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Abstract: In this paper, we establish various results of duality for a new class of constrained robust
nonlinear optimization problems. For this new class of problems, involving functionals of (path-
independent) curvilinear integral type and mixed constraints governed by partial derivatives of
second order and uncertain data, we formulate and study Wolfe, Mond-Weir and mixed type robust
dual optimization problems. In this regard, by considering the concept of convex curvilinear integral
vector functional, determined by controlled second-order Lagrangians including uncertain data, and
the notion of robust weak efficient solution associated with the considered problem, we create a new
mathematical context to state and prove the duality theorems. Furthermore, an illustrative application
is presented.
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1. Introduction

Over time, from the desire to model several processes in science, nature or engineering,
many researchers (for instance, the reader is directed to the works of Trélat and Zuazua [22],
Mititelu and Treantd [11], Treanta [16], Jayswal and Preeti [3]) paid a particular attention
in the study of certain ordinary differential equation, partial differential equation, partial
differential inequation, or isoperimetric-type constrained optimization problems. As is well
known, the (necessary and sufficient) optimality or efficiency conditions and the associated
dual problems are essential in optimization theory. By using the duality theory, we can
better understand the nature of the original (primal) problem from the perspective of a
dual problem. In this regard, we make a dihonesty by mentioning only the notable works
of Wolfe [27], Weir and Mond [26], Mishra et al. [10], Pham [12], Gao [2], Treantd and
Mititelu [15], Tung [23], Treanta [17,20] and the references cited therein. To investigate
some complex real-life phenomena or processes involving uncertain initial data, many
researchers used several elements coming from interval analysis and robust control. In
this respect, the reader can consult the following research papers of Jeyakumar et al. [4],
Wei et al. [25], Liu and Yuan [8], Sun et al. [14], Du et al. [1], Treanta [19], Lu et al. [9],
Wang et al. [24]. For other different but connected ideas on this topic (robust control),
the reader can consult Liu et al. [5-7]. Despite all the previous research works, our study
has not been approached until now and we will present its totally novel elements in the
following.
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In this paper, motivated and inspired by the above mentioned papers, we intro-
duce and study a new class of constrained robust nonlinear control problems, denoted by
(MRCP). For the new class of robust optimization problems involving curvilinear integral
functionals (which are independent of the path), equality and inequality constraints includ-
ing partial derivatives of second order and uncertain data, we formulate and investigate
various robust dual optimization problems. To this aim, first we introduce the concept of
convex curvilinear integral vector functional that is determined by controlled second-order
Lagrangians with uncertain data. Then, by considering the notion of robust weak efficient
solution associated with the problem (MRCP), we formulate Wolfe, Mond-Weir and
mixed type dual optimization results. Compared to other works published so far, the fun-
damental merits of this paper are the following: (i) by using closed controlled second-order
Lagrange 1-forms with uncertain data, we introduce the notion of convexity for curvilinear
integral-type vector functionals; (ii) construction of a mathematical setting determined by
curvilinear integral-type vector functionals (containing partial derivatives of second order
and uncertainty parameters) and infinite dimensional function spaces. These elements
are completely new in the robust nonlinear optimization field. Furthermore, taking into
account the physical importance (for instance, mechanical work) of the curvilinear integrals,
the techniques developed in this paper can give rise to new ideas in many other research
areas with applications in nature and engineering.

In the next section (see Section 2), we formulate the robust nonlinear optimization
problem we intend to investigate, and some preliminary elements. Section 3 introduces
Wolfe type robust dual optimization problem associated with the considered multi-objective
robust nonliunear optimization problem (MRCP). Robust weak, strong and strict con-
verse duality results are provided here. Next, in Section 4, we formulate and study the
Mond-Weir type robust dual optimization problem. Section 5 includes and characterizes
the mixed type robust dual optimization problem. Furthermore, an illustrative real-life
application is included here in order to validate the theoretical elements derived in the
paper. The conclusions and a further research line of this paper are formulated in Section 6.

