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Abstract: Quadratic integro-differential equations have been discussed in many works, for instance.
Some analytic results on the existence and the uniqueness of problem solutions to quadratic integro-
differential equations have been investigated in different classes. Various techniques have been
applied such as measure of noncompactness, Schauder’s fixed point theorem and Banach contraction
mapping. Here, we shall investigate quadratic functional integro-differential equations with delay. To
prove the existence of solutions of the quadratic integro-differential equations, we use the technique
of De Blasi measure of noncompactness. Moreover, we study some uniqueness results and continuous
dependence of the solution on the initial condition and on the delay function. Some examples are
presented to verify our results.

Keywords: quadratic integro-differential equation; measure of noncompactness; existence of
monotonic integrable solutions
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1. Introduction

Quadratic integral equations have gained much attention [1–4] because of their appli-
cation of the real world. The existence of solutions of those equations have been studied
in different classes of function spaces (see [1,2,5–17] and the references therein). For the
theoretical results concerning the existence of solutions, in the classes of continuous or
integrable functions, you can see Banaś [18–21].

Each of these monographs contains some existence results, and the main objective is to
present a technique to obtain some results concerning various quadratic integral equations.

In this paper, we study the quadratic integro-differential equations by considering the
initial value problem of the implicit quadratic integro-differential equation with delay.

dx
dt

= f
(

t,
dx
dt

.
∫ φ(t)

0
g(s, x(s))ds

)
, a.e. t ∈ (0, 1] (1)

satisfying an initial condition

x(0) = x0. (2)

We present a new quadratic integro-differential, where the derivative of the function
x is multiplied by an integral term involving the function x.

Let dx
dt = y(t) then we can deduce that

x(t) = x0 +
∫ t

0
y(s)ds (3)
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and (1) can be written as

y(t) = f
(

t, y(t).
∫ φ(t)

0
g
(

s, x0 +
∫ s

0
y(θ)dθ

)
ds
)

. (4)

The existence of non-decreasing solutions y ∈ L1[0, 1] of (4) will be studied by the De
Blasi measure of non-compactness. Additionally, we shall prove the continuous dependence
of the solution of the problems (1) and (2) on the delay function and on the functions g.
Consequently, the existence of a solution x ∈ AC[0, 1] of the problems (1) and (2) will
be studied.

2. Research Methods

Let I = [0, 1] and suppose that:

(i) φ : I → I, φ(t) ≤ t is continuous and increasing.
(ii) f , g : I× R→ R+ are Carathéodory functions, which are measurable in t ∈ I ∀ x ∈ R

and continuous in x ∈ R ∀ t ∈ I, and there exist mi : I → R, mi ∈ L1(I), i = 1, 2 and
bi ∈ R+ where

| f (t, x)| ≤ |m1(t)|+ b1|x| ≤ ‖m1‖+ b1|x|, ‖m1‖ =
∫ 1

0
|m1(t)|dt;

|g(t, x)| ≤ |m2(t)|+ b2|x| ≤ ‖m2‖+ b2|x|, ‖m2‖ =
∫ 1

0
|m2(t)|dt.

Moreover, f is non-decreasing for every non-decreasing x, i.e., for almost all t1, t2 ∈ I
satisfying t1 ≤ t2 and for all x(t1) ≤ x(t2) implies f (t1, x(t1)) ≤ f (t2, x(t2)).

(iii) Let rα be a positive root of the following equation

b1b2r2 + (‖m2‖b1 + b1b2|x0| − 1)r + ‖m1‖ = 0.

Now, the following lemma can be proved.

Lemma 1. The problems (1) and (2) is equivalent to the coupled system of integral Equations (3) and (4).

Proof. It is clear that the solution of the problems (1) and (2) is given by the coupled system
of integral Equations (3) and (4).

Conversely, let the solution y ∈ L1(I) of (4) exist, then from (3) and d
dt x(t) , the

solution x ∈ AC[0, 1] of the problems (1) and (2) will exist.

