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1. Introduction

In 1922, Banach [1] gave a constructive method to obtain a fixed point for a self-map
in metric spaces. Since then, the researchers have given many generalizations to the Banach
contraction theorem and metric space to obtain new results in fixed point theory (see [2-5]).
In 1990, Murphi [6] gave the C*-algebra and operator theory. For further reference on
operator theory and related topics, one can see [7,8].

In the spade of generalizations, in 2014, Ma et al. [9] granted C*-algebra valued metric
space and proved fixed point results thereon. Later [10,11] established fixed point results
in the setting of C*-algebra valued b-metric spaces.

In 2016, Mutlu et al. [12] generalized the notion of metric on two different sets and
called that space as bipolar metric space. In continuation of this, Mutlu et al. [13] defined
« — ¢ contractive mappings and multivalued mappings, respectively, and proved fixed
point theorems in the setting of bipolar metric spaces.

In 2022, Saha and Roy [14] introduced the new notion of bipolar p-metric spaces as an
extension of predefined spaces like usual metric spaces, b-metric spaces, and p-metric spaces.

In the same year, Murthy et al. [15] proved some fixed point theorems via Meir-Keeler
contraction in bipolar metric spaces.

Recently in 2022, Mani et al. [16] presented the concept of C*-algebra valued bipolar
metric space as a generalization of C*-algebra valued (introduced by Ma et al., in 2014) [9]
and bipolar metric space (introduced by Mutlu and Giirdal in 2016) [12] and established
fixed point theorems on C*-algebra valued bipolar metric space.
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Inspired by the present article, we generalize the notion of C*-algebra valued bipolar
metric space and introduce a generalized C*-algebra valued bipolar b - metric space and
establish fixed point results. We supplement the derived results with nontrivial examples.

As a matter of fact, the remaining portion of the paper is organized as follows: Section 2
must go over some definitions and monographs that are considered necessary for our main
results. In Section 3, we introduce generalized C*-algebra valued bipolar b-metric space
and establish fixed point results supported by examples. In Section 4, we addressed some
results which are direct consequences of our key results. As an application of the finding of
this study, Sections 5 and 6 discuss Ulam-stability Hyer’s and the well-posedness of fixed
point problems.

2. Preliminaries

The following are the basic notions from literature which are required for proving results.

Definition 1 ([10]). Let ¢ : A — B is a mapping in C* algebra which is linear, then it is called
positive if P(A;) C B. Here, p(Ay) C By, and the map ¢ = A, — By, is monotonically
increasing in nature.

Definition 2 ([10]). Assume that A and B are two C*-algebras, then ¢ : A — B is said to be
C*-homomorphism if the following conditions are holds.

L (pg+af) = pp(a) +ay(f) forallp,q € Cand g, f € A;
2. p(of) = (o) ¢(f) forall g, € 2A;

3. ¥(g") = ¢(g)" forallg €,

4. 1 takes the unity of A to the unity of °B.

Definition 3 ([10]). Let Yy be the collection of all positive functions Py : A4 — A4 possessing
the following properties:

1. o having property of continuity and non decreasing;

2. yYy(3) =0ifandonlyif 3 = 0;

3. L 9i(3) < coandlimn — ooyl (3) = 0 for each 3 = 0, where P is the n'! iteration of
Pa;

4. The summation Y ;> 4 bkyb’;( (3) < oo, for all 3 > 0 is monotonically non decreasing and
having continuity at 0.

Lemma 1 ([6-8]). Let us take A a unital C*-algebra with unital Iy. Then:

1. Suppose 3 € Ay, with ||3]| < 3, then I — 5 has inverse and ||3(I —3)71|| < 1;

2. IfreUandj,w € Ay with § = v, then t*3r and r* vy are positive elements and satisfying
rar < r'by

3. If04 X5 2w, then |[3]| < [|w]|;

4. Let A denote the set {a € A : 3 = w3V € A} and let w € A, if 3,€ € A with
=t >= 0y and I —3 € (A has an inverse, then (Iy —3) o < (Iy —3)7L¢;

5. If3w €Ay and 3w = roj, then 3.0 = Iy.

In 2021, Saha et al. [14] introduced the well-posedness of fixed point problem in
bipolar b-metric space as defined below:

Definition 4 ([14]). Let (X,M,03) be a bipolar-b metric space and F : (£,M) = (X,M) isa

covariant function. Then, the fixed point problem of F is said to be well-posed if

1. § possesses a fixed point u € XN I1, which is unique ;

2. Forany sequence (04, 0n) in (X, 11) with 0y, (84, Fon) — 0and 03,(F04, 0n) — 0asn — oo,
we have 0y, (0, u) — 0 and oy, (u, 0,) — 0as n — co.

