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1. Introduction

The main goal of this work is the study of the unique solvability issues for a spe-
cial initial value problem to a class of equations with a distributed Riemann-Liouville
derivative. The concept of distributed derivative is firstly encountered, apparently, in the
works of A.M. Nakhushev [1,2]. Equations with distributed fractional derivatives appear
in various fields of investigations applied to the mathematical modelling of some real
processes, when an order of a fractional derivative in a model continuously depends on
the process parameters: in the kinetic theory [3], in the theory of viscoelasticity [4] and
so on [5-7]. Numerical methods of solving such equations were developed in the last
decades; see [8,9] and the references therein. The qualitative properties of equations with
distributed fractional derivatives are investigated in the works of A.M. Nakhushev [1,2],
A.V.Pskhu [10,11], S. Umarov and R. Gorenflo [12], T.M. Atanackovi¢, Lj. Oparnica and
S. Pilipovié [13], A.N. Kochubei [14] and others.

Consider the distributed order equation

[

/w(zx)D‘t"z(t)dvc = Az(t) +g(t), te (0,T), 1)
b

with the Riemann-Liouville derivative D and with a closed linear operator A in a Banach
space Z, where —c0o < b < 0<m—-1<c<meNw: (hc)—Cw#0,T>0,
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¢ :[0,T] — Z. The Cauchy problem for such an equation with the Gerasimov—-Caputo
distributed derivative was studied in the case of a bounded operator A in [15]. A special
initial value problem

C
/ w (&) D"z (0)dw = 2, k=0,1,...,m—1, )
11—

m k

for Equation (1) with the Riemann-Liouville distributed derivative was researched in [16]
with a bounded operator A. Similar results for initial value problems to equations with a
degenerate linear operator at the distributed derivative are also obtained in [15].

Necessary and sufficient conditions on a closed operator A for the existence of an
analytic in a sector resolving operators family are obtained for homogeneous Equation (1)
with the Gerasimov-Caputo distributed derivative in [17] with ¢ € (0,1] and in [18]
with ¢ > 1. In [19] analogous result was obtained for Equation (1) with a discretely
distributed Gerasimov—Caputo derivative; Reference [20] is devoted to the existence issues
for strongly continuous resolving operators family of the homogeneous Equation (1) with
the Gerasimov—Caputo derivative. The obtained results on resolving operators families
allowed, in [17-20], the research of the unique solvability of inhomogeneous Equation (1)
and to investigate some properties of the equation, such as the continuity in the operator
norm at zero of a resolving family, conditions for the boundedness of a generating operator
A, a perturbation theorem for a class of generators A and others.

All the mentioned results were obtained for b = 0; here, we will consider case b < 0,
but this will not bring any significant changes to our reasoning.

In the second section, the statement of initial value problem (2) for Equation (1) with
the Riemann-Liouville derivative is obtained and properties of functions, which arise when
applying the Laplace transform to the distributed fractional derivative, are investigated.
In the third section, the theorem on analytic in a sector inverse Laplace transforms is
generalized to the case of functions with a power singularity at zero. A theorem on
conditions for the operator A, which are necessary and sufficient for the existence of
analytic in a sector resolving family of operators of homogeneous Equation (1) is proved
in the fourth section. This result was applied to studying problem (1), (2) in the fifth
section. The last section contains an application of obtained abstract results to a study
of a class of initial boundary value problems for equations with a distributed fractional
derivative in time and polynomials with respect to a self-adjoint elliptic differential operator
in spatial variables.

2. Equation with Distributed Riemann-Liouville Derivative

Let Z be a Banach space. Denoteat 5 > 0,t > 0, h : R — Z, for example,
h € C(R4; 2), the fractional Riemann-Liouville integral is defined by

t

B 1 1

) = w5y / (t—s)P~1h(s
0

where T'(+) is the Euler gamma function. Let m —1 < « < m € N, D}"*h(t) be the usual

derivative of the m-th order of h, D{h(t) := D}"J{" *h(t) be the Riemann-Liouville frac-

tional derivative.

The Laplace transform of a function # : R — Z will be denoted by hor Lapl[h], if an
expression I is too long. By Z denote the set of functions h : Ry — Z, such that the
Laplace transform I is defined. The Laplace transform of the Riemann-Liouville fractional
derivative of an order a > 0 satisfies the equality (see [21]):

m—1
Dfh(A) = A%h(A) — Y D¥1kp(0)Ak. 3)
k=0
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Here and further th(O) = tl_i)r& th(t).

Denote by £(Z) the Banach space of all linear continuous operators from Z to Z;
CI(Z) stands for the set of all linear closed operators, densely defined in Z, acting to the
space Z. We supply the domain D, of an operator A € CI(Z) by the norm of its graph.
Thus, we have the Banach space D 4.

Consider a distributed order equation:

/ w(@)Diz(t)da = Az(t), t>0, @)
b

where —co < b<0<m—-1<c<meN,w: (bc)— C,w#0,A € CI(Z). Note that,
due to equality (3),

c 1 -1

¢ _ m—1
/ () D¥2(N)da = / W(@AEA)da — Y / w(@) ¥ DE1Fz(0)Akda—
b =1

b 1 k=0

- / w(®) mf DY1-k2(0)ARda = / w(@)A*E(A)da — mf / w(a) DY 1F2(0) AR dar =
m—1 k=0 b k=0 7

m—1 ¢

Cc
- / w(@)A2(A\)da — Y / () DAz (0) A1k g 5)
b k=0, 7k
Therefore, the natural initial value conditions for Equation (4) are:
C
/ w(a) DY "2 (0)dw = 2, k=0,1,...,m—1, (6)
m—1—k
where
c c
/ w(@)D} " 2(0)de = lim / w(@) D2 (da, k=0,1,...,m— 1.
m—1-—k m—1—k

By a solution of problem (4), (6) we mean a function z € C(R4; D 4), such that there
C Cc

exists [w(a)Dfz(t)da € C(Ry; Z), tlir&r J w(a) D"z (Bda, k = 0,1,...,m —1,
b 1k
and equalities (4) and (6) are fulfilled.
Denote Sp , :={pn € C: |arg(y —a)| <0, u #a}atd € (n/2,1],a e R,

c C
W(A) == /w(zx))\"‘doc, W, (1) ::/w(zx))\“dac, k=0,1,...,m—1.
b k

The following properties of these functions are available.