Now, we have the following existences theorem.

Theorem 1. Suppose the conditions (i)–(iii) hold. If b1(‖m2‖ + b2|x0| + b2r) < 1, then the
Equation (4) has a solution y ∈ L1(I), which is non-decreasing.

Proof. Let Qr be a closed ball containing all non-decreasing functions on I by

Qr = {y ∈ L1(I) : ‖y‖ ≤ r}, r = ‖m1‖+ ‖m2‖b1r + b1b2|x0|r + b1b2r2

and define the supper position operator F

Fy(t) = f
(

t, y(t).
∫ φ(t)

0
g
(

s, x0 +
∫ s

0
y(θ)dθ

)
ds
)

, y ∈ Qr.

Now, let y ∈ Qr, then
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|Fy(t)| =

∣∣∣∣ f (t, y(t).
∫ φ(t)

0
g(s, x0 +

∫ s

0
y(θ)dθ)ds)

∣∣∣∣
≤ |m1(t)|+ b1|y(t).

∫ φ(t)

0
g(s, x0 +

∫ s

0
y(θ)dθ)ds|

≤ |m1(t)|+ b1|y(t)|
( ∫ φ(t)

0
|m2(s)|ds + b2

∫ φ(t)

0

∣∣∣∣x0 +
∫ s

0
y(θ)dθ

∣∣∣∣ds
)

≤ |m1(t)|+ b1|y(t)|
( ∫ φ(t)

0
|m2(s)|ds + b2|x0|

∫ φ(t)

0
ds + b2

∫ φ(t)

0

∫ s

0
|y(θ)|dθds

)
≤ |m1(t)|+ b1|y(t)|(‖m2‖+ b2|x0|+ b2‖y‖)

and ∫ 1

0
|Fy(t)|dt ≤

∫ 1

0
|m1(t)|dt + b1(‖m2‖+ b2|x0|+ b2r).

∫ 1

0
|y(t)|dt

‖Fy‖ ≤ ‖m1‖+ b1r(‖m2‖+ b2|x0|+ b2r)

≤ ‖m1‖+ ‖m2‖b1r + b1b2|x0|r + b1b2r2 = r.

Now, let {yn} ⊂ Qr, and yn → y, then

Fyn(t) = f
(

t, yn(t).
∫ φ(t)

0
g(s, x0 +

∫ s

0
yn(θ)dθ)ds

)
and

lim
n→∞

Fyn(t) = lim
n→∞

f
(

t, yn(t).
∫ φ(t)

0
g(s, x0 +

∫ s

0
yn(θ)dθ)ds

)
.

Applying Lebesgue dominated convergence Theorem [22], then from our assumptions
we get

lim
n→∞

Fyn(t) = f
(

t, lim
n→∞

yn(t).
∫ φ(t)

0
g(s, x0 +

∫ s

0
lim

n→∞
yn(θ)dθ)ds

)
= f

(
t, y(t).

∫ φ(t)

0
g(s, x0 +

∫ s

0
y(θ)dθ)ds

)
= Fy(t).

i.e., Fyn(t)→ Fy(t) implies the operator F is continuous.
Taking Ω be a non empty subset of Qr. Let ε > 0 be fixed number and take a

measurable set D ⊂ I such that measure D ≤ ε. Then, for any y ∈ Ω,

‖Fy‖L1(D) ≤
∫

D
|Fy(t)|dt ≤

∫
D
|m1(t)|dt + b1(‖m2‖+ b2|x0|+ b2r).

∫
D
|y(t)|dt.

But

lim
ε→0
{sup

∫
D
|m1(t)|dt : D ⊂ I, measD < ε} = 0,

then applying the De Blasi measure of noncompactness [23–26].

β(X) = lim
ε→0

(
sup
x∈X

(
sup
[∫

D
|x(t)|dt : D ⊂ [a, b], meas D ≤ ε

]))
, (5)

we obtain

β(Fy(t)) ≤ 0 + b1β(y(t)).(‖m2‖+ b2|x0|+ b2r)
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and

β(FΩ) ≤ b1β(y(t)).(‖m2‖+ b2|x0|+ b2r).

