991 1.2186 0.8523 0.3959 0.2774
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Table 9. Cont.
k Ky Jo Method u* v* w* ox* oy* Oxy*
Zenkour [20] 0.1830 0.0967 1.1662 0.6619 0.2245 0.2746
Thai and Choi [29] 0.1830 0.0967 1.1662 0.6618 0.2245 0.2744
0 100 Present 2D 0.1830 0.0966 1.1661 0.6616 0.2239 0.2723
Present Quasi-3D 0.1815 0.0955 1.1599 0.8097 0.3749 0.2681
Zenkour [20] 0.1787 0.0951 1.1382 0.6453 0.2184 0.2702
Thai and Choi [29] 0.1787 0.0951 1.1382 0.6452 0.2183 0.2700
100 100 Present 2D 0.1787 0.0950 1.1381 0.6451 0.2178 0.2679
Present Quasi-3D 0.1772 0.0939 1.1323 0.7895 0.3650 0.2638
Zenkour [20] 0.3492 0.1810 1.9344 0.2337 0.0799 0.0941
Thai and Choi [29] 0.3491 0.1809 1.9345 0.2337 0.0799 0.0941
0 0 Present 2D 0.3492 0.1807 1.9343 0.2336 0.0797 0.0934
Present Quasi-3D 0.3346 0.1729 1.8995 0.2763 0.1286 0.0891
Zenkour [20] 0.3358 0.1759 1.8590 0.2242 0.0763 0.0916
Thai and Choi [29] 0.3358 0.1758 1.8590 0.2242 0.0763 0.0916
100 0 Present 2D 0.3358 0.1756 1.8589 0.2242 0.0761 0.0910
Present Quasi-3D 0.3221 0.1681 1.8271 0.2653 0.1231 0.0867
0 Zenkour [20] 0.3120 0.1665 1.7248 0.2075 0.0701 0.0871
Thai and Choi [29] 0.3119 0.1665 1.7248 0.2075 0.0701 0.0870
0 100 Present 2D 0.3120 0.1663 1.7247 0.2074 0.0699 0.0864
Present Quasi-3D 0.2997 0.1593 1.6980 0.2458 0.1136 0.0824
Zenkour [20] 0.3013 0.1623 1.6640 0.1999 0.0673 0.0850
Thai and Choi [29] 0.3012 0.1623 1.6640 0.1999 0.0673 0.0850
100 100 Present 2D 0.3013 0.1621 1.6639 0.1998 0.0671 0.0843
Present Quasi-3D 0.2896 0.1554 1.6394 0.2369 0.1092 0.0805
Zenkour [20] 0.4855 0.2515 2.5133 0.3250 0.1111 0.1307
Thai and Choi [29] 0.4854 0.2515 2.5134 0.3250 0.1111 0.1306
0 0 Present 2D 0.4854 0.2512 2.5132 0.3249 0.1108 0.1298
Present Quasi-3D 0.4544 0.2347 2.4287 0.3752 0.1746 0.1209
Zenkour [20] 0.4617 0.2424 2.3874 0.3081 0.1047 0.1263
Thai and Choi [29] 0.4616 0.2424 2.3875 0.3080 0.1047 0.1262
100 0 Present 2D 0.4616 0.2421 2.3873 0.3080 0.1045 0.1254
Present Quasi-3D 0.4329 0.2265 2.3115 0.3563 0.1652 0.1170
! Zenkour [20] 0.4204 0.2262 2.1702 0.2791 0.0940 0.1183
Thai and Choi [29] 0.4203 0.2261 2.1703 0.2791 0.0940 0.1182
0 100 Present 2D 0.4204 0.2258 2.1701 0.2790 0.0938 0.1174
Present Quasi-3D 0.3955 0.2118 2.1083 0.3238 0.1493 0.1097
Zenkour [20] 0.4023 0.2191 2.0746 0.2663 0.0893 0.1148
Thai and Choi [29] 0.4022 0.2190 2.0746 0.2663 0.0893 0.1148
100 100 Present 2D 0.4023 0.2188 2.0745 0.2662 0.0890 0.1139
Present Quasi-3D 0.3790 0.2054 2.0184 0.3093 0.1422 0.1066
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k Ky Jo Method u* v* w* ox* oy* Oxy*
Zenkour [20] 0.6565 0.3401 3.2267 0.4396 0.1502 0.1766
Thai and Choi [29] 0.6564 0.3400 3.2266 0.4395 0.1502 0.1766
0 0 Present 2D 0.6565 0.3397 3.2266 0.4394 0.1499 0.1755
Present Quasi-3D 0.6025 0.3113 3.0706 0.4975 0.2315 0.1604
Zenkour [20] 0.6157 0.3245 3.0219 0.4106 0.1394 0.1690
Thai and Choi [29] 0.6156 0.3244 3.0218 0.4105 0.1394 0.1690
100 0 Present 2D 0.6157 0.3241 3.0218 0.4104 0.1390 0.1679
’ Present Quasi-3D 0.5669 0.2977 2.8854 0.4661 0.2160 0.1538
Zenkour [20] 0.5476 0.2975 2.6814 0.3628 0.1217 0.1557
Thai and Choi [29] 0.5475 0.2974 2.6814 0.3628 0.1217 0.1557
0 100 Present 2D 0.5475 0.2971 2.6813 0.3627 0.1214 0.1546
Present Quasi-3D 0.5069 0.2740 2.5748 0.4141 0.1904 0.1421
Zenkour [20] 0.5187 0.2861 2.5364 0.3423 0.1142 0.1502
Thai and Choi [29] 0.5186 0.2860 2.5364 0.3423 0.1142 0.1501
100 100 Present 2D 0.5187 0.2856 2.5363 0.3422 0.1138 0.1490
Present Quasi-3D 0.4813 0.2639 2.4415 0.3916 0.1794 0.1372
Zenkour [20] 0.7805 0.4045 3.8517 0.5224 0.1785 0.2104
Thai and Choi [29] 0.7802 0.4043 3.8506 0.5223 0.1785 0.2103
0 0 Present 2D 0.7804 0.4040 3.8516 0.5222 0.1781 0.2089
Present Quasi-3D 0.7198 0.3721 3.6893 0.5941 0.2765 0.1919
Zenkour [20] 0.7232 0.3825 3.5629 0.4816 0.1633 0.1997
Thai and Choi [29] 0.7230 0.3824 3.5620 0.4816 0.1633 0.1996
100 0 Present 2D 0.7231 0.3820 3.5628 0.4816 0.1629 0.1982
5 Present Quasi-3D 0.6693 0.3528 3.4247 0.5496 0.2544 0.1825
Zenkour [20] 0.6305 0.3456 3.0979 0.4168 0.1394 0.1815
Thai and Choi [29] 0.6304 0.3455 3.0972 0.4168 0.1394 0.1814
0 100 Present 2D 0.6304 0.3451 3.0978 0.4166 0.1390 0.1800
Present Quasi-3D 0.5868 0.3199 2.9948 0.4781 0.2194 0.1663
Zenkour [20] 0.5923 0.3304 2.9052 0.3897 0.1294 0.1741
Thai and Choi [29] 0.5922 0.3303 2.9046 0.3897 0.1294 0.1740
100 100 Present 2D 0.5922 0.3298 2.9050 0.3895 0.1290 0.1726
Present Quasi-3D 0.5524 0.3063 2.8153 0.4481 0.2047 0.1597

