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Abstract: In this article, we studied the necessary conditions for the univalence of integral operators
that involve two functions: the generalized Bessel function and a function from the well-known
class of normalized analytic functions in the open unit disk. The main tools for our discussions were
the Kudriasov conditions for the univalency of functions, as well as functional inequalities for the
generalized Bessel functions. We included the conditions for the univalency of integral operators
that involve Bessel, modified Bessel and spherical Bessel functions as special cases. Furthermore,
we provided sufficient conditions for the integral operators that involve trigonometric, as well as
hyperbolic, functions as an application of our results.

Keywords: Bessel functions; modified Bessel functions; spherical Bessel functions; integral operators;
Kudriasov conditions; univalence criteria
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1. Introduction and Preliminaries

Special functions are functions that do not have a formal definition but are still widely
used in mathematical analysis, physics, functional analysis and some other branches
of applied science. Many elementary functions, such as trigonometric and hyperbolic
functions, are also treated as special functions. The theory of special functions has earned
the attention of many researchers throughout the nineteenth century and has been involved
in many emerging fields. In particular, trigonometric functions have been used in astronomy
due to their remarkable properties. In the twentieth century, the application of special
functions enriched other branches of mathematics, such as topology, algebra, functional
and real analysis and differential equations. Among the most popular and widely studied
special functions, Bessel functions have a prominent position due to their applications
and remarkable properties. Bessel functions and hypergeometric functions have been
used in many emerging fields, such as probability, statistics, mathematics, applied physics
and engineering science. Watson summarized all of the characteristics and applications
of Bessel functions in his book [1]. This book is very important in the theory of special
functions and is considered as a classical text on the asymptotic behavior of Bessel functions
and their applications. We refer the reader to [2-6] for more information on generalized
Bessel functions.

Special functions in general, and Bessel functions and hypergeometric functions in
particular, have a wide variety of applications within the theory of analytic functions. Their
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use in the proof of the landmark result “Bieberbach conjecture”in 1986, later known as “De
Branges’ theorem” initiated their meaningful involvement in the study of the geometric
characteristics of analytic functions. As well as the use of special functions to solve many
problems in geometric function theory, the geometric properties of many special functions,
such as Bessel functions [7], Mittag Leffler functions [8-10], Dini functions [11-13], Gauss
hypergeometric functions [14,15], Struve functions [16,17], Wright functions [18,19] and
others, have been studied extensively. In this article, we intended to study the criteria for
the univalency of the integral operators that are defined by using Bessel, modified Bessel
and spherical Bessel functions.
Let A denote the class of analytic functions g in the form:

Q) =0+ ), aml", ¢y
m=2

in the open unit disk E = {{ : |{| < 1}, where a,,, = & " (O) is a complex constant, and let S
denote the collection of all univalent functions in A. Assummg the following second-order
differential equation, which is homogeneous:

§%" () +cgs' (@) + (3 — o2 + (1 =)o )s(2) = 0, @)

where ¢, 11, 0 € C (see [7] for more details), the generalized Bessel function of the first kind
and of order ¢ is defined as follows:

B 00 (777)m(é—/2)2m+17
soen(@) = YT o m + e+ 1)/2) 3)

where the notation I'(.) represents the gamma function. The function s, ({) describes
certain types of Bessel functions, as follows.

Special Cases
(i) For c = 1, # = 1, the function that was defined in (3) produces the Bessel function of the
first kind and of order ¢, which are given by:

) (_1)m(§/2>2m+0
;0 m\T(c+m+1)

](T(g) = 4)

(ii) For c =1, n = —1, the function that was defined in (3) produces the modified Bessel
function of the first kind and of order ¢, which are given by:

0 2m-+o

Fc+m+1)

(iii) For ¢ =2, # = 1, the function that was defined in (3) produces the spherical Bessel
function of the first kind and of order ¢, which are given by:

C/Z 2m+¢7
\[Z WT(o +m13/2) ©)

For more details about these functions, see [1,20].
Deniz et al. [21] studied the generalized Bessel functions that were defined in (3) by
discussing the specific geometric properties of the following function:

1
Yoen(§) =2°T (o + C;) C w0,y (612)),
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where ¢, 7,0 € C. With the help of the renowned Pochhammer symbol, which is defined as:

®) :T(ﬁ+m):{ 1, m=0, pcC\{0},
m = T L(B) BB+1)...(B+m—1), meN, peC,

we obtain the following series form of ¢y 5 ():
o] _ m
Voea@ = 0+ L g™ 7)

wherel =0+ (¢c+1)/2#0,-1,-2,---

For the univalency, convexity, functional inequalities, starlikeness, integral representa-
tions, uniform convexity and some other geometric characteristics of Yo, WE refer the
readers to [7,20,22-28].