2. Problem Description

In this paper, we are considering the following notations and working hypotheses as
in Treantd and Das [21], and Treanta [18,19]:

e consider R”,R7, R" and R" as Euclidean spaces, having the dimensions p, g, and n,

respectively;
e KisacompactsetinR?, t = (t*) € K, and A C K is a smooth curve that joins ¢y and
t1 in K;
e consider S is the space of state functions s = (s¥) : K — RY, belonging to (almost
s 9%s
here) C*-class, and the notati =, Sug = =
averywhere) C*-class, and the notations s, 307 Sap = 3anip

denote by C the space of all measurable control functions ¢ = (¢/) : K — R’;
T denotes the transpose of a vector;

. . 2
e consider the notations: D, = %, Diﬁ = atgw ;
e for two vectors p,0 € R", we use the following convention for inequalities and

equalities:

i) p<espi<q Vi=1ln
(i) p=o0spi=0;, Vi=1n,
(iii) p= o0& pi <0, Vi=1n,
(iv) p<osp; <0, Vi=1nandp; < g; for some .
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The second-order PDE&PDI constrained multi-objective robust control problem (with
data uncertainty in the objective and constraint functionals) we intend to investigate here
is formulated as follows:

(MRCP)  min /A P (t,5(8), 50(£), 545 (£), B(£), w)dt*
subject to
p(t,s(t),s0(t),sap(t), 8(t),a) =0, teK
X(ts(t),80(t),545(t),0(t),b) =0, teK

s(to) = so, s(t1) = s1, se(fo) = 500, Se(t1) = Sp1,

where ¢ = (¢L,...¢5) = (L) : ]Z(K,R‘?> XxCxW. =R, x=1,p, 1t =15 ¢ =
(G"l/---/(l’m) = (fPl) : ]z(Kqu) x C XAZ - R", | = 1/77/”196 = (Xl/--'/xi’l) = (Xé) :

J? (K, RY ) x C x By — R",{ = 1,n, are functionals belonging to (almost averywhere)

C8-class, w = (wk),a = (a;) and b = (b;) represent the uncertainty parameters of the
convex subsets W = (W!) = Wl x .- x WS C RS, A = (A]) = A; x --- x Ay, C R™
and B = (B;) = By x -+ x B, C R", respectively, and J? (K, Rq) is the jet bundle of
second order for K and RY. Furthermore, assume that the previous multi-variate controlled

Lagrangians of second order ¢ = (¢%) provide closed controlled Lagrange 1-forms (with
summation on the repeated indices)

P (t,5(),50(t),sap(t), O(t), w)dt", 1=1,s,

which generates the following vector of controlled curvilinear integrals (which are inde-
pendent of the path)

(f 9410:500, 500150501 2001 e, [ 30,500, 500), 50500, 000) e ).

The associated robust counterpart of the aforementioned multi-objective robust control
problem (MRCP) is defined as:

(RMRCP) mm Aiunea‘)\;@( (t,s(t),50(t), sap(t), O(t), w)dt"

subject to
@(t,s(t),50(t),80p(t),0(t),a) =0, teK acA
x(ts(t),s0(t),s4p(t),0(t),b) =0, teK, beB

S(tO) = 50, S(tl) =51, SU(tO) = 500, Scr(tl) = S¢1-

Next, we consider
X={(s,0) € SxC: @(t,s(t),so(t),sap(t), 0(t),a) =0,

x(t,5(t),s0(t),845(t),8(t),b) =0, s(to) = so, s(t1) = s1,
so(to) = Sg0, So(t1) =501, t € K,a€ A, b € B}
the feasible solution set in (RMRCP), named the robust feasible solution set for the problem
(MRCP).

From now on, to simplify our presentation, we introduce some notations as follows:

= (t,5(t),50(t),80p(1), 8(t)), 17 := (£, y(8), Yo (), yap(t), 2(1)).
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In the following, we introduce the notion of an efficient solution for the considered
class of constrained robust control problems.

Definition 1. A robust feasible solution (5,8) € X is said to be a robust weak efficient solution to
the multi-objective robust control problem (MRCP) if there does not exist another point (s, 9) € X

such that

/maX(pK mw)dtt < /maxcpK T, w)dt*.
A A

weW weW

To formulate the concept of convexity and the robust necessary efficiency conditions
associated with the aforementioned multi-objective robust control problem, we will use the
Saunders’s multi-index notation (see Saunders [13], Treanta [16]).

