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Abstract: The objective of this paper is to explore the complete lifts of a quarter-symmetric metric
connection from a Sasakian manifold to its tangent bundle. A relationship between the Riemannian
connection and the quarter-symmetric metric connection from a Sasakian manifold to its tangent
bundle was established. Some theorems on the curvature tensor and the projective curvature tensor
of a Sasakian manifold with respect to the quarter-symmetric metric connection to its tangent bundle
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1. Introduction

The study of the tangent bundle is a powerful method in geometry that allows us
to retrieve effective results while studying various connections and geometric structures,
such as a quarter-symmetric metric connection, a semi-symmetric connection, an almost
complex structure and a contact structure on the manifold M admitting lifts to its tangent
bundle TM. Peyghan et al. [1] studied the members of a golden structure on TM with
a Riemannian metric and established the integrability condition of such a structure on
TM. The complete lifts of connections such as quarter-symmetric metric connection and
quarter-symmetric non-metric connection from the manifold M to TM have been studied
by Akpinar [2], Altunbas et al. ([3,4]), Kazan and Karadag [5], Khan [6]. For the recent
studies on lifts of connections and geometric structures, we refer to ([7-11]) and many more.

The definition and discussion of a quarter-symmetric connection on a Riemannian
manifold, on the other hand, were provided by Golab [12].

A linear connection V on a Riemannian manifold M (dim= n) with a Reimannian
metric g is called a quarter-symmetric connection if its torsion tensor T of the connection V

T(Z1,82) = Vi, 0o — Vi, 00 — 01, 00) 1)

satisfies
T(C1,G2) = 1(82)9C1 — 1(Z1)9C2, @
where 77 is a 1-form and ¢ is a tensor field of type (1,1).
In addition, if V fulfills
(V5,8)(%2,85) =0, ®)
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V1,002,053 € Sé(M), then V is called a quarter-symmetric metric connection; otherwise,
it is called a quarter-symmetric non-metric connection ([13-15]). The quarter-symmetric
metric connections on different manifolds such as Riemannian, Hermitian, Kaehlerian,
Kenmotsu and Sasakian manifolds have been studied by Mondol and De [16], Mishra and
Pandey [17], Mukhopadhyay et al. [18], Bahadir [19], Sular et al. [20] and many more.

We established certain curvature properties on TM and explored the lifts of a quarter-
symmetric metric connection from a Sasakian manifold to TM. The results of this paper
are given as:

*  We established a relationship between the Riemannian connection and the quarter-
symmetric metric connection from a Sasakian manifold to TM.

¢ We derived the expression of the curvature tensor of a Sasakian manifold equipped
with a quarter-symmetric metric connection to TM.

¢ We studied a {-projectively flat Sasakian manifold endowed with a quarter-symmetric
metric connection to TM.

*  Welocally characterized a ¢-symmetric Sasakian manifold admitting a quarter-symmetric
metric connection to TM.

2. Preliminaries

Let us consider TM to be the tangent bundle of a manifold M. The set of all tensor
fields of type (7, s) that are of contravariant degree r and covariant degree s in M and TM are
denoted by 3% (M) and % (TM), respectively. Let the function, a 1-form, a vector field and
a tensor field of type (1,1) be symbolized as f,7, {1 and ¢, respectively. The complete and
vertical lifts of f,7,{y, ¢ are symbolized as €, 7,5, ¢ and £V, 5V, 7Y, ¢V, respectively.
The following operations on f, #, {1 and ¢ are defined by [21,22]

(fo0)” = £'¢l, (F)© = oy + £Vt )

=08 =af" =(@n". 5 =@ns, ®)

1V (f) = 0,175 = 1)) =n(21)",n°(@5) = n(5)S, 6)
¢Vt = (921)", LT = (¢21)C, @)

(01,0 = 165,51 = 161, 850, (81, 82)° = 125, 55 ®)