A significant area within function theory is the study of integral operators in the class
of analytic functions ([29]). Alexander was the first mathematician to introduce and study
an integral operator in a family of univalent functions within this area of research. R. Libera,
S. Bernardji, S. S. Miller, PT. Mocanu, M. O. Reade, R. Singh, N. N. Pascu and D. Breaz are
among the major contributors to the study of the univalency criteria for integral operators.
Nowadays, new frontiers for integral operators are designed to stimulate interest among
young researchers within the field of geometric function theory. For more information on
the integral operators of analytic functions, see references [30-34].

Baricz and Frasin [35] first used a special function (the Bessel function) to introduce a
single family integral operator and studied its univalency conditions. This operator was
further studied by Frasin [36], Ularu [37] and Arif and Raza [38]. By using generalized
Bessel functions, Deniz et al. and Deniz [21,39] studied the univalency and convexity
properties of the following integral operators:

1 1/8
Gal,...am,c,iy,al,...am B g = ,B/tﬁ 1H<IPU] cry ) dt ’ (8)
z 1/(mu+1)
m
Galr---me,C,l’],m,}l(g) = q (mp+1) /H Yo, c ,17 p )
0 i=1
4 1/p
j? / 9
HUlr-~~17m/C/7]/51/~-~5m/]/l (g) = H/t;‘ H(IIJO’i,C,T](t>) dt s (10)
0 i=1
4 1/A
m A
Quiona(@) = 44 [ Teluen®) gt )

Recently, some authors have studied the families of one parameter integral operator
using certain special functions, such as Mittag—Leffler functions [40], Struve functions [41],
Lommel functions [42] and Dini functions [43]. The geometric properties of these one
parameter families of integral operators have been extensively studied by various authors.
For details, we refer the reader to [44-50].

The main aim of this article is to introduce and study the univalence criteria for integral
operators that involve two functions: the generalized Bessel function and the function of
normalized analytic functions. These integral operators are defined as follows:

1/p

S B
) t !
Goy,...ome i, B(G) = 5/tﬁ_11—{<lpzc(z)( )) dt / (12)
0o = :
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NS4
p—1 %ll c 17 ()"
H(Tl,.‘.U'm,C,U,]/ll,..‘]im /t I—‘! dt 7 (13)

¢ . P
m oo (t Hi , )
IO’l,‘..U'rn,C,W/]‘l,-..Hm/IS(g) = {B/tﬁ‘ﬁl(W) (gi(t))éldt} . (14)
0 =

To proceed further, we need the following results, which are also helpful in proving
our consequent results:

and

Lemma 1. [51] Let g € A satisfies the following inequality:

2Re(v //
( ng| )‘ég ‘ <1, Re(v)>0.

Then, for every complex number B, Re(B) > Re(v) produces the function:

4 p
= | B tﬁ—lg’(t)dt) €.
g

Lemma 2. [52] Let g be a reqular function in E and g({) = { + a0 + ... When:

g”(g)’ <& [cE

where ¢ ~ 3.05, then g is univalent.

Remark 1. The constant ¢ is the solution for:

8 {y(y - 2)3} Y2 sy -12—0.

The approximated solution of the above equation is 3.03902118847875. Kudriasov used 3.05 as this
approximated value.

Lemma 3. [21] Let o, ¢ € Rand iy € C be restricted so that | > max{0, (|n| —2)/4}. Then, the
function gy : E — Cis given by (6) such that:

(i)
Woen(@) 8(1+ 1) [k
Yo,e(0) T 32(1+1) - 8(21 +1)|y| + |y]* ’
(ii)
41+ 1)|y| + |y [k

T5,cy(2)
Yoy (Q) |~ 8L(1+1) =21 +2) [y’

2. Main Results

Our first main result provided sufficient univalence conditions for the integral opera-
tors of the type in (12) when the function g; € A (i =1, -- -, n) and the generalized Bessel
function ¢, ¢ ; involved some parameters. We used Lemma 3, the univalence criteria for
integral operators due to Pascu [51] and the Kudriasov conditions for the univalence of the
normalized analytic functions.
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Theorem 1. Let oy, - -

< om, ¢ € Ry, e Candl; > (|| —2)/4wherel; = o;
1,..

