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Abstract: In this paper, we establish new sharp double inequality of Becker-Stark type by using a
role of the monotonicity criterion for the quotient of power series and the estimation of the ratio of
two adjacent even-indexed Bernoulli numbers. The inequality results are better than those in the
existing literature.
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1. Introduction

Becker and Stark [1] (or see Kuang [2] (5.1.102, p. 398)) obtained the following two-
sided rational approximation for (tan x)/x:

Proposition 1. Let 0 < x < 71/2, then

2
8 tan x T . 1)
712 — 4x? x 712 — 4x?
Furthermore, 8 and 702 are the best constants in (1).
In [3], Zhu and Hua obtained the following further result.
Proposition 2. Let 0 < x < 71/2, then
2448 — m2)x?/m?  tanx 7+ (% —12)x?/3 ?
T2 — 4x2 X T2 — 4x2

Furthermore, « = 4(8 — 712)/712 and B = (n2 — 12) /3 are the best constants in (2).

Moreover, ref. [3] established a general refinement of the Becker-Stark inequalities
as follows.

Proposition 3. Let 0 < x < 7/2, n,N > 0 be natural numbers, By, be the even-indexed
Bernoulli numbers,

22n+2(22n+2 -1 7.[2 22n+2 (2271 o 1)

Pn - (2” +2)' ‘BZn+2| - (27’1)' |BZn|/
and
8—po—p1(n/2)* = —pn(/2)*N 3
a (70/2)2N+2 / ®)
B = PNt1-
Then
Pon(x) +ax®N*2 tanx  Pyn(x) + Bx2N+2
T2 — 4x2 X 2 — 4x2 @)

Mathematics 2022, 10, 558. https:/ /doi.org/10.3390/math10040558

https://www.mdpi.com/journal /mathematics


https://doi.org/10.3390/math10040558
https://doi.org/10.3390/math10040558
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com
https://orcid.org/0000-0002-9059-3983
https://doi.org/10.3390/math10040558
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com/article/10.3390/math10040558?type=check_update&version=2

Mathematics 2022, 10, 558 20f8

holds, where Pay (x) = ag + ayx? + - - - + anx?N. Furthermore, B and « are the best constants in (4).

Zhu [4] obtained a refinement of the Becker-Stark inequalities (1) in another way
as follows.

Proposition 4. Let 0 < x < 71/2, then

tan x 8 2 10 — 712
2 —4x?2 2 674 x 2 —4x2 2 4

(7% — 4x?). 5)
Furthermore, — (1> — 9) / (6t*) and — (10 — 7%) / t* are the best constants in (5).

Obviously, letting N = 0 in (4) gives (2). The double inequalities (2) and (5) can deduce
the inequalities (1). Moreover, the left inequalities of (2) and (5) are not included each other
while the upper estimate in (5) is less than the one in (2).

Numerous discussions on Becker-Stark inequality can be found in [5-12], as well as
references therein. In 2015, Banjac, Markragi¢ and MaleSevi¢ [11] obtained the following
results about the function (tan x)/x.

Proposition 5. Let 0 < x < 71/2, then

2 T 2 T 2y\.4 2 1 1
7T+(? 4)9‘ +(35 —3)x <tanx<7r2—%x2+§x4—;x6

6
T2 — 4x2 X T2 — 4x2 ©)
and 2 4 2 2
2, m2-12.2 | 384—4mt 4 2 72—8r%.2 | 16m2—160 .4
e+ S5—=x" + 34 X tan x < e+ 2 X + X @)

2 — 4x2 X T2 — 4x2

Bagul and Chesneau looked closely at the Becker-Stark inequality from another
perspective, and in [12] they got the following result.

Proposition 6. Forany x € (0, 7t/2), we have

2(5.2 _ 2 2 2(5-2 _ 2
14 %x (57 123; ) tanx < iy 27 x* (57 123; ) ®)
T (2 — 4x2) 5 (m2—4x2)
holds with the best constants 128/ 7t* and 27t% /5.

Inspired by the above ideas, this paper considers the power series expansion of the
following function

[(22)? 1] (2 —ax?)® 5o 23072 — A (240 - 177%)

2 -2 = 32" A2
[ 2107t* 4 A (1197t* — 16807%)
1 | +A%(627* — 95272 +3360) | ,
315 PE '
+O(x6).

Letting A = 30712/ (240 — 1771?) we can obtain the expression of the above function
without x2, and draw the following inequality conclusion by using the property for the ratio
of two adjacent even-indexed Bernoulli numbers and a role of the monotonicity criterion
for the quotient of power series.

