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1. Introduction

In ([1], pp. 311-312) Hayashi proved the following theorem.

Theorem 1. Let p : [a,b] — R be a nonincreasing mapping on [a,b] and h : [a,b] — R an
integrable mapping on [a, b] with 0 < h(x) < A forall x € [a,b]. Then, the inequality

Al pax < /bp(x)h(x)dx < A/aMp(x)dx 1)

b—A
holds, where A = fah h(x)dx

Inequality (1), called Hayashi’s inequality, is a simple generalization of Steffensen’s
inequality which holds with same assumptions with A = 1. For recent results concerning
Hayashi’s inequality see [2].

In 1996, Agarwal and Dragomir [3] presented an application of this inequality
as follows.

Theorem 2. Let f : I C R — R be a differentiable mapping on 1° (the interior of I) and [a,b] C I°

with M = sup f'(x) < oo,m = 1r[1fb] f'(x) < coand M > m. If f' is integrable on [a, b], then
x€la,b] a
the following inequality holds

/f
f(a) —m(b— a)][M(b —a)
- 2(M —m)(m —a)
< (M—ms)(b—a)'

—f(b) + f(a)]

This elegant inequality presents an error estimation for the trapezoidal rule.
In 2002, Gauchman [4] generalized (2) for n-times differentiable functions using the
Taylor expansion so that (2) becomes a special case of Gauchman'’s result when n = 0.
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In this paper, we present a generalization of (2). In the same argument, two other
inequalities of the Ostrowski and trapezoidal type are also introduced.

2. The Results

Let us begin with a generalization of (2).

Theorem 3. Let g : [a,b] — R be an absolutely continuous function on [a,b] with 0 < ¢'(t) <
(b — a), and suppose that g’ is integrable on [a, b]. Then

‘b_a /abg(t)dt— (x—u)g(al))—_kib—x)g(b) —A<x— a+b)‘

’b—a.u

Proof. Let f(
/

) =x—t,t € [a,b]. Applying Hayashi's inequality (1) by setting p(t) = f(¢)
and h(t) = ¢'(¢

), we get

t

8'(
b b a+A

(b—a) /h_A (x —t)dt < /a (x —t)g'(t)dt < (b—a) /a (x — t)dt (4)

where, A = b — a or we write

Also, we have

and

a+A 1
/ (x — t)dt = A(x —a) — =AZ
a 2

Substituting the above equalities in (4) and dividing by (b — a), we get
l(x):=A(x—Db)+ %)\2
— — b
NCELHORIUEL U I

- b—a +b—a a
§A(x—a)—%)t2 — b (x).
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We also have

l1(x) + £o(x)

I— . :‘I—/\(x—a;bﬂgw
Z%(b—a—)\)

which proves the first inequality in (3). The second inequality follows by applying the same
technique as in ([3], pp. 96-97). O

Remark 1. For some results closely related to Theorem 3 we refer the reader to [5-13].

A corrected generalized version of the Agarwal-Dragomir result (2) is incorporated in
the following corollary.

Corollary 1. Let g : [a,b] — R be an absolutely continuous function on [a,b) withy < g'(t) <T,
and suppose that ¢ is integrable on [a,b]. Then

1 b (x —a)g(a) + (b — x)g(b)  g(b) — g(a) a+b

‘b—u/ag(t)dt_ : b—a -2 b—fz '(x_ 2 )‘

Ty (b-a-d) _-9)b-a
= 8

<
- 2 b—a

©)

for all x € [a, ], where A = %W. In particular, for x = #, the following inequality
holds

/abg(t)dt_g(a);rg(b) < F;’y e (b;:A) - (r_ry;(b_a)‘

‘ba

Proof. Repeating the proof of Theorem 3, with h(t) = ¢'(t) — v, t € [a, b], we get the first
inequality. The second inequality in (5) follows by applying the same technique as in ([3],
pp- 96-97). Analogous manipulation for x = %b gives the same result as in (2). [

Remark 2. Let the assumptions of Corollary 1 be satisfied. Then Corollaries 3 and 4 and Remarks
1 and 2 in [3] (p. 97) also hold.