+(c+1)/2,i=
.,m. Let Yg, 0y : E — C be given by:

lPJi,Cﬂ(g) = 27T <‘7i + (6_02_1)) gligi/zlptfi,c,’? (\/z) .

Suppose | = min{ly, 1, ... 1y} and when g; € A with:

g;’(é)'
gi(0) st tek

where ¢ ~ 3.05, such that:

1 8(L+ 1)y
5 i 15
Re(V)( +321(z+1) 8(21 +1)|y| + |n)? >DV|< 15)
when 0 < Re(v) < 1and:
1 (+ Dyl LI
Re(v) (1 TS0 1) 8@+ 1) + lnlz) +4] i;'%' <! (16

for Re(v) > 1, then, for B € C and Re(B) > Re(v) > 0, the function G, ¢\t i1 tim,p * E =
C that is given by (12) isin S.

Proof. Consider:

Gg—lf---o'm,cﬂrﬂl,---ﬂm

o\m

]’m[(l”‘”” ) dt. (17)

i=1

Itis clear that Go,,._o,,c, .01, tm (0) = Go, o c it — 1 = 0.50, it follows easily that:

G(Irll O O, 1 - ym(g) _ i‘u lptlf,-,c,;y(g) _ gl/(C) .
thrl,...a,,,,c,iy,yl,...ym (g) i=1 ! lptr,v,c,iy(g) gl(g)

Therefore, we obtain:

— ¢RI EGE camemn i@ | _ 1= 1223 Poen (D) ‘gg;(g)’
) T @ | = Re@) BN gy @ | @ | [ 48

Now, using Lemma 2, wehave g; € §,i =1...m, and:

¢si(@) ‘ 1+ 2]
%@ | = T=ll )
By virtue of (18) and (19), we find that:

1— 1712 CGE, e pingin () 1— |g[2Re®) m Woen(@] 1412
R(T | Cyomemmen@ | = Re@ &M Yoo @ | T T
1— |gPRe@) Izl (D)
< IZ;I ZI i xpm;g)|

1—|€|2Re(”) 2 g
Re(v) 1-[¢|&5""
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First, we consider:

1— o[RS,y (2)
Re(v) Z| 4 llJach(é)
This implies that:
1 |gRe) ‘ ‘wglcq(é) f| |§¢{Tlc,7(€>
Re(v) ! i Yo, (0) _Re i Yoren(8) |

Using Lemma 3 (i), we have:

1-— |€|2Re i| | élpa,cn(é) ZLV (l +1)|17| ‘
Re(v) A" uen@ |~ Re / e (2 +1) = 8(20; + 1)[y] + ||
; . (lnl=2 - 8lnl(y+1) ~
Now, we take the function u : ( 1 ,oo) - R, uly) = TSR Itisa
decreasing function, therefore:
8(li + 1) < 8(1+ 1) '
321;(21; + 1) = 8(2L; + 1) || + [y|* ~ 320(1+1) — 8(2L + 1) || + ||
Hence:
1—|gy2R” i| |€¢£—,c,7(é) -
S oen @) | =
m
1 14+ (l+1)\’7\ Z“’ll (20)
Re(v) 320(1+1) -8+ )|yl + y* | 5
Consider:

1_ |€|2Re(v)

2 m
Rer) 1= g il

For this, we have the following cases:
(1) For 0 < Re(v) < 1, the function ¢ : (0,1) — R is defined by:

o(y) =1—a¥, y=Re(v), |{| = a

is increasing and:
2R 2
1-[g <11,

therefore: -
1—|g 2R

Re(v) |€| Z|l‘1| > Re ZW | (21)

From (20) and (21) and for 0 < Re(v) < 1, we have:

1- |€|2RE(V) Ggl T A0 - Bm (g) <
RE(V) GZrl T, CA U1 - B (g) B
8(1+1)n|
5 ; 22
Re(V)( 321(141) — 8(21 4+ 1)|57] + |5]? )Zly @)

(2) For Re(v) > 1, we define the function w : [1,00) = R, w(y) = 1_y“zy

|C| = a as a decreasing function and

, ¥y = Re(v) and
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| 712Re(v)
L <1-— |€|2,
Re(v)
therefore:
L2 ) <43 @)
uil <4) |uil 23
Re(v) 1_|C|1’:1 l i=1 l

Combining (22) and (23) for Re(v) > 1, we obtain:

1— (7R | CGE, - ameppia,in (©)
Re(v)

