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Abstract: In this work, we find analytical solutions to the Chavy-Waddy-Kolokolnikov equation, a
continuum approximation for modeling aggregate formation in bacteria moving toward the light, also
known as phototaxis. We used three methods to obtain the solutions, the generalized Kudryashov
method, the e*R(é)-expansion, and exponential function methods, all of them being very efficient for
finding traveling wave-like solutions. Findings can be classified into the case where the nonlinear
term can be considered a small perturbation of the linear case and the regime of instability and pattern
formation. Standing waves and traveling fronts were also found among the physically interesting
cases, in addition to recovering stationary spike-like solutions.
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1. Introduction

Bacteria have evolved various mechanisms to adapt and survive in their environments,
such as migrating towards regions with higher nutrient concentrations or better living
conditions. Chemotaxis is a common adaptation where bacteria sense and respond to
chemical gradients, moving towards a region with a higher concentration of a particular
substance. Another adaptation is phototaxis, which involves the movement of photosyn-
thetic, motile organisms towards light. Both chemotaxis and phototaxis play important
roles in evolutionary and ecological processes. Chemotaxis has been extensively studied in
biology and mathematics, with the Keller-Segel equation being one of the earliest and most
well-known models [1]. This equation consists of a reaction—diffusion-advection-like equa-
tion for bacterial density containing a function for chemotactic sensitivity, another function
for the production and death of individuals, and a cross-diffusion term that couples with
the concentration of the chemical signal that has its kinetics [2]. On the other hand, from a
biological perspective, it has been verified that for the successful realization of phototaxia,
the presence of both photoreceptors and pili is crucial, as they play a key role in facilitating
its progression [3], which proved to be fundamental in agent model simulations [4]. From
mathematical modeling, there is a series of papers, where D. Levy et al. [5-10] proposed
some models to describe how phototaxis bacteria behave based on some basic features
extracted from observations and experiments. The tools range from stochastic equations,
particle models, kinetic models, to master equations in terms of probabilities and partial
differential equations (PDEs). Group dynamics is a crucial feature in this system and was
encoded through an internal degree of freedom called excitation [6,9]. Some models show
additional internal variables involved with excitation, such as rotation; it was found that the
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sensitivity to perform phototaxis decreases if there is no rotation of the colony [11]. Among
Levy’s papers, there are two relevant PDE models, the first being a reaction—diffusion
equation system for bacterial concentration, excitation, and substrate memory derived
as a continuous limit of a stochastic model [5,6]. This resembles the chemotactic model,
which has also been adapted to analyze phototaxis [12,13]. The second model involves
local interactions by means of a proposed system of master equations for the probability
of finding bacteria in a particular state. Such a system includes reaction—diffusion, persis-
tence, and sticking terms [9,10]. From the latter, Chavy-Waddy and Kolokolnikov (CWK)
proposed a simplified system of equations for the probability that the bacteria move and
obtained a fourth-order nonlinear partial differential equation, only depending on one
parameter that combines the probabilities of moving to either side, staying, or changing
direction according to the sensing distance [14]. The resulting model is of swarming type
for bacterial aggregation, like the Cahn-Hillard equation [15]. The stationary solution
coincides with a state of particle aggregation, for which Taranets and Chugunova [16]
studied the rate of convergence and the existence of non-negative solutions. Recently, the
physical characteristics of the bacteria, such as their shape and the way the flaps work, are
also being explored for increasingly accurate models of phototaxis [17]. The CWK equation
includes a reverse diffusion term, a fourth-order term related to a long-range effect term,
and a nonlinear term with a unique parameter that considers the aggregate extent and
whose value determines the instability region for structure formation.

In this paper, we solve the CWK equation for propagating non-deformable pulses,
employing three generalizations of Kudryashov’s method. The Kudryashov method is
highly efficient for finding exact solutions to nonlinear differential equations. It has a wide
range of applications, from physics, engineering, mathematics, and biology. Particularly
in biology, it was used to delve into nonlinear phenomena, such as the study of HIV-1
infection [18], population dynamics [19], etc. These methods are suitable for describing
soliton-like traveling wave solutions that have a clear biophysical interpretation in the
present model.

The article’s structure is the following. We present the CWK phototaxis model that will
be solved in Section 2. Section 3 provides an overview of the methods employed, including
the solutions found in each case and some graphical representations of important cases.
In Section 4, we highlight the importance of our solutions and discuss the overall results.
We also present five appendices with the largest expressions and additional results. Our
findings provide a collection of exact solutions for studying phototaxis from the reduced
CWK one-dimensional model.

2. Mathematical 1D Model of Aggregation in Bacterial Colonies

As mentioned previously, Chavy-Waddy and Kolokolnikov proposed in [14] a non-
linear parabolic fourth-order partial differential equation for modeling the movement of
phototaxic bacterial aggregates using the random models proposed by Levy et al. The
CWK formula is as follows:

UxUxx
=), @

The first two right-hand terms are similar to reverse diffusion and a long-range
term. Reverse diffusion occurs when transport is towards zones where the concentration
gradient is high, opposite to what happens in diffusion. This is the case, for instance, in
the Cahn-Hilliard equation for the phase separation process [15,20]. The fourth-order term
is sometimes associated with long-range terms where the influence of distant neighbors
on the concentration at a given point is considered [21,22]. Both terms balance each other;

while the inverse diffusion destabilizes the system, the fourth-order term stabilizes the

Up = —Uxx — Uxxxx + tX(
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higher Fourier modes. The third term is the one containing the nonlinearity and the only
parameter of the model, &, which controls the size of the aggregate and is given by

B c(2d +1)(d+1)2
T T+ d(+2d+3)] — 2a)’ @)

where the constants are given in terms of the simplified Levy’s master equation [9]. a is the
jump rate at which the bacterium moves, preserving its orientation, c is the rate at which it
moves after switching to a new orientation, and d is the bacterium’s sensing radius. The
model given by Equation (1) is similar to the swarming models of biological aggregation
based on attraction-repulsion forces [23,24]. However, it is a way simpler since it only
involves a single equation with stationary finger-like solutions, as found in the experiments.
The stationary finger-like solution found in [14] is as follows:

SR

u(x,t)y=A [sech( ©)]
where A is a real normalization constant, and only depends on the value of «. We note that
« = 11is a particular value; indeed, in [14], it is shown that @ > 1 is necessary to obtain
the steady state since it is obtained in the unstable regime when c > 2a/d, where patterns
can occur; see Appendix A. Some extreme cases satisfy this condition when the motion
rate after changing orientation becomes very large ¢ — co. If the bacterium stops without
changing orientation a = 0, one obtains a > [(1 +d)?(1+ 2d)]/[1 + d(3 + 2d + d?)]. From
this, three cases follow depending on the value of the sensitivity distance. If d = 1, then
a > 12/7;ifd — oo, thena > 2;if d = 0, then « > 1. In all these cases, the unstable
threshold is fulfilled in general when a > 1.

The simplest case is when & = 0, where Equation (1) reduces to uy = —uyx — Uxxxx,
which only has a contribution to the flux due to inverse diffusion and long-range terms.
It is a linear equation that conventional methods can solve; nonetheless, the methods
used in this paper also give additional solutions, so we will present them for the sake
of completeness. Appendix B presents the solutions of the case & = 0 by the method of
separation of variables and comparison with some of the solutions obtained here. The
nonlinear equation is not straightforward to solve by the usual methods, so for non-zero
« cases, solutions are obtained by the methods explored herein and include two regimes,
0 <a <1land a > 1, being the most relevant cases.