Theorem 1. Let 0 < x < 71/2. Then the double inequality
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(240 — 1772) 2 X (ﬁ —X ) - tan x - (240 — 17712)1024 * (240—?7712 - )

1
+ 45 (m2 — 4x2)? x (1772 — 120) (2 — 4x2)*

©)

holds with the best constants (240 — 17712) 1% /45 and (240 — 17721024/ [7* (1772 — 120)].

2. Lemmas

In order to prove the main conclusion of this paper, the following three lemmas
are needed.

Lemma 1 ([13]). Let By, be the even-indexed Bernoulli numbers, we have the following power
series expansion
X, 22— 1

tanx = )

= (2n)!

22n|an‘x2n71,
holds for all x € (—m/2,7/2).

Lemma 2 ([14-17]). Let By, be the even-indexed Bernoulli numbers, we have

201 —1(2n42)(2n+1) _ [Bysa| _ 2" =1 (2n42)(2n+1)
2n+1 _ 1 2 |BZn| 22n+2 _ 1 T2

. (10)

Lemma 3 ([18]). Let a, and b, (n = 0,1,2,- - -) be real numbers, and let the power series
A(x) = Y5 g apx" and B(x) = Y57 bux™ be convergent for |x| < R (R < +00). Ifb, > 0 for
n=20,1,2,---,and if e, = a, /by, is strictly increasing ( or decreasing ) forn =0,1,2,- - -, then
the function A(x)/B(x) is strictly increasing (or decreasing) on (0, R) (R < +o0).

3. Proof of Theorem 1

Proof. Let 5 )
{ tan x _ 1} 7.[2 _4x2
F(x) = (2) 302( : ),0<x<72T.
7T
* (240717712 - )

Then we can rewrite F(x) as

(%) -1 _ AW

F(x) = —— = ,
2(24327115712 x2> B(x)
(m2—4x2)?
where
2
t
Ax = (M) -
2(__30r> 2
B(x) (e — 22
(2 —43(2)2
By Lemma 1 we have
0 2211 2211_1 2 1
= sex—1= (any) ~1= 3 2 U D g ey
n=1 (211)
0 22n 2211_1 B
= Z%|32n‘x2n 2,
o (2n)!
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and

221(22n —1)(2n — 1)
|

)

(2n)!

1)(2n—1)
)

2n)!

o0
= :) a4,
n=3

|BZn |x2n74 -1

N
=

I
hgk

3
Il
N

2271 2271
( B~

I
agk:

=
|

w
—~

where
22 —1)(2n —1)

a, = an) |Bon|, 1 > 3.

At the same time, since

1 o (1247 4,

we have

B(x) = 2oy —
() x(240—17n2 *

302 & (n—2)4"3 5, & (n—2)4"3 , 5
230 — 1772 =) X
n

=3
_ 30 24 3072 i (n— Z)fH 24
72(240 — 17712) 240 - 1772 = w22

& (n—2)4"3
. 2 (n ) x21-2

n=>3

7-[271—2

_ 30 24 302 & (n—2)4"3 5,

72240 — 1772)" " 240 — 1772 n; 22
B i (n—3)4"+ (24

n=4

7-[21174
B 30 24 i 30 (n—2)4"° (n-3)4"* 24
- 7m2(240 — 1772) 240 — 1772 q2n—2 mr2n—4

n=4
= 2n—4
SR
n=>3

where
30

7%(240 — 1772)’
30w (n—2)4""3% (n—3)4"*
240 — 1772 p2n—2 mr2n—4

by =

b, = , n >4

We find that

a3 a; (240 —177%)
by by 45
as 3170 240 — 1772

— = ~ 15.84
bs 1260 1772 — 60 5848,

8 _ 2
a6 _ 6917t° 240 — 177t ~ 15.855,
be 340,200 1772 — 80

~ 15.839,
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and can prove the fact that {a,,/b, },~ is increasing, which is equivalent to: for all n > 6,

n < An+1

by bn+l
—
22n (22n_1)(2n_1) 22n+2(22n+2_1)(2n+1)
2n)! | B2n| (2n+2)! | Baua|
30m2  (n=2)4"3  (n—3)4n—4 < 30m2  (n=1)4""2  (n—2)4""3
240— 1772 m2n=2 724 240-1772 2" =2
—
302 (n—-1)472 |
_ 2 2n
22n(221-1) (2n-1) 240 17(7;,2)4533
Bawio| . — @t — | T ar |
‘an| 22”+2(22”+271)(2n+1) r 307_[2 (7172)4”’3 3.
(2n+2)! 240-1772 212
7(7173)4!1—4
L 2n—4 i

