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Abstract: Mosquito control is very important, in particular, for tropical countries. The purpose of
mosquito control is to decrease the number of mosquitos such that the mosquitos transmitted diseases
can be reduced. However, mosquito control can be costly, thus there is a trade-off between the cost
for mosquito control and the cost for mosquitos transmitted diseases. A model is proposed based
on renewal theory in this paper to describe the process of mosquitos’ growth, with consideration of
the mosquitos transmitted diseases growth process and the corresponding diseases treatment cost.
Through this model, the total mosquitos control cost of different strategies can be estimated. The
optimal mosquito control strategy that minimizes the expected total cost is studied. A numerical
example and corresponding sensitivity analyses are proposed to illustrate the applications.

Keywords: healthcare; mosquito control; diseases; dengue; cost minimization; interval

1. Introduction

Life and health are the primary human rights and fundamental rights [1,2]. Infectious
diseases have a tremendous influence on human life and sometimes they may cause epi-
demic outbreaks which lead to a great threat on almost all aspects of human society [3–7].
Mosquitos can act as vectors of bacteria, viruses and parasites for many infectious diseases,
such as malaria, dengue, West Nile virus, chikungunya, yellow fever, as well as newly
detected Keystone virus and Rift Valley fever, which are known as mosquito-borne diseases
(MBD) [8–10]. Herein, mosquito control is an important issue to governments and health
organizations globally. In particular, in tropical countries such as Singapore, the govern-
ment puts great emphasis on anti-mosquito Campaign [11]. A household may get fined if
the government officials find that there is any mosquito or mosquito egg in the house.

With the development of the economy and the progress of biotechnology, governments
generally own the ability to launch anti-mosquito campaigns (AMC) which can significantly
eradicate mosquitos [12–14]. Typical measures include spraying intensive pesticides into
the air and getting rid of accumulated water wherein the mosquitos may lay eggs.

Then, this raises an interesting issue, that is, how to develop a strategy of mosquito
control. If the interval of AMCs is too long, many people will be infected with MBDs, which
can cause a lot of medical expenditure. Frequently launching AMCs may help to limit the
mosquito population, but AMCs will cost a large amount of money. Therefore, the need
arises to balance the trade-off between the cost of AMCs and the cost of treatment.

Herein, using the stochastic process which is widely used in the field of reliabil-
ity [15–20], a model is proposed to optimize the strategy of mosquito control in this paper.
By adjusting the interval of launching AMCs, the aim of our model is to minimize the total
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cost of the strategy which consists of the cost of launching AMCs and the cost of treatment
for the people infected with MBDs.

The remaining of this paper is arranged as follows. Section 2 presents the general
model for solving the optimal strategy of mosquito control. Section 3 presents numerical
examples to illustrate the optimal interval of launching AMCs. Section 4 provides sensitivity
analyses to show how the results are influenced by the variations of the parameters in the
proposed model. Section 5 concludes this study.

2. The Cost Model of Mosquito Control Strategy

This paper considers a mosquito control strategy to launch AMCs with a pre-specified
interval. The mosquito population will increase with time. Since mosquitos may bring
some MBDs to people, the number of patients with diseases spread by mosquitos increases
with the size of the mosquito population. Both the cost for AMCs and the cost for the
treatments of these patients contribute to the total cost of the mosquito control strategy.
The aim of the model is to optimize the interval of AMCs by minimizing the total cost of
the mosquito control strategy.

2.1. Mosquito Population Increase

The Verhulst deterministic (VD) model is widely applied to population growth anal-
yses in various biostatical applications. Nevertheless, the traditional VD model does not
consider other stochastic factors except the population. For example, people may kill
mosquitos themselves in their houses, which leads to a decrease in the mosquito popula-
tion; if the household waste is not cleaned in time, the mosquito population will increase.
Besides human behavior, the speed of mosquitos’ growth is influenced by the weather.
Typically, hot weather facilitates the breeding of mosquitos.