Definition 2. A robust controlled vector functional of curvilinear integral type

F(s, 8,@) = /A Pe(t,5(8), 50 (1), 5up (1), O(F), @)dt* = / (71, @)dE*
is said to be convex (strict convex) at (5,8) € S x C if the following inequality
Fs,8,m) — F(5,8,@) 2 (>) [ [s() —s(e )]a"”‘ m e+ | fsolt) - ?;SPK(ft D)dt*
1 (PK - - K 3 a(PK g K
) JoEee SO aar + [[[o) ~ 300 T (x pa

holds for all (s,®) € S x C.

In accordance with Treantd [16], we formulate the following theorem that provides the
robust necessary efficiency conditions for the constrained multi-objective robust control

problem (MRCP).

Theorem 1. Let (5,8) € X be a robust weak efficient solution to the problem (MRCP). Further
assume that maxew ¢« (71, w) = ¢x (71, W). If the constraint conditions (for the existence of
the multipliers) hold, then there exist the scalar vector fi € R®, the piecewise smooth Lagrange
multipliers 7 = (7;(t)) € R™, 4 = (7¢(t)) € R", and the uncertain parameters i € A, b € B
such that (3, 9) satisfies the following conditions:

a 5 —
ﬁT%(ﬁ,W)+17Tgos(ﬁ,ﬁ)+7TXs(ﬁ,b)—Dg[g ai(ﬁ wHﬂT%V(ﬁ,ﬁ)+7sza(ﬁ,b)}
IR S [ﬁT%(ﬁw)+ﬁT¢ (7,8) +37x (7_”-7)}_0 MR LR
n (“r ﬁ) B aS“ﬁ ’ Sap Sap ’ P,
ﬂT 841)9 (n,W) +UT4)19(7T,[Z) +’)/TX19(7T/b) = 0, K = 1,p, (2)
To(m,a)=0,72>0, )
g=0, @

hold for all t € K, except at discontinuities.

Remark 1. The conditions (1)—(4) are known as robust necessary efficiency conditions for the
constrained multi-objective robust control problem (MRCP).

3. Robust Duality of Wolfe Type

In this section, in accordance with Wolfe [27], we formulate Wolfe type robust dual
problem for the constrained multi-objective robust control problem, with data uncertainty
in the objective and constraint functionals (MRCP), as follows:
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W — MRCP max (n,w) +vTon, a)e+ v x(17,b)e bdt*
( ) max [ {os0ne) + ol ae o x ()

. 0
subjectto  uT ;;K( ,w) +vT s (n,a) + 97 xs(1,b)

—Dg[ P2 (g, 0) + 07 g, (0,) +2 s, 0, 0)]

1
it Dl S )+ s () s ()] =0 ©
5 (1:0) + v po(n,8) + 9 xe(n,) =0, x=1p, (6)
]/(fo) = 50, Y(t1) = s1, Yo(to) = 500, Yo(t1) = so1, @)
u>0eu=1e=(1,...,1) € R 8)

The associated robust counterpart for the problem (W — MRCP) is given as:

RW — MRC ,w)+vlo(n, Tx(n,b)e pdt*
(RW — MRCP) (y(_)rzr(w;fm)/ {%(11 w) +v g, a)e+v x(y )e}
A

subject to i %% (,0) + v g () + 1 x(1,)
d
= D [ S 1, 0) + 0T g, () + 4 e, (1,0)]
sy

1 2 T
oy e
¢

_|._

d
P (1, 0) + v s (1,) + 7 65,5 (1,8)| =0,
ap

VTE)T;(”W) +vTpe(n,a) +9Txe(7,b) =0, x=1,p,

y(to) = so, y(t1) = s1, Yo(to) = So0, Yo(t1) = se1,
>0 pule=1e=(1,...,1) € RS,
foralw e W, a € Aand b € B.
Further, we denote by Xy, = {(vy,z; 4, v, v, w, a,b): satisfying conditions (5)—(8)} the

set of all feasible solutions to (RW — MRCP) and we say that it is the robust feasible
solution set to the problem (W — MRCP).

to the Wolfe type robust duul problem (W MRCP) if there does not exist another point
(y,z1,v,7,w,a,b) € Xy such that

/A {4%(71,%47) +vTo(y,a)e+~"x(n, E)e}dtx
/{‘PK( @) + 7 (7, a)e + 7 x(ﬁIE)E}dt".