To check the effect of Winkler’s and Pasternak’s foundation parameters (K, Ks) on
the bending behaviour of FG plates subjected to sinusoidal loads based on the proposed
2D and quasi-3D theories, Figure 8 depicts the variation in non-dimensional deflection w
of Al/Al,O3 FG square plates versus Winkler (Ky) and Pasternak (K,) parameters. As
can be seen from this figure, the dimensionless deflection diminishes when the foundation

parameters increase. Compared to the Winkler parameter (K ), the Pasternak foundation
parameter (K;) has a more significant effect on decreasing the dimensionless deflection.
Additionally, the deflection computed by present quasi-3D theory is lower than that ob-

tained from 2D theory, which means the thickness-stretching effect is more significant when
the thickness of the plate is higher, but it is negligible with reducing the thickness of the
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plate. This indicates that the stretching effect is pronounced and must be taken into account
in the modelling of thick plate.

Figure 8. Effect of foundation parameters (Ky, K;) on the non-dimensional deflection @ of FG square
plates under sinusoidal load (k =1, a/h = 10).

5. Conclusions

The aim of this work is to develop a mathematical approach in order to study the
mechanical behaviour of functionally graded plates on elastic foundation by applying
the 2D and quasi-3D shear strain theories proposed by Zaoui et al. (2019) regarding free
vibration analysis. The theory, in which only five unknowns are used, takes into account
a parabolic distribution of the transverse shear stress using a new shear shape function
which satisfies the boundary conditions with no tension or compression on the bottom
and top surfaces of the plate. Moreover, the shear correction factor has not been included.
The principle of virtual work was applied to determine the equilibrium equations. The
analytical solutions of simply supported plates are obtained using the double Fourier series
and are compared to previously published solutions in order to demonstrate the accuracy
of the proposed theory. The effects of a large number of parameters, such as the transverse
normal strain, the form ratio of the plate, the length/thickness ratio, the volume fraction
distributions, the various mixing laws, and the boundary conditions on the deflection, axial
displacements and the various stresses are examined in detail. From the results analysed
above, the following main points can be drawn:

e  Through all the comparative investigations, it can be seen that the proposed theory
proves good agreement with the results of other 2D and quasi-3D HSDTs.

e  The proposed quasi-3D HSDT contains five unknowns but provides results comparable
to those generated by other published quasi-3D theories with greater numbers of
unknowns (e.g., quasi-3D theories of Neves et al. [22,23] with nine unknowns and
Akavci and Tanrikulu [31] with six unknowns).

e  The power law index has the effect of increasing deflections of plate. The influence of
the value of material index more than 5 is negligible.

e  The small difference between the present 2D and quasi-3D shear deformation results
is due to neglecting the thickness stretching effect.

e  Results demonstrate that the plate becomes stiffer when the effects of normal deforma-
tions are considered, consequently leading to a decrease in deflection and an increase
in stresses.
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e  The thickness stretching effect is more pronounced for thick plates and it needs to be
taken into account in the modelling.

e  The decreasing effect of foundation parameters on the deflection leads to an increase
in the FG plate stiffness.

Consequently, the present method yields more accurate results for plate bending
problems, as they are closer when compared to those reported in other literatures using
numerical methods. Finally, it can be concluded that the formulation developed herein can
serve as a reference for future research and could be extended to the analysis of classical
and thermal buckling of FG plates by introducing various combined boundary conditions.
Additionally, the present method can be combined with the nonlocal continuum mechanics
to model the nano and micro material mechanical behaviours.
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Nomenclature

Parameters Description Units  Parameters Description Units
a Length m p Power law index /

b Width m ojj Stress tensor Nm=2
h Thickness m &j Strain tensor

E Young’s modulus  GPa Qjj Engineering constants GPa

v Poisson ratio / U,v, w Displacements in X, y, z axis. m

1Y Mass Density Kg/m®* gq Mechanical load N

P Material property / f(2) Shape function /

1% Volume fraction / m,n modes /
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