Lemma 1. ([17,20]). Let —co <b<0<m—-1<c<méeN, we Li(bc) Then W, W,
k=0,1,...,m—1, are analytic on the set Sy .

Lemma?2. Let —co < b<0<m—1<c<méeN, we Li(bc) w be continuous from the
left at the point c, lim w(a) # 0. Then,
o c—

Jeg > 0 Ve € (0,60) IC> 030 > 0VA € S0\ {A € C:[A] <o} [W(A)| = CA[SE (7)
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Proof. For ¢; € (b,c), which is close enough to ¢, take arbitrary ¢; € (0,c — c1); then for
large enough |A[, the mean value theorem implies:

[

/w(tx)/\"‘dtx

€1

||?\|C — AT

> c—¢€1

= W@ [ Mda = | (@)

with some ¢ € (c1,¢) and C; = Cy(¢e1). Therefore, for every ¢ € (e1,c — ¢1) there exists
C = C(¢) > 0 such that for large enough |A|

c

/w(oc)/\"‘dzx

b

1
= GAT = AT / |lw(a)|de > C|A[E
b

O

Lemma 3. Lef —o0o < b <0 <m—-1<c¢ <mé€ N, w e Li(bc). Then, for all
k=0,1,.... m—1

IC>0 VAES o\ {AeC:|Al <1} |[W(A) —Wi(A)| < CIAS
VAESxo\{A e C: Al <1} WA < [wlly (b AL
Proof. We have at [A| > 1 the evident inequalities [W(A)| < [|w||1, () [A© and

k
< [ lw(@)/dalalt = clrf
b

[W(A) = We(A)] <

k
/w(u())\"‘dzx
b

foralk=0,1,...,m—1. O

3. Analytic in a Sector Function with a Power Singularity at Zero

Let us introduce the notation Ly := {t € C: |argt| < ¢, t # 0} for ¢ € (0,77/2] and
prove an important for further considerations assertion.

Theorem 1. Let 6y € (11/2,7],a € R, p € [0,1), X be a Banach space, a map H : (a,00) — X
be set. The next assertions are equivalent.

(i) There exists an analytic function F : Xg /o — X, for every 6 € (7t/2,60) there exists
such C(0) > O, that for all t € Tg_, /5 the inequality |F(t)||x < C(0)|t|"Pe™et is satisfied;
F(A)=H(A)atA >a.

(ii) The map H is analytically continued on Sq ,; for every 6 € (7w/2,0q) there exists
K(0) > 0, such that forall A € Sy ,

K()
IHWlx < g
Proof. For = 0 this statement was proved in ([22], Theorem 0.1, p. 5), ([23], Theorem 2.6.1,
p- 84) directly, using properties of analytic functions and estimates for the Laplace transform
and contour integrals. We will carry out arguments similar to the proof of Theorem 2.6.1
in [23], but in the case § € (0,1).

Let assertion (i) hold, 7/2 < 8 < 6y < 7, 7%, = (0,8] U {6 4 re™0=7/2) . 1 € (0,00)}.
By the Cauchy theorem for all A > a

B(A) = /F(t)e—Mdtz /F(T)e_/\TdT:
0

7
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5
_ /F(t)efdeeii(efn/z) F(5+reii(efn/Z))ef/\(§+rei"(9‘”/2>)dr_
0

If 6 — 0+, then
(e )
E(A) = et/ / F(reti@=7/2)e= e gy H (M),
0

since ||F(8 + re=i(0=71/2))g= Ao tre= T2 o 0 (9)CyrPela=Nreos(8-m/2) for 5 € [0,1],

o
/F(t)e’“dt
0

Take e € (0,60 — t/2) and A € C such that arg(A —a) € (—0+¢,m—6 —¢); then
arg((A — a)el®=7/2)y € (—m/2 +¢,m/2 — ¢), hence, Re((A — a)e!®=7/2)) > |\ — a|sine,
||F(rei(e_”/2))e‘MEi(efﬂ/z) |x < C(8)rPerIA-alsine So the integral Hy (A) converges ab-
solutely and defines an analytic function in the sector {A € C: arg(A —a) € (—0+¢,m —
6 —¢), A #a}, where

<C6'P 50 as 6 0+.
X

7 el C(6) sinﬁ_lsl"(l - B) K(#)
H. (A <Cl(o / B,—7|A a\smsd . )
[Hy (M2 < C( )O r e r= A —all P T A —a|lB

Analogously it can be shown that H_(A) defines an analytic function in {A € C :
arg(A —a) € (—m+0+¢0—¢), A # a} with the estimate ||[H_(A)||x < K(6)|A —a|f~ L.
Since H; and H_ are extensions of I?, which is defined on (a, +o0), due to the analytic
continuation theorem they define an analytic function H on Sg_, ,, satisfying the inequality
IHA)||x < K(0)|A —a|P~1. Since 8 € (71/2,6p) and e € (0,60 — 7w/2) are arbitrary,
the assertion (ii) is valid.