Definition 5 ([14]). Let (X,0M,03) be a bipolar-b metric space and F : (£,M) = (X,N) isa
contravariant function. Then, the fixed point problem of § is said to be well-posed if
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1. § has fixed point u € ¥ N I1 which is unique;
2. Forany sequence (0, 0,) in (X, IT) with 0y,(0y, §¢n) — 0and 0,(Fon, 0n) — 0asn — oo,
we have 0y, (%, u) — 0and oy (u, 04) — 0as n — oo.

Suppose that 2 is a unital C*-algebra with a unital Iy. Assume that 2y = {3 € A : 3 = 3" }.
If 3 = 3* for any element ; € 2 then ; is called a positive element and ¢(3) C R™ is the
spectrum of 3. Consider the partial order < on 2 as 3 < w if Oy = w — 3, where Oy is the zero
element in 2, and we denote the {3 € 2 : 3 = 0y } by A and [3| = (5*3)%.

In 2015, Ma et al., gave C*-algebra valued b-metric space as defined below:

Definition 6 ([11]). Consider a unital C*-algebra A with a unital Iy, a set . # ¢, and I < b €
A, . A distance function ¢ : ¥ x ¥ — R0 is such that
1. o(8,0) =0y ifand only if & = o forall (¥,0) € L X %;
2. o0(8,0)=0c(00)forall 9,0 € X;
3. o(8,0) 2blo(8,h) +0(h,0)] forall 8,0,h € L.
Then (X,2, 0) is known as C*-algebra valued b-metric space.

In 2022, Mani et al. [16] gave the following:

Definition 7 ([16]). Consider a unital C*-algebra 2 with a unital Iy, two sets 3,11 # ¢, and
I 2 b e Ay Adistance function o : £ x I1 — A with the following

1. o(8,0) =0y ifand only if ¢ = o for all (8,0) € X x IT;

2. 0(8,0)=0(00)forall 8,0 € ZNIIL;

3. 0(81,02) 2 0(d1,01) +0(82,01) +0(92,02) for all (t1,¢1),(92,02) € < IL

is called C*-algebra valued bipolar metric and (X,11,2, o) is called C*-algebra valued bipolar
metric space.

Definition 8 ([16]). Suppose (X, I1,2, o) be a C*-algebra valued bipolar metric space. Then

1. Elements of ¥ are called left elements, of I1 are right elements and of X. U I1 are central elements.

2. Aleft sequence is a sequence (0,) C X. If ||c(8y, 0)|| — 0as n — oo for some ¢ € I1, then

it is said to be right convergent to 9. Similarly, for the right convergent.

A bisequence is a sequence of the form (04, 04) € X X IL

4. If in the bisequence (0, 0n )both the sequences (0y) and (0,) converge, then the bisequence
(80, 0n) is said to be convergent. If they converge to the same point u € M NN then the
bisequence (9y, o) is called biconvergent.

5. Abisequence (0, 0,) on (I, N, 2, o) is said to be Cauchy bisequence, if for each € > 0 there
exists a positive integer N € N such that || (04, 0m)|| < € forall n,m > N.

6.  If every Cauchy bisequence is convergent then C*-algebra valued bipolar metric space is said
to be complete.

»

Definition 9 ([12]). Let (X1,I1y,01) and (X3,11p,00) are the bipolar metric spaces and

T Xy UTT — Xy UTIp be a function:

1. If%%) C Xpand T11y C Iy, then T is known as covariant mapping and is represented as
T (5, 1D, 01) = (X2, 11z, 02).

2. If%%; CIlpand 11 C Xy, then T is termed as contravariant mapping and is represented
b]/ T (21, Hl/al) = (22, Hz,O’z).

Definition 10 ([16]). Let (X1,111, A, 01) and (X5,115, A, 03) are C*-algebra valued bipolar

metric spaces.

1. A covariant map is called left continuous at a point 09 € ¥ if for every € > 0 there exists a
8 > 0 such that ||o» (T8, To)|| < € whenever ||o1 (Y, 0)|| < 6.

2. A covariant map is called right continuous at a point oy € I1j if for every e > 0 there exists a
8 > 0 such that ||o» (%8, T0o)|| < € whenever ||o7 (8, 00)|| < 0.
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3. A covariant map is called continuous if it is left continuous at each %y € X1 and right
continuous at each 9y € I1j.
4. A contravariant map is called continuous if it is continuous as a covariant map.

3. Main Results

We start off the section by presenting a new notion C*-algebra valued bipolar b-metric
space as a generalization of C*-algebra valued bipolar metric space and also prove some
problems for fixed points in this space.