Vel = (Va&)  Vield = (V48)" ©)

where V is the Levi—-Civita connection.
Let M be a contact metric manifold of dimension n with a contact metric structure
(¢, ¢, 1, g) fulfilling the conditions [23]

n(21) = g1, ¢* =—t1+n(0)é, (10)
¢ = 0, n()=1 1n¢=0, (11)
8(pl1,¢02) = 8(C1,82) —1(21)n(22), (12)

where ¢ is a (1,1) tensor, ¢ is a vector field, called the characteristic vector field, and # is a
1-form. If M satisfies

(Ve 90)02 = 8(21,22)¢ — 1(22) 04, (13)

then M is named a Sasakian manifold. In addition, the following properties hold on a
Sasakian manifold M:
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V& = =90, (14)

(Veme = (81, ¢82), (15)

R(G1,02)¢ = n(52)01 —1(G1)C2, (16)

R(¢ 1) = (Vy9)2), (17)

$(01,.¢) = (n—=1)n(%), (18)

S(¢C1,902) = S(C1,82) — (n—1)n(Z1)n(S2), (19)

where V{1, (> € S

3. Complete Lifts from a Sasakian Manifold to Its Tangent Bundle

(M), R and S indicate the curvature tensor and the Ricci tensor, respectively.

Let us consider TM to be the tangent bundle of a Sasakian manifold M. Taking
complete lifts on both sides of Equations (1), (2) and (10)—(32), we infer that

TC(5,25) =
TC(5,25) =
nc(gf) =
(dn(1, )¢ =
") =
ncec

7" o¢"
g((951), (922)°)
(Vee¢©)is
Vel

( gC’? )62
RE(ZT,5)5¢

RE(ES,¢6)es

S(25,¢9)
SC((¢21)S, (922)°)

where VZ§, (5, ¢¢ €

Viels = Vielt - [e1,55),

€ (25)(921)Y + 7V (25)(901)¢
mC(09)(952)" — 7V (ZT)(922)%,
gc@c,é?),

(<4>51> 25), oS =
fél +n°(g5)e” +n (éf)@ :
¢VC = ¢§V—¢¢C—0

VeV =0, n<¢¥ =4V =1

= 7c0¢" =nCogp=n"0g" =0,

€t I Cz) 7 (25)n" (25)
(Z5m (Gz)

(5, €2)§V+g (¢7,g5)ec
(25

Ui (§2)€1f

= S°(g5.05) — (n =) {n“(HHn”

+ 1Y@ (D)}

3p(TM), ¢¢ € S{(TM).

§°(¢t.2)

(29

(20)

(21)
(22)

(23)

(24)

(25)

(26)
(27)

(28)

(29)
(30)

(31)

(32)

4. Relation between the Riemannian Connection and the Quarter-Symmetric Metric
Connection from a Sasakian Manifold to Its Tangent Bundle

Assuming that M is an almost contact metric manifold, let V be a linear connection
and V be a Riemannian connection. Then,

VxY = VxY + U1, 8),

where V{1, () € %(1)
M. Then [12],

(33)

(M), U € $(M). Let V be a quarter-symmetric metric connection in
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1
U(l1,2) = E[T(Q,?z) +T'(C1,02) + T (82, 1), (34)
where T’ is a (1,2) tensor; that is, T/ € S3(M) such that
8(T'(¢1,82),G3) = 8(T'(83, 1), G2)- (35)
Taking complete lifts on both sides of Equations (34)—(36), we infer that
Viels = Vel +UC(LT,G), (36)
1 /

uc(es,os) = HITOE85) + TG, &)
+ T(g5,41)), (37)
g (85,65, 685) = g°(T"(25,41).85), (38)

where UC, VE, T€ and T'C are complete lifts of U, V, T and T, respectively.
From (21) and (38), we infer that

TO@E,5) = §°((90)S )" +8((902)", IT)E"
= @D (9%)" — 1" (CD)(90) (39)
Using (21) and (39) in (37), we provide

UC(z5,25) = —n°(Z5) (922)" — 1" (Z) (¢22)".