Then implies

χ(FΩ) ≤ b1(‖m2‖+ b2|x0|+ b2r)χ(Ω),

where χ is the Hausdorff measure of noncompactness [23–26], which is defined by

χ(X) = in f (r > 0; there exist a finite subset Y of E such that X ⊂ Y + Br). (6)

Since b1(‖m2‖+ b2|x0|+ b2r) < 1, then F is a contraction with regard to χ [26] and
has a fixed point y ∈ Qr. Then, there exists a solution y ∈ L1(I) for (4). Hence, ∃ a solution
x ∈ AC(I) of the problems (1) and (2).

2.1. Uniqueness of the Solution

Now, assume that:

(ii)∗ f , g : I × R→ R are measurable in t ∈ I ∀x ∈ R and satisfy

| f (t, x)− f (t, y)| ≤ b1|x− y|, t ∈ I, x, y ∈ R.

|g(t, x)− g(t, y)| ≤ b2|x− y|, t ∈ I, x, y ∈ R.

Moreover, f is non-decreasing for every non-decreasing x, i.e., for almost all t1, t2 ∈ I
satisfying t1 ≤ t2 and for all x(t1) ≤ x(t2) implies f (t1, x(t1)) ≤ f (t2, x(t2)).

From the assumption (ii)∗ we have

| f (t, x)| ≤ | f (t, 0)|+ b1|x|

and

| f (t, x)| ≤ ‖m1‖+ b1|x|, where ‖m1‖ =
∫ 1

0
|m1(t)|dt.

Additionally, we get
|g(t, x)| ≤ |g(t, 0)|+ b2|x|

and

|g(t, x)| ≤ ‖m2‖+ b2|x|, where ‖m2‖ =
∫ 1

0
|m2(t)|dt.

Remark 1. The assumption (ii)∗ implies the assumptions (ii).

Theorem 2. Assume that (i) and (ii)∗ are satisfied. Moreover,

2b1b2r + ‖m2‖b1 + b1b2|x0| < 1.

Then, there exists a unique solution of (1) and (2).

Proof. From Remark 1, the assumptions of Theorem 1 are satisfied and the solution of (4)
exists. Let y1, y2 be two solutions in Qr of the integral Equation (4), then
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|y2(t)− y1(t)| =

∣∣∣∣ f (t, y2(t).
∫ φ(t)

0
g(s, x0 +

∫ s

0
y2(θ)dθ)ds)

− f (t, y1(t).
∫ φ(t)

0
g(s, x0 +

∫ s

0
y1(θ)dθ)ds)

∣∣∣∣
≤ b1

∣∣∣∣y2(t).
∫ φ(t)

0
g(s, x0 +

∫ s

0
y2(θ)dθ)ds− y1(t).

∫ φ(t)

0
g(s, x0 +

∫ s

0
y1(θ)dθ)ds

∣∣∣∣
≤ b1

∣∣∣∣y2(t).
∫ φ(t)

0
g(s, x0 +

∫ s

0
y2(θ)dθ)ds− y2(t).

∫ φ(t)

0
g(s, x0 +

∫ s

0
y1(θ)dθ)ds

+ y2(t).
∫ φ(t)

0
g(s, x0 +

∫ s

0
y1(θ)dθ)ds− y1(t).

∫ φ(t)

0
g(s, x0 +

∫ s

0
y1(θ)dθ)ds

∣∣∣∣
≤ b1b2|y2(t)|.

∫ φ(t)

0

∫ s

0
|y2(θ)− y1(θ)|dθds + b1|y2(t)− y1(t)|.(‖m2‖+ b2|x0|+ b2‖y1‖).

Then,

∫ 1

0
|y2(t)− y1(t)|dt ≤ b1b2‖y2 − y1‖

∫ 1

0
|y2(t)|dt + b1(‖m2‖+ b2|x0|+ b2r).