In 1997, Dragomir and Wang [11] introduced an inequality of Ostrowski-Griiss type
as follows: inequality

R L e e | T [ N

holds for all x € [a,b], where f is assumed to be differentiable on [a, b] with f’ € L'[a, ]
and y < f'(x) <T,Vx € [a,b].

In 1998, another result for twice differentiable was proved in [10]. In 2000, the constant
1 in (6) was improved by % in [14].

A better improvement of (6) can be deduced by applying Hayashi’s inequality as it is
presented in the following theorem.

Theorem 4. Let g : [a,b] — R be an absolutely continuous function on [a,b] with 0 < ¢'(t) <
(b — a) and suppose that ¢’ is integrable on [a, b]. Then

1 b b b— b—a)?
'b_aég(t)dt—g(x)—i—/\(x—a—;)‘S/\ za—Azg( 16“) @)
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forall x € [a,b], where A = € (bl)]:g @ In particular, for x = #, the following inequality holds

1 b a+b b—a ., _(b—a)?
_ ) < A—" A2 < )
‘b—a/ﬂg(t)dt g( 2 )‘—/\ 7 M=

Proof. Fix x € [a,b] and let f(t) = a —t,t € [a,x]. Applying Hayashi’s inequality (1) by
setting p(t) = f(t) and h(t) = ¢'(t), we get

(b—u)/:A (a—t)dt < /ux (a—Dg (Hdt < (b—a) /;M (a— t)dt ®)

where,

Also, we have

and

Substituting in (8), we get

X

(b— a)(—)\(x o)+ ;»&) < (a0 + [ gdr < Rb-a). O

a

Now, let f(t) = b —t, t € [x,b]. Applying Hayashi’s inequality (1) again we get

(b—a) /b: (b— t)dt < /b (b— g ()dt < (b—a) /xH (b— t)dt (10)

where,

and

Substituting in (10), we obtain

%Az(b —a) < —(b—x)g(x) + /xbg(t)dt < (b—a) </\(b _x)- ;#). (1)
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Adding (9) and (11) we get

(b—a)(-Ax—a)+2) < /bg(t)dt — (- a)g(x)

a

< (b-a)(Ab—x) - 2%).

Setting
b
L= [ sl - g(x)
(1(x) = —A(x —a) + A2,
and

lo(x) = A(b—x) — A2

Therefore,
x b a
At )erfz( ) _’bia/ g(t)dt_g(x)M(x_ +b>‘
bo(x) — b (x)
- 2
b—a

which proves the first inequality in (7). To prove the second inequality, define the mapping

¢(t) = —t? + 5%, Then max¢(t) = ¢(%) = (bZ”)Z, so that p(A) = =A%+ L59A <

2
(%) , which completes the proof of this theorem. [

Corollary 2. Let g : [a,b] — R be an absolutely continuous function on [a,b] withy < g'(t) <T
and suppose that ' is integrable on [a,b]. Then

‘bl_a/ubg(t)dt—g(xwrg(b;:f@~ <x—“;b>’ (12)
< (5= (- =

forall x € [a,b], where A = %W. In particular, for x = #, the following inequality

holds
1 b a+b -7 b—a
e sor-s(030) = (5=5) (55 )

_-a)r-)
- 16

Proof. Repeating the proof of Theorem 4, with h(t) = ¢/(t) — v, t € [a, b], we get the first
inequality. The second inequality (12) follows by applying the same technique. O

Remark 3. As we notice, (12) improves (6) by %, which is better than Mati¢ et al. result from [14].

In [6], under the assumptions of Theorem 4, Alomari proved the following version of
a Guessab-Schmeisser-type inequality (see [12]):

R Pl F=Et
a - 8 ’

2 b—a (13)
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forall x € {a, #} .

Next we give an improvement of (13).

Theorem 5. Let g : [a,b] — R be an absolutely continuous function on [a,b] with 0 < ¢'(t) <
(b — a) and suppose that ¢ is integrable on [a, b]. Then

SA[b—a3/\}S(b—a)2 19

b—a 2

’ 1 /abg(t)dtig(x)—kg(ava—x) . ; =

forall x € [a, #} where A = 8(bl)7:§(ﬂ).