Hence, a quarter-symmetric metric connection V€ on a Sasakian manifold on TM is
defined by

Viels = Vel = n°(En)(96)" —n" (@1 (¢2) (40)

In contrast, we demonstrate that a linear connection V on a Sasakian manifold de-
fined by

Viels = Viels —n°(G0)(962)" —n" (@1)(9%) (41)

denotes a quarter-symmetric metric connection on T M.
In view of (41), the torsion tensor of the connection V¢ on TM is defined by

TC@E,25) = 755 (@2)Y +1"(25)(90)¢
— 75 (@02)Y — 1V (Z5)(¢22)". (42)

The Equation (42) implies that V€ is a quarter-symmetric connection on TM . Further,
we infer that

58523, ¢§) + ¢85 (e5. 25)
- 5 (Vi 55). (43)

(Ve )(83,25)

In view of (42) and (43), VCisa quarter-symmetric metric connection on TM. The rela-
tionship between the Riemannian connection and the quarter-symmetric metric connection
on a Sasakian manifold on TM is given by (41).

5. Expression of the Curvature Tensor of a Sasakian Manifold to Its Tangent Bundle

The two curvature tensors R and R corresponding to the connections V and V, respec-
tively, are related by the formula [24]

R(C1,02)33 = R(81,82)0s —2dn(21, 52)¢8s + 1(21)8(82, 33)E
— 11(82)8(81,83)¢ + {n(82)01 — n1(81)021n(83), (44)
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where R({1, {2)C3 indicates the Riemannian curvature of M.
Taking complete lifts on both sides of (44), we infer that
RO(GT,25)85 = RE(LT,05)E5 —2d4n°(25,65)(¢23)”
— 2dy¥ (1, 85)(9G3) +n°(01)gC (85, 25)E”
+ C(Cf) C<5¥,§§>§C+nv(é§3) C(cg,ééf)éc
— °(E9)8 (T, 65)8Y —nC(85)8"( 1,53)6(?
- 17558 C(€1r§3)§c+’7 (gz)ﬂc(g )
+ 7@V (Z5)Ts + 1V (25)nC(Z5)iE
- {’7 (C1C) (@53 +n°@GHm" (8535
+ V(@) (45)
where R (2§, 5)C5 is the complete lift of R(Z1,{2) 3.
On contracting (45), we infer that
SC(65.65) = SE(25,65) —2dn ((933)¢ é§>+gc<é§,C§>
+ (n=2){n" (5" (5§) + 1V (55 (5)}, (46)

where S and S€ are the complete lifts of the Ricci tensors S and S of the connections V and
V, respectively. From (46), we infer that the Ricci tensor with regard to VC on a Sasakian
manifold on TM is symmetric.

Again contracting (46), we infer that

=rC42(n—-1),
where 7¢ and rC on TM are the complete lifts of the scalar curvatures 7 and r of the
connections V and V, respectively.

6. Expression of the Projective Curvature Tensor of a Sasakian Manifold to Its
Tangent Bundle

The projective curvature tensor of a Sasakian manifold with regard to V is given
by [17]

P(21,02)33 = R(G1,0)3+ —— [S(21,02)C3 — S(22,C1) 23]

1 [{nS(21,33) +5(33,01)}02
— {n5(%2,33) + 5(83,22) 3. (47)

Due to the symmetric property of the Ricci tensor S of M with regard to V, the projec-
tive curvature tensor P becomes

+

PGui)ls = R(@u)s+ - 8000)5 5@ i) (48)
Taking complete lifts on both sides of (48), we acquire
PO, E5)5s = RO, 85)88
b BOES I + 8 @S5S
— 59(25,80)58 - 8V(85,61)E5 ) (49)

Using (45) and (46), (49) reduces to
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PET,5)0s = POS,05)E§ — 24y (25, 25) (923)Y
2dn" (25, 25)(923)C + 1< (2§)8 (25, 25)8"

+ 728 (5], g5)E" + nV@%)gC@S, z5)e¢
€(25)8° (¢t g5)E” - @z) gy, )
V(258 <5l,cg)¢c [dnc<<4>§3> ,05)TY

v (4’53) 152)§1] ((4’CB) Cl )éz

UM
1" ((923)<, 25)5 + C@HmesHey

(5 (25)T +1 (2C) (2525

(s )C 75)05 — (@M (25)E5

MG @)@ 8555, 85

8 ( 1
(@

C
C

€ +8°(25.25)8

(
(
)Z§
)25}, (50)

C
3
+ g §

where PC is the complete lift of the projective curvature tensor P defined by

P01, )0 = R(G1, 0T — - (S(02,52)1 — S(01, 822} 61

Mondol and De [16] defined that “A Sasakian manifold M is called ¢-projectively flat
if the condition P({1,{>)¢ = 0 holds on M”.