∫ 1

0
|y2(t)− y1(t)|dt

and

‖y2 − y1‖ ≤ b1b2‖y2 − y1‖r + (‖m2‖b1 + b1b2|x0|+ b1b2r)‖y2 − y1‖.

Hence,

‖y2 − y1‖(1− (2b1b2r + ‖m2‖b1 + b1b2|x0|)) ≤ 0,

then y1 = y2 and the solution of (4) is unique. As a result, the uniqueness of the solution of
(1) and (2) is proved.

2.2. Continuous Dependence

Theorem 3. Suppose the conditions of Theorem 2 hold, then the unique solution of the problems
(1) and (2) depends continuously on the parameter x0.

Proof. Given δ > 0 and |x0− x∗0 | ≤ δ and let x∗ be the solution of (1) and (2) corresponding
to initial value x∗0 , then

|x(t)− x∗(t)| = |x0 +
∫ t

0
y(s)ds− x∗0 −

∫ t

0
y∗(s)ds|

≤ |x0 − x∗0 |+
∫ t

0
|y(s)− y∗(s)| ≤ δ + ‖y− y∗‖.

However,
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|y(t)− y∗(t)| =

∣∣∣∣ f(t, y(t).
∫ φ(t)

0
g(s, x0 +

∫ s

0
y(θ)dθ)ds

)
− f

(
t, y∗(t).

∫ φ(t)

0
g(s, x∗0 +

∫ s

0
y∗(θ)dθ)ds

)∣∣∣∣
≤ b1

(
|y(t)|.

∫ φ(t)

0
g(s, x0 +

∫ s

0
|y(θ)|dθ)− |y∗(t)|.

∫ φ(t)

0
g(s, x∗0 +

∫ s

0
|y∗(θ)|dθ

)
≤ b1

(
|y(t)|.

∫ φ(t)

0
g(s, x0 +

∫ s

0
|y(θ)|dθ)− |y(t)|.

∫ φ(t)

0
g(s, x∗0 +

∫ s

0
|y∗(θ)|dθ)

+ |y(t)|.
∫ φ(t)

0
g(s, x∗0 +

∫ s

0
|y∗(θ)|dθ)− |y∗(t)|.

∫ φ(t)

0
g(s, x∗0 +

∫ s

0
|y∗(θ)|dθ

)
≤ b1b2|y(t)|

( ∫ φ(t)

0
|x0 − x∗0 |ds +

∫ φ(t)

0

∫ s

0
|y(θ)− y∗(θ)|dθ)

+ b1|y(t)− y∗(t)|.
∫ φ(t)

0
(m2(s) + b2|x∗0 + ‖y∗‖|

)
ds

≤ b1b2|y(t)|(δ + ‖y− y∗‖) + b1|y(t)− y∗(t)|(‖m2‖+ b2|x∗0 |+ b2r).

Then,∫ 1

0
|y(t)− y∗(t)|dt ≤ b1b2(δ + ‖y− y∗‖).

∫ 1

0
|y(t)|dt + b1(‖m2‖+ b2|x∗0 |+ b2r).

∫ 1

0
|y(t)− y∗(t)|dt

and

‖y− y∗‖ ≤ b1b2rδ + b1b2r‖y− y∗‖+ (‖m2‖b1 + b1b2|x∗0 |+ b1b2r)‖y− y∗‖.

Hence,

‖y− y∗‖
(

1− (2b1b2r + ‖m2‖b1 + b1b2|x∗0 |)
)
≤ b1b2rδ,

then

‖y− y∗‖ ≤ b1b2rδ

1− (2b1b2r + ‖m2‖b1 + b1b2|x∗0 |)
= ε1

and

‖x− x∗‖c ≤ δ + ε1 = ε.

Theorem 4. Suppose that the conditions of Theorem 2 hold, then the unique solution of the problems
(1) and (2) depends continuously on g.