Next, we establish the weak duality result for (MRCP) under some convexity as-
sumptions. More precisely, we state that the value attained by the objective functional of
the dual problem over its feasible set does not exceed the value attained by the objective
functional of the primal problem.

of(MRCP) and (W — MRCP), respectzvely Assume that maxwew P (T, w) = Pr(7T, W),
nd/ il o (-, @)dt", / o o(-,a)dt* and/ L x (-, b)dt* are convex at (i, z). Then the follow-
A A A
ing inequality cannot hold
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/Aman)K 7, w)dt* < / {¢K(17,LD)+17T¢(17,(2)6+’7T)((17 b)e }dt"

weW

Proof. Contrary to the result, we assume that

/AmaxcpK 7, w)di< < / {4)K(17,w)+17Tq0(17,a‘)e+'7T)((17 b)e }dt"

weW

Since maxyew ¢ (7T, w) = ¢x (7T, @), we have
J e < [ {ocn @)+ g2+ 7 x(7,Be far".
The above inequality together with the robust feasibility of (3, ¢) to the problem (MRCP) implies

J {oc @) + 7 g(r me+ (7 ,E)e}dt"

< [ {octm. @) + 7" o, m)e + 7 x(7, D)e

&I
SN—
0
-
=
o]
=}
Q.
\>
><
W‘
SN—
Qu
~
=
o]
=
(¢
0
©]
=}
<
o
X
oY)
-
—
Kfl
?/

Now, since/ il (-, @)dts, | 7To(.,
A

we have

_ 9 o «
+/A(z9—z);zTi_(;7,w)dt ) (10)

+ /A(G — z)ﬁTaif(ﬁ,a)dt", (11)

and

+/A(1§ — Z)’?T?(ﬁ,l_))dt“. (12)
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On adding the inequalities (10)—(12), and by considering the robust feasibility of the

/A {A"9c(7,0) + 07 p(,8) + 7 x(7,B)
> [ (A" gcln, @) + 7" g(1,8) + 7717, ) }ar”,
which contradicts the inequality (9). This completes the proof. [

Now, we formulate and prove the strong duality result which states that duality gap
is zero.

Theorem 3. (Robust Strong Duality) Let (3, 8) be a robust weak efficient solution to the problem
(MRCP). Assume that maxpew ¢ (7T, w) = ¢i (7T, @) and the constraint conditions (for the
existence of multiplier) hold for (MRCP). Then, there exist the scalar vector i € RS, the
piecewise smooth Lagmnge multipliers V= (vl( )) € RY and 7= (7¢(1)) € R", and the

Proof. Since (5, #) is a robust weak efficient solution to the problem (MRCP), by Theorem 1,
there exist the scalar vector i € R’ , the piecewise smooth Lagrange multiplies 7 €
R%, ¥ € R", and the uncertain parameters i E A 1_7 €B such that the conditions (1)-(4) are

/{(Px(ff Zl_))—l—l/ q)( )e—|—fy X( ,E)e}dt"
</A{¢K<U’ZD) 7o, a)e+ 7" x(n,b)e }dtK.

From the condition (3), we get

/‘PK 7, w)dt" < /A{%(mw) 7 g, a)e + 77 x(n, B)e pat*.

Since maxyew ¢ (7T, w) = ¢x (7T, @), we have

/Amaxq%c T, w)dt* < /A{clhc(mw) v o(n,a)e+ 7" x(1,b)e }df",

weW

which contradicts the Robust Weak Duality (see Theorem 2). In consequence, the point
(5,9; 1,7, w,a,b) is a robust weak efficient solution to the problem (W — MRCP). O

to the problem W —- MRCP

). Assume that maxwew<p,<(7'c w) = ¢c(m, @), and
/ﬁTcpK(-,w)dtK, /17Tg0( a)dt" and/ T x (-, b)dt" are strict convex at (,%). If (5,0) € X
A A

such that/ ¢ (7T, @)dt" = / ¢« (77, @)dt", then (5,8) is a robust weak efficient solution to the
A
problem (MRCP).

on multlplylng the 1nequa11ty (5) and (6) by (¢ — 7) and (8 — 2), respectlvely, and then
integrate them, we get
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0 -
Do 1752 (7,0) + 07 g4, (7,8) + 7 x5, (7,5)]
d5,
1 2 [Tk (o T I 7 x
oy ool Gy 1)+ 7793, 1.0 + 733, 7.8) e
A~ _ . 70 o _ o . ;
+ [ =TS (0,0) + 0795 1,0) + 3T x(7, D)