According to the above definition, from (50), we acquire P(Z1,{2)& = P({1,2)E.

Hence, we conclude the following:

Theorem 1. Let TM be the tangent bundle of a Sasakian manifold M with the Riemannian
connection V. The Riemannian connection V< on TM is & -projectively flat if and only if VC©
is 50.

Ozgiir [25] defined that “a Sasakian manifold fulfilling

$*P(pZ1, 9Z2)$G5 = 0 (52)

is called ¢-projectively flat”. N N
In the case of the quarter-symmetric metric connection V, we see that ¢? P(¢Z1, $Z2)pl3 = 0
remain invariant if and only if

S(P(¢Z1,902) 973, ¢74) = O, (53)

for gl/ €2/ €3/ €4 € %(1]<M)
In view of (49) and (53), ¢-projectively flat means

§E(RE((921), (922)C) (¢23), (¢24))
= L) 00008 (60)°, (0)°)
+ SY((922)C, (923)9)8" ((921)C, ($24)°)
- —SC<<¢§1> (923)9)8" ((¢32)C, (¢24) )

— SV (923))8“ ((962)C, (954) )} (54)
If (ef, eg,......, egfl,é‘c) € TM, then
((¢e1)C, (¢e2)C, ..., (pen_1)C,EC) € TM.

Substituting {1 = {4 = ¢; into (54) and summing up withregardtoi =1,2,....,n—1,
we acquire
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8 (ﬁc((¢€) (982)9)(923), (¢e))
= {SC((<PCz  (983)9)8" (e, (9ei) )

(gei)
n—
+ §Y ((m) (923)9)8% ((¢ei), (der)©)
SC((¢ei)C, (923)°)8" ((922)C, (Per)
— SV ((¢ei)<, (¢23))8“((922)C, (¢ei) ) }- (55)

Using (23), (24), (28) and (46), the following equations are obtained:

§E(RE((9en)S, (922))(923)C, (¢ei) ) (56)
= gC(R((¢en)S, (022)) (973)C, (¢ei) )
— 28((922)C, (¢23)°)
= SC(25,25) —R°(5%,25,45.¢9)
— (n=D{GE)m"(Z5) +1"(@5)n°(g5)}

)

- ~8C((¢§z)cr (4>53)C)
= Sc(gz 53) (gz €3)
- 2n—4){y° ( Y(@5) +1V @) @5 (57)

n—1
Y 8 ((9e)S, (ge)©) = n—1, (58)
iz

1

(S(¢ei, §T3)8 (922, pe;))©

n

SC((22)C, (923)C). (59)

I\
—

In view of (56), (58) and (59), Equation (55) becomes

SC(Z5,25) —68°(25,25) — 2(n—4){n“(Z5)n¥(Z5) + 1V (25 (Z5)}

= P225((p), (922)O). )

n

In view of (31) and (46), (60) becomes

SE(Z5,25) = 685(25,25) — 4(n = 1){n“(25)nV (Z5) + V(25 (Z5)}.  (6D)

Hence, we conclude the following:

Theorem 2. Let TM be the tangent bundle of a Sasakian manifold M with regard to V. Ifa
Sasakian manifold M on TM is ¢C—pro]ectlvely flat with regard to V', then the manifold is an
1C-Einstein manifold with regard to V< on TM.