Proof. Given δ > 0 and |g(t, x(t))− g∗(t, x(t))| ≤ δ and let x∗ be the solution of (1) and
(2) corresponding to g∗(t, x(t)), then

|x(t)− x∗(t)| =

∣∣∣∣x0 +
∫ t

0
y(s)ds− x0 −

∫ t

0
y∗(s)ds

∣∣∣∣
≤ |y(t)− y∗(t)| ≤ ‖y− y∗‖.

However,



Mathematics 2022, 10, 1362 7 of 11

|y(t)− y∗(t)| =

∣∣∣∣ f(t, y(t).
∫ φ(t)

0
g(s, x0 +

∫ s

0
y(θ)dθ)ds

)
− f

(
t, y∗(t).

∫ φ(t)

0
g∗(s, x0 +

∫ s

0
y∗(θ)dθ)ds

)∣∣∣∣
≤ b1

(
|y(t)|.

∫ φ(t)

0
g(s, x0 +

∫ s

0
|y(θ)|dθ)ds− |y∗(t)|.

∫ φ(t)

0
g∗(s, x0 +

∫ s

0
|y∗(θ)|dθ)ds

)
≤ b1

(
|y(t)|.

∫ φ(t)

0
g(s, x0 +

∫ s

0
|y(θ)|dθ)ds− |y(t)|.

∫ φ(t)

0
g∗(s, x0 +

∫ s

0
|y∗(θ)|dθ)ds

+ |y(t)|.
∫ φ(t)

0
g∗(s, x0 +

∫ s

0
|y∗(θ)|dθ)ds− |y∗(t)|.

∫ φ(t)

0
g∗(s, x0 +

∫ s

0
|y∗(θ)|dθ)ds

∣∣∣∣
≤ b1

(
|y(t)|.

∫ φ(t)

0

(
g(s, x0 +

∫ s

0
|y(θ)|dθ)− g∗(s, x0 +

∫ s

0
|y∗(θ)|dθ)

)
ds
)

+ |y(t)− y∗(t)|.
∫ φ(t)

0
g∗(s, x0 +

∫ s

0
|y∗(θ)|dθ)ds

≤ b1|y(t)|δ + b1|y(t)− y∗(t)|.(‖m2‖+ b2|x0|+ b2‖y∗‖)

Then,∫ 1

0
|y(t)− y∗(t)|dt ≤ b1δ

∫ 1

0
|y(t)|dt + b1(‖m2‖+ b2|x0|+ b2r).

∫ 1

0
|y(t)− y∗(t)|dt

and

‖y− y∗‖ ≤ b1δr + b1(‖m2‖+ b2|x0|+ b2r)‖y− y∗‖
≤ b1rδ + (‖m2‖b1 + b1b2|x0|+ b1b2r)‖y− y∗‖+ b1b2r‖y− y∗‖.

Hence,

‖y− y∗‖
(

1− (2b1b2r + ‖m2‖b1 + b1b2|x0|)
)
≤ b1rδ,

then

‖y− y∗‖ ≤ b1rδ

1− (2b1b2r + ‖m2‖b1 + b1b2|x0|)
= ε

and

‖x− x∗‖c ≤ ε.

Theorem 5. Suppose that the conditions of Theorem 2 hold, then the unique solution of the problems
(1) and (2) depends continuously on the delay function φ.

Proof. Given δ > 0 and |φ(t)− φ∗(t)| ≤ δ and let x∗ satisfies

x∗(t) = x0 +
∫ t

0
y∗(s)ds,
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then

|x(t)− x∗(t)| = |x0 +
∫ t

0
y(s)ds− x0 −

∫ t

0
y∗(s)ds|

≤ |y(t)− y∗(t)| ≤ ‖y− y∗‖.

However,

|y(t)− y∗(t)| =

∣∣∣∣ f(t, y(t).
∫ φ(t)

0
g(s, x0 +

∫ s

0
y(θ)dθ)ds

)
− f

(
t, y∗(t).