Finding the stationary solution of Equation (1) is accomplished in [14] by reducing
the order of the equation and then studying the orbits of the system, which involves the
following transformation u(x,t) = e’ and Equation (1) becomes

Vf = —U2 — Uyy — Uxaxx + (46 — 6)0205x + (& — 4)0x0pxr + (& — 3)0%, 4 (x — )0k, (4)

In this equation, there seem to be four particular values of «. However, when changing
to z = vy, the corresponding equation has only two characteristic values for « = 1,3.
Indeed, for &« = 3, the equation for z can be easily integrated, as found in [16], where
they also analyze the stability of some stationary state families of the CWK equation.
Moreover, time-dependent solutions were presented, giving their convergence rate to the
stationary case.

In the next section, we will present some stationary and time-dependent solution
families, each obtained with the so-called Kudryashov method. Since Equation (1) is of the
parabolic type, and it is well known that parabolic equations admit traveling wave-like
solutions as in [25,26], we expect that the CWK equation also admits soliton-like solutions
suitable to be found with the Kudryashov method. To do so, we use Equation (4) and make
the following variable change ¢ = x — wt, under the assumption of traveling-wave-like
solutions, resulting in the following:

wog — vé — Vgr — Vgaze + (4o — 6)1%0@3 + (@ — 4)vgvees + (2 — 3)0%5 + (& — 1)0% =0, (5)
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where w is the constant wave velocity. Lastly, we substitute ¢ (&) = v to obtain a simplified
version of Equation (5):

wp — ¢ — Pz — peee + (4o — 6)¢ e + (a — 4)Ppee + (a — 3) (e)* + (a — 1)¢p* = 0. (6)

We will present in the next section the methods used to solve Equation (6), and hence
Equation (1), and the collection of families that each technique will produce.

3. Methods and Solutions

In this section, we will describe briefly each of the proposed methods, their application,
and the families of solutions obtained by means of them.

3.1. Brief Description of the Generalized Kudryashov Method

The purpose of this section is to present the algorithm of the generalized Kudryashov
method for finding exact solutions of nonlinear evolution equations, such as Equation (6),
consisting of the following steps:

Step 1: We assume the exact solutions to Equation (6) can be formulated as follows:

N, @Q(8)

@)

where a; and b; are arbitrary constants with ay # 0, by # 0, and the function
Q(&) satisfies the next differential equation [27]:

Q=0Q0-Q ®)

The relation between integers N and M can be established by considering the
homogeneous balance between the higher-order derivatives and the nonlinear
factors in Equation (6). In our case, N =2and M = 1.

Step 2: Next we substitute both ¢, given in Equation (7), and its derivatives ¢z, ¢gz, - . ., in
Equation (6) to obtain the polynomial equation:

P(Q(¢)) =0. )

Step 3: We select all the terms having the same algebraic power in Q from the polynomial
Equation (9), setting them equal to zero, and obtain a system of algebraic equations
with the following set of unknowns, {ag, a1, a2, by, b1, w} depending on the value
of a. We use algebraic manipulation software such as Mathematica to solve
the system with the model constraints, considering that a; # 0 and b; # 0 are
also required.

Step 4: Using the previous results and considering Equation (7) together with Equation (8),

we obtain the possible exact solutions of Equation (6) and consequently those of
Equation (1).
Due to the fact that the generalized Kudryashov method is defined by the rational
form of finite series given by Equation (7), it provides a greater number of exact
and more general solutions in an identical manner as the classical Kudryashov
method, which is a significant advantage [28].

Solutions Obtained by the Generalized Kudryashov Technique

The system of nonlinear algebraic equations resulting from this method is shown in
Appendix C in Equation (A27). Next, we present the solutions obtained for different values
of the parameters. The first set of solutions is for « = 0.
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Solution 1. If o = 0, we have ag = ag, a1 = —ay — by, ay = a, by = ag, by = —ay, and w = 2,
from which we obtain the solution

up(x,t) = cosh(2t — x) — sinh(2t — x) + 1. (10)

Solution 2. If & = 0, we have ag = 0, a; = —by, ap = ap, by = by, by = —ap, and w = -2,
from which we obtain the solution

up(x,t) = —sinh(2f + x) + cosh(2f + x) + 1. (11)

Solution 3. If & = 0, we have ay = 0, a1 = 0, ap = 2by, by = by, by = —ap, and w = —10,
from which we obtain the solution

us(x,t) = — sinh(20t 4 2x) 4 cosh(20t 4 2x) — 1. (12)

Solution 4. If « = 0, we have ag = 2by, a1 = —4by, ap = 2by, by = by, b1 = —ap, and w = 10,
from which we obtain the solution

uy(x,t) = sinh(20f — 2x) — cosh (20t — 2x) + 1. (13)

In all cases, non-stationary waves propagating in different directions were obtained.
To illustrate, let us consider Solution 4. In Figure 1, we show the plot of traveling wave
solution uy(x, t).

X

Figure 1. Solution 4 for « = 1. Although no aggregate is produced, the wavefront propagates to the
right with velocity w = 10.

Next we present the solutions for a # 0.

b (a1b1—azbp)

Solution 5. If & = 1, we have ag = 72 , a1 = ay, ay = ap, bg = by, by = by, and
1

w = 0, from which we obtain the solution

1 1 4 —4bq (2
us(x) = cosh<4x(ﬁ + x)) - sinh(4x(,8 + x)), g — 2n2bo 1212( Rl VY
1
Solution 6. If & > 1, we have ag = %(—2111 —ap), 41 = ay, ay = ap, by = —ay — %az,
by = —ay, and w = 0, from which we obtain the solutions
1
ug(x) = Ccosh(yx), C#0 and v=+ (15)

a—1
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Solution 7. If o > 1, we have ay = %az, a = —ap,ap = ay, bp = —ay — %az, by = —ay, and
w = 0, from which we obtain the solutions
. 1
u7(x) = Csinh(yx), C#0 and v=+——. (16)

a—1

Solution 8. If & > 1, we have ag = 1(—2a; — a), a1 = a1, ay = ap, by = % (a — 1)(2a; + a2),
by = %(uc —1)ay, and w = 0, from which we obtain the solutions

I

ug(x) = Csech™(yx), C#0, m= and vy = (17)

2

x—1 2

Here only stationary solutions with w = 0 were obtained, recovering especially the
finger-like distribution from [14] in Solution 8. Figure 2 shows that the bell-shaped curve’s
distribution becomes progressively wider as the value of alpha increases. This suggests
that the bacteria exhibit a preference for being farther away. In other words, as alpha
increases, the bacteria tend to distribute themselves over a larger area, indicating a lower
degree of clustering.

1.0

0.8

0.6

ug(x)

0.4

0.2

00} ~===sss —

Figure 2. Solution 8 reproduces the stationary finger-like distribution obtained in [14]. Values of
a =1.1,3.1,6.1 are presented. As a grows, the distribution becomes increasingly wider.

Earlier, we mentioned that when a« = 3, Equation (4) for vy can be directly integrated.
For this special case, the following solutions were found.