7. Locally ¢-Symmetric Sasakian Manifold with regard to the Quarter-Symmetric
Metric Connection to its Tangent Bundle

Takahashi [26] defined that “A Sasakian manifold is said to be locally ¢-symmetric if

¢2(VC4R) (gll €2)€3 =0, (62)

for all vector fields (4, {1, {2, 3 orthogonal to ¢, where ¢ is the characteristic vector field
of the Sasakian manifold M.” Further, Mondal and De [16] defined locally ¢-symmetric
Sasakian manifold with regard to V as

$*(Ve,R)(01,02)03 =0, (63)

where (4,01, {2, (3 are orthogonal to ¢. In view of (40), we infer that
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((Ve,R)(C1,02)23)¢

((Ve,R)(21,22)23)C = 1°(25) (9R(21,22)23)"
1V (C5)(9R(C1,32)83)C-

(64)

Now, differentiating (44) with regard to {4, we infer that

((€C4§)(€lr €2)§3)C

)V

(25.25)8"

((V§4 )(gl @2)@3) 2d77 gl éz) V§4
247V (25,25) (Ve #)33)C + (V) (37)8"
(Vo) (65)85 (28, Z5)EC + (Vo) (65)8 (25, 25)e¢
(Vo)< (25)8° (5, 25)8Y — (Ve,m)© (58 (LY, §)ee
(Ve,m)V(25)8° (35, 85)&C —n°(55)8° (25, 35)(Ve,8)Y
1°(25)8° (81, 35)(V, &) — 1V (25)8° (2T, 35) (V¢ 8)©
e (f Cz/C $) (Vg8 —nS(ED)8 (5], 25)(Ve,8)©
n( 5, 5 )(vg@%( (5" (@)gl
V(Z)Z + (V)Y (25) 5
o (@5)mY(E5)ey
(@158
) (G5 )M (35)35
)< (25)

NO

NO

C
c

4

—_—
m

wh «@N

VC4

V§4
\Y

@)
m

@)
NO

~— Y — ~—
N Ny TN
N<>—l(‘)

o~

o~
<

@O O

\_/\/\/\_/vv
)
<
o~ )

=<
I+
<

<

RO
= =
0

N

<
o
(@)
™~
—0O =0 WO O
<

o (@)
o (@5)mV(ED)Ls

o
QQQQQ’—‘
\_/\_/\_/\_/\_/\_/\_/\_/\_/\_/\_/
@)

<
o
N
=
@]
A/\/—\/-\/\/—\
N

)
+

(
(
(
(
(
(

<
—_~ N~~~
N

<l

<
WA @O ~0
NO N

N

=
0

N

o (65)

Using (25), (26) and (27), we infer that

((%%ﬁ) (01,02)23)¢

= ((Vg,R)(21,02)23)C — 2d3° (25, 25)8° (25, ¢5)E”

- 2d’7 gl gz)gc(@ §4)§C
— 2dy°(ZT,25)8°(55, 4§ )EC
+ 4dn©(35,75)8° ((941), 25)n°(25)8)
+ 11C( 75)8 ((¢21)<, ¢5)n" (25)25
+ 4dn©(Z5,75)85 ((921)Y, 25 (25)2§
+ 4dn (25,25)8° ((¢01)S, CCMC@?)
+ 85 ((924)<, 258 (25, 25)8"
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(66)
(67)