Gl
<1+4Re(1/) + 8+ 1l] )ZI% (24)

010 Om,CoH U1, Um (g)
1
Q—
Re(v) 321(1+1) — 8(21 + 1)|57] + |5|?

From (15), (22), (16) and (24), we obtain:

1—|2|2RWNCGT  rnempinin () -
Re(V) Gl/7'1,...(7'm,C,l7,]41,...],lm (é’)

7 /C1 ]/ll .
Now, from (17), we have Gy, o cn1iy,m (0) = T1 (l’b”é(;)(t)) . Therefore, using Lemma 1,
i=1 !

we can obtain the required result. O

Our second main result provided sufficient univalence conditions for the integral
operators of the type in (13) when the function g; € A (i =1, --- ,n) and the generalized
Bessel function ¢y, ¢ ; involved some parameters. We used Lemma 3, the univalence criteria
for integral operators due to Pascu [51] and the Kudriasov conditions for the univalence of
the normalized analytic functions.

Theorem 2. Letoy,...0n,c € R, pj, 1 € Candl; > (|| —2)/4wherel; = o;+(c+1)/2,i =
1,...,m. Let Yo, cn : E — C be given by:

, c+1 —0;
Yoi,e(0) = Z(T’F<Ui + (2)>§1 U’/lem,c,fi (\/Z)
Suppose | = min{ly,1p,... 1y} and when g; € A with:

8/ ()
8i(0)

forall ¢ € E, where ¢ ~ 3.05 and these numbers satisfy the relation:

1 4(L+1)|y| + [y 2Z
{Re(v) 8I(1+1)—2(31+2)|y| + (2Re(v) + 1)(2Re( V)+1)/2Re(v }Z% <L (25)

Then, for B € C and Re(B) > Re(v), the function Hy,
(13)isin S.

<t

Tttt © E C that is given by

Proof. Consider the function:

¢ Hi
Woiyen (F)
H(Tlr Om,CM 11 ,--- /H( Tiit A dt.
0

gi(t)
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Clearlyf H01r~--‘77nrcz77/}11/-~-}‘m € A’ i‘e" H‘71;---Unucﬂx}‘lr-»-}lm (O) = H(/71,...(7m,C,17,]11,...‘um —1=0.0nthe
other hand, it is easy to see that:

Hgl O € 11 g i lpgﬂty(é) _ gl"(C)
HUI,..‘(Tm,C,i’],}q Hm (C) i=1 l/ng o1 (g) g;((.)

Therefore, we obtain:

1-— |§|2R€(V) gHglxn-Um;Cr”erlr-~~}1m(g) < 1- |€|2RE(V i“’lz ll]‘ITIt C”I(g) + |€| gl (g) ’ ) (26)
Re(v) H(lrl,...cry,,,c,r],yl,...ym (g) o Re(v) i lpzr, o (g) & (g)
This implies that:
1-— |€|2RE(V) CHgl,...U'm,C,ﬂ,}ll,...ym(é) < 1-— |C|2Re i‘ | (71 Cﬂ(g)
RE(V) H(/71,...t7m,c,r],yl,...ym (g) a Hi IIJUI 1 (C,)
2Re(v)
'g‘ |55 |
Using the Lemmas 2 and 3 (ii), we obtain:
1-— |€|2R6(V) éHgl,---U'm,crﬁrﬂlw-}lm (é) < 1-— ‘€|2Re( il | l + 1)|’7| + |17|
Re(v) | Hyy, openpr,n(@) |~ Re(v) Filsli( +1) — 231 + 2) ]
|€|2Re v m

+7(|€|§Z|#1

Defineh: [0,1] = R, j(y) =y(1—y*")/a, y = |{|, a = Re(v). Then:

2
S = (2a 4 1)@at1)/2a”

2
Additionally, define I : <| nl -2 ) - R, I(y) = 8y(§z‘1()yj2l‘)ﬁ(g7}‘, R The function  is decreas-

ing, therefore:
AL A+ Al D+
8Li(1+1;) —2|n[(2+3l;) — 81(1+1) —2|y|(2+3I)

This implies that:
[ AP (9] R (l+1)|77|+\11\ g
Re() | Hoyomommmn@ | = Re() 81T+ 1) — 203+ 2) g &M
2¢
+(2R€( ) )(ZRE(V)+1 /ZREV 2|‘u|

Using (25) and Lemma 1, we can obtain the required result. [

Our third main result provided sufficient univalence conditions for the integral opera-
tors of the type in (14) when the function g; € A (i =1, -- -, n) and the generalized Bessel
function ¢y, ¢ ; involved some parameters. We used Lemma 3, the univalence criteria for
integral operators due to Pascu [51] and the Kudriasov conditions for the univalence of the
normalized analytic functions.
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Theorem 3. Let 0y,...0m,¢c € R, y;, 6;n € Cand l; > (|| —2)/4 where l; = o0; +
(c+1)/2,i=1,...,m.Let ¢g,cp : E — C be given as:

lPJi,Cﬂ(g) = 27T <‘7i + (C—92—1)) gligi/zlptfi,c,’? (\/g) .