From Lemma 2, the last inequality above holds as long as the following inequality is proved

221 (220 1) (2n—1)

302 (n—1)4"2 n—2)4"-3
22n—1_ 1 (2n+2)2n+1) < (2n)! 240_7{77-[2 ( nzn ~{ 712'?*2
22n+1 _q 2 2n42(22n1+2_1)(2n+1) 3072 (n—2)4""3  (n—-3)4"*
(2n+2)! 2401772 m2n=2 T i
—
A ‘ B 2211—1 -1

(22n+1 _ 1) T2

n— n—2 n— n—3
(22,1 . 1) (21’1 _ 1) 3002 (n—1)4 (n—2)4

2401772 2 r2n=2
4(22n+2 _ 1)(27’1 + 1) 30m2  (n=2)4"3  (n—3)4" 4

201722 722 T
= V.

Vv

We compute to obtain

A-v=1 ()
2 2(4 x 221 —1)(2 x 227 — 1) (2n + 1)(1772n — 120n — 5172 + 480)
where
h(n) = 20(168 - 1777:2) [22” - u(n)} x 221 4 (1680 - 170n2).
u(n) = 3[2n? (177> — 120) + 5n (168 — 177%) — 2217> + 2160]

20(168 — 1772) ’
Since 1680 — 1707t2 > 0, the fact h(1) > 0 holds for all n > 6 when proving
2% > u(n), n > 6. (11)

It is not difficult to prove (11) by mathematical induction. First, the above formula (11)
is true for n = 6 due to

212 _ 4(6) 11,394,1197> — 13,766, 880

=5 77 168 ~ 1725 > 0.
Second, suppose (11) holds for m, that is
22" > u(m), m > 6. (12)

Next, by (12) we have
22ME2 — 4. 02M > 4 y(m).
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The inequality (11) is proved when proving
4-u(m) >u(m+1),

that is
4u(m) —u(m+1) > 0.

In fact,

du(m) —u(m+1)
3 (10272 — 720) (m — 6)° + (90172 — 5640) (m — 6) + (112277 — 2040)

20 168 — 1772
> 0

holds for all m > 6.
So {an/bn},>3 is increasing. From Lemma 3 we have that the function F(x) is increas-
ing on (0, 7r/2). Considering the reasons

2 (240 — 177)

lim F = —— "7 ~15.839,
Jim F(x) 45
lim  F(x) 1024(240 — 177%) 15, 888
im x) = =~ 15. ,
(%) 7'1.'4(177'[2 —120)

the proof of Theorem 1 is completed. O

4. Remarks

Through the following analysis, we conclude that the left-hand side inequality of (9)
does not match the one of (8) while the right-hand side inequality of (9) is better than the
one of (8).

Remark 1. The left-hand side inequality of (9) does not match the one of (8) due to

JlJr (240 — 17702) 2 xz(% _xz) S \/1+ 128 x2 (572 — 1242)
45 (2 — 4x2)2 s (m2 — 4xz)2
<~
(240 — 17722) 2 X¥° (% B xz) . 128 x2(5m2 — 12x2)
45 (2 — 4x2)2 4 (2 — 4x2)2
—177%) i 30772 - 128
= 41577T ) (240 7 x2> > a7
<~
(2407'[6 — 1778 — 69, 120) x> < 307 — 28,8007
<~

3078 — 28,80072
< : ~ 1.1549.
g \/2407r6 — 1778 — 69,120

Remark 2. Since
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|, (240 —177%)1024 2 (58— 22) g \/1 | 2 (577 — 12%)
4 (17712 — 120) (m2 — 4x2)? 5 (m2—4x2)?
<~
(240 — 1772)1024 /3072 ) 272 (57% — 12x2)
(1772 — 120) (240 “e ) < 5

<~

4x? (10, 8807t> — 3607 4 517° — 153, 600) < 851! —6007® — 76,8007
=

_ 2 8 10
1\/( 76,800712 — 600778 + 857 p—

* < 3\ (10,8807 — 3607° + 517° — 153, 600)
we can obtain that the right-hand side inequality of (9) is better than the one of (8) on (0, 71/2).

5. Conclusions

This paper established a new sharp double inequality of Becker-Stark type

30 2 30 2
(240 — 1772) 2 ¥ (550852 — ) _tanx _ (240 — 177211024 ¥ (555572 — )

1
+ 45 (2 — 4x2)? x 4 (17712 — 120) (2 — 4x2)?

. (13)

which holds for x € (0,7/2), where (240 —177%)m?/45 and (240 — 177%)1024/
[ (1772 — 120)] are the best possible.
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