Assume that assertion (ii) holds. Take 6 € (71/2,6y), 6 > 0 and an oriented contour
I =T_UToUT, whereTy := {a+ret™ :r € [5,00)},Tg:= {a+de?: ¢ c (-6,0)}.
Atee (0,0 —m/2),t €Xg_njpe A ETL

Re(At) = aRet + r|t| cos(argt £ 60) < aRet — r|t| sine.

Therefore, || H(A)eM | x < K(8)rP~1eReterltisine and the integral
F(t) = —— [ H@)Mar
© o 2mi /

is absolutely convergent, uniformly over compact subsets of Xy_/» and, consequently,
defines an analytic function in the sector g, _, /2.
Take 0 € (1/2,00),t € Zg_/2, € € (0,0 — 1/2 — |argt|), § = |t| 7!, then

—p
< K(92)7|i| p / eaRetecos(argt-&-(p)dq) < K(9)|t|—ﬁel+aRet,
X —0

17 At
= / H(M)eMdA
To

< K(G) / rﬁfleaRet67r|t|sin£dr < K(G)F(:B)eﬂRet’
2 27t sinPe|t|P

1
— [ H(A)eMdA
27Ti/ (A)e

|

so, |[F(t)||x < C(0 —e)|t| Pe™Ret forall t € Tg__ /0.

X /]
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By the Fubini theorem and the Cauchy residue theorem we have for A > a

Aoy~ L [ HQdp _ L H(uw)dp [ H(uw)dp [ H(p)dp
FM)_Zm’F A—u = HY) A, A—p S A—p A=y |

0 —
rR IﬂR R

where T := {a+ Re'? : ¢ € (—6,0)}, T% := {a+re*™ . r € [R,00)}. Then,

0
H(dp| _ [ RPK@O)dp
A—p ~ J |a+ Rel? — A ’
Iy —
R
L(y)dy < —rﬁ 1K(9)d <G /Vﬁ 2dr — 0,
A—u - |a + re*i? — A|

Tk
as R — oo, since § < 1. Thus, F= H. [

4. k-Resolving Families of Operators

A family of operators {S;(t) € L(Z) : t > 0} is called I-resolving, | € {0,1,...,m — 1},

for Equation (4), if the next conditions are satisfied:

(i)  S;(t) is strongly continuous at t > 0;

(i) S;(t)[Da] C Dy, S;(t)Ax = AS;(t)x forallx € Dg, t > 0;

(ili) for every z; € Dy Si(t)z; is a solution of problem (4), (6) with zx = 0, k € {0,...,

m—13\{l}

A k-resolving family of operators at k € {0,1,...,m — 1} is called analytic, if it has
the analytic continuation to a sector Xy, at some ¢y € (0, 77/2]. An analytic k-resolving
family of operators {Si(t) € L(Z) : t > 0} has a type (¢o, a0, B) at some ¢y € (0, 71/2],
ag € R, B> 0,if forall ¢ € (0,¢p), a > ap there exists such C(1,a), that for all t € X, the
inequality [[Sk(t) [l z(z) < C(y,a)|t|~Pe™Ret is satisfied.

Proposition 1. Let 6y € (t/2, 7], ap € R, B € [0,1), there exist an analytic O-resolving
family {So(t) € L(Z) : t > 0} of the type (6o, a9, B) for Equation (4) and k-resolving families
{Sk(t) € L(Z) : t > 0} for Equation (4), k = 1,2,...,m —1. Then fork =1,2,...,m —1
the k-resolving families {Sy(t) € L(Z) : t > 0} are analytic with the type (69, a1,0) at some
ap > 0, ap > ag. Moreover, for every k € {0,1,...,m — 1} a k-resolving family is unique and
Sk(t) = JESo(t), t > 0.

Proof. Take for k € {1,2,...,m — 1} the family {Sy(t) := JkSo(t) € L(Z) : t > 0}. Then

condition (i) in the definition of a k-resolving family is satisfied. For x € D4, t > 0

b bk
JESo(t / (t=5) 0(s)Axds = /%Aso(s)xds = AJFSo(t)x
0 0

due to the closedness of the operator A. So, condition (ii) holds.
Take x; € Dy, So(t)xy is a solution of problem (4), (6) with the initial values zg = x,
71 =2y = -+ = z,,_1 = 0, consequently, due to (5) W(A)Spx; — A" 1x; = ASyx;. Hence,

W(A)JESyx; — A~ 1Ky, = W(A)A*Gor — A" 1K = AN *Gox, = AJFS,x;.

Therefore, if there exists a k-resolving family for k € {1,2,...,m — 1}, then it coincides
with {J¥So(t) : t > 0} due to the uniqueness of the Laplace transform.
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7ESg (Ml 2(z) = I WA = A) Yl (z) <

By the conditions of the theorem for every 6 € (71/2,6y),a > ag, forall A € Sy,

~ — _ K(6,a
186l () = 1A ]<wow1—A)1an)s|Afapﬂy

Consequently, for all 0 € (71/2,60),a > a1, A € Sy,

K(8,a) K(8,a)(1+a/|A|)P _ Kyi(6,a)

< < ,
S AFA—aF = T AFPA—a] -~ [A—a]
if we takeay; > 0,a; > ap. O

Remark 1. Due to Proposition 1 further we will not write about the type of k-resolving families,
k=1,2,...,m—1.

Denote by p(A) the resolvent set of an operator A. Let an operator A € CI(Z) satisfy
the following conditions:

(1) there exist such 6y € (77/2, 7], ap > 0, that for A € Sy, ,, we have W(A) € p(A);

(2) there exists g9 > 0 such that for all € € (0,¢) for every 0 € (71/2,6p), a > ag there
exists such K(6,a,¢) > 0, that for all A € Sq 4,

_ K(6,a,¢)
l 7%y
H(W(A>I_A) HE(Z) < |/\|m,1|A_a‘C+1,m,£'

Then we will say that the operator A belongs to the class A§€ (60, a0). Here, as before,
m—1 < c <m € N,cis the upper limit of the integration in the definition of W.