Suppose ] = min{ly,Ip,.. .1y} and when g; € A with:

gf’(é)’ -
<¢ Ce€E
gi(0) & ¢
where ¢ ~ 3.05, such that:
1 8(1+1)[n| 28 -
5 < 1. 27
Re(v) 321(1 +1) — 8(21 4+ 1) |;7|+|;7|22|V| 1+ZRE(v))(lJFZR@(V))/ZRe(v);| | (27)

Then, for B € Cand Re(B) > Re(v) > 0, the function Ip, . cnus,ms,p - E — C that is given
by (14) isin S.

Proof. Consider the function:

I

1o O 1] 11 - P 10

o\m

ImT(%' el ) " (i)t (28)

i=1

Clearly’ I(Tl/‘--‘TmIC'W/l‘lw-F‘mfé € Aie, 1‘71/---‘7%5/’7/}41/--~P‘m/‘5(0) = I(,T1,---Um,Cz’7/P‘1r---l4mr5 —1=0.0n
the other hand, it is easy to see that:

g Iy .U'H,,C,ﬁ,]il,...ym(é) . i ‘ Mf (g ()
Io, —Z;ﬂz Yo;,e(8) ! +12 {81(5) }

< Om,C W1, Um (g)

This implies that:
1-— |€|2Re(v) glflfll,...am,c,r],yl,...y,,,(g)
Re(v) | Igy,..omempsin (G)
1— ‘§|2Re(v) m ‘Pmcry(@ 5 ”(C)‘ 2
< Ry S\ Mm@ Y T | @)
Hence:
1— (g% 815, oempen @ | 1= ]gP) il | Poen(©)
Re(v) I(/Tl,..ﬂm,c,r],yl,‘..ym(6) - Re(v) i wlT;C?i(g)
ﬂ 8 (é)‘
e L

Using the Lemmas 2 and 3 (i), we obtain:

1- |€‘2REV gI” Um,C,n,m,...ym(g) <
Re( ) Itg'l,...ﬂm,C,ij,]/ll,...]Am(g) o

1- mZRe(V im 8(Li+1)In] L P e s
321;(21; + 1) — 8(21; + 1) || + |y Re(v) =

We also see that:

max h(x) = 2
x€[0,1] - (2a+1)(2u+1)/2u/
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and
8(Li + Dn| < 8(1+1)|y| .
321;(21; +1) — 8(21; + 1) || + |17|2 a 320(1+1) -8+ 1)|n| + |17|2
Therefore:
1- |€|2R8(V) glg],...(fm,(f,ﬂ,]il,...]lm (g) < 1 (l —+ 1) |77| Zlﬂ
1
Re(v) It/T],...Um,C,ly,]/ll,.nHm () Re(v) 320(1+1) -8+ 1)|n| + |17|2
x Zwl (30)

(2R8(U)+1)(2Re +1 /ZRE
Using (27) and (30), we obtain:

1_ ’€|2Re(v)
Re(v)

61(;',1,..‘0'm,c,7],}41,‘..]/1m (g)

I/

<1
01, Om,C 1, W1 ,e--Hm (é)

m 7 C ;4
Now, from (28), itis clear that I . . () =TI (M) (gi(t )) . The result

can be obtained using Lemma 1. [J

3. Applications

Now, we provide some applications for our results in terms of the univalence of
integral operators that involve Bessel, modified Bessel and spherical Bessel functions. We
also present particular examples for trignometric and hyperbolic functions.

3.1. Bessel Functions
By choosing ¢ = 1 and # = 11in (2) and (3), we obtain the Bessel functions of the
first kind and of order ¢ that are defined by (4). Further, we have J3,,(0) = SLUSV/E

NG
3cos /¢, J1/2(0) = /Tsiny/Tand J_1,2(0) = /T cos /.