In order to take stochastic factors into account, as well as retain the nice properties
of the VD model, this paper constructs a stochastic version of the VD model for density-
dependent growth of a single population to simulate the growth of mosquito population.
Let the mosquito population at time t be represented by M(t). The increasing process of
the mosquito population {M(t) : t ∈ R+} is expressed by

M(t) =
Mm[

1 + (Mm
M0
− 1)eW(t)

] (1)

where M0 indicates the initial population, Mm indicates the upper limiting population and
r indicates the relative growth rate. W(t) is a Wiener-process-based degradation model
that can be expressed as

W(t) = −rt + αB(0, t), B(0, t) is standard Brownian motion (2)

where r > 0 is the drift coefficient, α > 0 is the diffusion coefficient, and B(0, t) is the
standard Brownian motion (BM) representing the stochastic dynamics of the degradation
process. Modeling a stochastic degradation process as a Wiener process implies that the
mean degradation path is a linear function of time, i.e., E[W(t)] = −rt. Therefore, the drift
parameter r is closely related to the progression of the degradation. In addition, we have
the variance of the degradation process Var[W(t)] = α2t, which represents the uncertainty
of the degradation at time t.

It should be noted that M0 and Mm are input parameters in this model, so they should
be known in advance. In practice, they can be estimated in many ways. For example,
the sizes of initial population and upper limiting population can be given by experts in
biology. Moreover, they can be estimated by field survey using statistics. For instance,
researchers can divide the area of a city into many small pieces and then randomly select
some pieces to investigate the population of mosquitos on these pieces of land. Finally, the
total population can be estimated by the average of the population size from the surveyed
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areas. Besides, there are some other methods to estimate M0 and Mm, since this not the
main concern of this study, they are just used as input parameters in this model.

In physical practice, a Wiener process is used to model the movement of small particles
with tiny fluctuations in fluids and air. A characteristic feature of this process in the
context of reliability is that the plant’s degradation can increase or decrease gradually and
accumulatively over time [21]. The small increase or decrease in mosquito population over
a small time interval behaves similarly to the random walk of small particles in fluids and
air. Therefore, this stochastic process here aims at characterizing the stochastic path of
mosquito population where successive fluctuations in population increase can be observed.

According to Equations (1) and (2). It can be inferred that M(t) satisfies following two
properties:

(1) M(0) = M0 Proof:
M(t = 0) = Mm[

1+( Mm
M0
−1)e0

]
= Mm[

1+( Mm
M0
−1)

]
= Mm × M0

Mm
= M0

(2) limt→+∞ M(t) = Mm Proof:

M(t|t→ +∞) = limt→+∞
Mm[

1+( Mm
M0
−1)e−r×t+αB(0,t)

]
= Mm[

1+( Mm
M0
−1)limt→+∞e−r×t+αB(0,t)

]
= Mm[

1+( Mm
M0
−1)×0

]
= Mm

From the above two properties, it can be seen that the mosquito population increases
from M0 in the beginning and will finally reach its maximum when t is large enough.

In addition, this paper assumes that the AMC is perfect, which means that the AMC
can totally eliminate the impact of mosquitos, reducing the mosquito population to M0.
In other words, the increasing trend of infection will be terminated and restarted after
each AMC.

2.2. MBD Transmission

As a beginning, this paper simplifies the problem by assuming that mosquitos only
cause one type of MBD. In practice, though mosquitos can cause different types of MBD,
there is usually one predominant type to which one should pay more attention. In addition,
this paper assumes that this disease can only be transmitted by mosquitos to uninfected
people rather than by infected people to uninfected people. Herein, for a specific region,
the infection rate is closely related to the size of the mosquito population.