∫ φ∗(t)

0
g(s, x0 +

∫ s

0
y∗(θ)dθ)ds

)∣∣∣∣
≤ b1

∣∣∣∣y(t). ∫ φ(t)

0
g(s, x0 +

∫ s

0
y(θ)dθ)ds− y∗(t).

∫ φ∗(t)

0
g(s, x0 +

∫ s

0
y∗(θ)dθ)ds

∣∣∣∣
≤ b1

(
|y(t)|.

∫ φ(t)

0
g(s, x0 +

∫ s

0
|y(θ)|dθ)ds− |y(t)|.

∫ φ∗(t)

0
g(s, x0 +

∫ s

0
|y∗(θ)|dθ)ds

+ |y(t)|.
∫ φ∗(t)

0
g(s, x0 +

∫ s

0
|y∗(θ)|dθ)ds− |y∗(t)|.

∫ φ∗(t)

0
g(s, x0 +

∫ s

0
|y∗(θ)|dθ)

)
≤ b1

(
|y(t)|.

( ∫ φ(t)

0
g(s, x0 +

∫ s

0
|y(θ)|dθ)ds−

∫ φ∗(t)

0
g(s, x0 +

∫ s

0
|y∗(θ)|dθ)ds

)
+ |y(t)− y∗(t)|.

∫ φ∗(t)

0
g(s, x0 +

∫ s

0
|y∗(θ)|dθ)ds

)
≤ b1|y(t)|.

( ∫ φ(t)

0
g(s, x0 +

∫ s

0
|y(θ)|dθ)ds−

∫ φ(t)

0
g(s, x0 +

∫ s

0
|y∗(θ)|dθ)ds

+
∫ φ(t)

0
g(s, x0 +

∫ s

0
|y∗(θ)|dθ)ds−

∫ φ∗(t)

0
g(s, x0 +

∫ s

0
|y∗(θ)|dθ)ds

)
+ b1|y(t)− y∗(t)|.(‖a‖+ b2|x0|+ b2‖y∗‖)

)
≤ b1|y(t)|

(
b2

∫ φ(t)

0

∫ s

0
|y(θ)− y∗(θ)|dθds +

∫ φ(t)

φ∗(t)
g(s, x0 +

∫ s

0
|y∗(θ)|dθ)ds

)
+ b1|y(t)− y∗(t)|(‖m2‖+ b2|x0|+ b2r)

≤ b1|y(t)|
(

b2‖y− y∗‖+ (‖m2‖+ b2|x0|+ b2‖y∗‖)|φ− φ∗|
)

+ b1|y(t)− y∗(t)|(‖m2‖+ b2|x0|+ b2r)

≤ b1b2‖y− y∗‖|y(t)|+ |y(t)|(‖m2‖b1 + b1b2|x0|+ b1b2r)δ

+ |y(t)− y∗(t)|(‖m2‖b1 + b1b2|x0|+ b1b2r).

Then∫ 1

0
|y(t)− y∗(t)|dt ≤ b1b2‖y− y∗‖

∫ 1

0
|y(t)|dt

+ (‖m2‖b1 + b1b2|x0|+ b1b2r)δ
∫ 1

0
|y(t)|dt

+ (‖m2‖b1 + b1b2|x0|+ b1b2r)
∫ 1

0
|y(t)− y∗(t)|dt

and

‖y− y∗‖ ≤ b1b2r‖y− y∗‖+ (‖m2‖b1 + b1b2|x0|+ b1b2r)rδ + ‖y− y∗‖(‖m2‖b1 + b1b2|x0|+ b1b2r).
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Hence,

‖y− y∗‖
(

1− (2b1b2r + ‖m2‖b1 + b1b2|x0|)
)
≤ (‖m2‖b1 + b1b2|x0|+ b1b2r)rδ,

then

‖y− y∗‖ ≤ (‖m2‖b1 + b1b2|x0|+ b1b2r)rδ

1− (2b1b2r + ‖m2‖b1 + b1b2|x0|)
= ε

and

‖x− x∗‖c ≤ ε.