Corollary 1. Let J, : E — C be introduced as J,({) = 2°T(c+1)1"7/2],(\/T). Let
o1,...,0m > —1.25. Additionally consider that ¢ = min{oy,...,0m} and yy,... 4y, as in
Theorem 1, and when g; € A with:

8/ ()
i (0)

‘SQCGB

These numbers satisfy the relations:

1 o+2 e
5 <1,
Re(v) ( pprean 100+41/8>i=21|”l| =

then, when 0 < Re(v) < 1and for Re(v) > 1:

1 0‘+2 m
! 4 | < 1.
[Re(v)( +4(72+10¢7+41/8> + L;“M <

Then, for p € Cand Re(B) > Re(v) > 0, the function G, .

p+ E— Cthat is given by:

Om, U1, Hm

1/8
Toi(
Gor,eo oot B {ﬁ/tﬂ 111( Gl )> dt} ,
1

isinS.
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1. In particular, for:

when 0 < Re(v) < 1 and for Re(v) > 1:

[ () 4 <

Then, for B € C and Re(B) > Re(v) > 0, the function Gz, ,, 4 : E — C that is given by:

¢ 1/p
Ga/oup() = {lg/tﬁ1<3sm\f t\?}\/fcos f) }
0

isin S.
2. For: | 376
1
— <1
Re(v) 89 ~
when 0 < Re(v) < 1and for Re(v) > 1

e (59) o<

Then, for B € C and Re(B) > Re(v) > 0, the function Gy 2,4 : E — C that is given by:

1/
tsin/t
Gl/ZVﬂ { /tﬁ 1( \/) dt}

isin S.
3. For: | 1
K
— <1
Re(v) 3 <V
when 0 < Re(v) < 1and for Re(v) > 1

e (3) + <

Then, for B € Cand Re(B) > Re(v) > 0, the function G_1,5, 5 : E — C that is given by:

1/B
G 1/2,8(0) {/tﬁ 1( tcos\[) }

Corollary 2. Consider J; : E — C to be defined as J,({) = 2°T (0 + 1) =/2]5(\/T). Let
o1, .., 0m > —1.25. Additionally consider that ¢ = min{oy,...,0m} and y1,... 4y, as in
Theorem 2, and when g; € A with:

isin S.

/()
gi(0)

'Sé,éeE-
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These numbers satisfy the relations:

1 40 +9 20
{RE(V) 802 +180+6 + (2Re(v) + 1)(2Re( Y+1)/2Re(v }Zyz <1

Then, for B € Cand Re(B) > Re(v) > 0, the function Ho,,. ¢, u1,..ump : E — C that is given by:

/ 1/B
T
Hoo sl {@ﬁﬂq1<m ) } ,

isinS.

1. In particular, when 1712‘” (l 7 <1 then, for § € Cand Re(B) > Re(v) > 0, the function
Hz/o,,6 + E — Cthatis given by:

1/B
H tﬁ 1 3t(¢ sm\f 3t\/fcos\/
isin S.

2. When 17111??(‘1‘/) < 1, then, for B € C and Re(B) > Re(v) > 0, the function Hy /5, 4 :
E — C that is given by:

" 1/B
H1/2,uﬂ {ﬁ/ #B— 1( sin/t coszx/f) dt}

isin S.

Corollary 3. Consider J, : E — C to be defined as J,({) = 2°T (0 + 1) =/2]4(\/T). Let
o1, ..., 0m > —1.25. Additionally consider that o = min{c, ..., } and p1, ... m, 81,...6m,
as in Theorem 3, and when g; € A with:

8/ (0)
i (0)

'saéea

These numbers satisfy the relations:

1 oc+2 2¢
i & < 1.
Re(v) 402 + 100’+41/81;|%| + (2Re(v) + 1)(2RE v)+1)/2Re(v ZI | <

Then, for p € C and Re(B) > Re(v) > 0, the function Iy, g, uy,...umo,p * E — C that is given by:

(v v
T 5
Ial""o.nllclvlyll"'}l’ﬂréﬁ {ﬁ/tﬁ 1H< % > ( /(t)) 1dt} ’
isinS.

1. In particular, when g € A with:
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2|9[¢

3Re(v) 1+ (2Re(v) + 1)(2R€(V)+1)/2Re(1/) <L

Then, for B € C and Re(B) > Re(v) > 0, the function I_1/5 54 : E — C that is given by:

1/‘5
I1/2,6,8(0) {ﬁ/fﬁ 1( gcosf)) (& (f))édt}

isin S.