WM
O O >0 O—=>a O C2~/b
O Oen o O 2] Q
~ U = =53 NSl NN
Rp X e = = = =R ==
O U >0 Qe SIN — Qo ~ Sala GO0 G 1
CECE 3 3~ S T RVRS 25 X5 7 22'S
—~ T —~ —~ - T =
MMCSCQuCZ Oen O~ —~ Q — = V/ C/C/V/ o N
E =t A O = Q9 =~ — o~ — S
= =3O < = Nl Ap T 0 00 T T < T« <+ —
CCCCV ~ > < O ~—~ ~ Ap A»p Ap Ap Ap S
RIS = = Qe N Lo= & & S & & S O
~ IR — — NS} ~ rqu((VCCC = = =~ U U O ~— o»
U O VO Uen O~ O ~ O ~— T — B R B o O B R R o O
NIV v D Oy 0 v U > 0 Uy MRS ANy gy Ry O
~— ~— /V/ s b s UV My Mo B Mo = = & gc O OO &0 &0 gC O O U S0 = .
o o ¢ < < < BSi NI T Y 5 b A A» OO N O
50 B0 = = = = = N = 0393 QO I+ + 222224+ 1 I 2222 1 | X
T N N I & 22y U > U VU > U U 2 UVN0U > U U >qUa B
S ESE & S O 3OS UL 33 R E R S RURN e R R N
—_ O = O N N ~ Ap = = = = A A s A Uen U O O Oen O Q
NS S S Rt R R R RS A A AR VR SR TRV R ¢ R R R VI o
%5 % B R S IR R I I s e o~ S I S S S SN S S N SIS I S
B2 Ap ok B2 B + + + NN Sl SR G S I NN SN S S N
G L L TG WREY L O R R R =TT Lol 0a 0 0 0n 0 09 99 4r G 95 S G vr U B
> NN STV I N SN N S U e T U SN U = Qo QUi Oev You Ap dp Ap bp ™ < < NN < O
> 00> Vo PN ¢C3C2C1C3C3C1C1 ~—~ I k» k> g((((c CIC oo~ CIV o u CIC STt aT o
~ ~ = ~ = ~ WClClClClClgOoo.ooo44444444444444(\
CgCooC o 9 C3C3C3C3VUCWCUCWCWCWCV/ > @@@@@O)Q)O)O)gggggggggggggg&ﬂ
—
AN R A o NN R R A A S S S S S PITdaidas BT TEEEEEEEEEEEEEET
CZCZClClClCIV CIC2C2C3C3C1C1C3C3 ~ = S S S D D D D D
b A do b A YR RYRS R R A R b R A S " " " =0 LU LU > U U LU LU LU LU LU LU LU U U U ou >
SN = D = N oS Y Y et — AN A AN AN AN ST T T T % % %0 50 b0 50 b b0 b0 b0 b0 b %0 b =
O > O O > CCCVCVCV
CiciciciCA S i icicicicET
AR AR D Ap Ap N =~ A AD AR AR AR AR AR mrr ++++1 1 +++ 11 11 ++ 1 ++++ 1 1 |
S S S S ©0alaL-U= S §& & & & & ©
NSNS N N N N N N N RN NN N SN N

O N N N T N N T N N N N N N N

U U U U U LU U L >0 U U U QU Qg
50 60 50 50 B0 = =T T T 00 50 50 b0 b0 5o 5o
++ 0+ + 000+ + + +

Using (66) and (24) in (64), we infer that
(9*(Vg,R)(21,22)25)¢
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If we take (4, (1, (2, (3 orthogonal to ¢, (67) reduces to

($*(V,R)(21,02)23)C = (9*(VwR)(Z1,32)23)°

Hence, the following theorem can be stated as:

Theorem 3. Let TM be the tangent bundle of a Sasakian manifold M. Then, V€ is locally
¢C-symmetric on TM if and only if VC on TM is so.

8. Example

Let us consider a three-dimensional differentiable manifold M = {(u,v,w) : u,v,w €
N3,z £ 0}, where R is a set of real numbers and TM its tangent bundle. Let e, e, e3 be
linearly independent vector fields on M given by

e *—uie *uie *ui
= 70w T o T Mo

Let g be the Riemannian metric and # be a 1-form on M given by

g(e1,e0) = gl(er,e3) = glea,e3) = 0,g(e1,e1) = g(ea, e2) = g(es, e3) =1

and
1(Gs) = g3, e1), Ga € So(M).
Let ¢ be the (1,1) tensor field defined by ¢e; = 0,¢pe; = ey, pes = es.. Using the
linearity of ¢ and g, we acquire 77(e1) = 1, ¢°03 = —{3 +1(Ga)er and g(¢G1,¢2) =
8(1,62) —1(G1)n (%)

Thus, for e; = ¢, the (¢, ¢, 7, g) is a contact metric structure on M and M is called a
contact metric manifold. In addition, M satisfies

(Ve,#0)02 = 8(C1,82)er — 1(82)¢a.

Hence, fore; = ¢, M is a Sasakian manifold.

Let elc, eg, e3c and el , ez , 63 be the complete and vertical lifts on TM of eq, 3,3 on M.