Definition 11. Assume that 2 is a unital C*-algebra with a unity Iy, b = Iy and 9, N are two
non void sets. A mapping o : M X N — A is such that

1. 0(9,0) =0y ifand only if & = o for all (8,0) € M x N,

2. 0(8,0)=0(00)forall 9,0 € MNIN;

3. 0(%,0) 2 blo(d1,01) + (02, 01) + 0(82,02)] forall (84,01), (92,02) € M x N.

Then (9, N, 2, o) is called C*-algebra valued bipolar b-metric space.

Remark 1. The space is joint if I NN # @ otherwise disjoint.

Example 1. Consider M = (—00,0],M = [0,00),A = Mp(R) and ¢ : M x N — A as
o(8,0) = diag{c1(|9 — o|)?,c2(|0 — 0|)P} where p > 1 and c1,c > 0.

Easily one can check that conditions 1 and 2 of Definition 11 are holds.

Using |01 — 02|p < 227 (|01 — 01]P + |92 — 01|F + |02 — 02|F) one can also prove third condition
where b = 221 So, (M, M, A, o) is a complete C*-algebra valued bipolar b-metric space.

Ifwe take 9 = 54,8, = 0,01 = 0,02 = 3, then o(d1,02) = 0(81,01) + 0(82, 01) + 0(B2, 02)
forall (81,01), (82, 02) € M x N. So, it is not C*-algebra valued bipolar metric space.

Remark 2. Taking b = I,9 = N, one can obtain C*-algebra valued bipolar and C*-algebra
valued metric spaces, respectively.

Definition 12. Let (M, N, A, o) be C*-algebra valued bipolar b-metric space and ag : M x N — A,
be a function. A covariant map | : (I, N) = (9M, N) is said to be ag-admissible if

ag(8,0) = Iy = an(J8,Jo) = Iy, 1

forall (8,0) € M x N.

Definition 13. Let (9, N, 2, o) bea C*-algebra valued bipolar b-metric space and ag : MM x N — A,
be a function. A contravariant map J : (9N, N) = (MM, N) is said to be wy-admissible if

forall (8,0) € M x MN.

Definition 14. Let (9, N, A, o) be C*-algebra valued bipolar b-metric space and | : (9, 9) =
(9, N) be a covariant mapping. If there exists two functions ag : M x N — A, and Py € ¥y
such that

ag(8,0)0(J9, Jo) = pa(c(d,0)), 3)

forall (8,0) € M x MN.
Then, we say that | is (g — Py ) covariant contractive mapping.
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Definition 15. Let (9, N, 2A, ) be a C*-algebra valued bipolar b-metric space and | : (I, N) =
(9, M) be a contravariant mapping. If there exists two functions ag : M x N — A/, and
P € Yo such that

g (9,

0)o(Jo,J9) < o (c(9,0)), 4)

forall (8,0) € M x N.
Then we say that ] is (agy — (o) contravariant contractive mapping.

Theorem 1. Let (M, N, A, o) be a joint C*-algebra valued bipolar b-metric space and | be a
(agy — o) covariant map satisfying Equation (3) with the following conditions:

1 ] is ag-admissible;

2. Thereis (09, 00) € M x N such that ag (8, 00) = Iy and ag (8o, Joo) = Ly,

3 ] is continuous.

Then | possesses a fixed point.

Proof. Suppose that (g, 00) € M x M such that ag(do, 00) = Iy and ag(dy, Joo) = Iy.
Now construct iteration sequences 9, = J9,_1 and 0, = Jo,—1. Then, clearly (9,, 0,) is
a bisequence.

Now
asg (Yo, y00) = Iy = as(JOo, Jno) = Lo,
asg (B0, 01) = a(do,Joo) = It = as(Jdo,Jo1) = asy (191/92) = Iy,
ag(01,01) = an(JOo, Joo) = Iy = 21(]1911191) wg (92, 02) = I,
ag(01,02) = ag (O, Jo1) = I = aa(Jth,Jo2) = (B2, 03) = Ia,
ag(02,02) = a(Jo1,Jo1) = I = au(JB2, Jo2) = au(¥3,03) = .