. 1 1
Solution 9. If & = 3, we have ay = 12_”72\/5, a = —3(\/34—3)&2, ay = ap, bg = —ay — 343,
by = —ap,and w = 3%@, from which we obtain the solution

e%_é (63‘t/§ + e">
Z49(95/ t) == i (18)
(2\6 - 3)63\/3 + (2\6 + 3)ex

Solution 10. If « = 3, we have ay = m, a; = %(ﬁ —3)ap, ap = ap, by = —ay — %az,

bi=—m, BeR h=+1,and w = —Slﬁ,fmm which we obtain the solution
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t t

uyo(x,t) = ﬁ[sinh(m +hx) +cosh(3\/§ —l—hx) + 1} [ﬁsinh(ﬁtﬁ +hx>

t 2i 1 . t
+\@cosh(m + hx) +7V3+ 12} [(2\/§+ 3) (smh(m + hx) (19)
+cosh(t + hX>> +26\f3+45} _%_ﬁ [cosh(t + hx) — sinh(t + hx)]
3V3 9 3 9" 3

Solution 11. If « = 3, we have ay = i%(\/giZ)aZ, a = q:%(ﬁis)az, ay = ap,
bo=x(a—1)(2a; +az), by = 3(a — 1)ay, and w = :F;W,from which we obtain the solution

upr, (%, 1) = :F<3tanh<118(\f3ti9x>> +2\/§>e¢555. (20)

The above solutions exhibit similar behaviors at different scales. Although they have
exponential growth, near zero, there is a small propagating pulse. To illustrate this, we
consider the solution 111 _(x,t). In Figure 3, we present the graph of the traveling pulse of
Solution 11; notice how it moves to the right.

X
Figure 3. Solution 11 where a small pulse propagates to the right with velocity w = ﬁ

Since the method allows specific solutions for particular values of the parameters, here
we present the stationary solution for « = 5, being a particular case for & > 1.

Solution 12. If « = 5, we have ay = %az, ay = —ap, ap = dp, by = %((x —1)(2a1 + ap),
by = %(uc —1)ay, and w = 0, from which we obtain the solution
sinh(%) + cosh(%
ui2(x) = ) ) : (21)
\/—2 sinh?(x) — 2 sinh(x) cosh(x)

3.2. Brief Description of the e~ R(%)-Expansion Method

Among the methods for finding analytical solutions to nonlinear equations is the
so-called e*R(é)—expansion, which has been used to find solitary wave-like solutions in
some fluid problems [29,30].
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Step 1:

Step 2:

Step 3:

Step 4:

The e~ R(®)-expansion method assumes that the solution of Equation (6) is ex-
pressed as

N
=Y a;(e R©) (22)
i=0

where g; is an arbitrary constant with ay # 0, and the function R satisfies the
following differential equation [31]:

Reg=A+ yeR@ + e R(©), (23)

Consequently, the function R can be given by

A2—4ytanh( 1 A)\/A2—4
In *mta (22f+ : V> ﬁ‘) ifA% —4p >0, u#0
A2—4 h A
T (2§l§+ )W) 2A> A% —4p >0, p#0
14— A)\/4p—A2
n \/Ttan( ¢+ V=22 2A> ifA2 —4p <0, u#0
R(¢) = . (24)
a=2 cot(} (6+A)\/4u—17)
n \/Tcot(zz(i+ V-2 ZA) ifA2 —4p <0, u#0
—ln(W) fp=04>0
_20(E+A)+2) i 2 —dp =
In(- 2565 AFO A A0
In(& + A) fp=0A=0

As previously said, to compute the positive integer N, consider the homoge-
neous balance between the higher-order derivatives and the nonlinear parts in
Equation (6). In this case, N = 1.

In this method we consider ¢ given in Equation (22) and the necessary derivatives
¢z, Pez, - - -, then we substitute them into Equation (6) to obtain the following
polynomial equation:

p@*“ﬁ):o. (25)

We select from the polynomial Equation (25) all terms having the same algebraic

power of e R(€), set them equal to zero, and obtain a system of algebraic equa-
tions with the set of unknowns {4y, 11, w} depending on a. In the same way as
the previous method, we use Mathematica to solve the system with its natural
constraints, assuming a; # 0.

With the results obtained in the previous step and taking Equation (22) along with
Equation (23), we obtain the possible exact solutions of Equation (6), and hence
those of Equation (1).

Solutions Found by the e~ R(¢)-Expansion Method

The resulting nonlinear algebraic system of equations resulting from this method is
presented in Equation (A28) of Appendix D; here we present the solutions obtained by this
method. First for the case & = 0:

Solution 13. If o« = 0, we haveap = 0,41 =1, A >0,y =0, and w = —A3— A, from which
we obtain the solution

us(x,t) = oMW+ )tx) e, AeR. (26)
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Solution 14. Ifa = 0, we have ag > 0, a1 = 1, A = ag, 4 = ag(A — ag), and w = 6agA? —
12a3A + 8a3 + 2ag — A% — A, from which we obtain the solution

ua(x,t) = — sinh(ao(x + A) — adt(a3 + 1)) - Cosh(ao(x + A) — adt(a3 + 1)) +1, AeR. (27)

The first two solutions are similar to u4(x, t), with wavefronts propagating to one side.
Figure 4 shows, with fixed values of the parameters, a constant unit density over time.

uia(x, 1)

X 40

Figure 4. Solution 14 for A = 1 and a9 = 1. Propagating wave front behavior is observed.

Solution 15. If x = 0, we have ag = ag, ay =2, A = ag, p = %(a% +1), and w = 0, from which
we obtain the solution

2
u5(x) = <sin(x—;A> —aocos<x+2A)> , A€eR (28)

The solution u15(x) is an oscillatory function; evidently, the constants A and ag are
the phase and amplitude of a standing wave. Notably, this solution arises only from the
reverse diffusion and the fourth-order term. Thus, although each maximum represents the
bacterial concentration, this distribution is preserved from the beginning of the process.

This method made it possible to find two stationary solutions for « < 1. While this
clearly does not correspond to the region of instability, and therefore we cannot expect the
formation of aggregates, we can think of a as a perturbation parameter in an intermediate
region between reverse diffusion alone and pattern formation.

2ay _ 2a3+m
a7 2q2

Solution 16. If o =1 — %, we have ag = ag, a; > 0, A = ,and w = 0, from

which we obtain the solution

u6(x) = (ﬁsin(%) —Zao\/ZcosCi/%)) , AeR. (29)

Particularly, it makes sense for a1 > 2, which implies « < 1.
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Solution 17. Ifa = %, we have ag = ag, a1 = 3, A = 23@, U= 11—8(201% +3), and w = 0, from
which we obtain the solution

uy7(x) = (J@sin(x\%A> — 24 cos(xf[6A>>3, AeR. (30)

Interestingly, the solutions in this regime are also oscillatory, with Solution 16 having
the same structure as u17 for even values of a;. However, for odd a1, negative values occur,
and the parity of 2; must be considered to interpret 114 as a distribution.

Figure 5 illustrates the solution with different values of a1, which represents stationary
distributions of bacteria aggregates. As the value of a; increases, the number of bacterial
aggregates decreases while the amplitude of each curve increases. This leads to a higher
density of bacteria within each curve.

100}» i\ 1’“\ ]
: ,I \“ ’: \‘ a =2 '
0 = fh e
r ,' ‘\ ", l“ ------ a =6 :’
60} P — !
k) r f 1 ,' “ 1
2 L " ‘| 'l || ,'
= 40 ! ' : \ i
r e ' -~ \ -~ !
i / Yo /Y Vol
207, ',' \ \‘ / ’-'\ g \ ;
,\ /' \ . 1’ \\
N /l ‘\ / ) \ / ’\
0 N A N DU = PO N P - < —
o 5 10 15 2 25 30
X

Figure 5. Solution 16 for fixed A = 0, ag = 2, and a7 = 2,4, 6, where increasing the value of a;
increases the amplitude of each curve.