If condition 2) is valid for e = 0, we will denote such class as AR (69, ag). Obviously,
A& (80, a0) € AR (o, 40).

If A € AR.(69,a0), the operators,

= ﬁ /Am**k(W(A)I —A)teMdA, k=0,1,...,m—1,
T

Zk<t)2
are defined att > 0. Here ' := T, UT_UTo, Ty :={A € C: A = a+ret® re (5,0)},
Ip:={AeC:A=a+5e? ¢ € (—0,0)} forsome s > 0,a > ag, 0 € (17/2,6)).

Theorem 2. Let —co <b<0<m—-1<c<meN,b € (n/2,n],a>0 we Li(b,c).

(i) If there exists an analytic O-resolving family of operators of the type (6p — 7/2,ay,
m+ e —c) for every e € (0,¢9) for Equation (4), then A € AR (6y,ap).

(i) If A € AR.(60,a0), then there exist an analytic O-resolving family of operators {So(t) €
L(Z):t >0} of the type (g — 71/2,a9,m + € — c) at every € € (0,&g) and analytic k-resolving
families of operators {Si(t) € L(Z):t >0}, k=1,2,...,m—1, for Equation (4). In this case,
for every k = 0,1,...,m — 1a k-resolving family of operators is unique, S (t) = Z(t) = J¥Zo(t),
t > 0,and at any 2o, 21, . .., 2ym—1 € Dy the function:

m—1
z2(t) = Y, Zi(H)z
k=0

is a unique solution of problem (4), (6) in the space Z.

Proof. Let A € AR (6,a9), R > ¢,

4
Tr:=JTer, Tir:=To Tor:={A€C:A=a+Re? ¢c(-6,0)},
k=1
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Tar:={AcC:A=a+r® rec[§,R]}, Tyr:={AcC:A=a+re® rec[sR]},

I'y is the positively oriented closed loop,
Tsg:={AeC:A=a+re® re[R o)}, Ter:={AcC:A=a+re rec[R o)}

thenT = 1”5,R @] F6,R U FR \ rZ,R-

For A € AR, (69, a9) by Theorem 1 with X = L£(Z) the operator family {Zy(t) € L(Z) :
t > 0} is analytic of the type (6) — 71/2,a9,m + e —c) atevery e € (0,¢0), [[Zo(t)llz(z) <
C(8,a,¢e)|t|""m¢e™Re forall 6 € (71/2,60), a > ag, € € (0,&). Then for k = 0,1, . —1
there exist the Laplace transforms atReA > ag Z(A) = A" 1 K(W(A)T — A) ! Lap[]l" "‘Zk]()\)
= A 1K(W(A) — A) ™), & < m, therefore, Zy(t) = kZo(t).

Fort e [0,1],A €T, a € (b,0),

e"TOK(8,a) G _ C
L(Z) |}\‘m—zx-&-k|)L _ a|c+1—m—s - |M1+c—zx+k—s - |A|1+k—e'

He/\t)\lelfk(w()\)l _ A)fl H
Hence, atk = 1,2,...,m — 1 the integral Z;(t) converges uniformly on ¢ € [0, 1] and

"7 (0)z = 5 Z//\“ KW — A) 'zpd) =

| [ [ v a -0

I'r Tor TIsr Ter

since by the Cauchy theorem

/A“‘l‘k(W(A)I A lgdr =0,

fort € [0,1], A € Tsr

/A“**k(W(A)I—A)‘lzkd}\ < RC2 s =2,5,6.

1—¢’
zZ
At the same time,
c 1 c
/ w(w) [ Zo(t)zode = 5 / (@A da (WA — A) zpeMdA =
m—1 I m—1

1 Wy (e) —W(A) ATy 1/€M
r/ . (WA — A) zge dA+2m,r 20+

+5= / %(W(A)I — A) M AzgeMdA — zg,
r

as t — 0+, since

Win—1(a) — W(A) 1 G
H - 2 (W)L - A) 6(2)§W’ 24c—m—¢e>1,
1 1 C
H)\(W(A)IA) Az - |A|1+C7£l 1+c—e>1.
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Wehaveatc >1,a € (m—1,c),A €T,z9 € Dy

Lap[Dy "1 Zo(t)z0] (A) = A(W(A)T = A) 'z — I *Z(0)z0,

Cc
1 _
/ (o) D§ 1 2 (1) zoder = 5 / / QA da(W(A)T — A) M zodA—
m—2 I m-2
ﬁ / / (@) ] Zo(0)zodmeMdA — Zi [, WA (WA — A) LeMzgdA+
m—1 T
T /e“.z A+ = /(W(/\)I _ A M AzgdA — /eMz dA
27ti 0 271 0 27ti 0%
T T T
| Wz ) ~ W)W = )Y < i (W) - ) Az < 2
m £(z) = |A[Fremmee z = A
hence,
¢
: a—m—+1 _
tgr&_ w(a)D§ Zo(t)zoda = 0.
m—2
Atz €Dy, € ((m—1,¢),A€T
Lap[D¥ "1 Z;](A) = A Y (W(A) T — A) Y,
c 1 c
/ w(a)DE "7y () zyde = z—m/ / w(@) A da(W(A) — A) ' zeMdA =
m—2 r m-2
1 [ Wu2(A)=W(A) Ae 1 /eMdA
= W(A)I — A A
27Ti/ A (W) ) ZEd+2m A a1t
T T
b L / 1(W(A)I — A) T AzieMdA — 7
2mi ) A
I
as t — 04, since
Win_2(A) = W(A) 1 C1 1 1 C
H A (WM =A) "z 2 < W! X(W(/\)I —A) Az - W