+ 6o = F)AR 5 (0,@) + 7 s, (7,8) + 7 xs, (7))
o (Sup — ) T o (7,0) + 77 g, (7,8) + 7 s, (7))
Tl(lX,‘B) «p ap 28 7 Sap \1s Sap \Ils

/ )i Ta‘/’K 5 (1,0) + 77 9,(7,8) + 77 x3(7,B)}at* = 0, (13)

where we used the formula of integration by parts, the divergence formula and the bound-
ary conditions formulated in the considered problem.

Next, we proceed by contradiction and assume that (5, 8) is not a robust weak efficient
solution to the problem (MRCP). Therefore, there exists (§,#) € X such that

/maxcpK fr,w)dt* < /max<p,< T, w)dt*.
A A

weW weW
Since maxyew ¢ (77, w) = Pi (771, @), it follows
/cpKﬁwdt" /¢KﬁwdtK
By assumption, / ¢ (7T, 0)dt" = /A ¢« (77, w)dt". Therefore, the above inequality yields
/A¢K( 7t w)dt* < /¢K;7wdt"
Since ji € R?_, we get

[ o mar < [ (g, w)ar (14)

On the other hand, from the assumption that / il ¢y (-, @)dt* is strict convex at (7, %),
Jn

we have

1 P (- 1k
()t + o | Gop — gup)i S5 (. 0)a

+/ = Taq’" (7, @)dt",

which together with the inequality (14), gives

[ 66— "% g wyare
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. 7Ok 1 _17O¢x ,_ _
_ T Y7k K T K
+ [ Go = TR G (1,00 + s [ (Gup = Gap)T 31 (7, @)
+/(z§—z)ﬁT8¢1‘ (7, @)dt* < 0. (15)
A ad
Again, by assumption that / 7T (-, a)dt" is strict convex at (7, Z), we get
A
J {7 om) — oo m har > [ (5= )" gs(nmar”
+A(SU _yU)VTq)SU(ﬁ/a)dtK+ n(“,ﬁ) /(Slx‘B W,S)V q)s (77 )dtK
/ —2)0T @477, @)dt". (16)

and (W MRCP) respectlvely, we obtain

/1/ o(7,2)dt* — /17T(p(17,ﬁ)dt" <0,
A

which, along with the inequality (16), involves

| G= 0" psn,mar*

1
+ /A(s} — 90)7" s, (7, @)dt" + " p) /A (Sap = Fap)7" 95, (7, @)dt*
+ [ (8 —2)vT @4(7,a)dt* < 0. (17)

respectively, ylelds

+ [ (o =707 s, (1, Bt + Byt

3
—
B~
=
=
|>\
—
W
2
=
<
2
=
/—\
Ql

/ — )3 x; (7, b)dt* < 0. (18)

On adding the inequalities (15), (17) and (18), we obtain the following inequality

/A[< —in Ta(PK(ﬁ @) + 7" 9s(7,8) + 7' x3(7,8)}
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d -
+ [ 0= 0,0 + 0T gy(0,8) + 3T x5 (1,5 <, (19)
which contradicts the inequality (13). This completes the proof. [

4. Robust Duality of Mond-Weir Type

In this section, in accordance with Weir and Mond [26], we formulate the Mond-
Weir type robust dual problem for the considered multi-objective nonlinear robust control
problem (MRCP), with data uncertainty in the objective and constraint functionals,
as follows:

MW — MRCP max (17, w)dt*
( ) (y(-),Z(-))/A(p 7,)

. 0
subjectto  uT g:c (1, w) + v @s(n,a) + 7" xs(1,b)

d
= Do W75 (,0) + 17 g 1,) + 2T, (1,)

ot D s ) + e 00 4T ()] =0 o)
W () 407 9019(77,11)+7Tx19(17,b) =0 x=Tp, @
7 o(n,a) 20, (22)
x(n,b) =0, (23)
y(to) = so, y(t1) = s1, Yo (to) = se0, Yo(t1) = So1, (24)
peR:, pfe=1,veR?, ycR" (25)