The Poisson distribution is a discrete probability distribution which is widely used
to model the number of event occurrences in an interval of time or space. Here we use it
to model the number of transmitted diseases by mosquitos. This study assumes that the
number of new infections during the period between two consecutive AMCs is subject to
non-homogeneous Poisson distribution with intensity λ(t). Generally, the infection rate is
increasing with the size of the mosquito population after each AMC. Herein, we assume

λ(t) = βM(t) (3)

where β > 0 is the transmission parameter.
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Then, the number of infected people from the time point of AMC to t time units
forward can be calculated as

NP(t) =
∫ t

0 λ(x)dx
=

∫ t
0 βM(x)dx

=
∫ t

0
βMm[

1+( Mm
M0
−1)e−rx+αB(0,x)

]dx.
(4)

If we denote the expected number of infected people during [0, t] as E[NP(t)], then the
probability that x people are infected during a period of time t can be expressed according
to Poisson distribution as

P(NP = x) =
E[NP(t)]

x

x!
e−E[NP(t)] (5)

where x = 0, 1, 2, . . ..

2.3. Cost Calculation

The cost considered in this study includes the cost of launching AMCs and the medical
expenditure because of the people infected with MBD.

For a mosquito control strategy, if the interval of AMCs is A and the time span of the
strategy is [0, T], then the total times of AMCs is

K =

⌊
T
A

⌋
(6)

where b•c is the integer part of •. Thus, we know that the time points that launch anti-
mosquito campaigns are A, 2A, . . . , KA. The process is shown as Figure 1.
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Figure 1. The mosquito control strategy.

The total cost of the mosquito control strategy is divided into two parts: the implemen-
tation cost of AMCs CA and the treatment cost CD of the infected people. We can analyze
the total cost mosquito control strategy during the period of [0, T] via Figure 1.
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The implementation cost of AMCs includes fixed part and the part influenced by the
mosquito population. According to Equations (1) and (2), it can be expressed as

CA = K[CA1 + CA2E(M(A))]

= bT/AcCA1 + bT/AcCA2E
[

Mm
1+( Mm

M0
−1)e−rA+αB(0,A)

]
(7)

where CA1 is the fixed coefficient and CA2 is the population coefficient. As shown in
Equation (7), the first item at the right of the equal sign is only related to the times of AMC,
that is the fixed cost; the other item is related to the size of mosquito population.

In Equation (7), CA is divided into fixed part and varied part. This is a balance between
the complexity of the model and the meaning of practice. Generally, if we want to control
harmful insects, we will take the same measures in all the possible areas no matter how
large the population size of the harmful insects. We do it in this way because it is difficult
to estimate the distribution or the density of them in a city or an area. Besides, compared
with labor cost, the material cost is usually very less, but the former is comparatively
consistent for a different population size of mosquitos in a city or an area. For example,
once COVID-19 outbreaks in a city, the government usually carries out the sterilization
to the whole city no matter how many people are infected. Thus, we assume that the
cost of launching AMC includes a fixed part and a varied part according to the mosquito
population size.

The treatment cost of the infected people is estimated based on the number of infected
people, which can be formulated as

CD = CP{KE[NP(A)] + E[NP(T − KA)]}
= CP{bT/AcE[NP(A)] + E[NP(T − bT/AcA)]}
= CPbT/Ac

∫ A
0 E

{
βMm/

[
1 + (Mm

M0
− 1)e−rx+αB(0,x)

]}
dx

+CP
∫ T−bT/AcA

0 E
{

βMm/
[
1 + (Mm

M0
− 1)e−rx+αB(0,x)

]}
dx,

(8)

where CP is the treatment cost coefficient indicating the treatment cost for a single person.
Finally, we have the total cost of the mosquito control strategy as

C = CA + CD (9)

It is noted that since CA depends on the population size of mosquitos and CD depends
on the number of infected people, C is also varied with the two values.

The expected total cost E(C) can be obtained by averaging the total cost obtained for
many simulation runs. By minimizing the expected total cost [22,23], we can obtain the
optimal strategy of mosquito control.

3. Numerical Example

Here we consider a strategy of mosquito control during 100 units of time. According
to Equations (1) and (2), Figure 2 shows the mosquito population M(t) as a function of
t for the case where Mm = 106, M0 = 104, α = 1 and r = 0.5. It can be seen that the
mosquito population generally increases with time from 10,000 though there are significant
fluctuations. In particular, the mosquito population explodes during the time between
3 and 5.
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Figure 2. The mosquito population M(t) as a function of t for the case where Mm = 106, M0 = 104,
α = 1 and r = 0.5.