Fork=23,....m—1,a€ (m—1,¢c),A €T

C

a—m+1 _ ya—k o -1
Lap[D 17 (2) = A KW () - 4) 7, | ce) S T

Ak (WA — A)*lH

hence, D¥ 17, (0) = 0.
Arguing as before, we obtain the equalities:

c
/ w(@) D7, (0)zpda = 0, ke {0,1,...,m—1}\ {I -1},
m—1-2

c

/ w(a) Dy Z)(0)z)_qde = 2y 1.
m—I1-2

Hence, forc > 1€ {2,3,...,m—1},ke {0,1,...,1-1},a € (m—1,c),A €T,z € Dy

Lap[D¥ " Z(1)z] (A) = AL WA — A) 'z — AIDE™Z4(0)z—
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_A172D1X7m+lzk(0)zk . Da*m+lflzk(0)zk,
c
/ (@)D" Z (1) e = l/ / QA (WA — A) zeMdA—
m—I1—1 I' m—I-1
1 [ 7 1 [ 7
—ﬁ/ / w(@)AITIDE " Z,(0 )zkdzxe)‘td/\—ﬁ/ / w(a)AI72DA "1 7, (0)zpdaeM dA—
T m-1 T m-2
a—m—+1—1 At —
Zm// ) Df Zi(0)zpdae™dA =
- ﬁ/)J—k—l Wy 1 1(A) = WA (WA — A) zpeMdAt
/ ATz + / A=k — A AzeMdr — L / AR Mgy 0
Zm 27

ast — 0+, since

A W @) = WY )7 <
HAI*’H(W(A)I - A)*lAZOHZ < szfme

If in these arguments k = [, « € (m —k,c), A € T, zx € Dy, then,

Lap[D¥ " Zy (1)z] (A) = A HW(A)L — A) "'z — AF1DEZ,(0)z—
—AR2DE T 7, (0)zg — -+ - — DEHRT1Z4(0)z,

c

C
/ w(a) DY "R Z () zyda = ﬁ / / W@Ada (WA — A) LzpeMdr—
m—k—1 I m—k-1

ﬁ / / w(@)AFIDEMZ, (0)z daeM A — zi / / Q) A2 DI 7 (0)z dueM AN —

m—1
— 27‘(1/ / &) Dy~ 17, (0)zpdaeMdA =
1 Wa (M) WA “1_ At 1 eMdA
_271'/ : (WOOT = A) zeMdr + Z/ 2t
I r
1 eM )
+2—m./7(W(A)I—A) AzgdA — 2
Tr

ast +0+.Forke {I+1,1+2,....m—1},a € (m—1,¢c),A €T,z € Dy
Lap[D§ " Z(£)z¢] (A) = AR L W(A)T = A) 'z — A IDE 24 (0) 24—

—AP2DE Mt 7 (0)z — - - — DY Z,(0)z,
[

/ () DY 7, (0)zgde = zi/ / WAy (WA — A) " zdA =

m—I—1



Mathematics 2022, 10, 681 11 of 19

- ZLm / Wm—l—;\iitl)_—l W) (WA = A) zdr+

1 A 1 1 )
T I

m—1
Consequently, the function z(t) := Y. Zj(f)z satisfies initial conditions (6). Since the
k=0

operator A is closed and commutes with the operators (W(A)I — A) "l on D4, atz; € Dy,
k=0,1,...,m—1 the inclusions AZy(-)zx = Zi(-)Azx € C(Ry; Z) are fulfilled also, i.e.

2()i= & Zu()a € C(RyiDa)

Usir?g Formula (3) for the Laplace transform, we obtain for ReA > ap
[
Lap {/ w(oc)Df‘Zk(t)zkdoc] (A) = A" IEFW Q)Y (WAL — A) g — A K1 =
b

= A" KW — A) T Az, = Lap[AZ (8 zi] (A).

We apply the inverse Laplace transform to both sides of the obtained equality and
get equality (4) at all continuity points of the function AZ(-)z, that is, for all + > 0.
Hence, {Zy(t) € L(Z) : t > 0} is an analytic 0-resolving family of operators of the type
(60 — /2,a9,m — c —¢€) at every € € (0,¢p) for Equation (4) and {Z;(t) € L(Z) : t > 0}
are analytic k-resolving families of operators for Equation (4), k =1,2,...,m — 1.

Let 6y € (/2,7], a9 > 0, B € [0,1), there exists an analytic k-resolving family of
operators {Si(t) € L(Z) :t >0}, k€ {0,1,...,m—1}, of the type (60 — 71/2, a9, m — c — €)
at every ¢ € (0,¢9) at k = 0 and of the type (g — 7/2,a9,0) atk = 1,2,...,m — 1 for
Equation (4). From Equation (4) due to condition (ii) of the k-resolving family definition we
obtain at zy € D4 equalities

b
[ @(@Dis(t)zdn = ASK()z¢ = Silt) Az,
0
hence, due to the closedness of the operator A at A > ag S;(A)[Da] C Dy,
b
Lap [ / w(oc)D‘t"Sk(t)zkduc] (A) = W(A)5(A)zg — A" 17Kz = AS(A)zg = S(A) Az
0

Therefore, the operator W(A)I — A : D4 — Z isbijective and Sg(A) = A"~ 1=K (W(A)T —
A)71, A > ag. For k = 0 from Theorem 1 it follows that A € A (6p,a0); for all k €
{0,1,...,m — 1} we obtain Si(t) = Z(t) = JkZo(t) by virtue of the uniqueness of the
inverse Laplace transform.