Proof. Fix x € [a, %} and let f(t) =a—t,t € [a,x]. Applying Hayashi’s inequality (1)
by setting p(t) = f(t) and h(t) = ¢'(t), we get that (8) holds, i.e.,

IN

(b—a)(—)\(x—a) + ;)\2> —(x—a)g(x) —l—/axg(t)dt (15)

IN

—%AZ(b—a).

where

A= bia/bg’(t)dtzw_

Now, let f(t) = # —t,t € [x,a+b— x]. Applying Hayashi’s inequality (1) again

we get
a+b—x a+b a+b—x a+b
b— / —t dt</ ( —t)’tdt 16
o-a [0 (s [T (S )g e

"X +A
<@-a) [ (a+bt>dt
x 2
atb—x /g4 b a+b 1.,
—t)dt=—A - A
/u+be( 2 > ( 2 x>+2 ’

a+b—x
/ <a+b —t)g’(t)dt
. 2

where

and
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Substituting in (16), we get

- (ba)[)x(a;b x> - ;/\2}
< () s +glarb—xn+ [T glo 17)

(ba)[/\(a;bx> ;Aﬂ.

Now, let f(t) = b—t,t € [a+b— x,b]. Applying Hayashi’s inequality (1) again

IA

we obtain
b b
b a)/ (b—t)dt < / (b— t)g (H)dt (18)
b—A a+b—x
a+b—x+A
< (b—a)/ (b— t)dt
a+b—x
where
/b (b—t)dt = Ly
b—A 27
b b
/ b— g (t)dt = —(x —a)g(a+b—x) + (H)dt,
a+b—x a+b—x
and

a+b—x+A 1
/ (b—t)dt = A(x —a) — =A%
a+b—x 2

Substituting in (18) we get

b
%/\z(b—a) < —(x—a)gla+b—x) +/a+b7xg(t)dt (19)

< (b—a) |:)L(.X&l) - ;)\2].

Adding (15), (17) and (19) we obtain

_ b _
“A(b—a) F’ “_ 3)\] < [ ()i - (b— S E8latb=x)
2 a 2
b—a 3
< _ _2
< A(b—a) { > 2)\],
which is equivalent to the first inequality in (14). To prove the second inequality in (14),
2 2
define the mapping ¢(t) = —3 (b — a)t? + @t. Then max ¢(t) = (])(%) = (b;f) , SO

that p(A) = —3 (b —a)A% + M/\ < %, which completes the proof. [J

A generalization of (13) and (14) is incorporated in the following result.
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Corollary 3. Let g : [a,b] — R be an absolutely continuous function on [a,b] withy < g'(t) <T
and suppose that ' is integrable on [a,b]. Then

‘b—a /abg(t)dt— () +8(§+b_x)

<50 e—n —ay < =902 (20)

fOI" all x € |:a, #}, where A = w‘

Proof. Repeating the proof of Theorem 5, with h(t) = ¢'(t) — v, t € [a, b], we get the first
inequality. The second inequality in (20) follows by applying the same technique. O

3. Applications

Let X be a random variable taking values in the finite interval [a, b], with the probability
density function f : [a,b] — [0, 1] with the cumulative distribution function F(x) = Pr(X <

x) = [V f(t)dt.

Theorem 6. With the assumptions of Theorem 4, we have the inequality

’;[F(x)JrP(Hb—x)] —b;iX)‘ < ;/\(1;:3) [(b—a)—3A] < W

forall x € [a, #} , where A = %W, and E(X) is the expectation of X.

Proof. In the proof of Corollary 3, we set f = F, and take into account that

b b
E(X) = / tF(t) = b — / F(t)dt.
a a
We leave the details to the interested reader. [

4. Conclusions

This paper summarises several types of general quadrature rules, such as the general
trapezoidal rule or the so-called Ostrowski trapezoidal, Ostrowski midpoint and Guessab—
Schmeisser quadrature rules for symmetric points. Using the presented inequalities, several
error estimates of the above quadrature rules could therefore be derived with corresponding
numerical experiments. This work thus represents a very good application of Hayashi’s
inequality in quadrature approximation. One future research direction might be to use
Fink’s generalization of the Ostrowski inequality to obtain some Hayashi—Ostrowski-type
results. Further applications of Hayashi’s inequality we leave to the interested reader.
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