For the MBD infection, we present the number of infected people Np(t) as a function
of time t for β = 0.01 in Figure 3. The curve shows a trend of sustained growth. It increases
extremely slow because of the small mosquito population. Then, due to the sudden
explosion of the mosquito population, the number of infected people rapidly increase.
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Figure 3. The number of infected people Np(t) as a function of time t for β = 0.01.

Assuming CA1 = 5000, CA2 = 0.04 and CP = 7, for each simulation run, we can
obtain M(t) and Np(t). Then the total cost of mosquito control strategy can be calculated
according to Equation (9). The expected total cost is obtained by averaging the total cost
obtained for 100 simulation runs. Figure 4 shows the expected total cost E(C) as a function
of A for this example.
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It can be seen from Figure 4 that when A = 3, the expected total cost reaches its
minimum value, which is about 311608. In other words, the optimal strategy of mosquito
control is launching AMCs with an interval of 3 units of time.

4. Sensitivity Analyses

To investigate how the expected total cost and optimal strategy are influenced by
the variation of the parameters, the sensitivity analyses are presented in this section. To
maintain the consistency of the numerical example, we only vary the parameters concerned
in sensitivity analyses one at a time and set other parameters the same as in Section 3.

4.1. Drift Parameter r

The first sensitivity analysis is performed for the drift parameter r in Equation (2). We
set Mm = 106, M0 = 104, α = 1, β = 0.01, CA1 = 5000, CA2 = 0.04 and CP = 7. Then we
can obtain the expected total cost based on the proposed model, as shown in Figure 5. It can
be seen that all curves decrease with the prolonging of the interval of AMCs when A is no
more than 3. However, these curves show different trends while A > 3. Specifically, when
r is small (r = 0.1 or 0.3), the expected total cost maintains the decreasing trend while A > 3.
However, when r is comparatively larger (r = 0.5, 0.7 or 0.9), the expected total cost turns to
increase. In fact, when the r is big, the increasing speed of mosquito population may be
very quick, thus too long an interval for mosquito control may lead to a great treatment
cost. When r is small, the mosquito population is relatively under control even without
human intervention, thus it is needed to control the mosquito too often.



Mathematics 2022, 10, 440 8 of 12

Mathematics 2022, 9, x FOR PEER REVIEW 8 of 13 
 

 

It can be seen from Figure 4 that when 3A = , the expected total cost reaches its min-
imum value, which is about 311608. In other words, the optimal strategy of mosquito con-
trol is launching AMCs with an interval of 3 units of time. 

4. Sensitivity Analyses 
To investigate how the expected total cost and optimal strategy are influenced by the 

variation of the parameters, the sensitivity analyses are presented in this section. To main-
tain the consistency of the numerical example, we only vary the parameters concerned in 
sensitivity analyses one at a time and set other parameters the same as in Section 3. 

4.1. Drift Parameter r 
The first sensitivity analysis is performed for the drift parameter r in Equation (2). 

We set 610mM = , 4
0 10M = , 1α = , 0.01β = , 1 5000AC = , 2 0.04AC =  and 7PC = . 

Then we can obtain the expected total cost based on the proposed model, as shown in 
Figure 5. It can be seen that all curves decrease with the prolonging of the interval of 
AMCs when A is no more than 3. However, these curves show different trends while 

3A > . Specifically, when r is small (r = 0.1 or 0.3), the expected total cost maintains the 
decreasing trend while 3A > . However, when r is comparatively larger (r = 0.5, 0.7 or 
0.9), the expected total cost turns to increase. In fact, when the r is big, the increasing speed 
of mosquito population may be very quick, thus too long an interval for mosquito control 
may lead to a great treatment cost. When r is small, the mosquito population is relatively 
under control even without human intervention, thus it is needed to control the mosquito 
too often. 