By continuing this process, we have

©)

“Q{(ﬁn+ll Qn+]) t IQI/ “Ql(ﬂnr Qn+1) i IQ[,VT’Z S N

Using Equations (3) and (5), for ¢ = ¢, and ¢ = ¢,,, we obtain that

(i1, 0n41) = (JOn, Jau) = aat(0n, 0n)o(JOn, Jou) = (0 (0, 0n))

Similarly, using Equations (3) and (5), for ¢ = ¢,_; and ¢ = ¢,,, we have

wo (051, 0n)0(JOu-1,Jon) = Paa(o(dn-1,0n))

By using mathematical induction, the above two inequalities imply that

o(Bns1,0n11) = i (0 (B0, 00)),

0(On, 0n41) = o(JOu—1,Jou) =

7 (On, Qnr1) = Py (o (Do, 01))- (6)

Now for n, p > 1, using Definition 11 and Equation (6), we have

blo(On,0n+1) + 0 (Ony1,0nt1) + 0 (Oni1, 0ntp)]

bl (9, 0u11) + 0 (Bur1, @ns1)] + V[0 (8ur1, 0ni2) + 0 (Bur2, Qny2)
U(ﬂn+2r Qn+p)]
blo(0n, 0n11) +

o n+1/Qn+l)] P[0 (Onrp1,0ntp) + T(Ontp, Qntp)]

p
Z bka n+k 1, Qn+k + Z b ‘7 n+k/ Qn+k)
k= k=1

Z bkl/)n+k 1 190, Ql + Z bk n+k+1( (190, QO))
k=1

—_
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Taking p — oo and using Definition 3, we have
o (S, 0ntp) — 0. (7)
Similarly, one can prove that
(T(l9n+p, Qn) — 0. (8)

From Equations (7) and (8), it is clear that (8, 0,) is a Cauchy bisequence. As the

space is complete, so (9,, 0,) biconverges. It means, there exists ¢ € 9t N N such that
9, — ¢and ¢, — ¢ as n — oo. Since the map J is continuous, so 9, — ¢ implies J¢, — J¢
and ¢, — ¢ implies Jo, — Jg.

By the uniqueness of limit, we obtain that J¢c =¢. O

Theorem 2. Let (9,91,2,0) be a joint C*-algebra valued bipolar b-metric space, and | be a
(wgy — o) contravariant map satisfying Equation (4) with the following conditions:

1.
2.
3

J is ag-admissible;
There is 9y € M with agy (g, o) = Iy;
] is continuous.

Then ] possesses a fixed point.

Proof. Assume that 9y € 9t with ag (8, J09) > Iy. Now construct iteration sequences
Oy = Joy—1 and 0, = JO,. Then, clearly (8, 0,) is a bisequence.

Now
wg (B0, 00) = a (B0, J00) = In = ag(Joo, J9o) = Iy,
ag(91,00) = Ioe = as(Joo, JO1) = as (P, 01) = I,
ag(d1,01) = Ioe = a(Jor,JO1) = an(d2,01) = Iy,
ag(d2,01) = It = as(Jo1,J02) = ag (92, 02) = Iy.
By continuing this process, we have
“91(1971/ Ql’l) t IQ[/“Ql(ﬁn—i-l/ Q}"l) t Im/vn e N (9)

Using Equations (4) and (9), for ¢ = ¢, and ¢ = 0,,—1, we obtain that

0(0n,0n) = 0(Jon-1,T0) = ag(On, 0n—1)d(Ton-1,T0) = P (d(On, 00-1))

Similarly, using Equations (4) and (9), for ¢ = ¢,,11 and ¢ = 0,,, we have

(811, 0n) = o(Jon, JOn) = aa((On, 0n)o(Jou, JOn) = (o (On, 0n))

By using mathematical induction, the above two inequalities imply that

(B, 0n) = Y5 (0(91,00)),0(Bus1,0n) = 95" (7(B0, €0))- (10)

Now for n, p > 1, using Definition 11 and Equation (10), we have



Mathematics 2023, 11, 2323 7 of 14
‘7(‘971/@”+p) = b[‘f( 1, 0n) (ﬂn-i-l/Qn) (1914+1/Qn+p)]
= b[o(On, 0n) +0(Ony1,0n)] + b? [U(ﬂnﬂf 0n+1) + 0(On+2, Qnv1) + 0 (Ont2, Qn+p)}
j b[(f( leﬂ (1911-1-1/@")] -+ bp[a(ﬁn+p/ Qn-l—p—l) +‘7(l9n+p/Qn+p)]
P
> Z bk‘T Ok Onrk—1) Z bka(ﬂl’l“"k/ Qntk)
k=1
< Z bk k+l 190, QO + Z bk k+l (1.91, QO))
Taking p — o0 and using Definition 3 , we have
o (O, 0nvp) — 0. (11)
Similarly, one can prove that
U(ﬁn-&-pr Qn) — 0. (12)

From Equations (11) and (12), one can easily check that (04, 0n) isa Cauchy bisequence.
It is given that the space is complete, so (9, 0,) biconverges. Therefore, there exists
¢ € MNNsuch that 9, — ¢ and ¢, — ¢ as n — oo. Since the map | is continuous, so
U, — ¢ implies 0, = J&;, — Jc and 0, — ¢ implies &,,11 = Jon — Jc.
From this, we obtain that J¢ = ¢. O

At the end of Section 4, we will present two examples that prove that Theorems 1 and 2
are independent of each other.