3.2. Modified Bessel Functions
By choosing ¢ = 1 and # = —1in (2) and (3), we obtain the Modified Bessel func-
tions that are given by (5). We also see that Z3,,({) = 3cosh+/C — Ssinh /e, T15(0) =

Ve
VCsinhv/and Z_,5({) = \/{ cosh /T.
Corollary 4. Let I, : E — C be given by I,({) = 2°T (¢ + 1) ~/21,(\/T). Let 1, ..., O >

—1.25. Additionally consider that ¢ = min{oy,...,0m} and yq, ... 4w, as in Theorem 1, and
when g; € A such that:
8/ (0)

i)

’SC,CEE-

Additionally:

1 c+2 o
5 | <1,
Re(v) ( + 4a2+100+41/8>i_21|”1| <

when 0 < Re(v) < 1and:

1 oc+2 m
[RE(V) ( * 402+10¢7+41/8) T L;WJ <

for Re(v) > 1. Then, for B € C and Re(B) > Re(v) > 0, the function G, ¢ u1,..imp * E — C

that is given by:
¢ w )P
(T (D))"
G01/~~'Unl,ﬂl/~~~]/lm/ﬂ(€) = {ﬁ/tﬁ 1H< U(t) > dt} 7
y =1\ &

isinS.

1. In particular, for:

where 0 < Re(v) < 1and for Re(v) > 1:

[ () 4 <

Then, for B € C and Re(B) > Re(v) > 0, the function G2, 4 : E — C that is given by:

y , RN Y
Ga/2p(8) = {ﬁ / 1 (3 cosh vt — 3511\1/}12\/5) dt}
0

isin S.
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Corollary 5. Let Z, : E — C be given as Z,({) = 2°T (0 + 1)g1*‘7/210(\/2). Letoy,...,onm >
—1.25. Additionally consider that o = min{oy,..., 0} and yy, ...y, as in Theorem 2, and
when g; € A such that:

8/ (©)

gi(0)

'saéea

Additionally:

1 40 +9 20
{RE(V) 802 +180 + 6 + (2Re(v) + 1)(2Re( V)+1)/2Re(v }Z% <1
Then, for B € Cand Re(B) > Re(v) > 0, the function He,,. g us,..mp : E — C that is given by:

1/B

¢ , ui
m (T (1
Ho'ln--o'mzﬂlrm]im,ﬁ(g) = {,B/tﬁ_ll | < g;l((t))> dt} ,

0 i=1
isinS.

1. In particular, when 17Re TRe(v] || < 1, then, for p € C and Re(B) > Re(v) > 0, the
function Hy /3, : E — C that is given by:

1/B
smh\f cosh v/t .
Hl/z,}lﬁ {ﬁ/ﬁ 1( 5 ) dt}

isin S.

Corollary 6. Consider J; : E — C to be defined as J,({) = 2°T (¢ + 1) "/2]5(\/T). Let
o1, ..., 0m > —1.25. Additionally consider that o = min{oy,...,0m} and p1, ... m, 81,...6m,
as in Theorem 3, and when g; € A with:

8/ ()
gi(0)

)s@éea

Let:

1 oc+2 27
Re(v) 402+100+41/Sl;|%| + (1 +2Re(v))(1+2Re( ))/2Re(v) Z|‘5| <1

i=1

Then, for B € C and Re(B) > Re(v) > O, the function Iy, o, us,..ptm, 61,.0mp * E — C that is

given by:
/ ) 1/p
VA 5
IO’l/"‘UnII}'{ll""/ITnI 61,0-0m,B {‘B/tﬁ 1H< . > ( :(t)) ldt}
isin S.
1. In particular, when 41 < 1, then, for B € Cand Re(B) > Re(v) > 0, the function

3Re(v)
I 12,4+ E — C thatis given by:

1/B
coshv/t sinh v/t !
I1/25(0) {ﬁ/tﬁ 1( +— > dt}
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isin S.
3.3. Spherical Bessel Functions

By choosing ¢ = 2and 7 = 1in (2) and (3), we obtain the function v/2j, () / /71, where
jo is the spherical Bessel function that is given by (6).