Finally, in the region of structure formation, when & > 1, we obtain five stationary
solutions, which also depend on method parameters.

. 202 +a
Solution 18. If &« > 1, we have ay = agy, 4 = —a%l,)\ = 2%, p= gaz L and w = 0, from
1

which we obtain the solution

e*\/zxfl _ e\/afl
voa—1

2
Ta—1
upg(x) = +a0e%V“(A“)(Hev"‘l(f‘*x))] , AeR. (31)

Solution 19. Ifa > 1, we have ag = ag, a1 =1, A = 2ap, yp = a% — 11—“, and w = 0, from which
we obtain the solution

1 : x+A x+A
ulg(x)—\/msmh(\/m)q:aocosh(ﬁ) A€eR. (32)

Solution 20. Ifoc:1+ai2 > 1, we have ag > 0, a1 = 1,A:2a0,y:a%—ﬁ,andw:0,

0
from which we obtain the solution

Uz (x) = e~ (1 - e2“0(A+x)), AER. (33)
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2
Solution 21. Ifa =1 — %, we have ag < 0, a7 = —Za%, A= 251—”10, U= 2”3;%”1, and w = 0, from
which we obtain the solution
_x+A 2
up(x) =e 0 (1—¢ o )™, AeR (34)
Note that given the restriction for a;, o =1+ alz > 1.
1
. 2 2
Solution 22. Ifa =1 — %, we have ag = ag, a1 < 0, A = 2{%, U= ag;gal, and w = 0, from

which we obtain the solution

ay
[ 2 A A
uxp(x) = ( —aal cosh( xj2a1> + 2ag sinh(j%)) , AeR (35)

Note that w > 1, given that a; < 0.

Some of the solutions are exponential, but there are also spike solutions, as in Solution 18.

Figure 6 illustrates, for « = 5, that the distribution of the bacterial population takes a
bell-shaped curve in the steady state. In this scenario, the bacteria form an aggregate, and
the density of the aggregate is determined by the value of 4. When this value increases,
the distance required for the bacteria to join and form an aggregate also increases. As a
result, the bacteria are farther apart from each other, leading to a lower overall density
of aggregates.

4
ap = 1.85
3 e agp =23
------ ap =40
=
=P
=
1 RN
/ \
7=l N
- RIS
0 e = =~ 7 T T T e
-6 -4 -2 0 2 4 6
X

Figure 6. Solution 18 for fixed A = 0 and « = 5. We show tree cases for ay = 1.85,2.3,4, as ag
increases the amplitude of the spike decreases.

3.3. Brief Description of the Modified Exponential Function Method

The Exp-method was introduced to find solitary, compact, and periodic solutions of
nonlinear wave-like equations [32]. It has been applied, for instance, to obtain soliton-type
solutions for the Allen-Cahn equation, a reaction—diffusion equation describing phase
separation in multi-alloy systems, and plasma dynamics [33]. The algorithm of the method
is given below.

Step 1: We assume the exact solutions to Equation (6) can also be formulated as follows:

(P(g) = Z]Aio bi((i‘_Q(@)jl (36)
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where the a; and b; are arbitrary constants with ay # 0, by # 0, and the function Q
satisfies the differential equation [32,33]:

Consequently, the function Q satisfies the same differential equation given in Equation (24).
The integers N and M that appear in this method can be determined in the same way as
before by considering the homogeneous balance between the higher-order derivatives and
the nonlinear factors in Equation (6). In this case, N =2 and M = 1.

The second, third, and fourth steps of the current procedure are identical to those outlined
in Section 3.2.

Solutions Found by the Modified Exponential Function Method

The nonlinear algebraic system of equations necessary to obtain solutions according
to the exponential function method can be seen in Equation (A29) of Appendix E. Next we
show the solutions we obtain by this method. For « = 0, we find three stationary and three
traveling solutions below.

ﬂ%+b%

Solution 23. IfDC =0, apg — 0, ay = aq, ap = Zbl, bo =0, bl 7'é 0,A = ;%, H = a2 and
1
w = 0, from which we obtain the solution
A AN\?
up3(x) = <a1cos<x+ )—blsin<x—; >) , A€eR (38)

Solution 24. Ifa = 0,a9 #0,a1 =0, a5 = —%0, bp=0,b; = —’;—0, A=F/4u—-1,u#0
and w = 0, from which we obtain the solution

Uy (x) = %<\/4y —1lcos(x+ A) £sin(x + A) + /4u — 1), AeR (39)

Solution 25. Ifa =0,a9 #0,a1 =0, a, = —%0, by =0,b = —%’,)L =./4u—1,u # 0and
w = 0, from which we obtain the solution

ups(x) = %<\/4]4 —1lcos(x+ A) —sin(x + A) + /4y — 1), AeR. (40)

Solution 26. If « = 0, a0 = 0, a1 = ay, ap = by, bp = a1, b1 #0, A # 0, p = 0and
w=—-A3—, from which we obtain the solution

1zg(x, ) = sinh(AA) + cosh(AA) + sinh(A4t S A%+ Ax) — cosh (/\4t F A%+ Ax), AER (41)

Solution 27. If « = 0, a9 = 0,41 = 0, ap = by, by = blT)‘, b1 #0, A #0, u = 0and
w = —2(4A3 + 1), from which we obtain the solution

127(x,t) = sinh(2AA) + cosh(2AM) + sinh(16A4t AN+ 2Ax) - cosh(l6)\4t ANt + 2Ax>, AcR. (42

Solution 28. If &« = 0, a9 = 0, a1 # 0,4, = by, by = 0, by # 0, A = %,y = 0 and
al(a%+b%)

o from which we obtain the solution
1

g (x,t) = sinh(—/\A FAZAZ 4 1)t — /\x) - cosh(—/\A FAZAZ 4 1)t — Ax) +1, AeR (43)

In this case, we have three standing wave-like solutions and three traveling wavefront-like solutions,
close to those obtained with previous methods. Additionally, these solutions also depend on the
parameters of the method.
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Seven stationary solutions were found for the pre-pattern formation region, « < 1, all
oscillatory functions, which are presented next.

Solution 29. Ifa < 1,49 = —%,al =0,a=0b,bp=00b #0,A =0, = %andw =0,
from which we obtain the solution

x+ B
V11—«

Upg(x) = Csin( >, C#0, BeR (44)

. 2 27b2
Solution 30. Ifa < 1,a9 =0,a; = ay, a = by, by = 0,b; #0, A = 2,% §= % and

w = 0, from which we obtain the solution

ugo(x):alcos<\/1i“(x+A)>— 1i“blsin<\/1ia(x+A)>, AcR. (45

Solution 3. If &« < 1,40 = 0, @y = a;, @ = —22, by = 0, by # O,
_ —1)(—aad+a3+b2 . . .
A =S = — e-1)( Z;Hﬁ 1) and w = 0, from which we obtain the solution
1

gy (x) = ((1 — o) cosG\/ﬁ(A +x)) 4 blmsin(;\/ﬁ(A+x)>)lza, AcR. (46)

Solution 32. Ifa < 1,49 # 0,41 =0,y = —%’, bp=0,b = —”70,/\ =0,u= —m and
w = 0, from which we obtain the solution
u (x)—1 in L (x+A) AeR (47)
2= V1o ’ '

. 202 +43b2
Solution 33. Ifa = % ag=0,a1 =ay,ay =3b1,bp=0,b1 #0, A = %, U= u;;% L and
w = 0, from which we obtain the solution