 

Figure 5. Expected total cost C vs. A for 610mM = , 4
0 10M = , 1α = , 0.01β = , 1 5000AC = , 

2 0.04AC = , 7PC = , as well as for different values of r. 

4.2. Diffusion Parameter α  
The second sensitivity analysis is performed for the diffusion parameter α  in Equa-

tion (2). We set 610mM = , 4
0 10M = , 0.5r = , 0.01β = , 1 5000AC = , 2 0.04AC =  and 

7PC = . Then we can obtain the expected total cost based on the proposed model, as 
shown in Figure 6. It can be seen that all curves decrease with the prolonging of the inter-
val of AMCs before 3A =  and then turn to increase until A reaches 7. In fact, when A is 
not very big, the increasing speed of the mosquito population is still dominated by r in-
stead of α . As analyzed for the case where r = 0.5 for Figure 5, the expected cost when A 
is smaller than 7 in Figure 6 also presents the same trend as in Figure 5, i.e., it first de-
creases with A and then increases with A. However, when A is bigger than 7, the α  starts 

Figure 5. Expected total cost C vs. A for Mm = 106, M0 = 104, α = 1, β = 0.01, CA1 = 5000,
CA2 = 0.04, CP = 7, as well as for different values of r.

4.2. Diffusion Parameter α

The second sensitivity analysis is performed for the diffusion parameter α in Equation (2).
We set Mm = 106, M0 = 104, r = 0.5, β = 0.01, CA1 = 5000, CA2 = 0.04 and CP = 7. Then
we can obtain the expected total cost based on the proposed model, as shown in Figure 6. It
can be seen that all curves decrease with the prolonging of the interval of AMCs before A = 3
and then turn to increase until A reaches 7. In fact, when A is not very big, the increasing
speed of the mosquito population is still dominated by r instead of α. As analyzed for the
case where r = 0.5 for Figure 5, the expected cost when A is smaller than 7 in Figure 6 also
presents the same trend as in Figure 5, i.e., it first decreases with A and then increases with
A. However, when A is bigger than 7, the α starts to play a more important role. For a big
α, too long a control interval may lead to a very big mosquito population in some cases,
thus leading to the increase of expected total cost for A > 7. When α is not big, the mosquito
population growth is slow even for a big A, thus the expected total cost decreases with A due
to reduced control cost.

Mathematics 2022, 9, x FOR PEER REVIEW 9 of 13 
 

 

to play a more important role. For a big α , too long a control interval may lead to a very 
big mosquito population in some cases, thus leading to the increase of expected total cost 
for A > 7. When α  is not big, the mosquito population growth is slow even for a big A, 
thus the expected total cost decreases with A due to reduced control cost. 

 

Figure 6. Expected total cost C vs. A for 610mM = , 4
0 10M = , 0.5r = , 0.01β = , 1 5000AC =

, 2 0.04AC = , 7PC = , as well as for different values of α . 

4.3. Transmission Parameter β  

The third sensitivity analysis is performed for the transmission parameter β  in 
Equation (3). We set 610mM = , 4

0 10M = , 0.5r = , 1α = , 1 5000AC = , 2 0.04AC =  and 
7PC = . Then we can obtain the expected total cost based on the proposed model, as 

shown in Figure 7. It can be seen that the trends of all curves are generally the same and 
the total costs with bigger β  are higher. Besides, it should be noted that a bigger β  ac-
celerates the increase of total cost with interval A when 3A > . In other words, total cost 
and its increasing rate are positively related to the transmission rate of MBD. It is con-
sistent with intuition. Actually, no matter the growing pattern of mosquito growth, a big 
transmission rate always leads to a greater cost. 

 

Figure 7. Expected total cost C vs. A for 610mM = , 4
0 10M = , 0.5r = , 1α = , 1 5000AC = , 

2 0.04AC =  and 7PC = , as well as for different values of β . 

  

Figure 6. Expected total cost C vs. A for Mm = 106, M0 = 104, r = 0.5, β = 0.01, CA1 = 5000,
CA2 = 0.04, CP = 7, as well as for different values of α.