The associated robust counterpart to the problem (MW — MRCP) is given as follows:
(RMW - MRCP)  _ma / x (17, w)dE*
T 9¢x
O

subject to w) + v ps(7,a) + 9" x5 (1,b)

)
— Do [l S8 (g w0) + 0, (1,0) + 4 (1,0)]
sy

1 0
Dl 1" o (0 0) 4V 1)+ 7 e 0, 0)] =0,

n(a ﬁ)
%( w) + v g(i7,a) + 9 xs(n,b) =0, x=1,p,
7oy, )
x(1,b) =
y(t ) = S0, (tl) = 51, y(r(to) = 540, yo'(tl) = 8,1,

peRS, ule=1,veR”, y cR",

foralwe W, ac A, b € B.

We denote by Xy = {(y,z; 1, v,7v,w,a,b) : satisfying conditions (20)-(25) } the set of
all feasible solutions to (RMW — MRCP) and we say that it is the robust feasible solution
set to the problem (MW — MRCP).

Now, under convexity hypotheses, we establish the robust weak and strong duality

results for (MRCP) and (MW — MRCP).

to the problem (MRCP) and (MW — MRCP) respectwely Assume that maxpew ¢ (7T, w) =
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¢ (7T, ), and/ ﬁTgbK(',ED)dtK,/ vl o(-,a)dt* and/ T x (-, b)dt* are convex at (7, %). Then
A A
the following inequality cannot hold

/maX(pK nwdt"</<pK ,W)dt*.
A

weW

Proof. Contrary to the result, we assume that

/maX(pK T, w)dt* < /¢K ,W)dt".
A

weW

Since maxyew ¢ (7T, w) = ¢x (7T, @), we have
//; ¢ (7T, @)dt* < / ¢ic (77, 0)dt". (26)

By hypothesis, / Al ¢y (-, w)dt", /ﬂTqJ(-,d)dtK and [ 4Tx(-,b)dt* are convex at (7,%).
A A

Therefore, we have

s

a K /- - K 1 — — a K (= - K
+ [ =g ar s | (S~ )T 30 (0, )t

- a o .
+ [ @ =2 S w)ar @)

1
+ [ Go =TT s, (1,000 + s | Gap = Fug) 7y (7, D)1
+ [[@ =27 gs(n,a)ar, @8)

and

_ 1 _
L Go = Tl x5, D) s [ (S = Tap 7 s (7 )
+ /A@—zw%(ﬁﬁ)dt’“ (29)

[ ¢ @ 2 [ guln,mpar,
A A
which contradicts the inequality (26). This completes the proof. [

Theorem 6. (Robust Strong Duality) Let (3,0) be a robust weak efficient solution to the problem
(MRCP). Assume that maxyew ¢ (7T, w) = ¢i (7T, @) and the constraint conditions (for the
existence of multiplier) hold for (MRCP). Then, there exist the scalar vector i € RS, the
piecewise smooth Lagrange multipliers v = (7;(t)) € R and ¥ = (7;(t)) € R", and the
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Proof. Since (3, 9) is a robust weak efficient solution to the problem (MRCP), by The-
orem 1, there exist the scalar vector i € R’ , the piecewise smooth Lagrange multiplies
v E R P E R?, and the uncertain ac A, 1_7 E B such that the conditions (1)—(4) are

/max¢>K T, w)dt* < /4>K ij, w)dt~,
A

weW

a robust weak efficient solution to the problem (MW- MRCP) O

5. Robust Duality of Mixed Type

In this section, we formulate the mixed type robust dual problem for the multi-
objective robust nonlinear control problem (MRCP) as follows:

M- MRCP max W)+ o, a)e +~Tx (1, b)e bt
( ) (y(~),z(~))/A{¢K(;7 ) p(n,a)e+" x(n )}

3
subjectto " L (g, w) + 17 g4 (1,0) + 9T x. 1)
Oy
— Do " af () + " s, (1,0) + 7" x5, (1, 1)
(o
1 T 9P« T T _

+ gy Do 1 gy 1)+ Vs 1,0) 9T (18)] =0, (30)

%( )+V (Pﬁ(rlf )+’)’TX19(77rb):01 K:LP/ (31)

v oy, ) (32)

x(n,b) = (33)

]/(t ) = S0, (tl) = 51, yO'(tO) = 5S¢0, y(f(tl) = So1, (34)

y€R+,ye:1,v€RT,'y€R". (35)