) e ()
uss(x) = [ 2ay cos| =—= ) — V6by sin[ —— , AeR 48
33(x) ( 1 ( 76 1 7 (48)

Solution 34. Ifa = %,ao #0,a1 =0,ap = —ilﬂ,bo =0,b = —”;70,/\ =0,u= %andw =0,
from which we obtain the solution

uzy(x) = sin® <a;/%4) cos(x;\/;), AcER. (49)

Solution 35. Ifa = %,ao #0,a;=0,ap = —g—;,bo =0,b = —g—;",)\zo,y = %anda) =0,
from which we obtain the solution

135(x) = ;(sin(fz(Aﬂ)) +2sin<x:;‘>), AER (50)

Three of the five solutions in the instability region are time-independent, and two are
time-dependent. With these solutions, one of the difficulties is that they involve increas-
ingly more parameters external to the model.
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Solution 36. Ifa > 1,49 =0, a7 = \/L,az 2 by =0,by 0, A=+a—1,u=0
and w = 0, from which we obtain the solution

2
1

Uz (x) = Vo (1 - eV”‘_l(A+x)) ", AeR (51)

2 2
Solution 37. Ifa = al;hl,ao =0,a1 #0,ap = by, bg=0,b; #0,A = 2“1,y—0andw—0
1

from which we obtain the solution

ugzy(x) = % (1 — eA(HA)), A€eR (52)

Solution 38. Ifa = al+bl ,80=0,a1 #0,a = £24, by = 0, by #0, A = U3,
_ g2 2
u=- e1)( ZZ;Hﬁb ) and w = 0, from which we obtain the solution
1

AER (53)

Solution 39. If « = 3, we have ay = %1, a = :Fb71, ay =by,bp=0,b1 #0, A = F %

U= %, and w = j:% 2b1 , from which we obtain the solution

Aty x
3" V670 (3v/6AF 2t +3v/6r T 18)
uzg(x,t) = , AeR (54)
9A F V6t +9x
Solution 40. If x # 1,a9 = ag, a1 # 0,bg = 0,b; =0, a0 = by, A = 2,y = (a— Uand
w = a3(a — 1) + ag, from which we obtain the solution
g, ) = Ael0v+adt@e=D-D) = 4 c g (55)

These solutions are combinations of exponentials; however, for several parameter
values, no spike or wavelet patterns occur, and as a result, these combinations cannot be
considered as a distribution.

4. Summary and Conclusions

In this work, we find several families of analytical solutions to the CWK equation for
different values of the parameters, not only in the instability region. For this purpose, we
use the generalized Kudryashov method, the e~R(¢)-expansion, and exponential function
methods, which allows us to find exact solutions of nonlinear differential equations, includ-
ing those with variable coefficients, non-integer powers, singular perturbation problems,
and non-polynomial nonlinearities. These methods allow us to find analytical solutions
to the CWK equation that have not been previously reported in the literature. Specifically,
when « # 0, the nonlinearity in the CWK equation cannot be analyzed with conventional
methods. Our solutions are important because they provide insights into the behavior of
the system and can be used in numerical simulations or experiments. Moreover, they can
be used to develop new mathematical tools and techniques for analyzing and solving other
nonlinear differential equations in fluid mechanics and related fields.

We found twenty-seven analytical solutions in the case & # 0 by using the three
methods. In the @ < 1 case, the nonlinear term can be considered a perturbation of the linear
behavior where inverse diffusion and fourth-order terms drive the dynamics. Although
structure formation is not expected here, we find several wave-like stationary solutions.
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Thus, this region can be considered a pre-pattern formation region, and the solutions are
budding patterns. The instability region & > 1 is where this model’s aggregate formation
is expected. We first recover the stationary solution found in [14] and a pulse propagating
without deformation by the generalized Kudryashov method. Some similar spike-like
solutions were found by the ¢~ R-expansion method. The exponential function method did
not yield any new physical solutions beyond those obtained by previous methods. This is
not surprising, given that N.A. Kudryashov observed this in [27].

It is worth emphasizing that these methods allow us to obtain a wide range of be-
haviors, some previously obtained and that qualitatively resemble what was seen in the
experiments. Furthermore, reverse diffusion and fourth-order terms still need to be ex-
plored since the traveling solutions were mainly found in this regime. The pattern formation
and pulse motion mechanism could be better understood by studying each case in depth.
On the other hand, the shortcoming of these methods is the large number of free parameters
that appear in the solutions. One only way to fix them is to consider initial and boundary
value problems, making the solutions more realistic and closer to the experimental pho-
totaxis conditions, even in simple models like the one-dimensional CWK equation. We
strongly believe the collection of physically meaningful solutions can guide the study of
bacterial aggregate formation in phototaxis.
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Appendix A. Stability Analysis

In [14], the authors derive Equation (1) from the continuum limit of the system of
differential equations over a lattice formed by 1 bins, which is given by

dR;
7dt] — [1ij1 — (ﬂ + C)R/ + Cuj*l’?jtl
a (A1)
where i
Zkf U‘ik
+ =1-7 —
; and U;=L;+R;. (A2)

Y (Ui + Ujg)

Here, R;(t) and L;(t) represent the density of right- and left-moving bacteria in the bin
j =1,..,n at time t; a represents the rate at which the bacterium moves one bin according
to its orientation; and c represents the rate at which the bacterium moves after transitioning
to a new orientation. The parameter d is the sensing radius of the bacterium.

Considering that U; = L; + R; and adding the two equalities of the system (A1),
we obtain

du;

— =R+ L) = (a+ Uy + (Ui + Uity y)- (A3)

A closed system can be constructed by defining

Vj = Rj+1 + L]'_l. (A4)
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Observe that immediately from system (A1) and (A2) we have

dRjq
d]i’ = aR]' — (ﬂ + C)Rj+1 + Cu]ﬂ;_
dL; 4 (A5)
- _
= alj—(a+c)Lj 1+ cUjn; .
Now, adding the two equations in (A5), we obtain
v,
Now, rewriting
Riqi+Lipi=U1+Upn -V, (A7)

we conclude that the system (A1) is equivalent to

du;
dit] a(Uj1 + Ujr = V) = (a + U+ c(Uj1y;" 4 + Ujsan;4) A8
dv:

i

Model (A1) clearly allows for a homogeneous equilibrium L; = R; = C for any constant
C. Now, we will analyze the stability of this equilibrium. It is easier and more practical to
conduct the analysis for the system (A8) whose steady state is givenby U; = V; = V.
Consider the following perturbations:

Up=V+(t); Vi=V+pt), j=12...n (A9)

where ||, |0j| < 1. We now obtain the linearized system from the system (A8):

G _

5 = (a+¢/2)(Gn +Gjia) —apj — (a+c)g;

+ é(zéj +¢i1+ 81— Cjvd — Gj—a — Gjrds1 — Gj—a—1) (A10)

do;
Y =@+ (A11)

This (2n) x (2n) linear problem can be divided down into n subproblems of 2 x 2. Make

an ansatz
27mtmji At 2mtmji

{fj:ée)‘te nopj=peten, m=0,1,...,n-1 (A12)

to obtain

A = (2a+c)icos(0) —ap— (a+c)¢
+ éé(l + cos(0) — cos(d) — cos((d +1)6)) (A13)

Ap=(a+c)(—p) (A14)
Here, § = 2™ withm =0,1,...,n— 1.
There are two eigenvalues for each possible value of m, for a total of 2n eigenvalues.
The quadratic equation

A2 —(g(0) —c)A — (a+c)g(8) =0 (A15)
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gives the solution to the 2 x 2 eigenvalue Problems (A13) and (A14), where function g is
defined as

g(0) = (2a+c)(cos(6) — 1) + é (14 cos(8) — cos(dd) — cos((d +1)8)).  (Ale)

Note that g(6) — ¢ < 0 for all § so that a sufficient and necessary condition for stability is
that g(0) < 0 for all 6.
Computations reveal that the instability occurs for the first time at 8 = 0. Because

g(0) = g¢'(0) = 0, the value of the threshold can be determined by setting
¢"(0) = dc —2a = 0. Consequently, we conclude that the critical value of the thresh-
2a

old is cg = 7. The homogeneous steady state is therefore stable when ¢ < ¢y and unstable
when c > ¢y, i.e., it is unstable if ¢ > %". The conclusion is obtained by spectral equivalence.