3. Examples

Example 1. Let the following differential equation

dx
dt

=
t3

96
+

1
2

dx
dt

.
∫ tβ

0

(
s
4
+

1
2
|x(s)|

)
ds. t ∈ (0, 1]. (7)

satisfying the initial data

x(0) = 1. (8)

Then

f (t, x) = m1(t) + b1

(
dx
dt

.
∫ tβ

0
(m(s) + b2|x(s)|)ds

)
=

t3

96
+

1
2

dx
dt

.
∫ tβ

0

(
s
4
+

1
2
|x(s)|

)
ds. t ∈ I, β ≥ 1

g(t, x(t)) = m2(t) + b2(|x(t)|) =
t
4
+

1
2
|x(t)|, φ(t) = tβ t ∈ I, β ≥ 1.

Easily we can verify all conditions of Theorem 1. Then, the initial value problems (7) and (8)
has a solution.

Example 2. Let the following differential equation

dx
dt

=
3t
40

+
1
4

dx
dt

∫ tβ

0

(
s
3
+

1
2
|x(s)|

)
ds. t ∈ (0, 1]. (9)

with initial data

x(0) = 1. (10)

Then,

f (t, x) =
3t
40

+
1
4

dx
dt

∫ tβ

0

(
s
3
+

1
2
|x(s)|

)
ds. t ∈ I, β ≥ 1

g(t, x(t)) =
t
3
+

1
2

x(t), φ(t) = tβ t ∈ I, β ≥ 1.

Obviously we can verify all conditions of Theorem 1. Then, the initial value problems (9) and
(10) has a solution.

4. Conclusions

In this paper, we have studied a delay quadratic functional integro-differential Equa-
tion (1). We have investigated the solvability of the problem (1) and (2) by applying the
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technique of measure of non-compactness. Then, we have established some uniqueness
results and continuous dependence of solution on some initial data and the functions g, φ.
Finally, two examples have been introduced to demonstrate our results.
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9. Banaś, J.; Rzepka, B. Monotonic solutions of a quadratic integral equations of fractional order. J. Math. Anal. Appl. 2007,

332, 1370–11378. [CrossRef]
10. Caballero, J.; Mingarelli, A.B.; Sadarangani, K. Existence of solutions of an integral equation of Chandrasekhar type in the theory

of radiative transfer. Electron. J. Differ. Equat. 2006, 57, 111.
11. Cichon, M.; Metwali, M.A. On quadratic integral equations in Orlicz spaces. J. Math. Anal. Appl. 2012, 387, 419–432. [CrossRef]
12. Dhage, B.C. A fixed point theorem in Banach algebras involving three operators with applications. Kyungpook Math. J. 2004, 44,

145–155.
13. Basseem, M.; Alalyani, A. On the Solution of Quadratic Nonlinear Integral Equation with Different Singular Kernels. Math. Probl.

Eng. 2020, 2020, 7856207. [CrossRef]
14. El-Sayed, A.M.A.; Hashem, H.H.G. Monotonic positive solution of nonlinear quadratic Hammerstein and Urysohn functional

integral equations. Comment. Math. 2008, 48, 199–207.
15. El-Sayed, A.M.A.; Hashem, H.H.G. Integrable and continuous solutions of nonlinear quadratic integral equation. Electron. J. Qual.

Theory Differ. Equ. 2008, 25, 1–10. [CrossRef]
16. El-Sayed, A.M.A.; Hashem, H.H.G. Monotonic solutions of functional integral and differential equations of fractional order.

Electron. J. Qual. Theory Differ. Equ. 2009, 7, 1–8. [CrossRef]
17. El-Sayed, A.M.A.; Hashem, H.H.G.; Al-Issa, S.M. Analytical Study of a φ−Fractional Order Quadratic Functional Integral

Equation. Foundations 2022, 2, 167–183. [CrossRef]
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