The associated robust counterpart to the problem (M — MRCP) is given as follows:

RM — MRCP max (1, w) + 1T o0 aVe + 4T x (1, b)e Ldte
( ) (y(<),2(~),w,a,b)/ {4) (’7 ) 4)(77 ) Y X(U ) }
T ‘PK

subject to u (77, w) + vl os(n,a) +T xs(y,b)

70
—D4 S8 1)+ 7 (1,) + 75, (1,0)]

1

+WD55{ ! (PK (77, )+1/qusw(11,a)+7T)(saﬁ(17,b)} =0,
0oy

oy (nw) +v q)ﬁ(ﬂla)-i-’)’TXﬁ(U,b):O, k=1,p,
<p(17, )

x(n,b) =

y(to) = so, (tl) = 51, Yo(to) = 500, Yo(t1) = So1,
ueR, u e:l,ve]RT, v € R,
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forallwe W,ac A, b€ B.

We denote by D, = {(y,z; 1, v, 7, w,a,b) : satisfying conditions (30)-(35)} the set of
all feasible solutions to (RM — MRCP) and we say that it is the robust feasible solution set
to the problem (M — MRCP).

tions to the problem (MRCP) and (M — MRCP) respectlvely Purthermore we ssume that

maxyew ¢x (7T, W) = ¢ (7T, W), and / ﬁT([JK(-,ZTJ)dl’K,/ v o(-,a)dt" and / ¥ x (-, b)dt* are
A A
convex at (i, Z). Then the following inequality cannot be valid

weW

/AmaX(/)K 7, w)dt* < /A{cpK(ﬁ,w)+17Tq)(17,a)e+7TX(;7,E)e}dt’<.

Proof. The proof follows in the same manner as in Theorem 2. Consequently, we omit
it. O

Theorem 8. (Robust Strong Duality) Let (3,8) be a robust weak efficient solution to the problem
(MRCP). Assume that maxpew ¢ (7T, w) = ¢i (7T, @) and the constraint conditions (for the
existence of multiplier) hold for (MRCP). Then, there exist the scalar vector ji € R, the
piecewise smooth Lagmnge multz’pliers V= (1/1( )) € RY and 7= (7¢(1)) = R", and the

Proof. The proof follows in the same manner as in Theorem 3. As consequence, we skip
it. O

In the following, we present an illustrative application to validate, for example, Theo-
rem 2. The next concrete problem can be solved exclusively by using the theoretical results
derived in this paper.

Example 1. Let us extremize the mechanical work provided by the variable forces

2 2
1% <s2w% + §19, s2w} + 519), Vs L ﬂﬁ /
4 4 wl wy

with (uncertain parameters) w,l( € [0,1], w% € [%, 1} , k¥ = 1,2, to move its application point

along the piecewise smooth curve A, that is included in K = [O, Llﬂ ’ = [O, ﬂ X [O, ﬂ and joins
to = (0,0) and t; = (1, 1), so that

as(s —3) <0,

aaTSl =b -9,

LR

5(0,0) =0, s(i i) %

2
(with t = (t,1?) e K = { ,ﬂ forallw = (wh,wl, w?,wl) € W=W{ x W} x W x Wz =
0,12 x [3,1], a€ A=[0,1], b= (b1, b) € B = By x By = [1,2]?) is satisfied.
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In order to solve the above practical problem, let us consider p =2, g =r =1, s =2, W} =

1 1
=001, W2 =W2=1[},1, A=[0,1], By =B, = [L,2] and K = [o, 4} X [0,4} is
fixed by the diagonally opposite points tg = (t},12) = (0,0) and t; = (t},£2) = (},1) in R%.
Now, we formulate the following constrained multi-objective robust nonlinear control problem:

2
(P) min (/A( w1—|—419)dt1 (Pwh + 2 ﬁ)dtZ /idtl 192dt2>

(s().8()) A w2 w2

subjectto as(s —3) <0,

0s
a?:bl 19,
ds
ﬁ:bz_ﬁl
11 1
5(0,0) =0, S(4 4) 2

where t = (t!,1?) € K.
Let (5,8) = (t! + t2, 1) be a robust feasible solution to the problem (P).
The robust counterpart of (P) is defined as:

RP min max (s’w! + 19 dt' + max (s2wl + 19 dar?,
( )(5)19())(~Aw}6W11( ! ) wew( 2 )

2 2
max 19—2 dt' + max 19— dt2>

A w?eW? WY wjeW? W3
subjectto as(s—3) <0, Va € A,

0s

— =by — 0, Vb € By,
Fri 1€ by

0s

— =by— 9, Vb, € By,
Yo 2 2 € D2

11

5(0,0) =0, 5(4 7

where t = (t1,12) € K.
The Wolfe type robust dual problem associated with (P) is defined as follows:

5 ay
WP 2wy + 2 - = -
(WP) max (/A{(y wy+ yz) +vay(y =3) + (55 — b +2)

3 z2
+72(a—ty2—b2—|—z)} (dtl—l-dtz)/ /A{wiz +vay(y —3)

d d
F (L by 4 2) + (L —bz—l—z)} (dt! +dt2))

ot! ot?
subjectto  2pywiy +va(2y —3) — % - %% =0, (36)
Zﬂl—i—%ﬂz-F%v“Yz =0, (37)
v00)=0,y(55) = 5 &
u' >0, eTu=1e=(1,1) € R? (39)

where we denoted wy := wi(= w}) and wy := w3 (= w3).
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The robust counterpart to the problem (WP) is given as:

> 5 _ Yy
®RWP) max J{ 0P+ 32 +vayly =3+ G -ty +2)

2 z?
I 72(8% — by —|—z)} (at! +dt2),/A {w—z +vay(y —3)

Iy Iy 1 2
+’Yl(@—b1+2)+’m(ﬁ—bz+z)} (dt* +dt ))
- 01 972
subject to 2y1w1y+va(2y—3)—¥fﬁ:0,
21+ 1+ 72 = 0
4P‘1 mﬂz Y1 +72 =0,
11 1
y(0,0) =0, y(4 4) 2

' >0,eTp=1e=(1,1) € R?

forallw = (wy,w2) € W=W; x Wo =[0,1] x [3,1], a € A=1[0,1], b = (by,bp) € B =
B1 X By = [1,2]2.

We note that Dy, = {(y,z, 1, v,7,w,a,b) satisfying conditions (36)-(39)} is the robust
feasible solution set to the (WP). Let us consider j = t* + 12,2 = —t12 — 2, i = (fiy, i) =
(332), 7=0,7 = (7,72) = (2 412), © = (W, @) = (L), a=1,b = (by,bp) =
(2,2). Then (§,%,f1,7,%,®,a,Db) is a robust feasible solution to (WP). Further, it can be easily
verified that all the involved functionals are convex at (ij,z). Furthermore, the following inequality

ey ars = [ {ocn,@) + 0", a)e + 7" x(n.B)e} dr*
- /A ((§2w1+§1§) (dt + dr?), ;972 (dt1+dt2)) —/A<((y2w1+22)+17ﬁy'(}7—3)
. =2
+ 9 (gtyl — by +2) +72(§Ty2 — by 42)) (dt + dt?), (;—2 + 7ay(j — 3)

W 7 -0 1, 402
+ (atl—b1+z)+'yz(ﬁ—bz+z))(dt +dt ))

/ t1+t2 (dt1+dt2) (dt1+dt2))
A
/ t1+t2 tlt2 §—2(t1)2(t2)2—gt1t2) (dt +dt?),
A 64 8
2 510, 25 13242 21 10\ 01 g2
(2(t1)2(12)2 +4tt o 2P - ) (at +dt))

_/ t1+t2 (dt1+dt2) (dt1+dt2))
GRS 7t1t2—§—2(t1)2(t2)2) (@ +d2), (o — S P) (df! +dP))

B 1033 1 28
-3~ (50 1)

8233 11
*(11520' E) 0

shows that the duality gap is positive. In consequence, Theorem 2 (Robust Weak Duality) is verified.
6. Conclusions

In the current study, we have established various duality results for the new class of
constrained robust nonlinear optimization problems (M7RCP). More concretely, we have
established and characterized Wolfe, Mond-Weir and mixed type robust dual optimization
problems. In addition, an illustrative real-life application was included in the paper in
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order to validate the theoretical elements. On the other hand, as a possible research line
that this study can open (among many other aspects), is the formulating of the derived
results by considering the concept of variational/functional derivative.
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