If there exist two solutions ¥, y2 of problem (4), (6) from the class Z, then their
difference y = y; —y, € Z is a solution of Equation (4) and satisfies the initial conditions (6)
with zx = 0, k = 0,1,...,m — 1. Performing the Laplace transform on both parts of
Equation (4) and due to the initial conditions, we get the equality W(A)y(A) = Ay(A).
Since A € AR (69,a9), at A € Sy, ,, we obtain the identity (1) = 0. It means that y = 0.
Therefore, there exists a unique solution of problem (4), (6) in the space Z. O

Corollary 1. Let —co < b<0<m—-1<c<meN,b € (n/2,n]|,a9>0,w € Ly(b,c).
If there exists an analytic O-resolving family of operators of the type (6o — 77/2,a9,m + € — c) at
every € € (0,¢€g) for Equation (4), there exist analytic k-resolving families of operators {Si(t) €
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L(Z):t>0},k=1,2,...,m—1, for Equation (4). In this case, for every k =0,1,...,m —1
Sk(t) = JFZo(t), t > 0.

Remark 2. If we consider problem (4), (6) on a segment [0, T|, then we can continue the function
Yy = y1 — Y2 on [T, c0) by a continuous bounded way. Reasoning in the same way, we get the
uniqueness of a solution on a segment not only in the space Z.

Remark 3. In [18] it is shown that there exists a 0-resolving family of Equation (4) with the
distributed Gerasimov—Caputo derivative, if and only if an operator A € CI(Z) satisfy the next
conditions:

(1)  there exist such 0y € (71/2, 7t], ag > 0, that for A € Sg, 5, we have W(A) € p(A);
(2) forevery 6 € (11/2,60), a > ag there exists such K(6,a) > 0, that for all A € S 4,

VO = A) Mz < s )

The corresponding class of operators is denoted by Aw(6o,a0). It is easy to show that,
if w € Li(b,c) and is continuous from the left at the point c, lim w(a) # 0, then due to
a—Cc—

Lemmas 2 and 3 AR(60,a0) C Aw (60,a0) C AR, (60, a9).

Theorem 3. Let —co <b<0<m—-1<c<meN, € (n/2,n|,a0>0 weE Li(b,c) W
satisfies (7), A € AR (60, aq). There exists a limit,

c

: a—m—+k _
lim / w (@)D" Z, (Hda = 1, @®)
m—1—k

in the norm of L(Z) at somek € {0,1,...,m — 1}, ifand only if A € L(Z).
Proof. Due to the proof of Theorem 2, if there exists limit in (8), then it equals the identical
operator, since it is so on D 4. Let the function

C
/ w () DE K Z, (o — 1
m—1—k

n(t) =

L(2)

is continuous on the segment [0,1] and 77(0) = 0. Therefore, the function # is bounded on
[0,1]. Due to the proof of Theorem 2 and Lemma 3 for all + > 1

c
=] [ w(a)ﬁ [rTt Wy - aytetarde -1 =
m—1—k r £(2)
— %/M(W(A)I—A)*lemm\—l <
r £(2)

) 0
< Cleut/refletrcosﬂdr_i_czeat/et5c05(pd¢+ 1< Cye®t¢ + Cuel@O)t 41 < Cael@to)t,

) —0

Take ReA > a + 6 > ag. Then we obtain, as in the proof of Theorem 2,

/ e—M( / w(a)Df—m+kzk(t)da1)dt=
0

m—1-—k
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_ . L W) LT
- !kw(m {WOT = 4) Mo — 5 = 2K w1 - 4) - - =

_ Wm—l—k(i\\) — W()\) (W()\)I _ A)fl + W/(\A) )
Forany x € (0,1) take p > 0 such that #(t) < x forall t € [0, p]. Then due to Lemma 3
and equality (9)

R
(WM —A)~1 = T

HW/(\A)(W(A)I —A)1— o

(W)= A)~!

o Paaea) =)

as ReA — +o0. Consequently, for large enough ReA

HW/(\/\)(W(A)I —A)T -2

hence, the operator A=W (A)(W(A)I — A)~! is continuously invertible,
AW (W - A) "= AWA) LW - A) € L£(2).

Thus, A € L(Z).
Now let A € L(Z), then fort > 0

| w@Di 7 (tyda = € / W1 ) (a1 = a)-TeMan =
m—1—k T

1 Woa k(A = W)
:ﬁ/ lkA

i AleMdA
= AW (A

1
1A
(W) - A) teMdr+ 1+
T T
[cro2) = .G
- 24+c—m—e+k’
2~ Al

5 (WA —A)~!

L(
e CllAlZz) CllAllz(z) 2C||All gz
L(2) =t |A|(c—£)n+1 B |)\‘c75+1 <1 _ A|5(2)> B |A|C7£+1

oo A}/l
nZ AW (A

=1

‘)\‘C*S

1

for small enough e > 0 and [A| > (2[|A|(z))7*. Take smallt > 0and R = 1/t >
1
(2[|Allz(z)) =, then

/ Wmflfk();\) — W()‘) (W()\)I _ A)—le)\td/\
T

£(2)

_ /_/+/+/ Wm—l—k()\)_W()‘)(W<A)I_A)fle)\td/\ <

A
I'r Tor Tsr  Ter L(Z)
< / Wmflfk(/\) B W(/\) (W(/\)I _ A)—le)\tdA < - CE — = C2t1+c_m_€.
=756 A Rl+c—m—e

fox £(2)
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Analogously, we obtain:

00 n,A\t ¢
/L m < =G, [ @by iz i1 <crt o
r =1 L(2) m—1—k £(2)
ast — 04+. O

Remark 4. Reasoning as in the proof of the previous theorem we can show that if at some k,| €
{0,...,m — 1} the family {D}""*!S(t) € L(Z) : t > 0} is continuous at t = 0 in the norm of
L(Z),then A € L(Z).