Appendix B. Separation of Variables Method for the Linear Case « = 0

Here, we discuss the case &« = 0 occurring when, after changing orientation, the
bacterium stops ¢ = 0, or when the rate of motion without changing orientation is very
large a — oo, both for all finite d. In this case, Equation (1) reduces to the linear differ-
ential equation u; = —1yy — Uyxxy, i.e., only the reverse diffusion and long-range terms.
The aggregate size is controlled by &, so we cannot refer here to finger-like solutions.
This equation can be solved by the well-known method of separation of variables where
u(x,t) = f(x)g(t) leads to the following:

&/ _ _(f//+f////) _ 5 A17
g T v, (A17)

where the solutions can be directly obtained by considering the three possible cases for the
separation parameter v2:

Case Al. 4> =0
g =0 and f"+f"=0. (A18)
solving two linear differential equations gives
g(t)=c1 and f(x) =ky + kox + k3 cos(x) + kg sin(x) (A19)
from which we obtain the family of solutions
up(x,t) = Cp+ Cox + Czcos(x) + Cysin(x), Cq,Cy,C3,Cq €R. (A20)

Case A2. 9> >0

g/_,)/zgzo and f//,,+f/,+')/2f:0- (A21)
solving two linear differential equations gives

-1-p ~1-p

g(t):clﬂzt and f(x):kle< 2 )x—l—kze( 2 )x—i—kgxe( 2 )x+k4xe( 2 )x (A22)

—14p

148

from which, considering B = \/1 — 42, we obtain the family of solutions

—1-8

—14p

-1-8

~1+p

uB(x,t)=e72f<cle( 2 )"+c2e< 2 >x+C3xe( 2 >"+c4xe( 2 )">, Cy,Cp,C3,Cq € R. (A23)

Case A3. 72 <0

g,+72g:0 and f"”—l—f”—’yzf:O- (A24)
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solving two linear differential equations gives

-1-0 1+9 -1-0 o )

g(t) = cle_”YZt and  f(x) = kle(T)x + kze(%)x + kgxe(T>x + k4xe(T+>x (A25)
from which, considering 6 = \/1 + 472, we obtain the family of solutions

—1-6 —146 —1-6

uc(x,t) = eﬂzf(cle(lTV + Coe(T2)% - Cyre(T2)x 1 C4xe(#>x), C1,Ca, Cs,Cy € R. (A26)

All five constants in each case can be fixed through the corresponding initial and
boundary conditions. We generally observe that, according to the sign of 72, we can have
oscillatory solutions or increasing and decreasing exponential solutions. Consider also that
the principle of superposition of solutions is valid for the present linear case. We have
one family of standing wave-like solutions and two families of traveling wavefront-like
solutions, similar to those obtained with the previous methods. Moreover, these solutions
coincide with those obtained with the proposed methods. We show some examples of
this below.

Example Al. If we consider the family of solutions uy:

ui(x,t) = cosh(2t — x) — sinh(2t — x) = e (21 41

this is derived from the present method using uc and considering C; = 0,Cp, =1,0 -1 = 2,
7> =4,C3=C4=0.

Example A2. If we consider the family of solutions u3:

uz(x,t) = cosh(20f 4 2x) — sinh(20f 4 2x) = e~ (2¥+200) _q,

this is derived from the present method using uc and considering C1 =0,C, =1, —1 = —4,
7> =20,C3=C4 =0.

Example A3. If we consider the family of solutions u13:

g3 (x) = oA ((A34+2)t+x) M
this is derived from the present method using uc and considering Cy =1, C, = 0,0 +1 = 2A,
72 = A+ A2, C3 = C4 = 0; moreover, e is a constant.

Example A4. If we consider the family of solutions upg:

uzg(x,t) = sinh ( — AA + A*(A* + 1)t — Ax) — cosh ( — AA + A2 (A* + 1)t — Ax) + 1,

this is derived from the present method using uc and considering C; = 0, Cy = —eM §—1=2),
1?2 =A%(A2+1),C3=C4 = 0.

The other families for « = 0 are obtained similarly and consider the superposition
principle. In the present case of # = 0, aggregate formation is not expected when the
nonlinear term does not appear in the CWK equation. However, among the solutions found
are time-propagating wavefront solutions and some standing wave solutions that could
be interpreted as finger-shaped distributions. Such solutions are interesting but cannot be
considered a final steady state; they must start with that form.

Unfortunately, for « # 0, Equation (1) is nonlinear. Note that when the derivative is
expanded, the nonlinearity becomes more involved:

2 2
Ul Uyyxy + UUS, — uxuxx}

u2

Up = —Uxx — Uxxxx T &
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Q'

Q:

This equation cannot always be solved by the method of separation of variables, nor can all

the families of solutions found in this work be obtained.

Appendix C. Algebraic System for Kudryashov Method

The Kudryashov method algorithm requires solving the following system of equations

for the unknowns {ag, a1, az, by, b1, w}.
QY:  wad +agbiw — ajb} —af =0,

4aa1a8 + 4zxagbl — 404111{13170 — zxa%bobl + aalaobg + 3a0b%b1w + albgw — 6a8b1

+ 6aya3by + 2a3boby — 6ayaghl — 2agb3by + 2a1b3 — 4ajay = 0,

daarad + 6aatal — daadby + 2aadb? + daajadby — Swazalby + 8waradby + 3wadboby
— 3(xala0bg + 4rxazu0bg — 80401%610170 — 4dxayagbobi + ZM%b% + 3a0bob%w

+ azbgw + 3a1b(2)b1w + 6a8b1 — Sa(z)b% — 6a1a3b0 + 12a2a%bo — 12a1a(2)b1

— 12a%b0b1 + 12a1a0b(2) — 18a2a0b3 + ZaObgb% + 12a%a0b0 + 8a0b(2)b1

+ 10ayagboby — 8a1b8 + 10a2b8 — 8a%b% — Zalbébl — 4a2a8 — 6a%a(2) =0,

Q3 40«10(1? + 121xa%a2a1 — 41xa“i’b0 — Saa%bg + Szmoa%bo + 4txaoa%b1 — aa%bobl

Qt:

Q:

+ Zaaoalbg + 9tmza1b§ + zxaoalb% — 24nxapara by — Szxa%albl + 8aagaibobq

— 101xaoazbg - 3zxa%b% + 80(&1%&12170 + 41xa%a2b1 — lea%bob1 — 2aagarboby

+ 3aybob?w + aghjw + 3a2b3byw + 6a3by + 18a3b3 — 12a9atby — 6agatb

+ 2a%b0b1 + 12a1b8 — 8a0a1b(2) - 34a2a1b(2) — 6a0a1b% + 2a1b0b% + 36agasai by

+ 12a%a1b1 + 8a1b(2)b1 — 28aga1bgbi — 4Oa2b8 - Zaob:{' + 40a0a2b(2] + 10a%b% — 8a0bob%