(P) Suppose there is z € M NN with agy(d,z) = Iy and ag(z,0) > Iy for all
(9,0) € MxMN.

Theorem 3. If in the conditions of Theorem 1 (or in Theorem 2), we add the condition (P) also,
then the uniqueness of the fixed point occuts.

Proof. Suppose, if possible, ¢ and ¢ are two distinct fixed point of |, then from the condition
(P), there exists w € M N N such that

ag (g, w) = Io, aq(w, @) = Iy. (13)
Since ] is wg-admissible, using above, we have
ag (g, J"w) = Ioy, e (J"w, @) = Ia, Vn € N. (14)
By Equations (3) and (14), we get

o(u, J'w) = ay(cw)o(Je, J(J" 'w))
=< pal(o(s, J" 'w))
= Py(o(c,w)).

Similarly, o (J"w, ¢) =< ¢ (o (w, ¢)).

Letting n — oo in the above inequalities and uniqueness of limit implies that
¢ = ¢@. So, | has a unique fixed point.

The proof is similar for contravariant mappings. [

Theorem 4. (Kannan Type) Let (I, N, 2A, o) be a joint C*-algebra valued bipolar b-metric space
and ] be a (ag — Wg) contravariant map with

ag(8,0)0(Jo,J8) = (e (8,]8) +0(]8,8)), (15)
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forall (9,0) € M x Nand

1. ] is ag-admissible;

2. Thereis 8y € M such that ag (o, JS) = I,
3. ] is continuous.

Then ] possesses a fixed point. In addition, if ag(g, ¢) = Iy where ¢ and ¢ are fixed points,
then the uniqueness of the fixed point occuts.

Proof. Let ¢y € M with ag (o, J¥y) = Iy. Now construct iteration sequences ¢, = Jo,,—1
and 0, = J¥,. Then, clearly (9,, 0,) is a bisequence.
From the proof of Theorem 2, we have

ao(On, 0n) = Ino(Jo, JO), o (0p41, 0n) = I,V €N (16)
Using Equations (15) and (16), for ¢ = ¢, and ¢ = 0,,—1, we obtain that

(7(1911/ Qn) = U(]Qn—lz 11971) = “91(1911/ Qn—l)o—(]Qn—lfjﬁn) = ¢Q{(U(l9n/ Qn) + ‘7(1911/ Qn—l))/

Using Definition 2, we have

c(@n,0n) = Pa(0(On,0n)) + P2 (0 (On, 04-1))
(I—9)o(On,0n) = Po(0(Bn,00-1))
o(Bn0n) = (I—va) P (0 (8 0u1))

Now assume that ¢o = (I — o) “Lipy = Yoo o iy < 0.
So, the above becomes

(0, 0n) = P (0 (1,00))- (17)

Similarly, using Equations (15) and (16), for ¢ = ¢, 1 and ¢ = 05, we have

0(On+1,n) = (Jon, ) = ¢’ (080, 0))- (18)

From Equations (16) and (17) and Theorem 2, (8, 0,) is a Cauchy bisequence. As the
space is complete, so (8, 0,) biconverges. It means, there is ¢ € 9 NN with ¢, — ¢ and
0n — gas n — oo. It is given that map | is continuous, so 8, — ¢ implies ¢, = J&, — Jg
and o0, — ¢ implies 0,41 = Joun — Jg.

From this, we obtain that J¢ = ¢.

Uniqueness:

Let, if possible, ¢ and ¢ are two distinct fixed points of J. Then

O o(c,9) =0c(Jc Jo)

ag (g, @)o(Je, Jp)

Ppa(oc(Js,6) +o(e, o))
0.

A TATA TR

This implies 0(g, ¢) = 0,50, ¢ = ¢. O

Theorem 5. (Banach—Kannan Type) Let (I, N, A, o) be a joint C*-algebra valued bipolar b-metric
space and ] be a (ag — Py ) contravariant map with

ag(8,0)0(Jo, JO) = ¢a(o(8,0) + o (8,]90) +o(Je, 0)), (19)

forall (8,0) € M x N, (I — o) o < LIy and
1. ] is wy-admissible;

2. Thereis Oy € M with ag (o, J¥) = Iy;

3. ] is continuous.
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Then ] possesses a fixed point.