Let ¢© be the complete lift of a Riemannian metric ¢ on TM such that

sC(Y.ef) = (8°(Cne)” = (n(21))Y, (68)
LS e) = (85(21,e1)C = ((21)S, (69)
gC(ef,ef) = 1, §7(¢{,ef) =0, g"(ef,ef) =0

and so on. Let ¢* and ¢V be the complete and vertical lifts of the (1,1) tensor field ¢ defined
by

By using the linearity of ¢ and g, we infer that

(9701)C = =25 + 1" (Z0)ef +1(Z1)ey, (70)

g ((per)S, (9e2)) = gC(ef,e5) — (m(en))“(n(e2))”
- )
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Thus, for e; = ¢ in (68)—(70), the structure (¢C, éc, 17C, gc) is a contact metric structure
on TM and satisfies the relation

(Vo) = (el )e” +5 el ef)E
SEACICERICIEY

Then, (¢C, <, ;7C, gc, TM) is a Sasakian manifold.

Author Contributions: Conceptualization, M.N.LK., U.C.D.; funding acquisition, M.N.LK.; investiga-
tion, M.N.LK., L.S.V.,; methodology, U.C.D., L.S.V; project administration, U.C.D.; writing—original
draft, M.N.LK.,, U.C.D., L.S.V,; writing—review editing, M.N.LK., U.C.D., L.S.V. All authors have
read and agreed to the published version of the manuscript.

Funding: The researchers would like to thank the Deanship of Scientific Research, Qassim University
for funding the publication of this project.

Data Availability Statement: Not Applicable.

Acknowledgments: The researchers would like to thank the Deanship of Scientific Research, Qassim
University for funding the publication of this project. The authors would like to thank the reviewers
and the editor for reviewing the paper carefully and for their valuable comments to improve the
overall quality of the paper.

Conflicts of Interest: The authors declare no conflict of interest in this paper.

References

1. Peyghan, E.; Firuzi, E; De, U.C. Golden Riemannian structures on the tangent bundle with g-natural metrics. Filomat 2019, 33,
2543-2554. [CrossRef]

2. Akpinar, R.C. Weyl connection to tangent bundle of hypersurface. Int. |. Maps Math. 2021, 4, 2-13.

3. Altunbas, M.,; Sengtil, C. Metallic structures on tangent bundles of Lorentzian para-Sasakian manifolds. |. Mahani Math. Res. 2022,
12, 37-149. [CrossRef]

4. Altunbas, M,; Bilen, L.; Gezer, A. Remarks about the Kaluza-Klein metric on tangent bundle. Int. |. Geo. Met. Mod. Phys. 2019,
16, 1950040. [CrossRef]

5. Kazan, A.; Karadag, H.B. Locally decomposable golden tangent bundles with CheegerGromoll metric. Miskolc Math. Not. 2016,
17,399-411. [CrossRef]

6. Khan, M.N.L Lifts of hypersurfaces with quarter-symmetric semi-metric connection to tangent bundles. Afr. Mat. 2014, 27,
475-482. [CrossRef]

7. Kadaoui Abbassi, M.T.; Amri, N. Natural Paracontact Magnetic Trajectories on Unit Tangent Bundles. Axioms 2020, 9, 72.
[CrossRef]

8.  Dida, H.M,; Ikemakhen, A. A class of metrics on tangent bundles of pseudo-Riemannian manifolds. Arch. Math. (BRNO) Tomus
2011, 47, 293-308.

9. Khan, M.N.I. Novel theorems for the frame bundle endowed with metallic structures on an almost contact metric manifold. Chaos
Solitons Fractals 2021, 146, 110872. [CrossRef]

10. Pandey, P; Chaturvedi, B.B. On a Kahler manifold equipped with lift of a quarter-symmetric non-metric connection. Facta Univ.
(NIS) Ser. Math. Inform. 2018, 33, 539-546.