Corollary 7. Let Ky : E — C be introduced as Ko () = 72 2T (0 +3/2)717"%j, (\/7).
Let 0q,...,0m > —2.25. Additionally consider that ¢ = min{oy,...,0n} and pq, ... fm, as in
Theorem 1, and when g; € A such that:

/()

<¢ CeE
&%) )
Additionally:
1 20+5 =z
i 1
Re(v) (5+ 802 +280+89/4>i_21|”1| <

when 0 < Re(v) < 1and:

1 20 +5 m
[RE(V)( " 8(72+28c7+89/4> + LZ;I%I <

for Re(v) > 1. Then, for B € C and Re(B) > Re(v) > 0, the function Gg,, ¢ u1,..imp * E — C

that is given by:
1/B
Hi
) dt}

Corollary 8. Let K, : E — C be introduced as Ky ({) = 12 2°T (0 + 3/2)017"2j,(\/7). Let
o1, ..., 0m > —2.25. Additionally, 0 = min{oy,...,0y} and yy, ... py, are as in Theorem 2 and
when g; € A with:

8/ (©)

()

¢
G(71,.-.<7m,V1,-..14m,ﬂ(€) = {ﬁ/tﬁ 11—{( 81(5))
0 =

isinS.

'g@éea

Let:

1 40 +11 26 m
{Re(v) 802 + 260 +17 (14 2Re(v))1F2Re))/2Re(v) }g|%| <1

Then, for B € C and Re(B) > Re(v) > 0, the function Hy,, g, u1,..ump * E — C that is given by:

“ e\ v
H(Tl,...(rm,#l/-nﬂm'/g(g) - {B/tﬁ_l‘l—[( g(z/‘fi(t) ) dt}

isinS.

Corollary 9. Consider Ky : E — C to be defined as Ky () = 2 2T (0 +3/2)71 "%, (\/2)-
Letoy, ..., 0n > —2.25. Additionally consider that 0 = min{ov, ..., 0m}and pa, ... hm, 81, .. . Om,
as in Theorem 3, and when g; € A with:

8/ ()
gi(0)

'g@éea
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These numbers satisfy the relations:

1 2045 n 2 m
Re(v) 802 +280'+89/4i221|‘u1| + (1 +2Re(v))(1+2RE(V))/2Re(V);’M <1

Then, for B € C and Re(B) > Re(v) > 0, the function Iy, ., ur,..stm, 61,..0mp - E — Cthat is
given by:

¢ Hi /P
ﬁ*l i ’CtITI (t) l / 51‘
I(T],...O’n,,;l/ll,...]/lm, 51,...5m,ﬁ(€) = ﬁ/t H T (gl(t)) dt
0 i=1
isin S.
The sharp bounds of the the above results can be obtained using the following results.

These results were due to [39].

Lemma4. Wheno,c € Rand n € Care such that 1 > max{0, (|r7|/8 — 1)/}, then, the function
Yo,y + E — C that is given by (6) satisfies:

|é¢:7,c,,7<é>_1 o 8Dyl + Iy

Yo,cn(C) T 321 +1) - 420 +3)y]

, CE€E

and

lptlf,c,q (g )

64(1+1)*{8(1+2) |y} +128(1+ 1)(1 +2) — {8(1 +2) + ||}y’
20 +1)(8(1+1) = |y {16(I+1) (21 — |n[) — (41 +[n])|n[}

‘ They (0 ‘

vl

- 2

Using the inequalities (1),, > (I + Ao)™ Vand m! > (14 Ag)" ! forl > 0and m > 3.
Here, Ag ~ 1.302775637 is the largest solution for the equation A% + A — 3 = 0. These results
were proved in [20]. By making use of these inequalities, Deniz [39] discussed the following
results. Similar results can be proved using the following results:

Lemma5. Wheno,c € Randy € Caresuchthat] = o;+ (¢ +1)/2 > max{0, |]/4(1+ Ag) —
Ao}, then, the function o,y : E — C that is given by (6) satisfies:

CPocn(8) 7|1+ ®(1+1))
| Yoon(©) 1‘ S arem)
and
CPo,c(8) < Unl72D{[n] /80 + D+ D +2)] +1+ (I +1)}
Voen(C) | ~ ([7]/74D)[1 = @(I+1)] +1—D(I) '
where:
_ ) ) vl (14 A0) (I + Ag)
o) = _16(1+/\0)l(l+/\0) + 320(1+1) + l<4(1 —i—/\o)?l—i—)xo)o—i— |17|)

4. Conclusions

In this paper, we studied the univalence of certain integral operators using generalized
Bessel functions. We used the Kudriasov conditions for functions to be univalent in order
to derive the univalence criteria for these integral operators. For particular parameters,
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we obtained the univalence of the integral operators that are defined by Bessel, modified
Bessel and spherical Bessel functions.
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