4.3. Transmission Parameter β

The third sensitivity analysis is performed for the transmission parameter β in Equation (3).
We set Mm = 106, M0 = 104, r = 0.5, α = 1, CA1 = 5000, CA2 = 0.04 and CP = 7. Then we
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can obtain the expected total cost based on the proposed model, as shown in Figure 7. It can
be seen that the trends of all curves are generally the same and the total costs with bigger β
are higher. Besides, it should be noted that a bigger β accelerates the increase of total cost with
interval A when A > 3. In other words, total cost and its increasing rate are positively related to
the transmission rate of MBD. It is consistent with intuition. Actually, no matter the growing
pattern of mosquito growth, a big transmission rate always leads to a greater cost.
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4.4. Initial Population M0 and Upper Limiting Population Mm

The fourth sensitivity analysis is performed for the initial population M0 and the
upper limiting population Mm in Equation (1). We set r = 0.5, α = 1, β = 0.01, CA1 = 5000,
CA2 = 0.04 and CP = 7. Then we can obtain the expected total cost based on the proposed
model, as shown in Figure 8. The result in this sensitivity analysis is similar to the result of
sensitivity analysis for the transmission parameter β. The increases of both M0 and Mm
can lead to a growth of the total cost and its increasing rate with interval A. Herein, total
cost and its increasing rate are also positively related with the initial population and the
upper limiting population.
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4.5. Fixed Coefficient CA1 and Population Coefficient CA2

The fifth sensitivity analysis is performed for is the fixed coefficient CA1 and the
population coefficient CA2 in Equation (7). We set Mm = 106, M0 = 104, r = 0.5, α = 1,
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β = 0.01 and Cp = 1 Then we can obtain the total cost based on the proposed model, as
shown in Figure 9. The variation of CA1 and CA2 generally cannot change the trend of the
total cost with interval A, that is, these curves first decrease to the minimum at A = 3 and
then increase until A = 7 as well as finally become stable when A > 7. It should be noted
that the gaps between different curves decreases with the interval A, which is also divided
into three stages by A when A = 3 and A = 7. This finding illustrates that the cost of AMCs
is more important to the total cost when the interval of AMCs is shorter. In addition, the
increasing rate is significantly influenced by the population coefficient CA2 when A > 3.
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4.6. Treatment Cost Coefficient CP

The last sensitivity analysis is performed for the treatment cost coefficient CP in
Equation (8). We set Mm = 106, M0 = 104, r = 0.5, α = 1, β = 0.01, CA1 = 5000 and
CA2 = 0.04. Then we can obtain the total cost based on the proposed model, as shown
in Figure 10. The variation of CP generally cannot change the trend of these curves with
interval A when A < 3. However, it should be noted that the curves with bigger CP are
higher than the curves with smaller CP. In addition, the increasing trend of these curves
is also largely altered for different values of CP. Bigger can accelerate the increasing rate.
In the cases where CP is very small (CP = 0.1, 0.5 or 1), the total cost reaches its minimum
value even when A > 3, which means the optimal strategy is changed. The result in this
sensitivity analysis proves that the treatment cost can largely influence the mosquito control
strategy both in total cost and the optimal interval of AMCs.
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5. Conclusions

This paper mainly discusses the optimal strategy of mosquito control based on the
renewal theory. Firstly, based on the applications of existing technology and the practice
situation of mosquito control, we propose an interesting research topic, that is, by mini-
mizing the cost to obtain the optimal strategy of mosquito control. Then, we analyze the
mosquito population increase and the disease transmission. Next, considering the mosquito
population and the people infected by mosquitos, we provide a model to calculate the total
cost for a mosquito control strategy and the expected total cost is obtained from simulation
results. Finally, a numerical example is presented to illustrate the proposed model and the
corresponding sensitivity analyses are performed. The results of the numerical example
show that the optimal strategy can be found using the proposed model. The results of
sensitivity analyses prove that the optimal strategy and its total cost are altered with the
variation of parameters in the proposed model.
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