Proof. Let ¢y € M such that ag(dy, J¥y) > Iy. Now construct iteration sequences ¢, = Jo,,—1
and 0, = J,. Then, clearly (9, 0,) is a bisequence.
From the proof of Theorem 2, we obtain that

a9 (O, 0n) = Ino(Jo, JO), ag (Ony1,0n) = I, Vn € N (20)

Using Equations (19) and (20), for ¢ = ¢, and ¢ = ¢,,—1, we obtain that

0-(1-971/@71) = U(]anlzjﬂn) = “Q((ﬁn/ anl)o'(]anl/]ﬂn) = lPQ{(U(ﬂn/Qn) + 20'(l9n, anl)),

Using Definition 2, we have

(@, 0n) = Pa(o(On 0n)) + 29 (0 (00, 00-1))
(I - 1P91)(7(19n/ Qn) = ¢Ql(a(l9n/ Qn—l))
(O, 0n) = (I—tpa) 2o (0 (8n, 04-1))

Putting o (2) = (I — ) "o
So, we

7 (Bn, 0n) 2 P(0(91,00))- (21)
Similarly, using Equations (19) and (20), for ¢ = ¢, 4; and ¢ = 0,4, we have

(811, 00) = o(Jon, JOn) = 4’2“(‘7(190/ 0))- (22)

From Equations (21) and (22) and Theorem 2, we conclude that (8,, 0,) is a Cauchy
bisequence. As the space is complete, so (9, 0,) biconverges. So, there is ¢ € M N N with
9, — ¢and ¢, — g as n — co. According to the hypothesis, the map | is continuous, so
0, — ¢ implies 0, = J¥, — Jg and 0, — ¢ implies 0,41 = Jou — Jg.

From this, we obtain that J¢ =¢. O

4. Consequences

Definition 16. Let (9, N, A, o) be C*-algebra valued bipolar b-metric space and | : (I, N) =
(9, N) be a covariant map. | is said to be Pg-type covariant contractive map if there is a function
s € Yo such that

o(J9,Jo) = pa(o(d,0)), (23)
forall (8,0) € M x MN.

Corollary 1. Let (9, M, A, o) be a joint complete C*-algebra valued bipolar b-metric space and
J (O, M) = (9, D) be a continuous Pg-type covariant contractive mapping, then | possesses a
fixed point.

Proof. Proof follows directly by taking ag (9, 0) = Iy in Theorem 1. [J

Definition 17. Let (9, N, A, o) be C*-algebra valued bipolar b-metric space and | : (9, M) =
(9, M) be a contravariant map. | is said to be Py -type contravariant contractive map if there is a
function Py € Yo such that

o(Je,J9) 2 ¢alo(¥,0)), (24)
forall (8,0) € M x MN.
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Corollary 2. Let (9, N, 2A, o) be a joint complete C*-algebra valued bipolar b-metric space and
J (O, M) = (9, N) be a continuous ey -type contravariant contractive map, then | possesses a
fixed point.

Proof. The proof is a consequence of Theorem 2 for ag (8, 0) = Iy. O

Corollary 3. Let (9,9,2,0) be a joint C*-algebra valued bipolar b-metric space and | be a
continuous contravariant map with

where Py € Yy, then | possesses a unique fixed point.

Proof. Taking ag (9, 0) = Iy in Theorem 3, proof follows. [

Corollary 4. Let (9, M, 2, o) be a joint C*-algebra valued bipolar b-metric space and ] be a continu-
ous contravariant mapping such that

o(Je.J9) = ¢pa(e(d,¢) +o(8,]9) +o(Je Q) (26)
where g € Yy, then | has a fixed point.

Proof. Putting wy (9, 0) = Iy in Theorem 4, result follows. [

Corollary 5. Let (M, N, A, o) be a joint C*-algebra valued bipolar b-metric space and | : (901, 91) =
(9, N) be a covariant mapping such that

o(J8,Jo) = Qo (8,0)Q, (27)

forall (8,0) € M x Nand Q € Awith ||Q]] < 1.
Then ] possesses a unique fixed point.

Proof. Taking ¢g = Q*tQ in Corollary 1. O

Corollary 6. Let (9, M, 2A, o) be a joint complete C*-algebra valued bipolar b-metric space and
J: (9O, M) = (9N, N) be a contravariant mapping such that

o(Je,J8) = Q0 (8,0)Q, (28)

forall (8,0) € M x Nand Q € Awith ||Q]| < 1.
Then | possesses a unique fixed point.