— 12&1%&217() - 12{105(2)171 + 10&12[7%[71 — 6(1%&12[71 + Sﬂ%bobl — 4&10&? — 120%&12&1 =0,

wat + 120apaa? + 6aaias + 4naiby + 3aaibl — 16aazratby — daagaiby

+ tm%bobl — 21oca2a1b% — txaomb% + 24wnagaraibg — 4xagaboby — 18ara1bgbq

— 4a%b0b1 + 4waraiboby + Saa%b% + 60(11011217% + txa(z)b% — 16txaoa%b0 — 40(11%112171

+ 2aagarboby + alb%w + 3a2b0b%a} — 6a%bo — 11a%bg — a%b% + 24a2a%b0 + 6a0a%b1
— 6a1b8 + 761121111% + 4a0a1b% — Zalbob% — 36agazai by — 6a1b%b1 + 14aga, boby

+ 54ayb + 2a0b3 — 29a3b3 — 24agasb3 — 3a3b3 — dagarb? + 6agbobt + Sazbyb?

+ 24a0a%b0 + 6a0b5b1 — 46a2b(2]b1 + 6a%a2b1 — a‘l1 — 12a0a2a% — 6a%a% =0,

40«12{1% + 120«10{1%{11 + 16aa2a%b0 - 4o¢a2a%b1 + 12¢m2a1b% + txaza]b%

+ 44aya1byby — 20aa%a1bo — 12aaza1bgby — 180(11%!)% + 16aa0a%bo — 4aa0a%b1
+ 7wa3boby + azb%w — 2411211%190 + 6a2a%b1 — 4411211119% — 611211119% + 30a3a; by
— 24a2b8 + Zazb% + 6411%19(% + 4110{1217% — 32a2b0b% — 24aya5bg + 6agasb,

+ 72a2b%b1 — 2611%!)0171 — 4agarbobi — 411211? — 12a0a§a1 =0,

(A27)
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Q°: 4aa0a2 + 604011{12 80¢a2b0 + 100a b% + Zaa%bl + ZOaalazbo + 1243 >bo
+ 40(!10!12191 — 80cu1a2b1 — 17oca2b0b1 — 3o¢a1a2b1 + 4¢m1a2b1 + 8aayarbobq
— 36a5b b2 30a,a5by — 6agasby + 12a1a3by + 60a3boby — 8a2b§' — 2a0a2b%
+ 12{11{12171 + 48a2b0b% — 611%112191 — 36a2b%b1 — 30aya,bpb1 — 4110112 6a1a2 =0,

Q7 4&11111% + Saa%bo — 40((1%191 - Szw%b% + 80c111a%b1 + 1Ozxa%b0b1 + Zaalazb% - 12a%b0
+ 6a3by + 18a3b% — 12a1a3by — 36a5boby + 124263 — 8ajasb? — 24arbob? — 4aya3 = 0,

Q%:  aaj +4aadby + 3wash? — 6a3b; — 11a3b% — 6asb; — a3 = 0.

Appendix D. Algebraic System for the e~ R(¢)-Expansion Method

In the algorithm of the e~ R(¢)-expansion method, the algorithm needs to solve the
following system of equations for the 49,41, and w; here we present the system for each
power of e~ R(E) from 0 to 4.

el aly((zx—3)a1y+)\2 +2y+1) +ao((a —4)aAp + w)
+ a5 ((6 —4a)ayp — 1) + (a — 1)a5 = 0,

—R@) . zxaoal)\z + 3aa’A 4pa? A — Saaoa + 2aagaq
1AM — 2xdy 1M I

+ 4oca0a1 + 1A% — dagaA? — 10a%)\y + 8a1Au + 6a0a1/\

e
+ a1 A+ 12a0a%y — 8apa1p + aqw — 4a%a1 —2apa1 =0,

e 2RE) 2aa3A\? — 8aagad A + 3aagai A — daadp + daaty
+ 6aadar — 4naday — 7a3A2 + 7a1 A + 12apa A — 12apa1 A (A28)
+ 6a3pu — 14a%p + 8ayy — 6a%a3 — a3 + 6a3ay +a; = 0,

e 3RE) . _4aa) + 5aa? A + daagal — 8uaga? + 2uaga;

+ 6a1/'\ — 1811%)\ +12a1A — 4a0a1 + 12110111 8apga1 =0,

o—4R(2) . Ml 40“11 4 30‘“1 - “1 + 6111 - 11111 + 6a; = 0.

Appendix E. System of Equations for Exponential Function Method

To obtain solution through the exponential function method, the following nonlinear
algebraic system needs to be solved:

AR az(—4a2b1 + a5+ Sb%) (e —1)ap +2by) =

Q@) : 4naqa3 — daadbi A + 5aadbiA — 8aadby — Swaqa3by + 10nadboby + 2uaqazb? + 6a3b1 A
— 18a3b3A + 12a;b3 A + 12a3bg + 12a1a5by — 36a5boby — 8ajasb? + 24aybob? — 4ajas = 0,
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e2Q() . 4¢xa0a% + 60(41%41% + Zaagb%/'\z - Stmgbo/\ — erala%bl/\ + 17oca%b0b1)\ + Baalazb%/\
— 4¢w%b1y + 4¢w%b%y + 10aa§b(2] — ZOaalagbo — 4aa0a%b1 — 4aa%a2b1 + 8aaiarboby
— 7a363\% + Tayb3A% + 12a3bgA 4 12a1a5b1 A — 60a3bobi A — 12a1a2b3 A + 48a2bgb3 A
+ 6a3by p — 14a3b2 1 + 8asb3 y — 36a3b3 — a3b? + 30a1a3by + 6agazby + axbi — 2aparb?
+ 6a%a2b1 + 36a2b(2]b1 — 30a1a>bgby — 4a0ag — 6a%a% =0,

egQ(Z) :

€4Q(Z) :

4aa2a§’ + 121xu0a%a1 + aazalb%/\z + 7zxu%b0b1)\2 + 3aa%b%/\y — 4¢m2a%b1)t

— ZOaa%albgA + 12aara1bgb A + 18¢m%b%/\ — 4txa0a%b1/\ + thazalb%y

— Saa%albly — Saagboy + 14aa%b0b1y — 160¢a2a%b0 + lexazalb% — 16zxaoa%b0

+ ab3 A3 — daparb3A? 4 28aybobi A? — 24a3boby A% + 8asb Ay — 10a3b3 A

+ 6a2abi A + 30a5a1bgA — 4dasa bobi A + apb3A — 64a3b3A — dagasbIA + 6agazby A
+ 72a,b3b1 A — 8axay b3y 4 12a3a1 by pt 4 32a2bgb3 p 4 12a3bop — 48a3bobi

+ azb?w + 24[12[1%170 - 44{120117% — 2a2a1b% + 24&2178 + 4a2b0b%

+ 24a011%b0 — Za%bobl — 4agarbobi — 411211% — 12a0a%a1 =0,

wat — a} — daboas + 6boas + 3abjat — 11b3at — bat + 12aagaza? — 12aga2a3
— 16zx/\a2boa% + 24)\112190{1% + 4tw0b1a% — 6u0b1a% — 4txya2b1a% + 6ya2b1a%

— tx)\bobla‘% + 4/\b0b1a‘% + 6b8a1 + wb?al + 210()\u2b8a1 — 76/\a2b%a1

+ 0&)\11017%&1 - 4Aa0b%a1 + oc/\yaZb%al - 4/\ya2b‘%a1 + )Lzbob%al + Zybob%al

+ bob%m — ZOzx;m%boal + 30;4{1%170111 — 24nagarboay + 36agarboa; — 6Ab8b1a1
— daagbobyay + 14agbobyay + 4aA?aybobia; — 14A%asbgbiay + 8apasbobiay
— 28uarbobyay — 4axbobia + 54)\112198 - Azaob% - 2;4110b:15 — aob% + 2y2a2b%
+ A2puasb3 + pagh3 + 6najab — 6aga3 + 8aAa3bi — 28\2a3b} + 16apasb}

— 56pazbl — a3b3 + 6aagarb3 — 24agarbl + aaibt — 3a3b3 + ap’asb?