Remark 5. For A € L(Z2) the k-resolving operators of Equation (4) have the form:

> a 1 Am—k-leMg)

1 A= k—1 An M _ n _
Zi(t) = Zmr/ Z n+1d)\ - ngoan(t)A c ) =5 [ e €N
Y

v ={Re? : ¢ € (=, M)} U{xe'™, x € (—R,—00)} U {xe™ ", x € (—00,—R)} at R > 0
large enough. For equation Diz(t) = Az(t) we have W(A) = A%, and we obtain using the Hankel
representation for the Euler gamma function that, for every n € Ny,

ay(t) =

1 eMAA pant+a—m+k e”dy pan+a—m+k
Tm / Aanta—m+k+1 = 2711 / ‘uzxn-i-tx—m-&-k-&-l = I’(an +a—m+k+ 1) :

ty

Thus,
tan+a—m+kAn

i :ta—m+kE
= T(lan+a—-—m+k+1)

a0 —m—+k+1 (taA)/
where Eg ., is the Mittag-Leffler function.

5. Inhomogeneous Equation

A solution of initial problem,

c
/ w(@) D" (0Vda =z, k=0,1,...,m—1, (10)
m—1—k

for the inhomogeneous equation

c

/ w(@)D¥z(t)da = Az(t) + g(t), t € (0,T), (11)

b

where —0o < b <0<m-1<c<meNw:(bhc)—CT>0¢g¢€C(0,T]2),
b
is a function z € C((0,T); D,), such that there exist [ w(a)Diz(t)da € C((0,T); Z),

a
C

lim [ w (&) D¥ " Kz (+)du and equalities (10) and (11) are fulfilled.
t%0+m,1,k

Lemmad4. Let —co < b<0<m—-1<c<meN weLbc) b € (/27| a9 >0,
A € AR.(60,90), g € C([0,T}; D). Then the function:

t
0= [ Zua(t=s)g(s)ds
0
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is a unique solution of problem (10), (11) withz; =0,k =10,1,...,m — 1.

Proof. Due to Theorem 2 and Proposition 1, Z,,_1 (t) has an analytic extension to Xg, /2
and for every 6 € (7/2,6p), a > ag there exists C(0,a) such that [|Z,,_1(t)zz) <
C(0,a)e". Define g(t) = O att > T; then z, = Z,_1 * g is the convolution, Zg(A) =
Zm—1(A)Z(A). In the proof of Theorem 2 it was shown that Z,,_1(A) = (W(A)I — A) "},
Lap[D* 457, _1](A) = ATk (W(A) I — A) Y ata € (m—1—k,c), t € (0,1]

_ ds
1D, 3 (D) 22) gcl/W, k=01,...,m—2,
T

hence, D*~"**7,, 1(0) = 0. Therefore, Zg(A) = W) - A)_lg(/\), Lap[]}" “z¢](A) =
A= (W(A)I — A)'g(A) at « < ¢, by the mean value theorem:

t
1" zg(B)ll2 < / 1 Zm-1(t =)l g(z) I8 ()l zds = [[]7** Zm-1(t = D)l £(2) / 18(s)[|zds — 0
0 0

ast — 0+, since ¢ € (0,¢),t —¢ — 0.
Further on, we have: Lap[D¥ " "1z.](A) = A"+ L(W(A)I — A)_lg(/\) ata >m—1,

IDF™" zg (D)2 < IDF " Zina (8= §)ll (2 / 18(s)[|zds — 0

as t — 0+. Reasoning in the same way we obtain D} "z, (0) = 0 for & > m —k,
k=23,...,m—2.

Finally,

Lap[Dflzg](A) = A*" L (W(A)I — A)'g(A) ata > 1,

t

D lzg(t) = [ DE 1 Za (= 5)g(s)ds,
0

/ (o) Df Lzg (1) = 5 / / A1 ~ A5 Mdrda =

S r/ M(W(A)I — A)'g(M)eMdA + 5o r/ WTA)(W(A)I — A)'g(A)eMdA — 0

ast — 0+, since

T
< My <
2011z < max lg(o) O/ i<

W(A)

L wr-4)7g0)

(WA —A)

H Wo(A) —W(A)
A

C
— |A|1+c7£’

£(Z) oz - AP

Thus, the function z4 satisfies initial conditions (10).
We have:

(1) = W) (W) = A) ') = §(p) + AW ()T = A) 7' ()

Lap [/w(a)Df‘zgdzx
b
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Applying the inverse Laplace transform on the both sides of this equality, we get

c

/w(a)Df‘zg(t)duc =g(t) + A(Zy—1 % g)(t) = g(t) + Azg(t),
b

since ¢ € C((0,T|;D4) and due to the closedness of A the values A(Z,_1 xg)(t) =
Zy—1 % Ag(t), t € (0, T], are defined.
The proof of the uniqueness of the problem solution can be found in Remark 2. [

From Theorem 2 and Lemma 4, we get the following result.

Theorem 4. Let —c0o <b<0<m—-1<c<meN we Li(bc) 0 € (t/2,7],a9 >0,
Ac AES(BO,ao),g € C([0,T);Da), zx € Do, k=0,1,...,m — 1. Then the function

m—1 £
2() = ¥ Zuzc+ [ Zua(t=s)g(s)ds
k=0 0

is a unique solution of problem (10), (11).