Proof. Making iy (9, 0) = Q*tQ in Corollary 2. [

Corollary 7. Let (9, M, A, o) be a joint complete C*-algebra valued bipolar b-metric space and
J: (O, M) = (9, N) be a contravariant mapping such that

o(Jo,J8) 2 Q[o(,]8) +o(Je, 0)l, (29)

for all (9,0) € M x Nand Q € Awith ||Q|| < 3.
Then | has a unique fixed point.

Proof. Making 1y (9, 0) = Q(t) in Corollary 5, the proof follows. [I

Example 2. Let M = (—00,0],9M = [0,00),2A = M;(C). Define o : (—o0,0] x [0,00) —
_[28—el> 0

M(C)aso(d,0) = 0 310 — o2

valued bipolar b-metric space, where b = 22P [ 5.

. Clearly, (9, M, A, o) is a joint complete C*-algebra
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Define JO§ = g,As, J(]0,00)) C [0, 00) and J((—o0,0]) C (—00,0], ] is covariant map.

ag(8,0) = Iy and (a) = 3.
Now, the left-hand side of Equation (3) becomes

STRETI
ag(8,0)0(J8,Jo) = 0 318 — ¢p
1 2
_ [318—d 0 } 30
[ 0 219 —of? 0

Now, the right-hand side of Equation (3) using Equation (30) implies

1 A2
Pa(o(d,0) = 2Fwog| m00m4

119 —of? 0
0 30— of?

9 —ol? 0 ]
=<
_[ 0 3[8—o

Therefore, Equation (3) holds. Since | is a continuous and ag-admissible. So, all the assump-
tions of Theorems 1 and 3 occurred.

Hence, | possesses a unique fixed point.

Clearly, O is the fixed point of |, which is unique in nature.

Thus, Theorems 1 and 3 are verified.

However, as J([0,00)) = [0,00) ¢ (—00,0] and J((—00,0]) = (=00,0] £ [0,00), So, ] is
not a contravariant map.

Hence, Theorem 2 cannot apply here.

Example 3. Let M = (—c0,0],91 = [0,00),A = My(C). Define o : (—c0,0] x [0,00) —
_[3l8—el> 0
M(C)aso(8,0) = 0 46—
valued bipolar b-metric space, where b = 22F Iy.
Suppose JO = =2, a9(9, 0) = Iy and p(a) = £.
Now, the left-hand side of Equation (3) becomes

o 2] . Clearly, (9, M, 2, o) is a joint complete C*-algebra

7 7
319 —o|? 0
— 72| Q
[ 0 %lﬁ_dz 31)

Now, the right-hand side of Equation (4) using Equation (31) implies

3|2 — 22 0
ag(8,0)0(Jo, JO) = l|7 0 7| 42— =2 2]

_ 1[3[9—of 0
) = 3700 4,0
2|6 — ol 0 {W@F .0 }
0 Zl0—o*| — 0 3lo—of

So, Equation (4) holds. Since | is a continuous and wg-admissible. So, all the assumptions of
Theorems 2 and 3 occurred.

Hence, | possesses a unique fixed point.

Clearly, 0 is the fixed point of |, which is unique.

Thus, Theorems 2 and 3 are verified.

However, as J([0,00)) = (—00.0] Z [0,00) and J((—o0,0]) = [0,00) L (—00,0], so [ is not
a covariant map. Hence Theorem 1 cannot be applied here.
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5. Well-Posedness of Fixed Point Problem

Theorem 6. Let (M, N, A, ) be a joint complete C*-algebra valued bipolar b-metric space and
J: (M) = (M,MN) bea (Dég[ — Py ) covariant contractive mapping such that condition (P)
is hold and (I — o (b)p3) ! exists. If ag(8,6), a (g, 0) = Iy for all (8,0) € M x N, where
Jc = ¢. Then the fixed point problem of | is well-posed.

Proof. From the Theorems 1 and 3, | has a unique fixed point say ¢. Now, let us assume
that (9, 04) is a bisequence in 9 x N such that o (8, Jon) — 0 and o(JOy, 0,) — 0 as
n — oo. Then

(O, ¢) blo(On,Jon) + (6, Jou) + (g, 6)]
b[o(On, Jon) + asi (g, 0n)(J6, Jou)]

blo(0n, Jou) + (o (g, on))]- (32)

A TATA

Similarly,

blo(g,¢) +0(JOu,¢) +0(JOu, 0n)]
blo(JOu, 0n) +aa(Qn, 6)o(JOu, Jg)]
blo(JOn, 0n) + Pa(o(On,¢))]- (33)

Now, by using Equation (33) in (32), we get 0/(d,¢) < (I — o (b)y3) 1 [bo (0, Jou) +
Y (b9, 00))]

Taking n — co, we get
0(8y,6) — 0.