11.  Tani, M. Prolongations of hypersurfaces of tangent bundles. Kodai Math. Semp. Rep. 1969, 21, 85-96. [CrossRef]

12.  Golab, S. On semi-symmetric and quarter-symmetric linear connections. Tensor N.S. 1975, 29, 249-254.

13.  Barman, A. A special type of quarter-symmetric non-metric connection on P-Sasakian manifolds. Bull. Transilv. Univ. Bras. Ser. III
Math. Inform. Phys. 2018, 11, 11-22.

14. Friedmann, A.; Schouten, J.A. Uber die Geometrie der halbsymmetrischen Ubertragung. Math. Zeitschr. 1924, 21, 211-223.
[CrossRef]

15.  Yano, K.; Imai, T. Quarter-symmetric metric connections and their curvature tensors. Tensor N.S. 1982, 38, 13-18.

16. Mondol, A.K.; De, U.C. Some properties of a quarter-symmetric metric connection on a Sasakian manifold. Bull. Math. Anal. Appl.
2009, 1, 99-108.

17.  Mishra, R.S.; Pandey, S.N. On quarter-symmetric metric F-connections. Tensor N.S. 1980, 34, 1-7.

18.  Mukhopadhyay, S.; Roy, A.K.; Barua, B. Some properties of a quarter-symmetric metric connection on a Riemannian manifold.
Soochow J. Math. 1991, 17, 205-211.

19. Bahadir, O. P-Sasakian manifold with quarter-symmetric non-metric connection. Univers. J. Appl. Math. 2018, 6, 123-133.

[CrossRef]


http://doi.org/10.2298/FIL1908543P
http://dx.doi.org/10.22103/jmmr.2022.19411.1247
http://dx.doi.org/10.1142/S0219887819500403
http://dx.doi.org/10.18514/MMN.2016.1534
http://dx.doi.org/10.1007/s13370-013-0150-x
http://dx.doi.org/10.3390/axioms9030072
http://dx.doi.org/10.1016/j.chaos.2021.110872
http://dx.doi.org/10.2996/kmj/1138845833
http://dx.doi.org/10.1007/BF01187468
http://dx.doi.org/10.13189/ujam.2018.060402

Mathematics 2023, 11, 53 12 of 12

20. Sular, S,; C)Zgﬁr, C.; De, U.C. Quarter-symmetric metric connection in a Kenmotsu manifold. SUT ]J. Math. 2008, 44, 297-306.
[CrossRef]

21. Hendi, E.H,; Zagane, A. Geometry of tangent bundles with the horizontal Sasaki gradient metric. Differ. Geom.-Dyn. Syst. 2022,
24,55-77.

22.  Yano, K;; Ishihara, S. Tangent and Cotangent Bundles; Marcel Dekker, Inc.: New York, NY, USA, 1973.

23. Blair, D.E. Contact Manifolds in Riemannian Geometry; Lecture Note in Mathematics; Springer: Berlin/Heidelberg, Germany, 1976;
Volume 509.

24. De U.C,; Sengupta, J. Quarter-symmetric metric connection on a Sasakian manifold. Commun. Fac. Sci. Univ. Ank. Ser. A1 2000,
49, 7-13. [CrossRef]

25. Ozgﬁr, C. On ¢-conformally flat Lorenzian para-Sasakian manifolds. Rad. Math. 2003, 12, 99-106.

26. Takahashi, T. Sasakian ¢ —symmetric spaces. Tohoku Math. J. 1977, 29, 91-113 [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.


http://dx.doi.org/10.55937/sut/1234383520
http://dx.doi.org/10.1501/Commua1_0000000423
http://dx.doi.org/10.2748/tmj/1178240699

	Introduction
	Preliminaries
	Complete Lifts from a Sasakian Manifold to Its Tangent Bundle
	Relation between the Riemannian Connection and the Quarter-Symmetric Metric Connection from a Sasakian Manifold to Its Tangent Bundle
	Expression of the Curvature Tensor of a Sasakian Manifold to Its Tangent Bundle
	 Expression of the Projective Curvature Tensor of a Sasakian Manifold to Its Tangent Bundle
	Locally -Symmetric Sasakian Manifold with regard to the Quarter-Symmetric Metric Connection to its Tangent Bundle
	Example
	References