6. Application to a Class of Initial-Boundary Value Problems
n . n .
Consider polynomials P,(A) = 'ZO M # 0, Qu(A) = 'Eo diM, where c;,d; € R,
J= =
j=01,...,nd; #0. Let Q C R? are a bounded region with a smooth boundary dQ),
an operator pencil A, By, By, ..., B, be regularly elliptic [24], where

amu(s)
BST Bsgz ... 852"'

(Au)(s) =} ag(s) a; € C*(Q)),
0llu(s)

(Biu)(s) = ) blq(s)as?asgz...as?’ by € C¥(00),1=1,2,...,p,

9= (q1,92,--.,94) € N, |q| = q1 + - + 4. Define an operator A; € CI(L,(Q)) with a
domain Dy, = Higl} (Q)) [24] by the equality Aqju = Au. Let the operator A is self-adjoint,
then the spectrum o (A1) of the operator A is real and discrete [24]. Suppose, moreover,
o (A1) is bounded from the right and does not contain the origin, {¢ : k € N} is an
orthonormal in L, (Q)) system of eigenfunctions of the operator A;, numbered according
to the non-increase of the corresponding eigenvalues {A; : k € N}, taking into account
their multiplicities.

Consider the initial-boundary value problem:

/w(zx)D‘t"_zu(s, Bda = ug(s), /w(oc)D‘t"_lu(s, Hda = uy(s), s € Q, (12)
1 0

BiA*u(s,t) =0, k=0,1,...,n—1, I=1,2,...,p, (s,t) €dQx (0, T), (13)
/w(oc)Df‘Pn(A)u(s, Hda = Qu(A)u(s,t) + f(s,t), (s,8) € QAx(0,T), (14)
0

where 1 < ¢ <2,w: [0,c] = R. Denote ny := max{j € {0,1,...,n} : ¢j # 0},
X ={ve H"0(Q):BAv(s)=0,k=0,1,...,n0—1,1=1,2,...,p, x € 3Q}, (15)

y = LZ(Q)/ L= Pn(A)/ M= Qn(A)/ (16)
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Dy = {v € H*(Q) : BAfo(s) =0,k =0,1,...,n —1,1=1,2,...,p, x € 3Q}. (17)

Then L € L(X;)Y), M € CI(X;Y) (if ng = n, thatis, ¢, # 0, then M € L(X;))).
Let P,(Ax) # 0 for all k € N, then there exists an inverse operator L~! € £(); X) and
problem (12)—(14) can be represented as problem (10), (11), where Z = X, A = LM e

CI(Z),Da = Dm, z0 = uo(+), z1 = u1(-), g(t) = f(-, t).

Lemma 5. Let ¢ € (0,2), w € C([0,c;R), w(a) > 0 for a € [0,c], w(c) > 0O, the spectrum
o (A1) do not contain the origin and zeros of the polynomial P, (M), and designations (15)—(17) be
valid. Then L='M € AR, (6, ap).

Proof. Denote iy = Qy(Ax)/Pu(Ay) for k € N. Since (—1)"7"0d,, /¢y, < 0, then klim U =
—00

c
—oo and there exists max . Due to Lemma 1 the function W(A) := [ w(x)A*dw is analytic
N 0

on Spo. Atc € (1,2) take some 6y € (7/2,7/c), then for some large enough a9 > 0
and every A € Sy, ,, we have [W(A)| > C(g)[A|¢ > max py and W(A) € Sgg,,4,, Since
€

w(a) >0o0n[0,c].
Forany 6 € (71/2,60p),a > ap, A € Spp,v € X

00 2ng 0 2
IWA) = A) 0|3 = (WA = Pu(A) ' Qu(A) M2 = ) (1+ A7) (0, i)

= W) - S

© (14 A7) (0, i) 2 _ C@ll

<C Y,

k=1 |W()\)|Zsin2(c9) - |)\|2(cfe)

for every small enough ¢ > 0 by Lemma 2. Therefore, L~*M € AR, (6, ao).
Finally, when ¢ € (0, 1], a similar arguments may be used to get the written conclusion. [

Lemma 5 and Theorem 4 implies the next unique solvability theorem.

Theorem 5. Let ¢ € (1,2), w € C([0,c;R), w(a) > 0 for &« € [0,c], w(c) > O, the
spectrum (/A1) do not contain the origin and zeros of the polynomial P,(A), ug,u; € Dy,
f € C([0, T]; Dp). Then there exists a unique solution of problem (12)—(14).

Remark 6. For ¢ € (0,1] instead of (12) the initial condition has the form
c
/w(tx)D‘t"_lu(s,t)dtx =up(s), s € Q.
0

Example 1. Take Py(A) =1, Q1(A) = A, Au = Au, p = 1, By = 1. Then, (12)—(14) is the
initial-boundary value problem for the modified equation of the ultraslow diffusion [14]

/w(oc)D‘t"u(s, Hda = Au(s,t), (s,) € Qx (0,T),
0

u(s,t) =0, (s,t) €9Qx(0,T),
/w(a)D‘t"_zu(S,t)doc = up(s), /w(zx)D‘t"_lu(s,t)dtx =uy(s), s€ Q.
1 0

7. Conclusions

Linear differential equations in a Banach space with a distributed Riemann-Liouville
derivative and with a closed operator in the right-hand side are studied. It is shown that a
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natural initial value problem for this equation is a problem with given values of special form
distributed derivatives of a solution at initial time. A theorem on the generation of analytics
in a sector resolving families of operators for such equations is proved. It gives necessary
and sufficient conditions on the closed operator in the equation for the existence of the
resolving family. This result allows us to study the unique solvability of the mentioned
initial problem to the corresponding inhomogeneous equation. The abstract results of
the work are applied to the research of the unique solvability for initial boundary value
problems for a class of partial differential equations with a distributed Riemann-Liouville
derivative in time.
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