In a similar way, one can prove easily that (g, 0,) — 0. Thus, the fixed point problem
of ] is well-posed. [

o(g, on)

PPN

Theorem 7. Let (M, N, A, o) be a joint complete C*-algebra valued bipolar b-metric space and
J o (90,0) = (M, N) bea (g — Py ) contravariant contractive mapping such that condition
(P) is hold and (I — b(1pg)) ! exists. If ag(9,¢), a (g, 0) = Iy forall (8,0) € M x N, where
Jc = ¢. Then the fixed point problem of ] is well-posed.

Proof. From the proof of Theorems 2 and 3, | possesses a unique fixed point, say c.
Now, let us suppose that (8,,0,) is a bisequence in M x N such that o(dy, J8,) — 0
and o(Jon, 0n) — 0 as n — oo. Then

0(0n,6) = blo(On, J0u)+0(g, JOu)+0(g,0)]
= blo(On, JOu) + aa (O, 6)o(Jg, JOn)]
= blo(On, ]l9n)+ 2( (6, 0n))]
o(8u,6) = (I—b(ya)) 'b(c(8n JB2)) (34)

Taking n — oo, we get
o(0,6) — 0.

In a similar way, one can prove easily that c(¢, 0,) — 0. Thus, the fixed point problem
of [ is well-posed. O

6. Ulam-Hyers Stability

Let (91,91, 2, o) be a joint complete C*-algebra valued bipolar b-metric space and
J (O, M) = (901, 91) be a mapping. Let us consider the fixed point equation

Je=¢cceMnNN, (35)

and for some e > 0

[lo(w, Jw)|| <& forw e Mor ||c(Jw,w)|| < e forw e N. (36)
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Any pointw € MUMN, which is a solution of the Equation (36), is called an e-solution of
the mapping J. We say that the fixed point problem (35) is Ulam-Hyers stable in C*-algebra
valued bipolar b-metric space if there exists a function 3 : [0,00) — [0, 00) with 3(t) > 0
when t > 0, such that for each ¢ > 0 and an e-solution w € 9t U N, there exists a solution ¢
of the fixed point Equation (35) such that

o (g, w)l| < 3(e) or [lo(w, g)|| < 3(e)- (37)

Theorem 8. Let (M, N, A, o) be a joint complete C*-algebra valued bipolar b-metric space and
J 2 (90,M) = (M, N) be a contravariant mapping satisfying Equation (4) and if O = © then
a9 (9,0) = Iy forall 0 € Mand ag(0,8) = Iy forall ¢ € M. Suppose that (I —b)~! exists
(where I< b) . Moreover, the onto function 7 : [0,00) — [0, 00) such that 7t(t) = At(A > 0) is
strictly increasing, then the fixed point Equation (35) of | is Ulam—Hyers stable.

Proof. Let ¢ > 0 be arbitrary and w is a e-solution with w € 91 that is ||o(w, Jw)|| < e.
From Theorems 2 and 3, we obtain that | has a unique fixed point ¢ € M N N. Now, as |
satisfies Equation (4), by using the fact that iy (f) < t, we have

o(w,6) =2 blo(w,Jw)+o(g Jw)+0o(g6)]
= blo(w, Jw) + (g, o)
= b[a(w,]w)+¢xg[(w,g)a(]g,]w)}
< bofw, Jw) + pa((w,))]
(1-b)o(w,g) = bo(w,]w)
o(w,g) = %a(w,]w}
@l < llr sl Jw)l)
ool <l
Applying 77, we get
mllo(@,6) 1) = Mio(w,0)ll < Al
This implies that
lo(w,0)ll < 7 Al 1 o).

where 771 (t) = 3(¢).

Therefore, Equation (37) is satisfied. Similarly, we can prove that if w be an e-
solution with w € M that is ||c(Jw,w)|| < 3(¢). So, the fixed point Equation (35) of |
is Ulam-Hyers stable. [J

Remark 3. In the above theorem for each e and e-solution, if we take 3(t) = w1(t) (as defined
above), then there exists a solution of Equation (35) such that Equation (37) is satisfied.

7. Conclusions

We put forward a novel idea of C*-algebra valued bipolar b-metric spaces in this
document. We derived fixed point results in the aforementioned spaces by using (xg — )
contractions. Our outcomes generalized some previously published insights. The obtained
results have been utilized to establish Ulam—-Hyers’ stability and the well-posedness of
fixed point problems. Some examples are also given to demonstrate our research results. It
will be an open problem to generalize our outcomes to other contractive conditions in the
context of C*-algebra valued bipolar b-metric spaces.
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