— 3y2a%b% — 2/\2a0a2b% - 4ya0a2b% — Zaoazb% + 6/\110b0b% + 4/\3a2b0b%

+ 4Aa2b0b% + 32Aya2b0b% + SwaZbOb% — 160&)\510(1%170 + 24)La0a%b0

— 4¢xya0a%b1 + 6,uaoa%b1 - 6aob5b1 + 41)\2(12173171 + 46ya2b%b1 + 5a2b3b1

+ 4¢xa%a2b1 - 6a%a2b1 + 111x)\ya%bob1 - 36Aya%b0b1 — 2aAagasbgb; = 0,
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QG . agb3A3 4 aybob3A® + 5ayb3by A% + 38ab3A2 + 9aayab3A? — 3241 ;63N
+ aaga b2 A% — daga b3A% + 10agbob3 A% + 4paybgb?A? — 10a1b3by A2
— wa?bobi A% + 4a%bobi A% — 2aagazbobi A + 4aganbobi A% + 12a1b3A
— 8uaghi A — agh3A + 5aatbjA — 18a3b3A + 14auadbiA — 48ua3biA
+ 10aagazb3A — 40agasbjA + 3aadbiA — 10a3b3\ — dpagasb? A + Spaybob A
+ aq bob%/\ — 4aa‘;’b0/\ + 6a§’b0/\ — 24nagaiazboA + 36aparazboA + 4zxa0a%b1/\
— 6agatby A — 12agb3by A + 40pasb3by A + 5asb3bi A 4 daadasby A — 6a3asby A
— 8aagaibobi A 4 28apa1bobi A + dapararbobi A — 12uaarbobi A + 4oca0a‘i’
— 4aga3 + 40pasb3 + 2a;b3 + wagb? + 2aapar b3 — 8agarbj + 18apuarasbi
— 64;4a1a2b% — 2a1a2b(2] + Zayaoalb% — Syaoalb% — 2a0a1b% + 8ya0b0b% — 2a0b0b%
+ 3wa1bob% + Syzazbob% + 4ya2b0b% + 120ca%a1a2 — 12a%a1a2 — 8oca0a%b0
+ 12a0a%bg — 16ucya0a§b0 + 24ya0a%b0 — Szm%azbo + 12a%a2b0 — 16a;¢a%a2b0
+ 24patarby — 8paybiby + 2a1b3by + 3warb3by + 8aada by — 12a3a,by
— 2aadboby + 8a3boby — 2apatboby + 8uaZboby — 2atboby + dau*a3boby
— 12y2a%b0b1 — dapapasboby + 8uaparboby — 4apazbgby =0,

Q)+ 8arB3A% + daghob3A® — 4ayb3bi A% + 7a1bA% — TuaghiA? + 20a?b3A% — 7a2b3A*
+ daagaybiA? — 16agaxbiA? + 20a3biA* — 7a3bIA* + Tuarbob? A% — 7agbjbi A?
— pasb3bi A% — daagarboby A? + 14agarbobi A% + 52uanbA + 2ab3A + 3aagar bjA
— 12{10{1117%)& + 150¢ya1a2b%/\ — 52‘14111{1219%)\ + 30&;4{10{1117%)\ — 12ya0a1b%)\
+ ZOyaobob%/\ — ZaObOb%)\ — Saaoa%bo)t + 1211011%170/\ — 80(11%112170)\ + 1211%112190/\
— 20payb3by A + 2a1b3by A + 8wada;by A — 12a3a1b1A — 3aadboby A + 12a5boby A
— Bzx‘ua%bobl)\ + 12;1(1%170!)1)\ — 6apapgarbobi A + 16pagarbobi A + Syalbg + albg
+ wayby — 8p*aghs — paghs + 6aaiat — 6ajat 4 dapaibl — 14paib3 — a3b3
+ 6apu*a3b — 20u>a3b3 + 8apagarbl — 32uagarbl — 2agarbf + dapaib? — 14uaib?
— ajb? — 2p*agasb? 4 3waghob? + 8p*aybobt + paibob? + daaday — 4aday — dapaiby
+ 6;411%!)0 — 4oca%a1bo + 611%111190 — 24npagaiazby + 36pagaiazby + 4¢xa8b1 — 6a8b1
+ dapagaiby — 6pagatb; — 8uagb3by — agb3by + 3waib3by + 4u’aybiby
+ 5ya2b5b1 + 4&;451%112191 — 6ya%a2b1 — 8apaga boby
+ 28uagaiboby — 4agaboby + Zyzalazbobl =0,

(A29)
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¢’ albg/\3 — aobébl)\3 + 14;4a2b8/'\2 + aaoalbg/\z — 4a0a1b(2))\2 + 10;¢a0b0b%)\2
— 10ua1b3b1 A% — wa3bobiA? + 4adbobi A% 4 8uaibIA + abIA — 12u%aghi A
+ BapalbiA — 10uatb3A + 6apagabA — 24uagarb3A 4 5apa3biA
— 18ua3b? A + 12p%a1bgb? A — 4aadarbo) + 6a3arbo) + 4aaiby A — 6a3bi A
— 8ya0b%b1)\ — agb%bl/\ — 12y2a2b%b1/\ — 8apaga;boby A + 28papa;boby A
+ walbg + 16y2a2b8 + 2ya2b8 + szyaoalb(z] — Syaoalb% — 2a0a1b(2) + 6a;42a1a2b%
— 20y2a1u2b% + 2a;42a0a1b% — 8y2a0a1b% + SyZaObob% - 2ya0b0b% + 404118111
— 4a8a1 — Salmga%bo + 12;4a0a%b0 — 804;4(1%112170 + 12;491%{12170 + 3wa0béb1
— 8u%a1b3by + 2paybby + Sapaiaiby — 12ua3arby — 2apaboby + Suaiboby
— 2a%b0b1 — 2a;42a%b0b1 + 8y2a%b0b1 — 4ay2a0a2b0b1 + 12y2a0a2b0b1 =0,

89 ocaé — zxa%bobl/\,u + aalaob%)t‘u + 30491%17%;42 + Zaazaob%yz — 4aa1a0b0b1y2
+ aa%béyz + 4aa8b1y — 4aa1a%b0‘u — uob%bl/\zy + albg)tzy + 6a0b0b%)\y2
+ 6a2b8)t;42 — 6a1b%b1)\y2 + 4a%b0b1)\‘u — 4a1a0b%)\‘u — 6a0b%y3 + 6a1b0b%‘u3
— 6a2b%b1y3 — 11a%b%y2 — 8a2a0b6y2 — 2a0b%b1y2 + 14a1a0b0b1y2 + 2a1b8y2

- 3a%b3y2 - 6a8b1y + 6a1a%boy - aob%bly + albgy + aobgw — a%b(z) - aé =0.
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